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Solutions to Exercise 4I Foundation questions 

1a  

∫
𝑥2

(5 + 𝑥3)2

1

−1

𝑑𝑥 

Let 𝑢 = 5 + 𝑥3 

𝑑𝑢 = 3𝑥2 𝑑𝑥 

𝑥 = 1, 𝑢 = 6 

𝑥 = −1, 𝑢 = 4  

Hence 

∫
𝑥2

(5 + 𝑥3)2

1

−1

𝑑𝑥 

=
1

3
∫

1

𝑢2

6

4

𝑑𝑢 

=
1

3
[−

1

𝑢
]

4

6

 

=
1

3
(−

1

6
+

1

4
) 

=
1

36
 

 

1b  

∫ 𝑥 sin 𝑥
𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = sin 𝑥 

𝑢′ = 1, 𝑣 = − cos 𝑥 

Hence 

∫ 𝑥 sin 𝑥
𝜋

0

𝑑𝑥 
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= [−𝑥 cos 𝑥]0
𝜋 + ∫ cos 𝑥

𝜋

0

𝑑𝑥 

= (𝜋 − 0) + [sin 𝑥]0
𝜋 

= 𝜋 + (0 − 0) 

= 𝜋 

 

1c  

Let 
2𝑥 + 2

(𝑥 + 3)(𝑥 − 1)
=

𝐴

𝑥 + 3
+

𝐵

𝑥 − 1
 

2𝑥 + 2 = 𝐴(𝑥 − 1) + 𝐵(𝑥 + 3) 

When 𝑥 = −3, 

−4 = −4𝐴 

𝐴 = 1 

When 𝑥 = 1, 

4 = 4𝐵 

𝐵 = 1 

Hence 

2𝑥 + 2

(𝑥 + 3)(𝑥 − 1)
=

1

𝑥 + 3
+

1

𝑥 − 1
 

∫
2𝑥 + 2

(𝑥 + 3)(𝑥 − 1)

3

2

𝑑𝑥 

= ∫ (
1

𝑥 + 3
+

1

𝑥 − 1
)

3

2

𝑑𝑥 

= [ln|𝑥 + 3| + ln|𝑥 − 1|]2
3 

= (ln 6 + ln 2) − (ln 5 + ln 1) 

= ln (
6 × 2

5 × 1
)  

= ln
12

5
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1d  

∫
𝑥 − 1

𝑥 + 1

2

0

𝑑𝑥 

= ∫
𝑥 + 1 − 2

𝑥 + 1

2

0

𝑑𝑥 

= ∫ (1 −
2

𝑥 + 1
)

2

0

𝑑𝑥 

= [𝑥 − 2 ln|𝑥 + 1|]0
2 

= (2 − 2 ln 3) − (0 − 0) 

= 2 − 2 ln 3 

 

1e  

∫
3 cos 𝑥

sin4 𝑥

𝜋
2

𝜋
4

𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥 𝑑𝑥 

When 𝑥 =
𝜋

2
, 𝑢 = 1 

When 𝑥 =
𝜋

4
, 𝑢 =

√2

2
 

Hence 

∫
3 cos 𝑥

sin4 𝑥

𝜋
2

𝜋
4

𝑑𝑥 

= ∫
3

𝑢4

1

√2
2

𝑑𝑢 

= [−
3

3𝑢3
]

√2
2

1

 

= [−
1

𝑢3
]

√2
2

1

 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  4 
 

= −1 +
8

2√2
 

= −1 +
4

√2
 

= −1 +
4

√2
×

√2

√2
 

= −1 + 2√2 

= 2√2 − 1 

 

1f  

∫
1

√4 − 9𝑥2

1
3

0

𝑑𝑥 

=
1

3
∫

3

√22 − (3𝑥)2

1
3

0

𝑑𝑥 

=
1

3
[sin−1 (

3𝑥

2
)]

0

1
3

 

=
1

3
(

𝜋

6
− 0) 

=
𝜋

18
 

 

2a  

∫
𝑥

√1 + 𝑥2
𝑑𝑥 

Let 𝑢 = 1 + 𝑥2 

𝑑𝑢 = 2𝑥 𝑑𝑥 

Hence 

∫
𝑥

√1 + 𝑥2
𝑑𝑥 

=
1

2
∫

1

√𝑢
𝑑𝑢 
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=
1

2
× 2√𝑢 + 𝐶 

= √𝑢 + 𝐶 

= √1 + 𝑥2 + 𝐶 

 

2b  

∫
1 + 𝑥

1 + 𝑥2
𝑑𝑥 

= ∫ (
1

1 + 𝑥2
+

𝑥

1 + 𝑥2
) 𝑑𝑥 

= ∫
1

1 + 𝑥2
𝑑𝑥 + ∫

𝑥

1 + 𝑥2
𝑑𝑥 

= ∫
1

1 + 𝑥2
𝑑𝑥 +

1

2
∫

2𝑥

1 + 𝑥2
𝑑𝑥 

= tan−1 𝑥 +
1

2
ln(1 + 𝑥2) + 𝐶                  (since 1 + 𝑥2 is positive) 

 

2c  

∫ sin 𝑥 cos4 𝑥 𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥 𝑑𝑥 

Hence 

∫ sin 𝑥 cos4 𝑥 𝑑𝑥 

= − ∫ 𝑢4 𝑑𝑢 

= −
1

5
𝑢5 + 𝐶 

= −
1

5
cos5 𝑥 + 𝐶 
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2d  

1

2𝑥2 + 3𝑥 + 1
=

1

(𝑥 + 1)(2𝑥 + 1)
 

Let 
1

(𝑥 + 1)(2𝑥 + 1)
=

𝐴

𝑥 + 1
+

𝐵

2𝑥 + 1
 

1 = 𝐴(2𝑥 + 1) + 𝐵(𝑥 + 1) 

When 𝑥 = −1, 

1 = −𝐴 

𝐴 = −1 

When 𝑥 = −
1

2
 

1 =
1

2
𝐵 

𝐵 = 2 

Hence 

∫
1

(𝑥 + 1)(2𝑥 + 1)
𝑑𝑥 

= ∫ (
−1

𝑥 + 1
+

2

2𝑥 + 1
) 𝑑𝑥 

= − ln|𝑥 + 1| + ln|2𝑥 + 1| + 𝐶 

= ln |
2𝑥 + 1

𝑥 + 1
| + 𝐶 

 

2e  

∫ 𝑥3 ln 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = ln 𝑥 , 𝑣′ = 𝑥3 

𝑢′ =
1

𝑥
, 𝑣 =

1

4
𝑥4 

Hence 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  7 
 

∫ 𝑥3 ln 𝑥 𝑑𝑥 

=
1

4
𝑥4 ln 𝑥 −

1

4
∫ 𝑥3 𝑑𝑥 

=
1

4
𝑥4 ln 𝑥 −

1

4
(

1

4
𝑥4) + 𝐶 

=
1

4
𝑥4 ln 𝑥 −

1

16
𝑥4 + 𝐶 

 

2f  

∫ sin3 2𝑥 𝑑𝑥 

= ∫ sin2 2𝑥 sin 2𝑥 𝑑𝑥 

= ∫(1 − cos2 2𝑥) sin 2𝑥 𝑑𝑥 

Let 𝑢 = cos 2𝑥 

𝑑𝑢 = −2 sin 2𝑥 𝑑𝑥 

Hence 

∫(1 − cos2 2𝑥) sin 2𝑥 𝑑𝑥 

= −
1

2
∫(1 − 𝑢2) 𝑑𝑢 

= −
1

2
(𝑢 −

1

3
𝑢3) + 𝐶 

= −
1

2
cos 2𝑥 +

1

6
cos3 2𝑥 + 𝐶 

=
1

6
cos3 2𝑥 −

1

2
cos 2𝑥 + 𝐶 
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2g  

∫
1

𝑥2 + 6𝑥 + 25
𝑑𝑥 

= ∫
1

𝑥2 + 6𝑥 + 9 + 16
𝑑𝑥 

= ∫
1

(𝑥 + 3)2 + 42
𝑑𝑥 

= tan−1 (
𝑥 + 3

4
) + 𝐶 

 

2h  

∫ 3𝑥 cos 3𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 3𝑥, 𝑣′ = cos 3𝑥 

𝑢′ = 3, 𝑣 =
1

3
sin 3𝑥 

Hence 

∫ 3𝑥 cos 3𝑥 𝑑𝑥 

= 𝑥 sin 3𝑥 − ∫ sin 3𝑥 𝑑𝑥 

= 𝑥 sin 3𝑥 +
1

3
cos 3𝑥 + 𝐶 

 

2i  

∫
𝑥

√4 + 𝑥
𝑑𝑥 

= ∫
4 + 𝑥 − 4

√4 + 𝑥
𝑑𝑥 

= ∫ (
4 + 𝑥

√4 + 𝑥
−

4

√4 + 𝑥
) 𝑑𝑥 
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= ∫ (√4 + 𝑥 −
4

√4 + 𝑥
) 𝑑𝑥 

Let 𝑢 = 4 + 𝑥 

𝑑𝑢 = 𝑑𝑥 

Hence 

∫ (√4 + 𝑥 −
4

√4 + 𝑥
) 𝑑𝑥 

= ∫ (√𝑢 −
4

√𝑢
) 𝑑𝑢 

= ∫ (𝑢
1
2 − 4𝑢−

1
2) 𝑑𝑢 

=
2

3
𝑢

3
2 − 8𝑢

1
2 + 𝐶 

=
2

3
(√4 + 𝑥)

3
− 8√4 + 𝑥 + 𝐶 

= √4 + 𝑥 (
2

3
(4 + 𝑥) − 8) + 𝐶 

= √4 + 𝑥 (
2

3
(4 + 𝑥) −

2

3
(12)) + 𝐶 

=
2

3
(𝑥 − 8)√4 + 𝑥 + 𝐶 

 

3a  

∫ 𝑥2𝑒−𝑥
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥2, 𝑣′ = 𝑒−𝑥 

𝑢′ = 2𝑥, 𝑣 = −𝑒−𝑥 

Hence 

∫ 𝑥2𝑒−𝑥
1

0

𝑑𝑥 
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= [−𝑥2𝑒−𝑥]0
1 + ∫ 2𝑥𝑒−𝑥

1

0

𝑑𝑥 

= −
1

𝑒
+ ∫ 2𝑥𝑒−𝑥

1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 2𝑥, 𝑣′ = 𝑒−𝑥 

𝑢′ = 2, 𝑣 = −𝑒−𝑥 

Hence 

−
1

𝑒
+ ∫ 2𝑥𝑒−𝑥

1

0

𝑑𝑥 

= −
1

𝑒
− [2𝑥𝑒−𝑥]0

1 + ∫ 2𝑒−𝑥
1

0

𝑑𝑥 

= −
1

𝑒
−

2

𝑒
+ [−2𝑒−𝑥]0

1 

= −
3

𝑒
−

2

𝑒
+ 2 

= 2 −
5

𝑒
 

 

3b  

∫ sin3 𝑥 cos5 𝑥

𝜋
2

0

𝑑𝑥 

= ∫ sin2 𝑥 cos5 𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥 

= ∫ (1 − cos2 𝑥) cos5 𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥 𝑑𝑥 

When 𝑥 =
𝜋

2
, 𝑢 = 0 
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When 𝑥 = 0, 𝑢 = 1 

Hence 

∫ (1 − cos2 𝑥) cos5 𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥 

= − ∫ (1 − 𝑢2)𝑢5
0

1

𝑑𝑢 

= ∫ (𝑢5 − 𝑢7)
1

0

𝑑𝑢 

= [
1

6
𝑢6 −

1

8
𝑢8]

0

1

 

=
1

6
−

1

8
 

=
1

24
 

 

3c  

Let 
𝑥

(𝑥 + 1)(𝑥2 + 1)
=

𝐴

𝑥 + 1
+

𝐵𝑥 + 𝐶

𝑥2 + 1
 

𝑥 = 𝐴(𝑥2 + 1) + (𝐵𝑥 + 𝐶)(𝑥 + 1) 

When 𝑥 = −1, 

−1 = 2𝐴 

𝐴 = −
1

2
 

When 𝑥 = 0, 

0 = 𝐴 + 𝐶 

𝐶 = −𝐴 

𝐶 =
1

2
 

When 𝑥 = 1, 

1 = 2𝐴 + 2𝐵 + 2𝐶 

1 = −1 + 2𝐵 + 1 
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𝐵 =
1

2
 

Hence 

∫
𝑥

(𝑥 + 1)(𝑥2 + 1)

1

0

𝑑𝑥 

= ∫ (
−

1
2

𝑥 + 1
+

1
2 𝑥 +

1
2

𝑥2 + 1
)

1

0

𝑑𝑥 

=
1

2
∫ (−

1

𝑥 + 1
+

𝑥 + 1

𝑥2 + 1
)

1

0

𝑑𝑥 

=
1

2
∫ (−

1

𝑥 + 1
+

𝑥

𝑥2 + 1
+

1

𝑥2 + 1
)

1

0

𝑑𝑥 

=
1

2
[− ln|𝑥 + 1| +

1

2
ln(𝑥2 + 1) + tan−1 𝑥]

0

1

          (since 𝑥2 + 1 is positive) 

=
1

2
(− ln 2 +

1

2
ln 2 +

𝜋

4
) −

1

2
(0 + 0 + 0) 

=
1

8
(−4 ln 2 + 2 ln 2 + 𝜋) 

=
1

8
(𝜋 − 2 ln 2) 

 

3d  

∫ (1 − 𝑥2)−
3
2

1
2

0

𝑑𝑥 

= ∫
1

(√1 − 𝑥2)
3

1
2

0

𝑑𝑥 

Let 𝑥 = sin 𝑢 

𝑑𝑥 = cos 𝑢 𝑑𝑢 

When 𝑥 =
1

2
, 𝑢 =

𝜋

6
 

When 𝑥 = 0, 𝑢 = 0 

Therefore 
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∫
1

(√1 − 𝑥2)
3

1
2

0

𝑑𝑥 

= ∫
cos 𝑢

(√1 − sin2 𝑢)
3

𝜋
6

0

𝑑𝑢 

= ∫
cos 𝑢

√cos6 𝑢

𝜋
6

0

𝑑𝑢    (noting that in this interval cos 𝑢  is the positive square root) 

= ∫
cos 𝑢

cos3 𝑢

𝜋
6

0

𝑑𝑢 

= ∫
1

cos2 𝑢

𝜋
6

0

𝑑𝑢 

= ∫ sec2 𝑢

𝜋
6

0

𝑑𝑢 

= [tan 𝑢]
0

𝜋
6  

=
1

√3
 

 

3e  

∫
1 − 𝑥2

1 + 𝑥2

1

0

𝑑𝑥 

= ∫ (
1

1 + 𝑥2
−

𝑥2

1 + 𝑥2
)

1

0

𝑑𝑥 

= ∫ (
1

1 + 𝑥2
−

1 + 𝑥2 − 1

1 + 𝑥2
)

1

0

𝑑𝑥 

= (∫
1

1 + 𝑥2
−

1 + 𝑥2

1 + 𝑥2
+

1

1 + 𝑥2

1

0

) 𝑑𝑥 

= ∫ (
2

1 + 𝑥2
− 1)

1

0

𝑑𝑥 

= [2 tan−1 𝑥 − 𝑥]0
1 

=
𝜋

2
− 1 
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3f  

∫
𝑥

√6𝑥 − 8 − 𝑥2

4

2

𝑑𝑥 

= ∫
𝑥

√1 − (𝑥 − 3)2

4

2

𝑑𝑥 

Let 𝑢 = 𝑥 − 3 

𝑥 = 𝑢 + 3 

𝑑𝑢 = 𝑑𝑥 

When 𝑥 = 4, 𝑢 = 1 

When 𝑥 = 2, 𝑢 = −1 

Hence 

∫
𝑥

√1 − (𝑥 − 3)2

4

2

𝑑𝑥 

= ∫
𝑢 + 3

√1 − 𝑢2

1

−1

𝑑𝑢 

= ∫ (
𝑢

√1 − 𝑢2
+

3

√1 − 𝑢2
)

1

−1

𝑑𝑢 

= [−
1

2
√1 − 𝑢2 + 3 sin−1 𝑢]

−1

1

 

= (0 + 3 ×
𝜋

2
) − (0 + 3 × −

𝜋

2
) 

=
3𝜋

2
+

3𝜋

2
 

= 3𝜋 

 

3g  

∫
√𝑥

1 + 𝑥

1

0

𝑑𝑥 

Let 𝑢 = √𝑥 

𝑥 = 𝑢2 

𝑑𝑥 = 2𝑢 𝑑𝑢 
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When 𝑥 = 1, 𝑢 = 1 

When 𝑥 = 0, 𝑢 = 0 

Hence 

∫
√𝑥

1 + 𝑥

1

0

𝑑𝑥 

= ∫
𝑢

1 + 𝑢2
2𝑢

1

0

𝑑𝑢 

= 2 ∫
𝑢2

1 + 𝑢2

1

0

𝑑𝑢 

= 2 ∫
1 + 𝑢2 − 1

1 + 𝑢2

1

0

𝑑𝑢 

= 2 ∫ (
1 + 𝑢2

1 + 𝑢2
−

1

1 + 𝑢2
)

1

0

𝑑𝑢 

= 2 ∫ (1 −
1

1 + 𝑢2
)

1

0

𝑑𝑢 

= 2[𝑢 − tan−1 𝑢]0
1 

= 2 (1 −
𝜋

4
) − 2(0 − 0) 

=
1

2
(4 − 𝜋) 

 

3h  

∫ tan−1 𝑥
√3

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = tan−1 𝑥 , 𝑣′ = 1 

𝑢′ =
1

1 + 𝑥2
, 𝑣 = 𝑥 

Hence 
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∫ tan−1 𝑥
√3

0

𝑑𝑥 

= [𝑥 tan−1 𝑥]0
√3 − ∫

𝑥

1 + 𝑥2

√3

0

𝑑𝑥 

= (
√3𝜋

3
− 0) −

1

2
∫

2𝑥

1 + 𝑥2

√3

0

𝑑𝑥 

=
√3𝜋

3
−

1

2
[ln|1 + 𝑥2|]0

√3 

=
𝜋

√3
− (

1

2
ln 4 − 0) 

=
𝜋

√3
− ln 2 

 

3i  

∫ sin 2𝑥 cos 3𝑥

𝜋
4

0

𝑑𝑥 

= ∫
1

2
(sin(2𝑥 − 3𝑥) + sin(2𝑥 + 3𝑥))

𝜋
4

0

𝑑𝑥 

=
1

2
∫ (− sin 𝑥 + sin 5𝑥)

𝜋
4

0

𝑑𝑥 

=
1

2
[cos 𝑥 −

1

5
cos 5𝑥]

0

𝜋
4

 

=
1

2
((

√2

2
−

1

5
(−

√2

2
)) − (1 −

1

5
)) 

=
1

2
(

3√2

5
−

4

5
) 

=
1

10
(3√2 − 4) 
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3j  

∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = cos 𝑥 , 𝑣′ = 𝑒−𝑥 

𝑢′ = − sin 𝑥 , 𝑣 = −𝑒−𝑥 

Hence 

∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 

= [−𝑒−𝑥 cos 𝑥]0
𝜋 − ∫ 𝑒−𝑥 sin 𝑥

𝜋

0

𝑑𝑥 

Consider ∫ 𝑒−𝑥 sin 𝑥
𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = sin 𝑥 , 𝑣′ = 𝑒−𝑥 

𝑢′ = cos 𝑥 , 𝑣 = −𝑒−𝑥 

Hence 

∫ 𝑒−𝑥 sin 𝑥
𝜋

0

𝑑𝑥 

= [−𝑒−𝑥 sin 𝑥]0
𝜋 + ∫ 𝑒−𝑥 cos 𝑥

𝜋

0

𝑑𝑥 

Therefore 

∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 = [−𝑒−𝑥 cos 𝑥]0
𝜋 − ∫ 𝑒−𝑥 sin 𝑥

𝜋

0

𝑑𝑥 

∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 = [−𝑒−𝑥 cos 𝑥]0
𝜋 − [−𝑒−𝑥 sin 𝑥]0

𝜋 − ∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 

2 ∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 = [−𝑒−𝑥 cos 𝑥]0
𝜋 + [𝑒−𝑥 sin 𝑥]0

𝜋 
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2 ∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 = (𝑒−𝜋 + 1) + (0 + 0) 

2 ∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 = 𝑒−𝜋 + 1 

∫ 𝑒−𝑥 cos 𝑥
𝜋

0

𝑑𝑥 =
1

2
(1 + 𝑒−𝜋) 
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Solutions to Exercise 4I Development questions 

4a  

𝑥 − 1

𝑥3 + 1
=

𝐴

𝑥 + 1
+

𝐵𝑥 + 𝐶

𝑥2 − 𝑥 + 1
 

𝑥 − 1 = 𝐴(𝑥2 − 𝑥 + 1) + (𝐵𝑥 + 𝐶)(𝑥 + 1) 

𝑥 − 1 = 𝐴𝑥2 − 𝐴𝑥 + 𝐴 + 𝐵𝑥2 + 𝐵𝑥 + 𝐶𝑥 + 𝐶 

𝑥 − 1 = (𝐴 + 𝐵)𝑥2 + (𝐵 + 𝐶 − 𝐴)𝑥 + 𝐴 + 𝐶 

Equating coefficients gives: 

𝐴 + 𝐵 = 0 

𝐵 + 𝐶 − 𝐴 = 1 

𝐴 + 𝐶 = −1 

𝐵 = −𝐴 

𝐶 = −1 − 𝐴 

(−𝐴) + (−1 − 𝐴) − 𝐴 = 1 

−3𝐴 = 2 

∴ 𝐴 = −
2

3
 

∴ 𝐵 =
2

3
 

∴ 𝐶 = −
1

3
 

 

4b  

∫
𝑥3 + 𝑥

𝑥3 + 1

1

0

𝑑𝑥 

= ∫
𝑥3 + 1 + 𝑥 − 1

𝑥3 + 1

1

0

𝑑𝑥 

= ∫ (1 +
𝑥 − 1

𝑥3 + 1
)

1

0

𝑑𝑥 
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= ∫ (1 −

2
3

𝑥 + 1
+

2
3 𝑥 −

1
3

𝑥2 − 𝑥 + 1
)

1

0

𝑑𝑥 

∫ (1 −
2

3
×

1

𝑥 + 1
+

1

3
×

2𝑥 − 1

𝑥2 − 𝑥 + 1
)

1

0

𝑑𝑥 

= [𝑥 −
2

3
ln|𝑥 + 1| +

1

3
ln(𝑥2 − 𝑥 + 1)]

0

1

 

= 1 −
2

3
ln 2 

 

5  

∫ 𝑥3𝑒−𝑥2
𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = 𝑥2, 𝑣′ = 𝑥𝑒−𝑥2
 

𝑢′ = 2𝑥, 𝑣 = −
1

2
𝑒−𝑥2

 

Hence 

∫ 𝑥3𝑒−𝑥2
𝑑𝑥 

= −
1

2
𝑥2𝑒−𝑥2

+ ∫ 𝑥𝑒−𝑥2
𝑑𝑥 

= −
1

2
𝑥2𝑒−𝑥2

−
1

2
𝑒−𝑥2

 

= −
1

2
𝑒−𝑥2

(1 + 𝑥2) + 𝐶 

 

6a  

∫ sec4 𝑥

𝜋
3

0

𝑑𝑥 

∫ sec2 𝑥 sec2 𝑥

𝜋
3

0

𝑑𝑥 
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∫ (1 + tan2 𝑥) sec2 𝑥

𝜋
3

0

𝑑𝑥 

Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥 𝑑𝑥 

𝑥 =
𝜋

3
, 𝑢 = √3 

𝑥 = 0, 𝑢 = 0 

Hence 

∫ (1 + tan2 𝑥) sec2 𝑥

𝜋
3

0

𝑑𝑥 

= ∫ (1 + 𝑢2)
√3

0

𝑑𝑢 

= [𝑢 +
1

3
𝑢3]

0

√3

 

= √3 + √3 

= 2√3 

 

6b  

∫ sec6 𝑥

𝜋
3

0

𝑑𝑥 

= ∫ sec4 𝑥 sec2 𝑥

𝜋
3

0

𝑑𝑥 

= ∫ sec4 𝑥 (1 + tan2 𝑥)

𝜋
3

0

𝑑𝑥 

= ∫ sec4 𝑥

𝜋
3

0

𝑑𝑥 + ∫ sec4 𝑥 tan2 𝑥

𝜋
3

0

𝑑𝑥 

= 2√3 + ∫ sec2 𝑥 sec2 𝑥 tan2 𝑥

𝜋
3

0

𝑑𝑥 

= 2√3 + ∫ sec2 𝑥 (1 + tan2 𝑥) tan2 𝑥

𝜋
3

0

𝑑𝑥 
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Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥 𝑑𝑥 

𝑥 =
𝜋

3
, 𝑢 = √3 

𝑥 = 0, 𝑢 = 0 

Hence 

2√3 + ∫ sec2 𝑥 (1 + tan2 𝑥) tan2 𝑥

𝜋
3

0

𝑑𝑥 

= 2√3 + ∫ (1 + 𝑢2)𝑢2
√3

0

𝑑𝑢 

= 2√3 + ∫ (𝑢2 + 𝑢4)
√3

0

𝑑𝑢 

= 2√3 + [
1

3
𝑢3 +

1

5
𝑢5]

0

√3

 

= 2√3 + √3 +
9

5
√3 

=
10

5
√3 +

5

5
√3 +

9

5
√3 

=
24√3

5
 

 

7a  

∫
1

3 + 5 cos 𝑥

𝜋
2

0

𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

𝑥 =
𝜋

2
, 𝑡 = 1 

𝑥 = 0, 𝑡 = 0 

cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
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Hence 

∫
1

3 + 5 cos 𝑥

𝜋
2

0

𝑑𝑥 

= ∫
1

3 + 5
1 − 𝑡2

1 + 𝑡2

1

0

×
2

1 + 𝑡2
𝑑𝑡 

= ∫
2

3 + 3𝑡2 + 5 − 5𝑡2

1

0

𝑑𝑡 

= ∫
2

8 − 2𝑡2

1

0

𝑑𝑡 

= ∫
1

4 − 𝑡2

1

0

𝑑𝑡 

= ∫ (

1
4

2 − 𝑡
+

1
4

2 + 𝑡
)

1

0

𝑑𝑡    (using cover − up rule) 

=
1

4
∫ (

1

2 − 𝑡
+

1

2 + 𝑡
)

1

0

𝑑𝑡     

=
1

4
[− ln|2 − 𝑡| + ln|2 + 𝑡|]0

1 

=
1

4
(ln 3 + ln 2 − ln 2) 

=
1

4
ln 3 

 

7b  

∫
1

cos 𝑥 − 2 sin 𝑥 + 3

𝜋
2

0

𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

𝑥 =
𝜋

2
, 𝑡 = 1 

𝑥 = 0, 𝑡 = 0 
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cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
 

sin 𝑥 =
2𝑡

1 + 𝑡2
 

Hence 

∫
1

cos 𝑥 − 2 sin 𝑥 + 3

𝜋
2

0

𝑑𝑥 

= ∫
1

1 − 𝑡2

1 + 𝑡2 − 2 ×
2𝑡

1 + 𝑡2 + 3
×

1

0

2

1 + 𝑡2
𝑑𝑡 

= ∫
2

1 − 𝑡2 − 4𝑡 + 3 + 3𝑡2

1

0

𝑑𝑡 

= ∫
2

2𝑡2 − 4𝑡 + 4

1

0

𝑑𝑡 

= ∫
1

𝑡2 − 2𝑡 + 2

1

0

𝑑𝑡 

= ∫
1

(𝑡 − 1)2 + 1

1

0

𝑑𝑡 

= [tan−1(𝑡 − 1)]0
1 

= tan−1 0 − tan−1(−1) 

=
𝜋

4
 

 

8a  

4𝑡

(1 + 𝑡)2(1 + 𝑡2)
=

𝐴

1 + 𝑡
+

𝐵

(1 + 𝑡)2
+

𝐶𝑡 + 𝐷

1 + 𝑡2
 

4𝑡 = 𝐴(1 + 𝑡)(1 + 𝑡2) + 𝐵(1 + 𝑡2) + (𝐶𝑡 + 𝐷)(1 + 𝑡)2 

4𝑡 = 𝐴(𝑡3 + 𝑡2 + 𝑡 + 1) + 𝐵 + 𝐵𝑡2 + (𝐶𝑡 + 𝐷)(1 + 2𝑡 + 𝑡2) 

4𝑡 = 𝐴𝑡3 + 𝐴𝑡2 + 𝐴𝑡 + 𝐴 + 𝐵 + 𝐵𝑡2 + 𝐶𝑡 + 2𝐶𝑡2 + 𝐶𝑡3 + 𝐷 + 2𝐷𝑡 + 𝐷𝑡2 

4𝑡 = (𝐴 + 𝐶)𝑡3 + (𝐴 + 𝐵 + 2𝐶 + 𝐷)𝑡2 + (𝐴 + 𝐶 + 2𝐷)𝑡 + 𝐴 + 𝐵 + 𝐷 

Equating coefficients gives: 

𝐴 + 𝐶 = 0 
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𝐴 + 𝐵 + 2𝐶 + 𝐷 = 0 

𝐴 + 𝐶 + 2𝐷 = 4 

𝐴 + 𝐵 + 𝐷 = 0 

(𝐴 + 𝐵 + 𝐷) + 2𝐶 = 0 

2𝐶 = 0 

∴ 𝐶 = 0 

∴ 𝐴 = 0 

∴ 𝐷 = 2 

∴ 𝐵 = −2 

 

8b  

∫
sin 𝑥

1 + sin 𝑥

𝜋
2

0

𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

𝑥 =
𝜋

2
, 𝑡 = 1 

𝑥 = 0, 𝑡 = 0 

sin 𝑥 =
2𝑡

1 + 𝑡2
 

Hence 

= ∫
sin 𝑥

1 + sin 𝑥

1

0

𝑑𝑥 

= ∫

2𝑡
1 + 𝑡2

1 +
2𝑡

1 + 𝑡2

×
1

0

2

1 + 𝑡2
𝑑𝑡 

= ∫

4𝑡
1 + 𝑡2

1 + 𝑡2 + 2𝑡

1

0

𝑑𝑡 
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= ∫

4𝑡
1 + 𝑡2

(1 + 𝑡)2

1

0

𝑑𝑡 

= ∫
4𝑡

(1 + 𝑡)2(1 + 𝑡2)

1

0

𝑑𝑡 

= ∫ (
−2

(1 + 𝑡)2
+

2

1 + 𝑡2
)

1

0

𝑑𝑡 

= [
2

1 + 𝑡
+ 2 tan−1(𝑡)]

0

1

 

=
2

1 + 1
+ 2 ×

𝜋

4
− 2 

= 1 +
𝜋

2
− 2 

=
𝜋

2
− 1 

 

9  

∫
1

√𝑥 + √𝑥
3

64

1

𝑑𝑥 

Let 𝑢 = √𝑥
6

 

𝑥 = 𝑢6 

𝑑𝑥 = 6𝑢5 𝑑𝑢 

𝑥 = 64, 𝑢 = 2 

𝑥 = 1, 𝑢 = 1 

Hence 

∫
1

√𝑥 + √𝑥
3

64

1

𝑑𝑥 

= ∫
1

√𝑢6 + √𝑢63

2

1

× 6𝑢5 𝑑𝑢 

= ∫
1

𝑢3 + 𝑢2

2

1

× 6𝑢5 𝑑𝑢 

= 6 ∫
𝑢3

𝑢 + 1

2

1

 𝑑𝑢 
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= 6 ∫
𝑢3 + 1 − 1

𝑢 + 1

2

1

 𝑑𝑢 

= 6 ∫
(𝑢 + 1)(𝑢2 − 𝑢 + 1) − 1

𝑢 + 1

2

1

 𝑑𝑢 

= 6 ∫ (𝑢2 − 𝑢 + 1 −
1

𝑢 + 1
)

2

1

 𝑑𝑢 

= 6 [
1

3
𝑢3 −

1

2
𝑢2 + 𝑢 − ln|𝑢 + 1|]

1

2

 

= 6 (
8

3
− 2 + 2 − ln 3 −

1

3
+

1

2
− 1 + ln 2) 

= 6 (
7

3
−

1

2
+ ln

2

3
) 

= 14 − 3 + 6 ln
2

3
 

= 11 − 6 ln
3

2
 

 

10a  

∫ √𝑎2 − 𝑥2 𝑑𝑥 

Let 𝜃 = sin−1 (
𝑥

𝑎
) 

𝑥 = 𝑎 sin 𝜃 

𝑑𝑥 = 𝑎 cos 𝜃 𝑑𝜃 

Hence 

∫ √𝑎2 − 𝑥2 𝑑𝑥 

= ∫ √𝑎2 − (𝑎 sin 𝜃)2 𝑎 cos 𝜃 𝑑𝜃 

= ∫ √𝑎2(1 − sin2 𝜃) 𝑎 cos 𝜃 𝑑𝜃 

= ∫ √𝑎2 cos2 𝜃 𝑎 cos 𝜃 𝑑𝜃 
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= ∫ 𝑎 cos 𝜃 𝑎 cos 𝜃 𝑑𝜃 

= 𝑎2 ∫ cos2 𝜃 𝑑𝜃 

= 𝑎2 ∫
1

2
(1 + cos 2𝜃) 𝑑𝜃 

=
𝑎2

2
∫(1 + cos 2𝜃) 𝑑𝜃 

=
𝑎2

2
(𝜃 +

1

2
sin 2𝜃) + 𝐶 

=
𝑎2

2
(𝜃 +

1

2
sin 2𝜃) + 𝐶 

=
𝑎2

2
(sin−1 (

𝑥

𝑎
) +

1

2
sin (2 sin−1 (

𝑥

𝑎
))) + 𝐶 

=
𝑎2

2
(sin−1 (

𝑥

𝑎
) + sin (sin−1 (

𝑥

𝑎
)) cos (sin−1 (

𝑥

𝑎
))) + 𝐶 

=
𝑎2

2
(sin−1 (

𝑥

𝑎
) +

𝑥

𝑎
×

√𝑎2 − 𝑥2

𝑎
) + 𝐶 

=
𝑎2

2
(sin−1 (

𝑥

𝑎
) +

𝑥√𝑎2 − 𝑥2

𝑎2
) + 𝐶 

=
𝑎2

2
sin−1 (

𝑥

𝑎
) +

𝑥

2
√𝑎2 − 𝑥2 + 𝐶 

 

10b  

∫ √𝑎2 − 𝑥2 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = √𝑎2 − 𝑥2, 𝑣′ = 1 

𝑢′ =
−𝑥

√𝑎2 − 𝑥2
, 𝑣 = 𝑥 

Hence 

∫ √𝑎2 − 𝑥2 𝑑𝑥 
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= 𝑥√𝑎2 − 𝑥2 + ∫
𝑥2

√𝑎2 − 𝑥2
𝑑𝑥 

= 𝑥√𝑎2 − 𝑥2 − ∫
𝑎2 − 𝑥2 − 𝑎2

√𝑎2 − 𝑥2
𝑑𝑥 

= 𝑥√𝑎2 − 𝑥2 − ∫
𝑎2 − 𝑥2

√𝑎2 − 𝑥2
𝑑𝑥 + ∫

𝑎2

√𝑎2 − 𝑥2
𝑑𝑥 

= 𝑥√𝑎2 − 𝑥2 − ∫ √𝑎2 − 𝑥2 𝑑𝑥 + 𝑎2 sin−1 (
𝑥

𝑎
) 

2 ∫ √𝑎2 − 𝑥2 𝑑𝑥 = 𝑥√𝑎2 − 𝑥2 + 𝑎2 sin−1 (
𝑥

𝑎
) 

∫ √𝑎2 − 𝑥2 𝑑𝑥 =
𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
sin−1 (

𝑥

𝑎
) + 𝐶 

 

 

11a  

∫
5 − 5𝑥2

(1 + 2𝑥)(1 + 𝑥2)

1

0

𝑑𝑥 

5 − 5𝑥2

(1 + 2𝑥)(1 + 𝑥2)
=

𝐴

1 + 2𝑥
+

𝐵𝑥 + 𝐶

1 + 𝑥2
 

5 − 5𝑥2 = 𝐴(1 + 𝑥2) + (𝐵𝑥 + 𝐶)(1 + 2𝑥) 

5 − 5𝑥2 = 𝐴 + 𝐴𝑥2 + 𝐵𝑥 + 𝐶 + 2𝐵𝑥2 + 2𝐶𝑥 

5 − 5𝑥2 = (𝐴 + 2𝐵)𝑥2 + (𝐵 + 2𝐶)𝑥 + 𝐴 + 𝐶 

Equating coefficients gives: 

𝐴 + 2𝐵 = −5 

𝐵 + 2𝐶 = 0 

𝐴 + 𝐶 = 5 

𝐵 = −2𝐶 

𝐴 = 5 − 𝐶 

∴ 5 − 𝐶 + 2(−2𝐶) = −5 

5 − 𝐶 − 4𝐶 = −5 

−5𝐶 = −10 
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∴ 𝐶 = 2 

∴ 𝐵 = −4 

∴ 𝐴 = 3 

Hence 

∫
5 − 5𝑥2

(1 + 2𝑥)(1 + 𝑥2)

1

0

𝑑𝑥 

= ∫ (
3

1 + 2𝑥
+

−4𝑥 + 2

1 + 𝑥2
)

1

0

𝑑𝑥 

= ∫ (
3

2
×

2

1 + 2𝑥
− 2 ×

2𝑥

1 + 𝑥2
+

2

1 + 𝑥2
)

1

0

𝑑𝑥 

= [
3

2
ln|1 + 2𝑥| − 2 ln|1 + 𝑥2| + 2 tan−1 𝑥]

0

1

 

=
3

2
ln 3 − 2 ln 2 +

𝜋

2
 

= ln √27 − ln 4 +
𝜋

2
 

= ln √27 − ln √16 +
𝜋

2
 

=
1

2
ln

27

16
+

𝜋

2
 

=
1

2
(𝜋 + ln

27

16
) 

 

11b  

∫
cos 𝑥

1 + cos 𝑥 + 2 sin 𝑥

𝜋
2

0

𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

𝑥 =
𝜋

2
, 𝑡 = 1 

𝑥 = 0, 𝑡 = 0 
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cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
 

sin 𝑥 =
2𝑡

1 + 𝑡2
 

Hence 

∫
cos 𝑥

1 + cos 𝑥 + 2 sin 𝑥

𝜋
2

0

𝑑𝑥 

= ∫

1 − 𝑡2

1 + 𝑡2

1 +
1 − 𝑡2

1 + 𝑡2 + 2 ×
2𝑡

1 + 𝑡2

1

0

×
2

1 + 𝑡2
𝑑𝑡 

= ∫
2 ×

1 − 𝑡2

1 + 𝑡2

1 + 𝑡2 + 1 − 𝑡2 + 4𝑡

1

0

𝑑𝑡 

= ∫

1 − 𝑡2

1 + 𝑡2

1 + 2𝑡

1

0

𝑑𝑡 

= ∫
1 − 𝑡2

(1 + 2𝑡)(1 + 𝑡2)

1

0

𝑑𝑡 

=
1

5
∫

5 − 5𝑡2

(1 + 2𝑡)(1 + 𝑡2)

1

0

𝑑𝑡 

=
1

5
(

1

2
(𝜋 + ln

27

16
)) 

=
1

10
(𝜋 + ln

27

16
) 

 

12a  

8 sin 𝑥 + cos 𝑥 − 2 = 𝑃(3 sin 𝑥 + 2 cos 𝑥 − 1) + 𝑄(3 cos 𝑥 − 2 sin 𝑥) 

8 sin 𝑥 + cos 𝑥 − 2 = 3𝑃 sin 𝑥 + 2𝑃 cos 𝑥 − 𝑃 + 3𝑄 cos 𝑥 − 2𝑄 sin 𝑥 

Equating coefficients gives: 

𝑃 = 2 

3𝑃 − 2𝑄 = 8 

2𝑃 + 3𝑄 = 1 

−2𝑄 = 2 
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∴ 𝑄 = −1 

 

12b  

∫
8 sin 𝑥 + cos 𝑥 − 2

3 sin 𝑥 + 2 cos 𝑥 − 1
𝑑𝑥 

= ∫
2(3 sin 𝑥 + 2 cos 𝑥 − 1) − (3 cos 𝑥 − 2 sin 𝑥)

3 sin 𝑥 + 2 cos 𝑥 − 1
𝑑𝑥 

= ∫ (2 −
3 cos 𝑥 − 2 sin 𝑥

3 sin 𝑥 + 2 cos 𝑥 − 1
) 𝑑𝑥 

Let 𝑢 = 3 sin 𝑥 + 2 cos 𝑥 − 1 

𝑑𝑢 = 3 cos 𝑥 − 2 sin 𝑥 𝑑𝑥 

Hence 

∫ (2 −
3 cos 𝑥 − 2 sin 𝑥

3 sin 𝑥 + 2 cos 𝑥 − 1
) 𝑑𝑥 

= ∫ 2 𝑑𝑥 − ∫
3 cos 𝑥 − 2 sin 𝑥

3 sin 𝑥 + 2 cos 𝑥 − 1
𝑑𝑥 

 

= ∫ 2 𝑑𝑥 − ∫
1

𝑢
𝑑𝑢 

= 2𝑥 − ln|𝑢| + 𝐶 

= 2𝑥 − ln|3 sin 𝑥 + 2 cos 𝑥 − 1| + 𝐶 

 

13a  

𝑇𝑛 = ∫ sin𝑛 𝑥
𝜋

0

𝑑𝑥 

𝑇𝑛 = ∫ sin𝑛−1 𝑥 sin 𝑥
𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = sin𝑛−1 𝑥 , 𝑣′ = sin 𝑥 

𝑢′ = (𝑛 − 1) sin𝑛−2 𝑥 cos 𝑥 , 𝑣 = − cos 𝑥 
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Hence 

𝑇𝑛 = [− sin𝑛−1 𝑥 cos 𝑥]0
𝜋 + ∫ (𝑛 − 1) sin𝑛−2 𝑥 cos 𝑥 cos 𝑥

𝜋

0

𝑑𝑥 

𝑇𝑛 = (𝑛 − 1) ∫ sin𝑛−2 𝑥 cos2 𝑥
𝜋

0

𝑑𝑥 

𝑇𝑛 = (𝑛 − 1) ∫ sin𝑛−2 𝑥 (1 − sin2 𝑥)
𝜋

0

𝑑𝑥 

𝑇𝑛 = (𝑛 − 1) ∫ (sin𝑛−2 𝑥 − sin𝑛 𝑥)
𝜋

0

𝑑𝑥 

𝑇𝑛 = (𝑛 − 1)(𝑇𝑛−2 − 𝑇𝑛) 

𝑇𝑛 = (𝑛 − 1)𝑇𝑛−2 − (𝑛 − 1)𝑇𝑛 

𝑇𝑛 + (𝑛 − 1)𝑇𝑛 = (𝑛 − 1)𝑇𝑛−2 

𝑛𝑇𝑛 = (𝑛 − 1)𝑇𝑛−2 

𝑇𝑛 =
𝑛 − 1

𝑛
𝑇𝑛−2 

 

13b  

𝑇0 = ∫ sin0 𝑥
𝜋

0

𝑑𝑥 

     = ∫ 1
𝜋

0

𝑑𝑥 

     = 𝜋 

𝑇1 = ∫ sin 𝑥
𝜋

0

𝑑𝑥 

     = [− cos 𝑥]0
𝜋 

     = 2 

𝑇2 =
2 − 1

2
𝑇0 

𝑇2 =
1

2
× 𝜋 =

𝜋

2
 

𝑇4 =
4 − 1

4
𝑇2 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  16 
 

𝑇4 =
3

4
×

𝜋

2
=

3𝜋

8
 

𝑇6 =
6 − 1

6
𝑇4 

𝑇6 =
5

6
×

3𝜋

8
=

5𝜋

16
 

𝑇3 =
3 − 1

3
𝑇1 

𝑇3 =
2

3
× 2 =

4

3
 

𝑇5 =
5 − 1

5
𝑇3 

𝑇5 =
4

5
×

4

3
=

16

15
 

Therefore 

𝑇5𝑇6 =
5𝜋

16
×

16

15
 

          =
𝜋

3
 

 

14a  

𝐼𝑛 = ∫ (ln 𝑥)𝑛
𝑒

1

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = (ln 𝑥)𝑛, 𝑣′ = 1 

𝑢′ =
𝑛(ln 𝑥)𝑛−1

𝑥
, 𝑣 = 𝑥 

Hence 

𝐼𝑛 = [𝑥(ln 𝑥)𝑛]1
𝑒 − ∫ 𝑛(ln 𝑥)𝑛−1

𝑒

1

𝑑𝑥 

𝐼𝑛 = 𝑒 − 𝑛 ∫ (ln 𝑥)𝑛−1
𝑒

1

𝑑𝑥 

𝐼𝑛 = 𝑒 − 𝑛𝐼𝑛−1 
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14b  

𝐼0 = ∫ (ln 𝑥)0
𝑒

1

𝑑𝑥 

    = ∫ 1
𝑒

1

𝑑𝑥 

    = 𝑒 − 1 

𝐼1 = 𝑒 − (1)𝐼0 

     = 1 

𝐼2 = 𝑒 − (2)𝐼1 

     = 𝑒 − 2 

𝐼3 = 𝑒 − (3)𝐼2 

     = 𝑒 − 3𝑒 + 6 

     = 6 − 2𝑒 
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