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Chapter 5 worked solutions — Vectors

Solutions to Exercise 5A Foundation questions
1 yz-plane: x = 0

xz-plane:y =0

xy-plane:z =0
2a (=2, 3,1) lies in the second octant.
2b (2, 3,—1) lies in the fifth octant.
2c (2,—3,1) lies in the fourth octant.
2d (=2, 3,—1) lies in the sixth octant.
2e (2,—-3,—1) lies in the eighth octant.
2f (=2,-3,1) lies in the third octant.
3a (3,2,5-6)=(3,2,-1)
3b (3-8,2,5) =(-5,2,5)
3c (3,2+10,5) =(3,12,5)
3d (3+5,2,54+7)=(8,2,12)
3e (3,2-3,5-4)=(3,-1,1)
3f (3,2,5x-1)=(3,2,-5)
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3g (3x-1,2,5)=(-3,2,5)

3h (3,2x-1,5)=(3,-2,5)

3i (3,2x-1,5%x-1) =(3,-2,-5)

4a
A=(2,0,0)
B=(220)
C=1(222)
D=(2,0,2)
0 = (0,0,0)
P =1(0,2,0)
Q=1(0022)
R =(0,0,2)

4b  For aright-angled triangle, a® + b? = ¢?
So for any diagonal on a face:
22 +22 =¢?
c=v8
= 2V2

4c  Foraright-angled triangle, a® + b? = ¢?
In the case of the space diagonal,a = 2and b = 2\2
So

22+2\/§2 = c?
c=+v12
=23
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4d The plane OABP has the equation: z = 0
The plane RDCQ has the equation: z = 2
The plane ABCD has the equation: x = 2
The plane OPQR has the equation: x = 0
The plane OADR has the equation: y = 0
The plane PBCQ has the equation: y = 2

Sa  C=(243)

A=(2,0,0)
B =(2,4,0)
D =(2,0,3)
P = (0,4,0)
Q=1(0,43)
R =(0,0,3)

5b  Foraright-angled triangle, a? + b? = ¢?

So for any diagonal on a face:

22 + 42 = (2
c =20
=245

5c For a right-angled triangle a? + b? = ¢?

In the case of the space diagonal,a = 3and b = 2+/5
So

32 4 (2v5) = ¢?
c =29
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5d The plane OABP has the equation: z = 0
The plane RDCQ has the equation: z = 3
The plane ABCD has the equation: x = 2
The plane OPQR has the equation: x = 0
The plane OADR has the equation: y = 0
The plane PBCQ has the equation: y = 4

6a
1
Area = > X base X height
1
Area=—-=Xx3 x4
2
= 6 square units
6b

1
Volume = 3 X base X height

—1x6x5
3

= 10 cubic units
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Solutions to Exercise 5A Development questions

7a  AB% = (By—Ay)? + (B, — A,)" + (B, — 4,)?

The three points are:

0 = (0,0,0)
A=(263)
B = (-3,5-8)

0A]°] = (2= 0)2 + (6 — 0)% + (3 — 0)2
04 = 4+36+9 =49

So |[04] = V49 =7

|0B|” = (=3 - 0)2 + (5 — 0)2 + (=8 — 0)?
|0B|" = 9+ 25+ 64 =98

So |0B| =98 = 7v2

[AB|" = (=3 - 2)? + (5—6)% + (=8 — 3)?
[AB|” =25 + 1+ 121 = 147

So AB = V147 = 73

— — 2
7b |04l =7,|0A| =49
|0B| = 7v2, |0B| =98
|4B| = 773, |4B| = 147
For a right-angled triangle, Pythagoras’s theorem should hold; that is:
—2 —,2 — 2
|0A| +|0B| = |4B|
— 2 — 2
LHS = [04| + |0B|
=49 + 98

= 147
= AB?
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= RHS

Pythagoras’s theorem is satisfied so the angle opposite the hypotenuse is right-
angled. Thatis, ZAOB = 90°.

8 A=(3-1-3)

B=(1,-57)

C=(-1,3,3)

M= <x1 +Xx; y1+)2 Z1+Zz)

2 2 72
Midpoint of the line AB:
_ (3+1,—1—5,—3+7> —(2,-3,2)

2 2 2

Midpoint of the line AC:

N = (3—1’—1+3’—3+3) —(L1,0)
2 2 2

M= (2,-3,2)

N=(11,0)

For MN:

|Wv’|2 = (N, —M)*+ (N, — My)2 + (N, — M,)?
IMN|" = (1-2)2 + (1 — (=3))% + (0 — 2)?

[MN| =1+16+4=21

So |W| =421
For BC:

BE| = (—1-1)? + 3= (=5))% + (3 — 7)?
BE| = 4+ 64 + 16 = 68
So |BC| = V84 = 221

BC = 2MN
LHS = BC
= 2v21
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= 2MN
— RHS

9a P =(—6,-8,14)
Q = (—10,20,22)
~16—6 20—8 22+ 14
= )

2 7 2 7 2
_( 161236)
“\2'’'2"’2
M = (-8,6,18)

9b
1
X =5 (0P + 0OM)
1
==(—14,-2,32)
2
= (-7,-1,16)
1
Y =2(0Q +0M)
1
= 5 (~18,26,40)
1
= =(-9,13,20)
2
10 P(1,0,0)
Q(-3,—1,1)
R(=2,3,4)
€(-1,1,2)

If the lengths of CP, CQ and CR are equal, the points P, Q and R are shown to be
on the surface of a sphere centred at C:

TP = (1- (=)’ + (0= 1)? + (0 — 2)?
|CP|=V4+1+4=3
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60" = (-3 - (=)’ + (-1 - 1)2 + (1 — 2)?
CQl=V4+4+1=3

ICR|" = (—2— (D)’ + B -1)? + (4—2)?
|CR|=Va+1+4=3

So the lengths |CP| | | |C R| and the conditions are satisfied.

11 So the length between (x,x + 5,x — 2) and (1,0, —1) will be:

\/(x—1)2+(x+5)2+(x—1)2

=Jx2—2x+14+x2+10x +25+x2 —2x+ 1

= \/3x2 + 6x + 27

We know

V3x2 + 6x+27 =2V6
3x2+ 6x +27 =24
3x24+6x+3=0
x2+2x+1=0
(x+1)%=0

x=-1

12a A= (4,26)
B =(-2,0,2)
C = (10,-2,4)

In order for the triangle to be an isosceles triangle, two sides must be of equal
length:

IAB|" = (=6)% + (=2)? + (—4)?

=36+4+ 16
=56
|[4B| = V56 = 2V14
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¢ = 6 + (—4)? + (-2)?

—36+16+4
- 56
|[AC| = V56 = 2V14
BE|” = 122 + (=2)% + 22
— 144 +4+4
— 152

|BC| = V152 = 2V/38
|4B| = |AC| = 2V14
So as exactly two sides of the triangle have the same length,

AABC is an isosceles triangle.

12b  The area of the triangle is:

1
Ebase X height

The base of the triangle is:
|BC| = 2V38

The height of the triangle can be found as the length from A to the middle point
between BC, M:

B(~2,0,2)
C(10,—2,4)
10-2 —2+0 4+2
- ( 2 ' 2 2 )

SERY
M = (4,—1,3)

M? = ((4-4)2,2 - (-1)% 3B -6)?)
AM = (0,3,-3)

AM? = 0% + (—=3)? + (—3)?
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=18 = 3V2
So:

1
Area = 5(2@) X 32

=+/38x 3V2
= 6v19 units?

13a  For the plane:
3x+4y+6z=12
The intersecting plane on the xy-plane will occur when z = 0.

So3x +4y =12

13b  For the plane:
3x +4y + 6z =12
The intersecting plane on the xz-plane will occur when y = 0.
So3x +6z=12
The intersecting plane on the yz-plane will occur when x = 0.

So4y + 6z =12
13c  Aline, as they fit the form: y = mx + ¢

13d The intersection of two non-parallel planes will be a line.
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