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MATHEMATICS EXTENSI

Chapter 4 worked solutions — Integration

Solutions to Exercise 4H Foundation questions

1la

tan™ x dx

n=2 x tan® x dx

tan

f tan™ 2 x (sec? x — 1)dx
f tan™ % x sec?® x dx — f tan™ 2% x dx

= f tan® 2 xsec?xdx — I,,_,

Letu = tanx
du = sec? x dx

Hence

I, = fu"‘zdu— n—2

un—l

_n_l_ n-2

n-1

tan X

BT

1b
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2a

2b

I_tan X p
) 2
1
=§tan X —tanx + x
I_tan6_1x /
6 6_1 4
1
=§tan5x—§tan3x+tanx—x+6
In=fx"exdx

fuv’dx=uv—fu’vdx

Therefore
u=x"v =e*

n—1 X

u =nx""tv=e

Hence
I, = x"e* — nfx”‘lex dx

=x"e* —nl,_,

— AN X
I, =x"e* —nl,_4

Iy = fxoex dx

11 =xex_10

X X

=Xxe r —e
— +2,X
Iz—xe _211

= x%e¥ — 2xe* 4 2e*
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13 =x3ex—312
= x3e¥ — 3x%e* + 6xe* — 6e* + C
=x3—-3x2+6x—6)e*+C

3a
e
I, =f x(Inx)"dx
1
fuv’dx =uv—fu’vdx
Therefore
u=Onx)"v' =x
. n(nx)™? 1,
= v ==X
X 2
Hence
1 € 1 €
I, = [—xz(lnx)"] ——nf x(Inx)™"1dx
2 20 ),
1, 1
-Ge-0)-3o
1 1
= Eez - Enln_l
3b

e
I, =f x(Inx)"dx
1

e
I, =f x(Inx)° dx
1

e
=fxdx
1

e

_ le]
2 1
1. 1
— _ 52 __
2¢ 732

© Cambridge University Press 2019 3



Chapter 4 worked solutions — Integration

1, 1
In=§e _Enln_l
1.1
Ilzzez_zlo
1. 1. 1
— 52 __,2 _
2¢ T3¢ Ty
1.1
— _ 52 _
26 17
1
12—56’2—11
1. 1. 1
— _ 52 __,2 _
—2¢ 71 %
1.1
— _ 52 _
1 71
1. 3
I3:§e _512
_1 z_E(lez_l)
2¢ 72\a% 71
4 3. 3
— _ 52 _ _,2 _
g% "g¢ T3
1. 3
= — 2-|——
s® Tg
1
I4=Eez_213
1 1. 3
S 2_2 52 _)
2°¢ (se t3
1. 1. 3
— 52 __,2_
2% T1° 1
1. 3
— _ 52 _ _
4% 71
1
=z(€2—3)
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43
T
2
U, = | cos™xdx
0
T
2 -1
= cos" ' xcosxdx
0
fuv’dx =uv —fu’vdx
Therefore
u=cos" lx,v =cosx
u =—-(Mm-—1)cos" ?xsinx,v = sinx
Hence
Vs —_
— ] n-—1 E 2 n-2 2
U, = [sinxcos™ *x]f + (n—1) | cos™ *xsin®xdx
z -2 i
=0—-0+Mm—-1)[ cos™“*xsin®xdx
0
T
2 —2 2
=(m—-1)| cos™?xsin?xdx
0
4b

s

2 —2 0 cin2
u,=Mm—-1)| cos™ “xsin“xdx

0

7
=(n-1) f cos™ 2 x (1 — cos? x) dx
0

T T

2 2
=(n-1) (j cos™ 2 x dx — f cos™ x dx)
0 0

=(n-— 1)(un—2 - un)
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Chapter 4 worked solutions — Integration

4c

U, = (M — 1) (Up—p — Up)

=(m—Duy,—(n—

Duy,

Uy + (TL - 1)un = (Tl - 1)un—2

nu, = (n— Duy_,

n
= [sinx]?
3—-1
Uy = —3— U
2
"3
5—-1
Us = ——Us
8
T 15
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Solutions to Exercise 4H Development questions

n
4 apn—2 2
T, = sec™ % x X sec” x dx
0

fuv’dx=uv—fu’vdx

n-2

u=sec"?%x,v =sec’x

u' =(nm-2)sec™3xsecxtanx,v = tanx
Hence

. T
L 2
T, = [sec"?xtanx]3 — f (n —2)sec™ 3 xsecxtanx X tan x dx
0

s
-2 4
T,=vZ2 —(n- 2)f sec™ 2 x tan® x dx
0
s
n-2 4
T,=v2 "~ —(n- 2)f sec™? x (sec’x — 1) dx
0

s
- 4
T, = Nk ‘_ (n- 2)f (sec™x —sec™ % x) dx
0

To=v2' =@ - 2T, —Tyey)

T, =VZ = ((n—2)T, — (n—2)Tn_s)
T, =2 = (n=2)T, + (n—2)T,_,
T, +(n—2)T, =V2  +((n—2)T,_,
T,(1+n—2)=v2  +(n—2)Ty,
T,(n—1) =v2  +n-2)T,,

\/En_z n—2

n—1 +n—1 n-z

T, =
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5b
_\/fn_z_l_n—ZT
"Tp—1 n-—1"7?
T
z
T():.[].dx
0
L3
To=[x]§
T
T0=Z
7’—Jf4+2_2T
2721 ' 2-1°
\/E4—2 4_2
T4_ + Tz
4—-—1 4-1
r_2,2_ 4
*7 37373
\/56—2 6—2
T6: + T4_
6—1 6-1
T 4+4 4 28
= — 4 —-—X=-=—
6755737 15
6a

Cy, —f x™ cos x dx

f uv dx—uv—fu’vdx

u=x"v =cosx
u =nx"1,v=sinx

Hence
T

s
L2 z
Cp = [x"sinx]2 —J nx™ 1sinx dx
0

© Cambridge University Press 2019



Chapter 4 worked solutions — Integration

A

Cyp = (—)n —nfzxn‘1 sin x dx
0

T

2
Consider f x™ 1sinx dx
0

u=x"1v =sinx
u=mn-1x""2v=—cosx
Hence

71' s
s

2 1 1 2 2 2
x"tsinxdx = [-x""tcosx]; + | (n—1)x""*cosxdx
0

0

T

Vi
2 n—1 q; 2 n-2
x" tsinxdx =] (n—1)x™"“cosxdx
0 0

Therefore
n T
= E — 2 — n-2
C"_(Z) nJ;) (n—1)x™"“cosxdx

Y
T 2
— (— _ _ n-2
C, = (2) n(n 1)]0 x""“cosxdx
n

C, = (g) —n(n—1)C,_,

6b

A

2
Co =f cosx dx
0

3

= [sin x]g
=1

C, = (%)2 22 -1)C,

C, = (g)4 —4(4 - 1C,
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4 2

= - (@) -2)

C, = (%) ~12 (%) + 24

Ce = (%)6 —6(6—1)C,

Ce = (%)6 ~30 ((5)4 ~12 (—)2 + 24)
Co = (%)6 — 30 (%)4 + 360 (—)2 — 720

7a
n
I, = J- 1T %2 dx
x‘n—ZxZ
b= f 1+ x2 dx
x"?2(1+x%2-1)
I, = dx
n 1+ x2
. _fx”‘2(1+x2)d J‘ x"? 4
no 1+ x2 x 1+2
— n-2 _
I, = fx dx —I,_,
xn—l
L, = n—1_ L
7b
11 = f 1 n de
1
I, ==In(1 + x?)
X2
I3 = 31 -
x?2 1
13 =7—§ln(1+x2)

© Cambridge University Press 2019 4



ok

- CambridgeMATHS == %

I = ad I
5_5_1 3
Xt x2
_r _r 2
Is 2 2+ In(1+x*)+C

8a
1
I, =f (1 —x®)"dx
0

fuv’dxzuv—fu’vdx

u=1-xH"v' =1
u =-2nx(1—x>)"Lv=x

Hence

1
I, = J- (1 —x2)"dx
0
1

= [x(1—x»)"]} + ZnJ x?(1—x*»)"tdx
0

I, = ZnJ (1-(1—-x))A-xH"1dx
0

I, = ZnJ (1-(1=x))A —xH"dx
0

1
I, = 2n ] (1= x2)"1 — (1 — x2)") dx
0

Ly =2n(lh-1 — I)
L, = 2nl,_, — 2nl,
I,(1+2n) = 2nl,_4

2nly,_4
=170
2n
=g
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8b

1
Io=f(1—x2)°dx

0

1
=f1dx

0
=1

2(1)
11_2(1)+1I0
I—2x1—2
173 3

2(2) |
272 + 1!
I_4X2_8
27573715

2(3
I; = 3 — ],

23)+1°2
I_6x8_16
377715 35
RG] |
*T24)+1°3
I_8X16_128
*7 97357 315

9a

1
U, = J x(1—x3)"dx
0

fuv’dx=uv—fu’vdx

u=1-x)N"v =x

1
u =-3nx?(1—-x3"1v= 7%
Hence

1
U, = j x(1—x3)"dx
0
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Chapter 4 worked solutions — Integration

1

o]

3 1
+—nf x3(1 —x3)"tdx
2 Jg

U, = ;n.fl(l —(1-x¥))A—x¥)"tdx
0

U, = ;nfo (AQ=x3H"T -1 =2 dx

3

Up = En(un—l —Up)
3 3
u, = Enun_l - Enun

3 3
U, (1 + En) = Enun_l
3

2" 2
Uy =—3un_1 XE
1 +7TL
3n

u, = u,_
" 3p42 1

9b

1
Uy = j x(1—x3)%dx
0

1
=jxdx
0

-3,
~2
3(1)
M3y 42t
3 1 3
W =5X37=15
3(2)
=3y 12"
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6.3 _09
Y2=8%70 " 20
3(3)
BT3BE) +2™
9 9 81
Us =11720 ~ 440
3(4)

“UT3m 12
1281 243

=— X — = —
Y= 127240 ~ 1540
10a
X 4
X
V1 —x2
X 1x
Jn = dx
" V1 —x2
fuv’dx = uv—fu’vdx
u=x"1y = =
V1 —x2
U =mn-1Dx"2%v=—/1—x2
Hence

Jo=—x"1=x24(n- 1)fx"‘2 1—x2dx

- T 4 ) [T A
x

= ”1m+(n—1)f n2(1_x dx
/__x_2+(n—1)f( ul )dx

Vi-xz Vi-a2
“1=x2+ (= DUn-z = Jn)
Jn = =21 =x2+ (0= Dy — (0 — D)y
Jn+ =Dy = =x""W1=x2+ (n = Dy
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n]n = _xn_l\/ 1—x2 + (Tl - 1)]11—2
1
Jn == (G0 = Dy = xm T =2)

10b

X
= dx
b= | =

X
= dx
b= | =

1
= | ——dx
fx/l—xz

=sin"1x

_ %((2 — 1)), — x> L1 xZ)
I> =%(sin‘1x—x\/1 —xz) +C

11a

ol

U, = j sin™ x cos? x dx
0

ol

Uy, =f sin™™! x sinx cos? x dx
0

fuv’dx=uv—fu’vdx

n—1

u =sin"1x,v' =sinxcos?x

1
U =m-1)sin"?%xcosx,v = —§cos3x

Hence

N|=|

1
u, = [—gsin“‘lxcos3 x] f (n — 1) sin™® 2 x cos x cos® x dx

T
n—1

3

U, = J sin™ 2 x cos* x dx
0
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A

n—1 (2
U, = fsin”‘zx(l—sinzx)coszxdx
0
1 Vs
n—1 (2
U, = f(sin"‘zxcoszx—sin”xcoszx)dx
0
n—1
Uy = 3 (un—z_un)
n—1 n—1
Un = 3 Un—2 — 3 Un
n—1 n—1
U, +Tun =3 Un-
-1 n—1
”"(1+ 3 ): 3 ‘2
n+2 n—1
””( 3 ): 3 2
n—1

11b

Ug =f sin® x cos? x dx

= f cos? x dx
0

1 (2
=—f (1 + cos2x) dx
2 Jo

VA
_1[ +1 ) 2]5
=35|x+3sin x0

T

2

2—1
2=t

1 n =
Y2=2%%37 16
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Chapter 4 worked solutions — Integration

_4-1
Y=t
_3)< T T
“=5%16 32
12a
1 n
I, = dx
" o V1+x
11
I —J- dx
0 0 v1+x
1
f(1+x) 2dx
0
[2vT+=],
=2vV2-2
12b
= dx
0 v1+x
= dx
0 v1+x
Ixm1(1+x-1)
L, = dx
0 v1i+x
Txn=1(1 4 x) —x™?
Inzf dx
0 v1+x
1 xn—l
I =f X1+ x — )dx
" 0( V1+x

1
In=f x W1+ xdx — 1,4
0

1
Iy_1+1, =f x" V1 + xdx
0
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12c

1
I +1, = .[ x" W1+ xdx
0
1
Consider f 2 W1+ xdx
0

fuv’dx=uv—fu’vdx

u=vVi+uxv =x""1
! 1 1 n
s
Hence

1
J- x" W1+ xdx
0

1 \/_1 x™
=[—x" 1+x] - — dx
[n 0 nJ, vi+x
1 1
= V2 -——I
n\/_ 2n "
Hence
1 1
In_1+1n=;\/§—zﬁln
1
In"’ﬁln:;l‘\/z_ n-1

1 1
L(1+=)=-v2—
n( +2n> n\/— n-1

1
ﬁ\/i_ n—1
b ="—""7—
1+
_2V2-2nl,,
" 2n+1
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12d
™ 20 +1

_2v2-2(2v2-2)
- 3

V2 —-4V2+4
- 3

_4-202
-3

_2V2-2)n
27 22)+1

4—24/2
_2&—4( 3 )

5
2y 16 —38\/7

5

_6V2-16+8V2
- 15

_14v2-16
- 15

13a
A+t + 21+t
=1+t +t3)n?
=1 +tH)"

13b

X
P, = f (1+tH)dt
0

X
B, = j (A+tH™ T+ 21+ > Y dt
0
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Chapter 4 worked solutions — Integration

X X
B, = f 1+t 1dt + f t2(1+t>)"tde
0 0

X
P,=P, ,+ f t2(1 + > 1dat
0

X
Consider f t2(1+tH)"1dt
0

fuv’dx=uv—fu’vdx

u=tv =t(1+t*)"!

, (1+t3H)n
u=1Lv=—m"—
2n

Hence
X

f t2(1+ > 1dt
0

B lt(l + t2)"

X 1 x
—— | (1+tH)"dt
2n ZnL( )

0

Therefore

t(1+ 3"
2n l

X 1 x
Pnan_1+[ ——f 1+ t»)™dt
2n ),
0
x(1+x2)" 1
2n 2n "
x(1+ x?)n
2n
x(1+x2)"
2n

P’rl=PTl—1+

1
—P, =P+

P
"+2n

1
Pn(1+%>=Pn—1+

) (Zn + 1) 3 x(1+x2)"
"Uon /1 2n

2n x(1 + x2)"
P, = P +——m

2n+1 2n

1
P, = T (1 +x»)"x + 2nP,_,)
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13ci

X
P, =f (1+t3)0dt
0

X
[ 1
0

=X

Pl = m ((1 + xz)lx + 2(1)P0)

= %((1 +x3)x + 2x)

1 1
P, = DT 1 ((1 + x2)2%x + 2(2) 3 ((1+xH)x+ Zx))

= %((1 + x2)2%x + g ((1+xH)x+ 2x)>
= %((1 + x%)%x + g(l +x%)x + §x>

1 4 8
-1 22 4~ (1 2 _)
5(( +x)x+3( +x)x+3x

P3 = m ((1 + x2)3x + 2(3)P2)

_1 (1+x2)3x +§<(1 + x%)%x +é(1 + x%)x +§x>
7 5 3 3

1 6 24 16
= (1 £ 2Bt (1 4 x2) 20 + 25 (1 1 22 _)
7(( +x)x+5( +x)x+15( +x)x+5x

24 16
=—(1+x2)3x+ (1+x2)2x+ (1+x2)x+£x

P4_ = m ((1 + x2)4x + 2(4)P3)

1 1 2 16
_ = 24 2 243 242 2
9((1+x)x+8<7(1+x)x+ (1+x)x+105(1+x)x+35x)>

1 128
= <(1 +x3)*x + - (1 + x%)3x + (1 + x%)2x + (1 + x¥)x + ¥x>
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13cii

X
P4=f (1+t*)*dt
0
X
=f (14 4t2 +6t* 4+ 4t5 +t3) dt
0

4, 6 4. 17"
=[t+s3+-t>+ot7 +-t°
[ 3 5 77 9 |,

4 6 4 1
=X+§x3+§x5+7x7+§x9

13d

1 8 48 64 128
P, =—((1 2\4 —(1 233 —(1 2\2 —(1 2 _)
A 9(( +x)x+7( +x)x+35( +x)x+35( + x%)x + 35x

4 6 4 1
=X+§x3+§x5+7x7+§x9
6 4 1

4
x+sx3+=x®+-x7 +=x°
3 5 7 9

1 8 48 64 128
= §<(1 +xh)*x + -1+ x*)3x + 3+ x%)%x +ae 1+ x?)x + gx)

4 6 4 1
X <1 + §x2 +§x4 +;x6 + §x8)

—1<(1+ 2)* +8(1+ )3 +48(1+ 2)? +64(1+ %) § 128 )
—9 X X 7 X X 35 X X 35 xX~)Xx 35x

Therefore

4 6 4 1
1+§x2 +§x4+7x6 +§x8

—1<(1+ 2)4+8(1+ 2)3+48(1+ 2)2+64(1+ 2)+128>
DA A T T-h e T
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Chapter 4 worked solutions — Integration

14a
1
Tn=f x™W1 —xdx
0
fuv’dx=uv—fu’vdx
u=x%v =v1—x
2
u’=nx”‘1,v=—§(1—x)\/1—x
Hence
2 Loon ot
T, = [—gx”(l - x)V1 —x] +?f X" 11— x)V1 — xdx
0 0
2 Loon gt
fo= -2 ovi=a] + 3 e TR x
0 0
2n
T, = ?(Tn—l - Tn)
2n 2n
Tn:?Tn—l_?Tn
2n 2n
Tn"'?Tn:?Tn—l
2n 2n
T (145) =5 T
2n+ 3 2n
"( 3 ):? N
T, = st
" on43
14b

1
T, =j x%V1 — xdx
0

0
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2
3
2(1)
L= 2(1)+3T°
T_2X2_4
17573715
2(2)
272 +3 !
T_4x4_16
2777157 105
2(3)
T T
3723)+3 2
T_6X16_32
3797105 315
14c
:n!(n+1)! i1
T (2n+3)!
T, = (n—1)!n! n=(n—1)!n! n
2(n—1) + 3)! (2n + 1)!
2n

T, = T,
" oan+3 "t
n!'(n+ 1)!4n+1 2n

_— = T,
(2n + 3)! 2n+3 "1
L ol nt(n+1)!
(2n + 3)!
RHS = T,_
2n+3 "1
2n (n—1)!n!

n

“n+3 @2n+ 1)
2 n'n! 2n+ 2
= n X
2n+3(2n+1)! 2n + 2
B 4(n+1) n!'n!
T 2n+2)2n+3)2n+ 1!

n
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_(n+Dln!
 (2n+3)!

= LHS

n+1

Thus, the formula has been proven by induction via the reduction formula.
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