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Solutions to Exercise 4H Foundation questions 

1a  

𝐼𝑛 = ∫ tan𝑛 𝑥 𝑑𝑥 

     = ∫ tan𝑛−2 𝑥 tan2 𝑥 𝑑𝑥 

     = ∫ tan𝑛−2 𝑥 (sec2 𝑥 − 1)𝑑𝑥 

     = ∫ tan𝑛−2 𝑥 sec2 𝑥 𝑑𝑥 − ∫ tan𝑛−2 𝑥 𝑑𝑥 

     = ∫ tan𝑛−2 𝑥 sec2 𝑥 𝑑𝑥 − 𝐼𝑛−2 

Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥 𝑑𝑥 

Hence 

𝐼𝑛 = ∫ 𝑢𝑛−2𝑑𝑢 − 𝐼𝑛−2 

     =
𝑢𝑛−1

𝑛 − 1
− 𝐼𝑛−2 

     =
tan𝑛−1 𝑥

𝑛 − 1
− 𝐼𝑛−2 

 

1b  

𝐼𝑛 =
tan𝑛−1 𝑥

𝑛 − 1
− 𝐼𝑛−2 

𝐼0 = ∫ tan0 𝑥 𝑑𝑥 

     = ∫ 1 𝑑𝑥 

     = 𝑥 

𝐼2 =
tan2−1 𝑥

2 − 1
− 𝐼0 

     = tan 𝑥 − 𝑥 
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𝐼4 =
tan4−1 𝑥

4 − 1
− 𝐼2 

     =
1

3
tan3 𝑥 − tan 𝑥 + 𝑥 

𝐼6 =
tan6−1 𝑥

6 − 1
− 𝐼4 

     =
1

5
tan5 𝑥 −

1

3
tan3 𝑥 + tan 𝑥 − 𝑥 + 𝐶 

 

2a  

𝐼𝑛 = ∫ 𝑥𝑛𝑒𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥𝑛, 𝑣′ = 𝑒𝑥 

𝑢′ = 𝑛𝑥𝑛−1, 𝑣 = 𝑒𝑥 

Hence 

𝐼𝑛 = 𝑥𝑛𝑒𝑥 − 𝑛 ∫ 𝑥𝑛−1𝑒𝑥 𝑑𝑥 

     = 𝑥𝑛𝑒𝑥 − 𝑛𝐼𝑛−1 

 

2b 𝐼𝑛 = 𝑥𝑛𝑒𝑥 − 𝑛𝐼𝑛−1 

𝐼0 = ∫ 𝑥0𝑒𝑥 𝑑𝑥 

     = ∫ 𝑒𝑥 𝑑𝑥 

     = 𝑒𝑥 

𝐼1 = 𝑥𝑒𝑥 − 𝐼0 

    = 𝑥𝑒𝑥 − 𝑒𝑥 

𝐼2 = 𝑥2𝑒𝑥 − 2𝐼1 

     = 𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 + 2𝑒𝑥 
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𝐼3 = 𝑥3𝑒𝑥 − 3𝐼2 

     = 𝑥3𝑒𝑥 − 3𝑥2𝑒𝑥 + 6𝑥𝑒𝑥 − 6𝑒𝑥 + 𝐶 

     = (𝑥3 − 3𝑥2 + 6𝑥 − 6)𝑒𝑥 + 𝐶 

 

3a  

𝐼𝑛 = ∫ 𝑥(ln 𝑥)𝑛
𝑒

1

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = (ln 𝑥)𝑛, 𝑣′ = 𝑥 

𝑢′ =
𝑛(ln 𝑥)𝑛−1

𝑥
, 𝑣 =

1

2
𝑥2 

Hence 

𝐼𝑛 = [
1

2
𝑥2(ln 𝑥)𝑛]

1

𝑒

−
1

2
𝑛 ∫ 𝑥(ln 𝑥)𝑛−1

𝑒

1

𝑑𝑥 

     = (
1

2
𝑒2 − 0) −

1

2
𝑛𝐼𝑛−1 

     =
1

2
𝑒2 −

1

2
𝑛𝐼𝑛−1 

 

3b  

𝐼𝑛 = ∫ 𝑥(ln 𝑥)𝑛
𝑒

1

𝑑𝑥 

𝐼0 = ∫ 𝑥(ln 𝑥)0
𝑒

1

𝑑𝑥 

    = ∫ 𝑥
𝑒

1

𝑑𝑥 

    = [
1

2
𝑥2]

1

𝑒

 

    =
1

2
𝑒2 −

1

2
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𝐼𝑛 =
1

2
𝑒2 −

1

2
𝑛𝐼𝑛−1 

𝐼1 =
1

2
𝑒2 −

1

2
𝐼0 

    =
1

2
𝑒2 −

1

4
𝑒2 +

1

4
 

    =
1

4
𝑒2 +

1

4
 

𝐼2 =
1

2
𝑒2 − 𝐼1 

     =
1

2
𝑒2 −

1

4
𝑒2 −

1

4
 

     =
1

4
𝑒2 −

1

4
 

𝐼3 =
1

2
𝑒2 −

3

2
𝐼2 

    =
1

2
𝑒2 −

3

2
(

1

4
𝑒2 −

1

4
) 

    =
4

8
𝑒2 −

3

8
𝑒2 +

3

8
 

    =
1

8
𝑒2 +

3

8
 

𝐼4 =
1

2
𝑒2 − 2𝐼3 

     =
1

2
𝑒2 − 2 (

1

8
𝑒2 +

3

8
) 

     =
1

2
𝑒2 −

1

4
𝑒2 −

3

4
 

    =
1

4
𝑒2 −

3

4
 

    =
1

4
(𝑒2 − 3) 
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4a  

𝑢𝑛 = ∫ cos𝑛 𝑥

𝜋
2

0

𝑑𝑥 

      = ∫ cos𝑛−1 𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = cos𝑛−1 𝑥 , 𝑣′ = cos 𝑥 

𝑢′ = −(𝑛 − 1) cos𝑛−2 𝑥 sin 𝑥 , 𝑣 = sin 𝑥 

Hence 

𝑢𝑛 = [sin 𝑥 cos𝑛−1 𝑥]
0

𝜋
2 + (𝑛 − 1) ∫ cos𝑛−2 𝑥 sin2 𝑥

𝜋
2

0

𝑑𝑥 

      = (0 − 0) + (𝑛 − 1) ∫ cos𝑛−2 𝑥 sin2 𝑥

𝜋
2

0

𝑑𝑥 

      = (𝑛 − 1) ∫ cos𝑛−2 𝑥 sin2 𝑥

𝜋
2

0

𝑑𝑥 

 

4b  

𝑢𝑛 = (𝑛 − 1) ∫ cos𝑛−2 𝑥 sin2 𝑥

𝜋
2

0

𝑑𝑥 

      = (𝑛 − 1) ∫ cos𝑛−2 𝑥 (1 − cos2 𝑥)

𝜋
2

0

𝑑𝑥 

      = (𝑛 − 1) (∫ cos𝑛−2 𝑥

𝜋
2

0

𝑑𝑥 − ∫ cos𝑛 𝑥

𝜋
2

0

𝑑𝑥) 

      = (𝑛 − 1)(𝑢𝑛−2 − 𝑢𝑛) 
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4c  

𝑢𝑛 = (𝑛 − 1)(𝑢𝑛−2 − 𝑢𝑛) 

      = (𝑛 − 1)𝑢𝑛−2 − (𝑛 − 1)𝑢𝑛 

𝑢𝑛 + (𝑛 − 1)𝑢𝑛 = (𝑛 − 1)𝑢𝑛−2 

𝑛𝑢𝑛 = (𝑛 − 1)𝑢𝑛−2 

𝑢𝑛 =
𝑛 − 1

𝑛
𝑢𝑛−2 

𝑢1 = ∫ cos 𝑥 𝑑𝑥

𝜋
2

0

 

      = [sin 𝑥]
0

𝜋
2  

      = 1 

𝑢3 =
3 − 1

3
𝑢0 

      =
2

3
 

𝑢5 =
5 − 1

5
𝑢3 

      =
8

15
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Solutions to Exercise 4H Development questions 

5a  

𝑇𝑛 = ∫ sec𝑛 𝑥

𝜋
4

0

𝑑𝑥 

𝑇𝑛 = ∫ sec𝑛−2 𝑥

𝜋
4

0

× sec2 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = sec𝑛−2 𝑥 , 𝑣′ = sec2 𝑥 

𝑢′ = (𝑛 − 2) sec𝑛−3 𝑥 sec 𝑥 tan 𝑥 , 𝑣 = tan 𝑥 

Hence 

𝑇𝑛 = [sec𝑛−2 𝑥 tan 𝑥]
0

𝜋
4 − ∫ (𝑛 − 2) sec𝑛−3 𝑥 sec 𝑥 tan 𝑥

𝜋
4

0

× tan 𝑥 𝑑𝑥 

𝑇𝑛 = √2
𝑛−2

− (𝑛 − 2) ∫ sec𝑛−2 𝑥 tan2 𝑥

𝜋
4

0

𝑑𝑥 

𝑇𝑛 = √2
𝑛−2

− (𝑛 − 2) ∫ sec𝑛−2 𝑥 (sec2 𝑥 − 1)

𝜋
4

0

𝑑𝑥 

𝑇𝑛 = √2
𝑛−2

− (𝑛 − 2) ∫ (sec𝑛 𝑥 − sec𝑛−2 𝑥)

𝜋
4

0

𝑑𝑥 

𝑇𝑛 = √2
𝑛−2

− (𝑛 − 2)(𝑇𝑛 − 𝑇𝑛−2) 

𝑇𝑛 = √2
𝑛−2

− ((𝑛 − 2)𝑇𝑛 − (𝑛 − 2)𝑇𝑛−2) 

𝑇𝑛 = √2
𝑛−2

− (𝑛 − 2)𝑇𝑛 + (𝑛 − 2)𝑇𝑛−2 

𝑇𝑛 + (𝑛 − 2)𝑇𝑛 = √2
𝑛−2

+ (𝑛 − 2)𝑇𝑛−2 

𝑇𝑛(1 + 𝑛 − 2) = √2
𝑛−2

+ (𝑛 − 2)𝑇𝑛−2 

𝑇𝑛(𝑛 − 1) = √2
𝑛−2

+ (𝑛 − 2)𝑇𝑛−2 

𝑇𝑛 =
√2

𝑛−2

𝑛 − 1
+

𝑛 − 2

𝑛 − 1
𝑇𝑛−2 
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5b  

𝑇𝑛 =
√2

𝑛−2

𝑛 − 1
+

𝑛 − 2

𝑛 − 1
𝑇𝑛−2 

𝑇0 = ∫ 1

𝜋
4

0

𝑑𝑥 

𝑇0 = [𝑥]
0

𝜋
4  

𝑇0 =
𝜋

4
 

𝑇2 =
√2

2−2

2 − 1
+

2 − 2

2 − 1
𝑇0 

𝑇2 = 1 + 0 = 1 

𝑇4 =
√2

4−2

4 − 1
+

4 − 2

4 − 1
𝑇2 

𝑇4 =
2

3
+

2

3
=

4

3
 

𝑇6 =
√2

6−2

6 − 1
+

6 − 2

6 − 1
𝑇4 

𝑇6 =
4

5
+

4

5
×

4

3
=

28

15
 

 

6a  

𝐶𝑛 = ∫ 𝑥𝑛 cos 𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = 𝑥𝑛, 𝑣′ = cos 𝑥 

𝑢′ = 𝑛𝑥𝑛−1, 𝑣 = sin 𝑥 

Hence 

𝐶𝑛 = [𝑥𝑛 sin 𝑥]
0

𝜋
2 − ∫ 𝑛𝑥𝑛−1 sin 𝑥

𝜋
2

0

𝑑𝑥 
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𝐶𝑛 = (
𝜋

2
)

𝑛

− 𝑛 ∫ 𝑥𝑛−1 sin 𝑥

𝜋
2

0

𝑑𝑥 

Consider ∫ 𝑥𝑛−1 sin 𝑥

𝜋
2

0

𝑑𝑥 

 𝑢 = 𝑥𝑛−1, 𝑣′ = sin 𝑥 

𝑢′ = (𝑛 − 1)𝑥𝑛−2, 𝑣 = − cos 𝑥 

Hence 

∫ 𝑥𝑛−1 sin 𝑥

𝜋
2

0

𝑑𝑥 = [−𝑥𝑛−1 cos 𝑥]
0

𝜋
2 + ∫ (𝑛 − 1)𝑥𝑛−2 cos 𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑥𝑛−1 sin 𝑥

𝜋
2

0

𝑑𝑥 = ∫ (𝑛 − 1)𝑥𝑛−2 cos 𝑥

𝜋
2

0

𝑑𝑥 

Therefore 

𝐶𝑛 = (
𝜋

2
)

𝑛

− 𝑛 ∫ (𝑛 − 1)𝑥𝑛−2 cos 𝑥

𝜋
2

0

𝑑𝑥 

𝐶𝑛 = (
𝜋

2
)

𝑛

− 𝑛(𝑛 − 1) ∫ 𝑥𝑛−2 cos 𝑥

𝜋
2

0

𝑑𝑥 

𝐶𝑛 = (
𝜋

2
)

𝑛

− 𝑛(𝑛 − 1)𝐶𝑛−2 

 

6b  

𝐶0 = ∫ cos 𝑥

𝜋
2

0

𝑑𝑥 

= [sin 𝑥]
0

𝜋
2  

= 1 

𝐶2 = (
𝜋

2
)

2

− 2(2 − 1)𝐶0 

𝐶2 = (
𝜋

2
)

2

− 2 

𝐶4 = (
𝜋

2
)

4

− 4(4 − 1)𝐶2 
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𝐶4 = (
𝜋

2
)

4

− 12 ((
𝜋

2
)

2

− 2) 

𝐶4 = (
𝜋

2
)

4

− 12 (
𝜋

2
)

2

+ 24 

𝐶6 = (
𝜋

2
)

6

− 6(6 − 1)𝐶4 

𝐶6 = (
𝜋

2
)

6

− 30 ((
𝜋

2
)

4

− 12 (
𝜋

2
)

2

+ 24) 

𝐶6 = (
𝜋

2
)

6

− 30 (
𝜋

2
)

4

+ 360 (
𝜋

2
)

2

− 720 

 

7a  

𝐼𝑛 = ∫
𝑥𝑛

1 + 𝑥2
𝑑𝑥 

𝐼𝑛 = ∫
𝑥𝑛−2𝑥2

1 + 𝑥2
𝑑𝑥 

𝐼𝑛 = ∫
𝑥𝑛−2(1 + 𝑥2 − 1)

1 + 𝑥2
𝑑𝑥 

𝐼𝑛 = ∫
𝑥𝑛−2(1 + 𝑥2)

1 + 𝑥2
𝑑𝑥 − ∫

𝑥𝑛−2

1 + 𝑥2
𝑑𝑥 

𝐼𝑛 = ∫ 𝑥𝑛−2 𝑑𝑥 − 𝐼𝑛−2 

𝐼𝑛 =
𝑥𝑛−1

𝑛 − 1
− 𝐼𝑛−2 

 

7b  

𝐼1 = ∫
𝑥

1 + 𝑥2
𝑑𝑥 

𝐼1 =
1

2
ln(1 + 𝑥2) 

𝐼3 =
𝑥2

3 − 1
− 𝐼1 

𝐼3 =
𝑥2

2
−

1

2
ln(1 + 𝑥2) 
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𝐼5 =
𝑥4

5 − 1
− 𝐼3 

𝐼5 =
𝑥4

4
−

𝑥2

2
+

1

2
ln(1 + 𝑥2) + 𝐶 

 

8a  

𝐼𝑛 = ∫ (1 − 𝑥2)𝑛
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = (1 − 𝑥2)𝑛, 𝑣′ = 1 

𝑢′ = −2𝑛𝑥(1 − 𝑥2)𝑛−1, 𝑣 = 𝑥 

Hence 

𝐼𝑛 = ∫ (1 − 𝑥2)𝑛
1

0

𝑑𝑥 

𝐼𝑛 = [𝑥(1 − 𝑥2)𝑛]0
1 + 2𝑛 ∫ 𝑥2(1 − 𝑥2)𝑛−1

1

0

𝑑𝑥 

𝐼𝑛 = 2𝑛 ∫ (1 − (1 − 𝑥2))(1 − 𝑥2)𝑛−1
1

0

𝑑𝑥 

𝐼𝑛 = 2𝑛 ∫ (1 − (1 − 𝑥2))(1 − 𝑥2)𝑛−1
1

0

𝑑𝑥 

𝐼𝑛 = 2𝑛 ∫ ((1 − 𝑥2)𝑛−1 − (1 − 𝑥2)𝑛)
1

0

𝑑𝑥 

𝐼𝑛 = 2𝑛(𝐼𝑛−1 − 𝐼𝑛) 

𝐼𝑛 = 2𝑛𝐼𝑛−1 − 2𝑛𝐼𝑛 

𝐼𝑛(1 + 2𝑛) = 2𝑛𝐼𝑛−1 

𝐼𝑛 =
2𝑛𝐼𝑛−1

1 + 2𝑛
 

𝐼𝑛 =
2𝑛

2𝑛 + 1
𝐼𝑛−1 
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8b  

𝐼0 = ∫ (1 − 𝑥2)0
1

0

𝑑𝑥 

    = ∫ 1
1

0

𝑑𝑥 

    = 1 

𝐼1 =
2(1)

2(1) + 1
𝐼0 

𝐼1 =
2

3
× 1 =

2

3
 

𝐼2 =
2(2)

2(2) + 1
𝐼1 

𝐼2 =
4

5
×

2

3
=

8

15
 

𝐼3 =
2(3)

2(3) + 1
𝐼2 

𝐼3 =
6

7
×

8

15
=

16

35
 

𝐼4 =
2(4)

2(4) + 1
𝐼3 

𝐼4 =
8

9
×

16

35
=

128

315
 

 

9a  

𝑢𝑛 = ∫ 𝑥(1 − 𝑥3)𝑛
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = (1 − 𝑥3)𝑛, 𝑣′ = 𝑥 

𝑢′ = −3𝑛𝑥2(1 − 𝑥3)𝑛−1, 𝑣 =
1

2
𝑥2 

Hence 

𝑢𝑛 = ∫ 𝑥(1 − 𝑥3)𝑛
1

0

𝑑𝑥 
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𝑢𝑛 = [
1

2
𝑥2(1 − 𝑥3)𝑛, ]

0

1

+
3

2
𝑛 ∫ 𝑥3(1 − 𝑥3)𝑛−1

1

0

𝑑𝑥 

𝑢𝑛 =
3

2
𝑛 ∫ (1 − (1 − 𝑥3))(1 − 𝑥3)𝑛−1

1

0

𝑑𝑥 

𝑢𝑛 =
3

2
𝑛 ∫ ((1 − 𝑥3)𝑛−1 − (1 − 𝑥3)𝑛)

1

0

𝑑𝑥 

𝑢𝑛 =
3

2
𝑛(𝑢𝑛−1 − 𝑢𝑛) 

𝑢𝑛 =
3

2
𝑛𝑢𝑛−1 −

3

2
𝑛𝑢𝑛 

𝑢𝑛 (1 +
3

2
𝑛) =

3

2
𝑛𝑢𝑛−1 

𝑢𝑛 =

3
2 𝑛

1 +
3
2 𝑛

𝑢𝑛−1 ×
2

2
 

𝑢𝑛 =
3𝑛

3𝑛 + 2
𝑢𝑛−1 

 

9b  

𝑢0 = ∫ 𝑥(1 − 𝑥3)0
1

0

𝑑𝑥 

     = ∫ 𝑥
1

0

𝑑𝑥 

     = [
1

2
𝑥2]

0

1

 

     =
1

2
 

𝑢1 =
3(1)

3(1) + 2
𝑢0 

𝑢1 =
3

5
×

1

2
=

3

10
 

𝑢2 =
3(2)

3(2) + 2
𝑢1 
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𝑢2 =
6

8
×

3

10
=

9

40
 

𝑢3 =
3(3)

3(3) + 2
𝑢2 

𝑢3 =
9

11
×

9

40
=

81

440
 

𝑢4 =
3(4)

3(4) + 2
𝑢3 

𝑢4 =
12

14
×

81

440
=

243

1540
 

 

10a  

𝐽𝑛 = ∫
𝑥𝑛

√1 − 𝑥2
𝑑𝑥 

𝐽𝑛 = ∫
𝑥𝑛−1𝑥

√1 − 𝑥2
𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = 𝑥𝑛−1, 𝑣′ =
𝑥

√1 − 𝑥2
 

𝑢′ = (𝑛 − 1)𝑥𝑛−2, 𝑣 = −√1 − 𝑥2 

Hence 

𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1) ∫ 𝑥𝑛−2√1 − 𝑥2 𝑑𝑥 

𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1) ∫ 𝑥𝑛−2√1 − 𝑥2 ×
√1 − 𝑥2

√1 − 𝑥2
𝑑𝑥 

𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1) ∫
𝑥𝑛−2(1 − 𝑥2)

√1 − 𝑥2
𝑑𝑥 

𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1) ∫ (
𝑥𝑛−2

√1 − 𝑥2
−

𝑥𝑛

√1 − 𝑥2
) 𝑑𝑥 

𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1)(𝐽𝑛−2 − 𝐽𝑛) 

𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1)𝐽𝑛−2 − (𝑛 − 1)𝐽𝑛 

𝐽𝑛 + (𝑛 − 1)𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1)𝐽𝑛−2 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  9 
 

𝑛𝐽𝑛 = −𝑥𝑛−1√1 − 𝑥2 + (𝑛 − 1)𝐽𝑛−2 

𝐽𝑛 =
1

𝑛
((𝑛 − 1)𝐽𝑛−2 − 𝑥𝑛−1√1 − 𝑥2) 

 

10b  

𝐽2 = ∫
𝑥2

√1 − 𝑥2
𝑑𝑥 

𝐽0 = ∫
𝑥0

√1 − 𝑥2
𝑑𝑥 

= ∫
1

√1 − 𝑥2
𝑑𝑥 

= sin−1 𝑥 

𝐽2 =
1

2
((2 − 1)𝐽0 − 𝑥2−1√1 − 𝑥2) 

𝐽2 =
1

2
(sin−1 𝑥 − 𝑥√1 − 𝑥2) + 𝐶 

 

11a  

𝑢𝑛 = ∫ sin𝑛 𝑥 cos2 𝑥

𝜋
2

0

𝑑𝑥 

𝑢𝑛 = ∫ sin𝑛−1 𝑥 sin 𝑥 cos2 𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = sin𝑛−1 𝑥 , 𝑣′ = sin 𝑥 cos2 𝑥 

𝑢′ = (𝑛 − 1) sin𝑛−2 𝑥 cos 𝑥 , 𝑣 = −
1

3
cos3 𝑥 

Hence 

𝑢𝑛 = [−
1

3
sinn−1 𝑥 cos3 𝑥]

0

𝜋
2

+
1

3
∫ (𝑛 − 1) sin𝑛−2 𝑥 cos 𝑥

𝜋
2

0

cos3 𝑥 𝑑𝑥 

𝑢𝑛 =
𝑛 − 1

3
∫ sin𝑛−2 𝑥 cos4 𝑥

𝜋
2

0

𝑑𝑥 
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𝑢𝑛 =
𝑛 − 1

3
∫ sin𝑛−2 𝑥 (1 − sin2 𝑥) cos2 𝑥

𝜋
2

0

𝑑𝑥 

𝑢𝑛 =
𝑛 − 1

3
∫ (sin𝑛−2 𝑥 cos2 𝑥 − sin𝑛 𝑥 cos2 𝑥)

𝜋
2

0

𝑑𝑥 

𝑢𝑛 =
𝑛 − 1

3
(𝑢𝑛−2 − 𝑢𝑛) 

𝑢𝑛 =
𝑛 − 1

3
𝑢𝑛−2 −

𝑛 − 1

3
𝑢𝑛 

𝑢𝑛 +
𝑛 − 1

3
𝑢𝑛 =

𝑛 − 1

3
𝑢𝑛−2 

𝑢𝑛 (1 +
𝑛 − 1

3
) =

𝑛 − 1

3
𝑢𝑛−2 

𝑢𝑛 (
𝑛 + 2

3
) =

𝑛 − 1

3
𝑢𝑛−2 

𝑢𝑛 =
𝑛 − 1

𝑛 + 2
𝑢𝑛−2 

 

11b  

𝑢0 = ∫ sin0 𝑥 cos2 𝑥

𝜋
2

0

𝑑𝑥 

      = ∫ cos2 𝑥

𝜋
2

0

𝑑𝑥 

      =
1

2
∫ (1 + cos 2𝑥)

𝜋
2

0

𝑑𝑥 

      =
1

2
[𝑥 +

1

2
sin 2𝑥]

0

𝜋
2

 

      =
1

2
(

𝜋

2
) 

      =
𝜋

4
 

𝑢2 =
2 − 1

2 + 2
𝑢0 

𝑢2 =
1

4
×

𝜋

4
=

𝜋

16
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𝑢4 =
4 − 1

4 + 2
𝑢2 

𝑢4 =
3

6
×

𝜋

16
=

𝜋

32
 

 

12a  

𝐼𝑛 = ∫
𝑥𝑛

√1 + 𝑥

1

0

𝑑𝑥 

𝐼0 = ∫
1

√1 + 𝑥

1

0

𝑑𝑥 

     = ∫ (1 + 𝑥)−
1
2

1

0

𝑑𝑥 

     = [2√1 + 𝑥]
0

1
 

     = 2√2 − 2 

 

12b  

𝐼𝑛 = ∫
𝑥𝑛

√1 + 𝑥

1

0

𝑑𝑥 

𝐼𝑛 = ∫
𝑥𝑛−1𝑥

√1 + 𝑥

1

0

𝑑𝑥 

𝐼𝑛 = ∫
𝑥𝑛−1(1 + 𝑥 − 1)

√1 + 𝑥

1

0

𝑑𝑥 

𝐼𝑛 = ∫
𝑥𝑛−1(1 + 𝑥) − 𝑥𝑛−1

√1 + 𝑥

1

0

𝑑𝑥 

𝐼𝑛 = ∫ (𝑥𝑛−1√1 + 𝑥 −
𝑥𝑛−1

√1 + 𝑥
)

1

0

𝑑𝑥 

𝐼𝑛 = ∫ 𝑥𝑛−1√1 + 𝑥
1

0

𝑑𝑥 − 𝐼𝑛−1 

𝐼𝑛−1 + 𝐼𝑛 = ∫ 𝑥𝑛−1√1 + 𝑥
1

0

𝑑𝑥 
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12c  

𝐼𝑛−1 + 𝐼𝑛 = ∫ 𝑥𝑛−1√1 + 𝑥
1

0

𝑑𝑥 

Consider ∫ 𝑥𝑛−1√1 + 𝑥
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = √1 + 𝑥, 𝑣′ = 𝑥𝑛−1 

𝑢′ =
1

2√1 + 𝑥
, 𝑣 =

1

𝑛
𝑥𝑛 

Hence 

∫ 𝑥𝑛−1√1 + 𝑥
1

0

𝑑𝑥 

= [
1

𝑛
𝑥𝑛√1 + 𝑥]

0

1

−
1

2𝑛
∫

𝑥𝑛

√1 + 𝑥

1

0

𝑑𝑥 

=
1

𝑛
√2 −

1

2𝑛
𝐼𝑛 

Hence 

𝐼𝑛−1 + 𝐼𝑛 =
1

𝑛
√2 −

1

2𝑛
𝐼𝑛 

𝐼𝑛 +
1

2𝑛
𝐼𝑛 =

1

𝑛
√2 − 𝐼𝑛−1 

𝐼𝑛 (1 +
1

2𝑛
) =

1

𝑛
√2 − 𝐼𝑛−1 

𝐼𝑛 =

1
𝑛 √2 − 𝐼𝑛−1

1 +
1

2𝑛

 

𝐼𝑛 =
2√2 − 2𝑛𝐼𝑛−1

2𝑛 + 1
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12d  

𝐼1 =
2√2 − 2(1)𝐼0

2(1) + 1
 

     =
2√2 − 2(2√2 − 2)

3
 

     =
2√2 − 4√2 + 4

3
 

     =
4 − 2√2

3
 

𝐼2 =
2√2 − 2(2)𝐼1

2(2) + 1
 

    =

2√2 − 4 (
4 − 2√2

3 )

5
 

    =
2√2 −

16 − 8√2
3

5
 

    =
6√2 − 16 + 8√2

15
 

    =
14√2 − 16

15
 

 

13a  

(1 + 𝑡2)𝑛−1 + 𝑡2(1 + 𝑡2)𝑛−1 

= (1 + 𝑡2)(1 + 𝑡2)𝑛−1 

= (1 + 𝑡2)𝑛 

 

13b  

𝑃𝑛 = ∫ (1 + 𝑡2)𝑛
𝑥

0

𝑑𝑡 

𝑃𝑛 = ∫ ((1 + 𝑡2)𝑛−1 + 𝑡2(1 + 𝑡2)𝑛−1)
𝑥

0

𝑑𝑡 
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𝑃𝑛 = ∫ (1 + 𝑡2)𝑛−1
𝑥

0

𝑑𝑡 + ∫ 𝑡2(1 + 𝑡2)𝑛−1
𝑥

0

𝑑𝑡 

𝑃𝑛 = 𝑃𝑛−1 + ∫ 𝑡2(1 + 𝑡2)𝑛−1
𝑥

0

𝑑𝑡 

Consider ∫ 𝑡2(1 + 𝑡2)𝑛−1
𝑥

0

𝑑𝑡 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = 𝑡, 𝑣′ = 𝑡(1 + 𝑡2)𝑛−1 

𝑢′ = 1, 𝑣 =
(1 + 𝑡2)𝑛

2𝑛
 

Hence 

∫ 𝑡2(1 + 𝑡2)𝑛−1
𝑥

0

𝑑𝑡 

= [
𝑡(1 + 𝑡2)𝑛

2𝑛
]

0

𝑥

−
1

2𝑛
∫ (1 + 𝑡2)𝑛

𝑥

0

𝑑𝑡 

Therefore 

𝑃𝑛 = 𝑃𝑛−1 + [
𝑡(1 + 𝑡2)𝑛

2𝑛
]

0

𝑥

−
1

2𝑛
∫ (1 + 𝑡2)𝑛

𝑥

0

𝑑𝑡 

𝑃𝑛 = 𝑃𝑛−1 +
𝑥(1 + 𝑥2)𝑛

2𝑛
−

1

2𝑛
𝑃𝑛 

𝑃𝑛 +
1

2𝑛
𝑃𝑛 = 𝑃𝑛−1 +

𝑥(1 + 𝑥2)𝑛

2𝑛
 

𝑃𝑛 (1 +
1

2𝑛
) = 𝑃𝑛−1 +

𝑥(1 + 𝑥2)𝑛

2𝑛
 

𝑃𝑛 (
2𝑛 + 1

2𝑛
) = 𝑃𝑛−1 +

𝑥(1 + 𝑥2)𝑛

2𝑛
 

𝑃𝑛 =
2𝑛

2𝑛 + 1
(𝑃𝑛−1 +

𝑥(1 + 𝑥2)𝑛

2𝑛
) 

𝑃𝑛 =
1

2𝑛 + 1
((1 + 𝑥2)𝑛𝑥 + 2𝑛𝑃𝑛−1) 
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13c i  

𝑃0 = ∫ (1 + 𝑡2)0
𝑥

0

𝑑𝑡 

     = ∫ 1
𝑥

0

𝑑𝑡 

     = 𝑥 

𝑃1 =
1

2(1) + 1
((1 + 𝑥2)1𝑥 + 2(1)𝑃0) 

     =
1

3
((1 + 𝑥2)𝑥 + 2𝑥) 

𝑃2 =
1

2(2) + 1
((1 + 𝑥2)2𝑥 + 2(2)

1

3
((1 + 𝑥2)𝑥 + 2𝑥)) 

      =
1

5
((1 + 𝑥2)2𝑥 +

4

3
((1 + 𝑥2)𝑥 + 2𝑥)) 

      =
1

5
((1 + 𝑥2)2𝑥 +

4

3
(1 + 𝑥2)𝑥 +

8

3
𝑥) 

      =
1

5
((1 + 𝑥2)2𝑥 +

4

3
(1 + 𝑥2)𝑥 +

8

3
𝑥) 

𝑃3 =
1

2(3) + 1
((1 + 𝑥2)3𝑥 + 2(3)𝑃2) 

     =
1

7
((1 + 𝑥2)3𝑥 +

6

5
((1 + 𝑥2)2𝑥 +

4

3
(1 + 𝑥2)𝑥 +

8

3
𝑥)) 

     =
1

7
((1 + 𝑥2)3𝑥 +

6

5
(1 + 𝑥2)2𝑥 +

24

15
(1 + 𝑥2)𝑥 +

16

5
𝑥) 

     =
1

7
(1 + 𝑥2)3𝑥 +

6

35
(1 + 𝑥2)2𝑥 +

24

105
(1 + 𝑥2)𝑥 +

16

35
𝑥 

𝑃4 =
1

2(4) + 1
((1 + 𝑥2)4𝑥 + 2(4)𝑃3) 

     =
1

9
((1 + 𝑥2)4𝑥 + 8 (

1

7
(1 + 𝑥2)3𝑥 +

6

35
(1 + 𝑥2)2𝑥 +

24

105
(1 + 𝑥2)𝑥 +

16

35
𝑥)) 

     =
1

9
((1 + 𝑥2)4𝑥 +

8

7
(1 + 𝑥2)3𝑥 +

48

35
(1 + 𝑥2)2𝑥 +

64

35
(1 + 𝑥2)𝑥 +

128

35
𝑥) 
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13c ii  

𝑃4 = ∫ (1 + 𝑡2)4
𝑥

0

𝑑𝑡 

     = ∫ (1 + 4𝑡2 + 6𝑡4 + 4𝑡6 + 𝑡8)
𝑥

0

𝑑𝑡 

     = [𝑡 +
4

3
𝑡3 +

6

5
𝑡5 +

4

7
𝑡7 +

1

9
𝑡9]

0

𝑥

 

     = 𝑥 +
4

3
𝑥3 +

6

5
𝑥5 +

4

7
𝑥7 +

1

9
𝑥9 

 

 

 

13d  

𝑃4 =
1

9
((1 + 𝑥2)4𝑥 +

8

7
(1 + 𝑥2)3𝑥 +

48

35
(1 + 𝑥2)2𝑥 +

64

35
(1 + 𝑥2)𝑥 +

128

35
𝑥) 

      = 𝑥 +
4

3
𝑥3 +

6

5
𝑥5 +

4

7
𝑥7 +

1

9
𝑥9 

𝑥 +
4

3
𝑥3 +

6

5
𝑥5 +

4

7
𝑥7 +

1

9
𝑥9 

=
1

9
((1 + 𝑥2)4𝑥 +

8

7
(1 + 𝑥2)3𝑥 +

48

35
(1 + 𝑥2)2𝑥 +

64

35
(1 + 𝑥2)𝑥 +

128

35
𝑥) 

𝑥 (1 +
4

3
𝑥2 +

6

5
𝑥4 +

4

7
𝑥6 +

1

9
𝑥8) 

=
1

9
((1 + 𝑥2)4𝑥 +

8

7
(1 + 𝑥2)3𝑥 +

48

35
(1 + 𝑥2)2𝑥 +

64

35
(1 + 𝑥2)𝑥 +

128

35
𝑥) 

Therefore 

1 +
4

3
𝑥2 +

6

5
𝑥4 +

4

7
𝑥6 +

1

9
𝑥8 

=
1

9
((1 + 𝑥2)4 +

8

7
(1 + 𝑥2)3 +

48

35
(1 + 𝑥2)2 +

64

35
(1 + 𝑥2) +

128

35
) 
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14a  

𝑇𝑛 = ∫ 𝑥𝑛√1 − 𝑥
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

𝑢 = 𝑥𝑛, 𝑣′ = √1 − 𝑥 

𝑢′ = 𝑛𝑥𝑛−1, 𝑣 = −
2

3
(1 − 𝑥)√1 − 𝑥 

Hence 

𝑇𝑛 = [−
2

3
𝑥𝑛(1 − 𝑥)√1 − 𝑥]

0

1

+
2𝑛

3
∫ 𝑥𝑛−1(1 − 𝑥)√1 − 𝑥

1

0

𝑑𝑥 

𝑇𝑛 = [−
2

3
𝑥𝑛(1 − 𝑥)√1 − 𝑥]

0

1

+
2𝑛

3
∫ 𝑥𝑛−1√1 − 𝑥 − 𝑥𝑛√1 − 𝑥

1

0

𝑑𝑥 

𝑇𝑛 =
2𝑛

3
(𝑇𝑛−1 − 𝑇𝑛) 

𝑇𝑛 =
2𝑛

3
𝑇𝑛−1 −

2𝑛

3
𝑇𝑛 

𝑇𝑛 +
2𝑛

3
𝑇𝑛 =

2𝑛

3
𝑇𝑛−1 

𝑇𝑛 (1 +
2𝑛

3
) =

2𝑛

3
𝑇𝑛−1 

𝑇𝑛 (
2𝑛 + 3

3
) =

2𝑛

3
𝑇𝑛−1 

𝑇𝑛 =
2𝑛

2𝑛 + 3
𝑇𝑛−1 

 

14b  

𝑇0 = ∫ 𝑥0√1 − 𝑥
1

0

𝑑𝑥 

     = ∫ √1 − 𝑥
1

0

𝑑𝑥 

     = [−
2

3
(1 − 𝑥)

3
2]

0

1
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     =
2

3
 

𝑇1 =
2(1)

2(1) + 3
𝑇0 

𝑇1 =
2

5
×

2

3
=

4

15
 

𝑇2 =
2(2)

2(2) + 3
𝑇1 

𝑇2 =
4

7
×

4

15
=

16

105
 

𝑇3 =
2(3)

2(3) + 3
𝑇2 

𝑇3 =
6

9
×

16

105
=

32

315
 

 

14c  

𝑇𝑛 =
𝑛! (𝑛 + 1)!

(2𝑛 + 3)!
4𝑛+1 

𝑇𝑛−1 =
(𝑛 − 1)! 𝑛!

(2(𝑛 − 1) + 3)!
4𝑛 =

(𝑛 − 1)! 𝑛!

(2𝑛 + 1)!
4𝑛 

𝑇𝑛 =
2𝑛

2𝑛 + 3
𝑇𝑛−1 

𝑛! (𝑛 + 1)!

(2𝑛 + 3)!
4𝑛+1 =

2𝑛

2𝑛 + 3
𝑇𝑛−1 

LHS =  
𝑛! (𝑛 + 1)!

(2𝑛 + 3)!
4𝑛+1 

RHS =
2𝑛

2𝑛 + 3
𝑇𝑛−1 

         =
2𝑛

2𝑛 + 3

(𝑛 − 1)! 𝑛!

(2𝑛 + 1)!
4𝑛 

         =
2

2𝑛 + 3

𝑛! 𝑛!

(2𝑛 + 1)!
4𝑛 ×

2𝑛 + 2

2𝑛 + 2
 

         =
4(𝑛 + 1)

(2𝑛 + 2)(2𝑛 + 3)

𝑛! 𝑛!

(2𝑛 + 1)!
4𝑛 
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      =
(𝑛 + 1)! 𝑛!

(2𝑛 + 3)!
4𝑛+1 

      = LHS 

Thus, the formula has been proven by induction via the reduction formula. 
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