CambridgeMATHS

MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

Solutions to Exercise 5B Foundation questions

lai P(2,-3,5)

g2
0P=[—3‘

5

laii  P(2,-3,5)

OP = 21—3) + 5k
1bi  P(—4,0,13)
. —4
OP = \ 0 ]
13

1bii  P(—4,0,13)

OP = —41+ 13k

1ci  P(a,—2a,—3a)

a
OP = [—Za
—3a

o[

1cii P(a, —2a,—3a)

ﬁ=a£—2a]—3alg

2a a=41—3k
la|? = 4% + (-3)?
la|? =16 +9
lal? = 25
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2b

3a
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lal>=1+4+4

lal? =
la|l =
1
ad=+=a
la|
So
_1_
3
~ 2
a=\| —
~ 3
2
3_
v=—1—4+k

lvl? = (=D*+ (-4)* +1°
lv|2=1+16+1

lv|* = 18
lv| =v18
lv| = 3V2
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vl
So

1 [-1
ﬁ:ﬁ[ii]
i

£
D=—-1-4v2

V2

v=>51+3) -4k
lv|? = 5% + 32 + (—4)?
lv|?=25+9+ 16

ly|* = 50

lv| = V50

lv| = 5v2

1

V=—VD

A 7

So

1 g

V=—=

T 5V2 |

i ﬁ'g]

D=—
0|,
1 [ 5v2

?=E 32

| —44/2
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4b

F 4]
p=|-2
[ 7 |
3]
q=1|-6
[ 9 |
4 -3
2p+q=2|-2 -6
7 9
8 -3
=|—4|+|-6
14 9
5
=1-10
23
F 4]
p=|-2
| 7 |
s
q=1-6
[ 9 |
4 -3
|2}3+g|= 21-2|+ (-6
7 9
[ 8 -3
=||—-4|+ -6
| 14 9
[ 5
= |[|-10
[ 23

V52 + (=10)% + 232

=25+ 100 + 529

= V654
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Chapter 5 worked solutions — Vectors

4
4c p= -2
7

4 -3
p—59=|-2 —5[—6

| 7 | 9 |
[ 4 ] 15 7
=|-2|+| 30
| 7 | —45]
19
=| 28
—38
4
4d p=|-2
| 7 |
a1
q=|-6
| O |

4 -3
|7l

7 9
[ 15
30 ‘
—45

= [|-2| +
| 7
19
= || 28
|38

= /192 + 282 + (—38)2

=+/361 + 784 + 1444

= V2589
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S5a p=21+7]—-k
g =51— 5 +3k
PQ=q-p
= (51— 57 +3k) — (21+7) — k)
=31—-12) + 4k
5b p=2+7-k
g = 51— 5 +3k
QP=p—gq

2

= (2t+7)— k) — (50— 57 + 3k)

=-31+12) — 4k

5c We know from question 5a thatﬁf = 31— 12) + 4k.
—2
|PQ|” = 3% + (—12)% + 42

PG|" =9+ 144 + 16

PG|" = 169
PQ| =13
—_ [ 6 ]
6a OA=|0
—3]
—_— -_2-
0B =|-3
=1
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6b 0A

Il
o

6C We know from question 6b that AB =

-8
—3].
2

[AB|" = (=8)% + (—3)2 + 22
[AB| =64 +9+4
|4B|" =77

[AB|" =77
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MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

Solutions to Exercise 5B Development questions
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14

[—18
3
a5 l+a,|-
-1
31, — 21, = 14
_/11 + 4‘12 = _18

Substituting (2) back into equation (1) then solving for 1, we get:
3(41, +18) — 24, = 14

122, + 54— 21, = 14

Hence

104, = —40

Ay =—4

A =41,+ 18

A =-16+18=2
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Chapter 5 worked solutions — Vectors

-7
7
-1 0 4 -7
Al +lz -2 +A3 31=1-14
0 1 -2 7
_Al + 4&3 = _7

M =7+44; (1)

20y — 22, + 3153 = —14 (2)

Ay —203=7

> A, =7+ 23 3

Substituting (1) and (3) back into equation (2) then solving for 1; we get:
= 2(7 +4A3) — 2(7 + 213) + 343 = —14

= 14+ 813 — 14 — 413 + 343 = —14

= 713 = —14
= A3 =-2
Solving for 4,
A =7—-4(-2)
=-1
Solving for 4,
Ay =7+ 2(-2)
=3
-1
9a A=14
-3
01
B =2
[1.
31
C=|2
5.
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MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

0

1
0 — ( n

=l |
1—( 3)

EB= 8 2]—1 6]
—7-5] 1|-12

If AB and CD are parallel, there exists a value whereby AB = aCD.

2Ll

This holds true if a = —3, thus AB and CD are parallel.

-1
9b A=14
-3
0]
B =2
[ 1.
3]
C=]2
5]
[ 0
D=1]8
-7

_, [3-0 3
BC=[2-2|=|0
5—-1 4
B ( 1) ] [ ‘
—7 - ( 3)
If BC and AD are parallel, there exists a value whereby BC = aAD.

3 1
Ol=al 4
4

—4
There is no value for a to satisfy this equation, thus BC and AD are not parallel

o
)
I
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10

11

A(-2,-1,0)
B(0,5,—2)
C(4,17,—6)
—_— [ 2 ]
AB =6

2]
_— [ 4 ]
BC = |12

| —4]

For the points 4, B and C to be colinear the vectors AF and BC must be parallel.
If AB and BC are parallel, there exists a value whereby AB = aBC.

So

=aqa [12], which is satisfied for a = %

BC = 24AB

Thus points A, B and C are collinear.

A(5,4,7)
B(7,-1,—4)
C(~1,—-3,-5)
D(-3,2,6)

In order for ABCD to be a parallelogram the vectors E, CD and ﬁz, AD will be
parallel and the diagonals bisect one another.

F 2

AB = —5]
[—11
—2

CD = 5‘
(11

IfAB and CD are parallel, there exists a value, a whereby AB = aCD.

2 -2
s
-11

=al| 5 ], which is satisfied for a = —1.
So AB and CD are parallel (and equal in length since a = —1).

11

© Cambridge University Press 2019



“CambridgeMATHS

R
Serse

MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

12

© Cambridge University Press 2019

o)
)
Il
[
[\

o

)
I
|

()

If BC and AD are parallel, there exists a value b whereby BC = bAD.

-8 -8
[—2 = b |—2|, which is satisfied for b = 1.
-1 -1

So BC and AD are parallel (and equal in length as b = 1).

We can show that the diagonals bisect one another if the midpoints of AC and BD
are the same.

_5_1_

| N

4-3

=N RN

My = Mpp

Since the opposite sides are parallel and the diagonals bisect each other, the
points ABCD form a parallelogram.

As it is a parallelogram, AD, BC are parallel and so, AD = BC.

D=A4A+BC
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13 A(2,1,3)
Find the magnitude of 04.
0A]' =22 +12 +3% = 14
(04] = V14
Let B, C and D be the values of A4 on the x-, y- and z-axis respectively so:
B(2,0,0)
€(0,1,0)
D(0,0,3)

For the angle between A and the x-axis:

—

OB =2

2AOB = cos™! (\/%) = 57.69° = 58°

For the angle between A and the y-axis:

—_—

oc=1

£AOC = cos~! (J%) = 74.5° = 74°

For the angle between A and the z-axis:
0D =3

£LAOD = cos™1 (i) = 36.7° = 37°

V14
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14a a=|-1
2.
.
b=1|5
—8.
1 eatkb
P=17712 )
k=1
£=2
1 ( 2 5)
p=—=(2|-1]+]|5
1+2\" |5, g
_1 3]
31-12

14b  IfP divides AB externally k = —lorf = -2
Sousingk = —1,¢ = 2:

1
P =17 FatkD)
el
2[-1|-]| 5
-1+2\7[ 5] [
L1
4

15a g=—-41—-3)+5k

S
Il

b=61—8) + 10k
L ea+kb
P=pypfatkd)
k=2
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p=—=(3(~4— 3) + 5k) + 2(61 — 8] + 10k))

1
g(—12; — 9] + 15k + 121 — 16) + 20k)

1
= g(—zsl + 35k)

=—5]+7k

15b  If P divides 4B externally, k = —2 or £ = —3.
Sousingk = —2,¢ = 3:
= —41—3] + 5k

1
T —2+43

= (=12t - 97 + 15k — 121 + 16; — 20k)

(3(—41— 37 + 5k) — 2(61 — 8) + 10k))

s

= —241+7) — 5k

16a A= (1,0,0)

G=(0,11) llo
- E—""~¢@
AG = (0—Di+(1-0)+ (1 -0k [ F[
=—1+)+k L 7 e
N ¥4 -
B y

—

16b AG=-1+)+k
— 2
|[AG| = (1) + 12 + 12

(4| = V3
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16c 0G=j+k
ﬁ?>=g+]~
1
0H=§(E+l+l+l~‘)
OH =21+ +~k
Tt
1\? S
of| = (3) +12 (-) =2
oril* = 3) +1+(3) =3
6 V6
H= _—= —
0H| = |7=

17a  We want to show that (4; + A,)a = A;a + A,a, where 4;, 1,eR

= +42)

a
a,
as

a; a;
a,
as

a,
as

=Al +Az

=g+ Aa

= RHS

17b  We want to show that A(a + b) = Aa + Ab, where 1eR

1Q

I
Q

IN)

Sy
I
oa

N

LHS = A(a + b)
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a, b,
= A( a,| + b2 )
as b3
a, b,
=Alaz[+ A bzl
as b3
a, b,
=Alaz[(+ A bzl
as b3
— da+ b
= RHS
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C]8>CCZ> The Vec%wor eci“ua,‘fﬁ‘on, 1.‘5

AREVANENE
- | =
Al(;>+)2(¢é>+)\5(1 o | ‘,
From which we obtar? Fhe sim dkaneoud e@uﬁ{—,oqs )
Xty =0 @
D+ 22, =2y =
I.Fwe Lok )\}:!’(‘) "t- _ﬁ?llawﬁ'ﬁl%d{-t )2:13:”)<‘
C&aw}j k Caom bhe non-éyJ‘oJ So FThae o0 L.”“r"n"@‘\j
M4 n rlon-*f’m'Vr‘a/e solutons ug';'ﬂ AI)}\A)D\S . Cé'ﬁ’l)"i)MO
In {’ac“ﬁ) anﬂ nNoo - O VGJLL(_@ 0*? )4 ]provfai_gg HL
with +he non- J-r,'w‘(?fso]w‘f‘)bn )[ - }4) 9\2:—”&)23 :_kv.
50 -i-[,\j,‘ Sé/'{_’ 07C \/ec“fﬂo.f‘\s Q)b < J.b 'lr.n.e,g’u"}j M}Qﬁfwdﬁﬂvt)

Lo Y /\,J»"V

sineg kg —lb-ke=0 o kelR
CL) X,+2, =0 @

2422, -2, = 0

M +RA3 =0 @
2x(D) -@) : A+ 23 =0

O-@ : 2=0

$o )] = Ay = },S:O I's the OW(O 59&%‘6\0/1.

So +he set of vectors is {’.fmuu‘[j ¢ 0 depon ALt



CM) Tn +he Plame Canta,'m'nj A) B G i C) thece aqe
+hee Pos,"n'l:(a Locatons 0~F D.

These are the fot'ﬂ+5 D, 5 Dz am & D_g Showan belaw,
In the d-'dgvv'am a bine s deawa ‘f’hrouah cach verdex
of AABC prrallel 4o Fhe oppa.;»'slﬁ side

D; «
Node that
AAse ||| AD, b, b,
W e”l’“’jémﬂnt
fdc-’wor 2
\\; b - / (Laokaf: Fhe
\!(/ / fﬁ"‘a“w::[a(jpamS.
O D
T
ket A= 2 ;0B =b and Ojc:,\f .
Y i —y L =3
e OB = GE+ B #nd OF, = O +&1s
-—5 —)
= O_g + AcC = O—)C + 8/?\
F o &t =
D - C‘F‘I"D D
50 Y : 54y 50 D, = C_lo)-l)3>
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)
(20> & (veér, >\3+/U-}3, = téftui-mb

wi th 3)~19 ndn*ég.rp ) f’lonhpmM*

Qﬁ»ﬁrramje’r:j )
(2-0a + (pu-m)b =0

S in e o an A AL:’, it non- 3900 and naa-fgwqﬁ(@f)

‘'t Lollows that ‘_é s not a scalas mw()éi'pie 9fa€_
S0, feam quastion ig, 2 amd b ace Linsarl Loy Aegondent!
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