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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

Solutions to Exercise 41 Foundation questions

1la

1,2
Rt
Letu =5+ x3
du = 3x? dx
x=1lu=6
x=-1lu=4

Hence

1 X2 .
f_1(5+x3)2 x
—1f61d

- 3), u? ¢
-5
30 ul,

1

-3(-5+3)
"3\ 6 4

1

36

1b

T
f x sin x dx
0

juv’dx=uv—ju’vdx

Therefore
u=x,v =sinx
u' =1,v=—cosx

Hence

T
f x sin x dx
0

© Cambridge University Press 2019 1



ok

- CambridgeMATHS == %

Chapter 4 worked solutions — Integration

s
=[—x cosx]g+f cosx dx
0

= (mr — 0) + [sinx]j

=+ (0-0)
=7
1c
2x + 2 A B
Let

(x+3)(x—1)=x+3+x—1
2x +2=A(x—1)+ B(x + 3)
When x = -3,

—4 = —4A

A=1

Whenx =1,

4 =4B

B=1

Hence

2x + 2 1 4 1
(x+3)(x—1) x+3 x—-1

3 2x + 2 4
, 13-

—f(l + 1)d
L, \x+3  x—1 x

= [In|x + 3| + In]x — 1|13
=(In6+In2)—(n5+1In1)

_ (6)(2)
- M 5x1

2
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Chapter 4 worked solutions — Integration

1d

le

J‘zx—ld
0o x+1 *

Zx+1-2
[z,

o X+1

21 —2 d
_fo( _x+1) X
=[x — 2In|x + 1|13
=(2-2In3)-(0—-0)
=2—-2In3

T
23Ccosx
— dx
n sin? x
4
Letu = sinx

du = cosx dx

T
When x =§,u =1

When x =

&1
ks

Hence
T
23cosx
f — dx
n sin* x
4
i ! 3 d
= |
2
- [_ 3u3]\/_7
2

1 1
- [‘ 5]«_7
2
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2a

X
dx
N
Letu =1+ x?
du = 2x dx

Hence

X
dx
V1 + x2

L
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Chapter 4 worked solutions — Integration

1
=Vu+C
1+x%2+C
2b
J'1+xd
T+
—f( L, )d
B T+x2 1+x2)%
—f L4 +f =4
B T T T+x2
_f 1 +1f 2
i) 1™
1
=tan"lx + Eln(l +x3)+C (since 1 + x2 is positive)
2c

f sin x cos* x dx

Letu = cosx
du = —sinx dx

Hence

f sin x cos* x dx

=—fu4du

1
=——u’+(
Su

- scosSx+C
= 5COSJC
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Chapter 4 worked solutions — Integration

2d
1 B 1
2x2+3x+1 (x+1D2x+1)
. 1 A N B
T GTrDCx+ D) x4l 2x+1
1=4AQx+1)+B(x+1)
When x = —1,
1=-A4
=-1
Wh __1
enx = 3
1—1B
)
B =
Hence
e
x+rD2x+ D
[ (e
B x+1 2x+1 x
=—In|lx+1|+In|2x+ 1|+ C
2x+1
=1n| |+C
x+1
2e
fx3lnxdx
Juv’dx=uv—ju’vdx
Therefore

1 1
= — = — 4
u x,v 4x
Hence
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Chapter 4 worked solutions — Integration

fx3lnxdx
1 1

— 41 _ 3
4x nx 4fx dx
1 1/1

— 41 =, 4
4x nx 4(4x)+C

—_— ! +C

=X Inx 16x

2f
fsin32xdx
=fsin2 2x sin 2x dx

= f(l — cos? 2x) sin 2x dx

Letu = cos 2x
du = —2sin2x dx

Hence

f(l — cos? 2x) sin 2x dx
_ _a-wya
__Ef —u®)du

_ 1( 13)+C
-T2\t T3

= —Leos2 +1 32x+C
= 2COS)C 6COS X

1

1
_ = 3 =
6cos 2x 2cost+C
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Chapter 4 worked solutions — Integration

2g

1
fx2+6x+25dx

1
_fx2+6x+9+16dx

1
=f(x+3)2+42dx

=tan~! (x * 3) +C
4

2h

f 3x cos3x dx

fuv’dx=uv—fu’vdx

Therefore
u = 3x,v = cos 3x

1
u' =3,v ==sin3x
3
Hence

f3xc053xdx
=xsin3x—fsin3xdx

1
=xsin3x+§COSSx+C

2i

X
dx

V4 +x
44+x—4
V4 + x

B f (j4++xx Y 44+ x) o
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Chapter 4 worked solutions — Integration

=f(\/m—\/44?)dx

Letu=4+x
du = dx

Hence

f(\/‘l-l-_x—\/;:__x)dx

(-

1 1
=f(u2—4u Z)du

2 3 1
=§u2—8u2+C

2
=§(vm)3-8v4+—x+c

= 4+x(§(4+x)—8>+€
2 2
= 4+x(§(4+x)—§(12))+C

2
=§(x—8)\/4+x+C

3a

1
f x%e * dx
0

fuv’dx=uv—fu’vdx

Therefore

© Cambridge University Press 2019 9



Chapter 4 worked solutions — Integration

3b

1
= [—x%e~*]} +f 2xe ¥ dx
0
1 1
= ——+f 2xe™* dx
e Jo

fuv’dx =uv —fu’vdx
Therefore

u=2xv =e”*

u =2,v=—e*

Hence

1 1
——+f 2xe X dx
e Jo

1 1
= ———[2xe *]§ + f 2e * dx
e 0

T
2

f sin3 x cos® x dx
0

T
2 . 2 5 .
= sin“ x cos” x sin x dx
0
2 2 5 0 i
= | (1 - cos*x)cos>xsinxdx

Letu = cosx

du = —sinx dx

T
When x =5,u =0
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Whenx=0,u=1

Hence

2
f (1 — cos? x) cos® x sin x dx

0
—f (1 —u®)u’du

f(u —u’)du
[6” __”]
_1 1
6 8
B 1
T 24
3c
X A Bx+C

et (x+1)(x2+1):x+1+x2+1
x=Ax?+1)+Bx+0)(x+1)
When x = —1,

—-1=24

When x = 1,
1=24+2B+ 2C
1=-1+2B+1

© Cambridge University Press 2019 11



- CambridgeMATHS == %

5= 1
2
Hence

X
L(x+nu2+ndx

1 1 1

_fl ~2 ,2°77),
= > X
o \x+1 x*+1

_1f1< 1 +x+1)d

“2), Uxs1 2+ )™

[t )

2, Uxv1 T err )™
1

1 1
=3 [— In|x + 1] + Eln(x2 +1) +tan™! x] (since x? + 1 is positive)
0

—1< In2+=1 2+”> ~(0+0+0)
T\ T meTmeTy) T3
1

=§(—41n2+21n2+n)

1
=§(n—21n2)

3d

N| =

3
(1—x%)"2dx
0
1
2 1
B
o (VT—x7)
Letx = sinu

dx = cosudu

wh _1 T
enx—z,u—6

Whenx =0,u=0

Therefore
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3 cosu
= f 3 du
o (V1-—sinZu)

T
6 COSuU

o Vcostu
T
6 COSU

= 3 du
o cosdu
5 1

= > du
o Cos?u

6 2
= secudu
0

du (noting that in this interval cosu is the positive square root)

s
= [tanu]$
_ 1

V3

3e

11_x2
d
fo 1+x2"

1 1 x2
= — d
_f;<1+x2 1+x2) *

_fl 1
)y \1+x2

14+x%—-1 p
1+ x2 x

S |
=<f0 1+x2
1 2
=-Io (1+x2_

1+x2+ 1 4
T+x2 1+x2)

1) dx

=[2tan"1x — x]}

_T[ 1
2
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Chapter 4 worked solutions — Integration

3f

X
— dx
J; Vvé6x — 8 — x2

4 X
=.[ dx
2 41— (x—3)?
Letu=x—-3
x=u+3
du = dx
Whenx =4,u=1
Whenx =2, u = -1

Hence

X
f dx
2 1 —(x—3)2
T u+3 J
= u
_1v1—u2

1
=j_1(V1L:u2+\/1iu2)du

1 1
= [—E\/l —u?+ 35in‘1u]

-1

=(0+3x%)—(0+3x—%)
3n 3w
~2 77

=3

3g
b Vx

o 1+x

dx

Letu = vVx
x =u?

dx =2udu
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Chapter 4 worked solutions — Integration

Whenx=1,u=1
Whenx =0,u=0
Hence

RS
o 1+x

Y
_,[01+u2uu

1 u2
=2 d
f01+u2 “

_2f11+u2—1d
) 1wz

_zfl 14 u? 1 p
ST ), 14w 1+u? ¢

1 1
=2f0 <1_1+u2>du

= 2[u —tan" 1 u]}

dx

=2(1—%)—2(0—0)

_E( — )

3h

V3
f tan~ ! x dx
0

fuv’dx=uv—fu’vdx

Therefore
u=tanlx,v' =1

, 1
=— v
1+ x2

Hence
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Chapter 4 worked solutions — Integration

NE
f tan~ 1 x dx
0

dx

\/_
= [xtan! x]} f 1+x2

_\/—no lf‘/_Zxd
—\3 2), 1+2

=%—l[ln|1+x2|]
=1—<11n4—0)
V3 \2
T
=ﬁ—ln2
3i
Z

J- sin 2x cos 3x dx
0

T

21
= f 3 (sin(2x — 3x) + sin(2x + 3x)) dx
0

12
=—f (—sinx + sin 5x) dx
2 Jo

s
- 1 %
= —|cosx —=cos 5x]

5 0

3((£4D)-0-d

3vV2 4
-3(%-3)

1
=E(3\/§—4)
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Chapter 4 worked solutions — Integration
3]

T
f e *cosxdx
0

fuv’dx=uv—fu’vdx

Therefore

u=cosx,v =e*

u' =—sinx,v=—e"*

Hence

T
J- e *cosxdx
0

s
= [—-e ™ cosx]] — f e *sinxdx
0

A

Consider f e *sinxdx
0

fuv’dx=uv—fu’vdx

Therefore

u=sinx,v =e”*

u =cosx,v=—e"*

Hence

T
f e *sinxdx
0

T

= [-e *sinx]§ + f e *cosxdx
0
Therefore

T s
J e *cosxdx =[—-e *cosx]|} — f e *sinxdx
0 0
s Vs
f e *cosxdx =[—e *cosx|} — [-e *sinx]j — f e " cosxdx
0 0
s
2[ e *cosxdx =[—e *cosx|} + [e™*sinx]|T
0
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Chapter 4 worked solutions — Integration

Vs
Zf e *cosxdx=(e™+1)+(0+0)
0
V3
Zf e *cosxdx=e T"+1
0

m 1
j e *cosxdx==(1+e™™)
0 2
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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

Solutions to Exercise 41 Development questions

4a

x—1 A Bx +C
x3+1=x+1+x2—x+1
x—1=Ax?—x+1)+Bx+0O)(x+1)
x—1=Ax?—Ax+A+Bx*+Bx+Cx+C
x—1=A+B)x*+B+C—-A)x+A+C
Equating coefficients gives:
A+B=0
B+C—-A=1
A+C=-1
B=-A
C=—-1-A
(FA+(-1-4)—-A=1
—34=2

3
“B=2

3

fC=—x

3

4b

J1x3+xd
X
0o X3 +1

j1x3+1+x—1
= dx
0

x3+1

—j1(1+x_1)d
A 21
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6a

fl(l 2 1 +1 2x —1 g
0 3 x+1 3 «x?

2 1 !
= [x —=In|x + 1] + =In(x? —x + 1)]
3 3 .

=1 2l 2
J-x3e"‘2 dx
fuv’dx =uv—fu’vdx
u=x%v =xe*
u =2x,v= —le"‘2
=2x,v=—>
Hence
fx3e‘x dx
1
= ——x%e ¥ 4 jxe ** dx
1 1
— __2_xze—x2 _Ee—xz
1

= —Ee‘xz(l +x2)+C

Wiy

J sec* x dx
0

T

3 2 2
sec” x sec” x dx
0

© Cambridge University Press 2019



~ CambridgeMATHS ==

Chapter 4 worked solutions — Integration

A

3
f (1 + tan® x) sec? x dx
0

Letu = tanx

du = sec? x dx

T
x==,u=+3

3
x=0u=0
Hence

T

3
J- (1 + tan® x) sec?® x dx
0

V3
=f (1+u?)du
0

= [u+s u]

=V3+3
=2V3

6b

= f sec* x sec? x dx
0

= f sec*x (1 + tan? x) dx
0

T

4 3 4 2
= sec* x dx + sec* x tan“ x dx
0 0

Wl

T

—2\/—+J sec? x sec? x tan? x dx

T

—2\/—+J sec? x (1 + tan? x) tan? x dx
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Chapter 4 worked solutions — Integration

Letu = tanx

du = sec? x dx

T
x=-,u=+v3

3
x=0u=0
Hence

T

2\/—+f sec? x (1 + tan? x) tan® x dx
V3
=2\/§+f (1+u?)u?du
0

V3
=2\/§+f w? +u*) du
0
V3
1 1
=2V3+ [§u3 +§u5]

0

9
=2J§+J§+§J§
10 5 9
= ?\/§+§\/§+§\/§
243

5

7a

A
f? 1 d
o 3+5cosx X

Lett = tan (;)

2
x=0t=0

1—t?
1+ t2

CoOSx =

© Cambridge University Press 2019 4



Chapter 4 worked solutions — Integration

Hence

——d
J;, 3+5c0sx

2

[ i
- 2
03+51+t2 EEY:

1 2
=f0 3730 +5 502
[

o 8—2t?

[+
= t
o 4—t?

2+t

1 1
= f ZL +=24 )t (using cover — up rule)
0

e
4), \2—t 2+t

1 1
=Z[—1n|2—t| +1n|2 + t]]g

1
=Z(ln3+1n2—1n2)

—113
_Zn

7b

T

f? 1 4
o COsx —2sinx+ 3 *

Lett = tan (;)

dx—l_l_tzdt
T

X=E,t=1

x=0t=0
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Chapter 4 worked solutions — Integration

1—t?
1+ t2
2t
1+t2

COS X =

sinx =

Hence

i

1
d
fo cosx —2sinx+3

3 1 1 2 4
fl—tz 2t 1+t2 t

1+ t? _2X1+t2+3

1 2
= dt
fo 1—t2—4t+ 3+ 3t?2

1 2
= | z5———dt
fo 2t2 — 4t + 4
- [
o t2—2t+2

- |, o
= [tan™(t — D]g

=tan 10 —tan"1(-1)

8a

4t A N B +Ct+D
(1+0)2(1+¢t2) 14+t (A+1t)2 1+¢t2

4t=A1+t)1+t3)+B(A+t?)+ (Ct+D)(1+t)?

At =A3+t?+t+1)+B+Bt>+ (Ct +D)(1 + 2t +t?)

4t = At3 + At? + At + A+ B + Bt? + Ct + 2Ct? + Ct3 + D + 2Dt + Dt?
4t=A+C0)t3*+(A+B+2C+D)t>?+(A+C+2D)t+A+B+D
Equating coefficients gives:

A+C=0
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Chapter 4 worked solutions — Integration

A+B+2C+D=0
A+C+2D =4
A+B+D=0
(A+B+D)+2C=0

20=0
~C=0
~A=0
~D=2
~B=-2
8b
n

2 sinx
f —dx
o 1+sinx

Lett = tan (;)

2

dx =
Tiye

dt

x=—,t=1

o NN

t=0

2t
1+ ¢2

X =

sinx =

Hence

1 sinx
=f —dx
o 1+sinx

2t

T 2
_ 1+¢ % dt
0 142t " 1+¢?
1+1¢2

4t
=j 1+ t2
o 1+t2+2t
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= fo Groza+ s
1 —
Z,L (Cl+i)2+];ft2)dt

1
2 2o
[1+t+ tan (t)0

= 42xo-2
1+1+ 4

ﬁ NEE T

Letu = Yx
x =u®

dx = 6u® du
X =64,u=2
x=lLu=1

Hence

) e

X 6u’ du

1
_J;ﬁF+V$
2 1 .
=f u3+u2><6u du

1

2 3
=6f du

pu+1

© Cambridge University Press 2019 8




Chapter 4 worked solutions — Integration

Zut+1-1
L[y,
1 u+l

=6.[2(u+1)(u2—u+1)—1

10a

u+1

2 1
=6.[ (u —u+1——)du

1 1 2
=6 [§u3 - Euz +u—Inju+ 1I]1

—6<8 242 - m3—sali_ 141 z)
~°\3 27375 n

—6<7 L 2)
— %3727 "3

2
=14—3+61n§

=11-6l >

f a? —x?%dx
Let = sin™?! (Z)

x =asin@
dx = acosfdo

Hence
j Ja? —x%dx

= f\/az — (asinf)?acos 6 db

= f\/az(l —sin20) acos b do

= f\/az cos?2B@acosOdb

© Cambridge University Press 2019
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Chapter 4 worked solutions — Integration

10b

=.[acost9acost9d9
=a2.[coszt9d9
1
=a2f§(1+c0529)d9
a?
=?f(1+c0529)d9

—az(e)+1 i 29)+c
—2 ZSIH

N

a
)
= a?(sin‘1 (g) + %sin (2 sin™?! ( ))) +C
a

- (sin~t (g) + sin (sin ™! (2)) cos (sin™1 (g))) +C

1
(9+231n29)+6

Q=

f\/az—xzdx
fuv’dx=uv—fu’vdx

u=+a?—-x%4v' =1

—X
u = V=X

Vaz — x2’

Hence

f a? — x2%dx

© Cambridge University Press 2019
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Chapter 4 worked solutions — Integration

11a

2
x
=x a2—x2+f—dx
VaZ — x2
2 _ 2 _ 2
a’—x*—-a
gz — 2 — |2~ °
xvar—x fm dx
a2
=xya?—x?%— f dx+f—dx
va? — x? va? — x?
x
=x\/a2—xz—f\/az—xzdx+azsin_1(a)
x
Zf\/az—xzdx=x az—x2+azsin‘1(5)

x a? x
f a? —x2dx =E\/a2 —x2 + —sin™? (E)+C

2

1 5 — 5x? p
, A+200+x)™

5 — 5x? A +Bx+C
(14+20)1+x2) 1+4+2x 1+x2

5—5x2=A4(1+x?)+ (Bx+ C)(1 + 2x)

5—-5x2=A+Ax?>+ Bx + C + 2Bx? + 2Cx
5—5x>=((A+2B)x*+(B+20)x+A+C
Equating coefficients gives:

A+ 2B =-5

B+2C=0

A+C=5

B =-2C

A=5-C

~5—-C+2(-2C)=-5

5—-C—-4C=-5

—-5C =-10

© Cambridge University Press 2019
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Chapter 4 worked solutions — Integration

~C=2
~B=-4
~A=3
Hence

J‘l 5— 5x p
o (T4 2x)(1 +x2) x
_.[1( 3 +—4x+2)d
L T T2 )

_f1<3>< 2 ) % 2x N 2 )d
)y \27 1+ 2x T+x2 1+x2)%

1

3
= [Elnll + 2x| — 2In|1 + x?| + 2tan‘1x]
0

_3m3_2m2+ "
-2 heTs

=1n\/2_7—ln4+g
=1n\/2_7—ln\/1_6+%

_1127+n
216 2

_1< +l 27)
B AT

11b

T

2 cos x
_ X
o 1+cosx+2sinx

Lett = tan (;)

2
dx = dt
x 1+ t2
_z t=1
x—2, =
x=0t=0

© Cambridge University Press 2019
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Chapter 4 worked solutions — Integration

1—t2
COS X =

1+ t2
_ 2t
Sinx =

1+ t2
Hence

A

2 cosx
, X
o 1+cosx+2sinx

) 1 — t? ,
2
:f 1— 1+t 7t Ty e
0
1+1+H+ZX1+H

1—t?
=f1 XT3
o 1+t2+1—1t2+4t

1—t?
1+ﬂ
= dt
L 1+ 2t

o (14—2t)(1-+t2)dt

1t 5 — 5t2 it
" 5), (T+2)(1 +t2)

_1 1( 4 27)
—5\2\" " "1p

_ 1( 4 27)
10" " "6

12a
8sinx + cosx —2 =P(3sinx+2cosx —1)+ Q(3cosx — 2sinx)
8sinx +cosx —2 =3Psinx +2Pcosx —P + 3Q cosx — 2Q sinx

Equating coefficients gives:

P=2
3P —2Q =8
2P +3Q =1
—2Q =2
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Chapter 4 worked solutions — Integration

.'.Q:—]_

12b

f 8sinx + cosx — 2
X

3sinx+2cosx—1

fZ(Bsinx +2cosx—1)— (3cosx — 2sinx)
= - dx
3sinx+2cosx—1

_f(z 3cosx —2sinx )d
B 3sinx + 2cosx —1) ¥

Letu = 3sinx+ 2cosx —1

du = 3cosx — 2sinxdx

Hence
f(z 3cosx — 2sinx )d
3sinx+2cosx—1 x

3cosx —2sinx
=f2dx—f

3sinx+2cosx —1

1
=f2dx—f—du

u
=2x —In|ul+C

=2x —In|3sinx +2cosx— 1|+ C
13a
Vs
Tn:f sin™ x dx
0
s
Tn=f sin™ 1 x sin x dx
0

Juv’dx=uv—Ju’vdx

u=sin""lx,v =sinx

U =m-1)sin"2xcosx,v=—cosx
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Chapter 4 worked solutions — Integration

Hence

T, = [—sin™ 1 x cosx]¥ + J (n — 1) sin™ 2 x cos x cos x dx
s
T,=(n- 1)[ sin™ 2 x cos? x dx
0
s
T,=n- 1)[ sin® 2 x (1 — sin? x) dx
0

s
T,=mn-1) f (sin® 2 x — sin™ x) dx
0

Tn=m0—-D(T-2—Ty)
T,=—-1DT,_, —(n— 1T,
Tn+(n— DT, = (- DTy
nT, = (n— DTy,

13b

s
To =f sin® x dx
0

T
=f1dx
0

=T

A
T, =f sin x dx
0

= [—cos x|}
=2

r,=2"1r
2= lo
T—lx _z
2T %=y

4 -1

T4= 4 TZ
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4 4_16

5 3 15
Therefore

57r 16
16 15

T5_

TsTe =

14a
e
I, =f (Inx)™dx
1

fuv’dx=uv—fu’vdx

=(nx)"v' =1

n(lnx)" 1

)
X

Hence

I, = [x(Inx)™]¢ — fen(lnx)"‘1 dx
1

e
I,=e— nf (Inx)" 1dx
1

L, =e—nl,_4
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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

14b

e
Iy =f (Inx)° dx
1

e
=.[1dx
1

=e—1

L =e— (DI,
=1

L, =e—(2)
=e—2

I3 =e—(3)I,
=e—3e+6
=6—2e
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