Chapter 4 worked solutions — Integration

Solutions to Exercise 4G Foundation questions

1la

1b

1c

1d

j cos x dx

=sinx +C

f sinx dx

=—cosx+C

f tan x dx

sin x
= dx
CcoS x

Letu = cosx

du = —sinx dx

Hence
sin x
f dx
Ccos X
1
= j——du
u

= —Inju|+C

= —In|cosx| + C

j cotx dx

Ccos x
= —dx
sinx

Letu = sinx
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2a

2b

du = cosx dx

Hence
CoS X
f —dx
sin x
1
= f—du
u

=Inlu|+C

= In|sinx| + C

f cos x sin? x dx

Letu = sinx
du = cosx dx

Hence

f cos x sin? x dx

=]u2du

1
=-u’+C
3u

= Lantx+c
—351nx

f cos? x sin x dx

Letu = cosx
du = —sinx dx

Hence

j cos? x sinx dx
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Chapter 4 worked solutions — Integration

=—ju2du

1
=—-u*+C
3u

3
=—=cos’x+C
3

2c
f sin® x dx
= f sin? x sin x dx
= f(l — cos? x) sinx dx

Letu = cosx
du = —sinxdx

Hence
f(l — cos? x) sinx dx
= j(u2 —1du

Ll +C
—3u u

1 3
=§cos x—cosx+C

2d

f cos3 x dx

= fcoszxcosxdx

= f(l — sin? x) cos x dx

Letu = sinx
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du = cosx dx

Hence

f(l — sin? x) cos x dx
= f(l—uz)du

1
=u—§u3+C

= sinx —§sin3x+ C

2e

fcos5xdx
= fcos“xcosxdx
= f(cos2 x)? cos x dx

= f(l — sin? x)? cos x dx

Letu = sinx
du = cosx dx

Hence

f(l — sin? x)? cos x dx
= j(l —u?)?du

=j(1—2u2+u4)du

2 1
3 5
= —_— — C
Uu 3u +5u +
2
=sinx—§sin3x+§sin5x+6
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2f

f sin3 x cos® x dx

= f sin® x (1 — sin? x) cos x dx

Letu = sinx
du = cosx dx

Hence

f sin® x (1 — sin? x) cos x dx
= fu3(1 —u?)du

= f(u3 —u®)du

1 1
_ .4 __.6
4u 6u +C

1 1

. 4 . 6
=—sin*x ——=sin®x + C
4 6

3a

SIE]

f sin? x dx
0

A

21
=j =(1 - cos2x)dx
0o 2

1z
=—j (1 — cos2x) dx
2 0

n
_1[ 1_2]2
=[x —3sin xO

=%<(g—o)—(0—0))
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Chapter 4 worked solutions — Integration

3b

T
3 2
cos“ x dx

T

[e))

T

— "L+ cos20)d
—fnz(+cosx)x

—1 %1 2x)d
—Efz(+cos x) dx
6

T
3

[+ omz]
XZSIle

N| =

T

H{6+D-(+9)

3c
T
fsinzxcoszxdx
0
T 1 2
=f <—sin2x) dx
0 2

1 T
=—f sin? 2x dx
4 Jo

1

™1
=Zf0 E(l—cos4x)dx

1 s

=—f (1 —cos4x)dx
8Jo

T

_1[ 1_4]
—8x 4smx0

1
=§((7r—0)—(0—0))
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4b

4c

f sec? x dx

=tanx + C

f tan? x dx

= f(seczx —1)dx

=tanx —x+C

fsec‘*xdx
= jseczxseczxdx

= j(l + tan? x) sec? x dx

Letu = tanx
du = sec? x dx

Hence

j(l + tan? x) sec? x dx
=j(1+u2)du
—utiuiaC
=u+gu

1
= tanx +§tan3x +C
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4d

f tan* x dx

= f tan? x tan? x dx

= f tan? x (sec?x — 1) dx

= f(tan2 x sec? x —tan® x) dx

= f(tanz xsec?x — (sec?x — 1)) dx

= ftanzxseczxdx—f(seczx— 1) dx

Letu = tanx
du = sec? x dx

Hence
ftanzxseczxdx - f(seczx —1)dx
=fu2du—f(sec2x—1)dx
1
=§u3—(tanx—x)+C

1

=§tan3x—tanx+x+C
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Solutions to Exercise 4G Development questions

5a
T
2 s
cos> x sinx dx
0
Letu = cosx

du = —sinx dx

5b
T
6

f cos3 x dx
0

T

6 2
= COS X coS“ x dx
0

T

6
=f cosx (1 — sin? x) dx
0

Letu = sinx

du = cosx dx
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3 3
sin® x cos x dx
0

Letu = sinx

du = cosx dx

_m V3
x—3,u— >
x=0u=0
Hence
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-:(z

9

64

5d

Wiy

f sin® x dx
0

T

3 . 4
= sin x sin* x dx
0

T

3
= f sinx (1 — cos? x)? dx
0

Letu = cosx

du = —sinx dx
s 1
x = §,u =3
x=0u=1
Hence
3

f sinx (1 — cos? x)? dx
0

1
2

—f (1—-u?)?du
1

—fz(l —2u? +u*)du
1

1
=f (1-2u*+u*)du
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_ 53
480

5e

Vs
f sin3 x cos? x dx
0
T
= .[ sin x sin? x cos? x dx
0

s
= f sinx (1 — cos? x) cos? x dx
0

Letu = cosx

du = —sinx dx
x=mu=-—1
x=0u=1
Hence

i
f sinx (1 — cos? x) cos? x dx
0
-1
= —f (1 —u®)u?du
1

= j w? —uH) du
-1

11 1 1

"3 5'3 5
4

T 15
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5f

T
.2 3

sin“ x cos® x dx
0

T

4 i02 2
= COS x sin“ x cos” x dx
0

T

7}
= .[ cos x sin? x (1 — sin? x) dx
0

Letu = sinx

du = cosx dx

m 1
x—Z,u—ﬁ
x=0u=
Hence

z
f cos x sin? x (1 — sin® x) dx
0
1
= fﬁuz(l —u?)du
0

1
= jﬁ(u2 —u)du
0

[3” _—” ]\F
171N\ 1/13°
-3(5) ~5(%)
1 1
T6v2 20v2
10 3
T 60v2 60v2
7
T 60v2
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6a

f cos* x dx

= f cos? x cos? x dx

= f (% (1 + cos 2x)) (% (1 + cos 2x)) dx

1
= Zf(l + cos 2x)(1 + cos 2x) dx

1
=Zf(1+2c052x+c0522x)dx

1 1
=Zf<1+2c052x+§(1+cos4x)>dx

1 @t 20022+ eos )
—4 2 COS 2Xx 2COSX X

LR sinzes Lanar) o
—42X SIn 2Xx 851nx

1
=3—2(12x+8sin2x+sin4x) +C

6b

f sin* x dx

= j sin? x sin? x dx

_j 1(1—c052x) l(1—c052x) dx
= {3 >

1
= Zf(l — cos2x)(1 — cos 2x) dx

1
=Zf(1—2c052x+c0522x)dx

1

1
=Zf(1—2c052x+§(1+cos4x))dx
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—1f(3 2 cos 2% 4~ 4)d
—4 2 COS 24X ZCOSX X

—1(3 'z+1'4)+c
—42x SIn 42X 8Slnx

1
=§(12x—851n2x+sin4x) +C

6c
J- sin* x cos* x dx

= f(sinx cos x)* dx

4

1
=f(§sm Zx) dx
1 -
=—16fsm 2x dx

= if sin? 2x sin? 2x dx
16

_ 1 ! 1 4 ! 1 4x) |d
=T¢ (E( — cos x))(i( — cos x)) X

1
= af(l —cos4x)(1 — cos4x) dx

1
=af(1—2cos4x+cosz4x)dx

1

1
) <1 —2cosdx + = > (1 + cos 8x)>

- (3 2 4+1 8)d
== {3 cos 4x + - cos 8x | dx

1(3 ! 4 +1 8)+C
VAU 2sm x 1651n x

1
= m(ZL}x— 8sin4x + sin8x) + C
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7a
T

3 2 2
sec” x tan“ x dx
0

Letu = tanx

du = sec? x dx

T
x=§,u=\/§

x=0u=1

Hence
T

3 2 2
sec” x tan“ x dx
0

V3
=fudu

-],

V3

7b
L

3 2 3
sec” x tan® x dx
s

Letu = tanx

du = sec?x dx

x=%,u=V3

on 1
X=——=,u= _ﬁ
Hence

T

3 2 3
sec” x tan® x dx
s
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O
|
I

5)

°| 8
SN———

1
4
1
4
2

(
(

o

I
(S
NoR I )

NE

f sec* x tan x dx
0

T

Z
= f sec3 x sec x tan x dx
0

Letu = secx

du = secxtanx dx

T
= -, = 2
x=gu V2
x=0u=1

Hence

T

4
f sec3 x sec x tan x dx
0

V2
=f uddu
1

V2
15
4

_1 1
S ORS
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NE

f tan® x dx
0

3
= f (sec?x — 1) tan3 x dx
0

4
= f (sec? x tan® x — tan® x) dx

n

4
= f (secxtanxsecx (sec?x — 1) — (sec?x — 1) tanx) dx

T

4 4
=f secxtanxsecx(seczx—1)dx—f (sec?x — 1) tan x dx
0

T T Y

4 4
=j secxtanxsecx(seczx—1)dx—f
0 0

4
secxsecxtanxdx+J tan x dx
0

Letu = secx

du = secxtanx dx

T

= -, = 2
x =g V2
x=0u=1
Hence

s Y

4
f secxtanx secx (sec?x — 1) dx —J
0 0

INE!

4
secx secx tanx dx +J tan x dx
0

A

V2 V2 n
=f u(uz—l)du—f udu+f tan x dx
1 1 0

T

vz v m
(u3—u)du—f udu+f tan x dx
0

1

T

V2 7
= f (u®—-2u)du+ f tan x dx
1 0
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8a

V2

= [Zu“ - uz]l + [~ In|cos x|]}

%(4)—2—l+1—ln(i)

4 V2
~~i-in)
4 2
=lln2—l
2 4
1
1(21n2—1)

T

z 1
f —dx
o 1+sinx

Lett = tan (;)

z 1
f —dx
o 1+sinx

1 1 2 d
j01+ 2t 1+1:2 t
1+1¢t2

1 1
=2 ————=dt
fo 1+t2+2t

LR
=2 ——dt
fo (t+1)2
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8b

fi 1 p
o 4+t 5cosx X

Lett = tan (;)

fz 1 d
o 4+ 5cosx X

2

=z
= — 2
0 4+5(}+§2

)1+1:2

dt

1
=2f0 4(1+t2)+5(1—t2)dt

1
=2
f04+4t2+5—5t2

o[
0 9—t2

1 1
=2j0 G-pa+o™
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1
B3-t)3+t) 3-—

t 3

2 dt
J;,(3—t)(3+t)
(5, 3
=2 — + 2
fo 3-— +3+t dt
1 1
= §[_ In|3 —¢t| +In|3 + t]]g

_1 3+t”1
—3 3=l

—112

8c

T
fi 1 p
_%5 + 3sinx x

Lett = tan (;)

T
Jf 1 d
n54 3sinx x

n
2

1 2,
_j 2t “Tre®
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1
451 +t2)+e6t dt

1
2| ——=m—dt
_15+5t2+6t

-1

This can be further simplified by utilising the tangent addition formula to %,

however the above expression is acceptable.

9a

1
f 1—x2%2dx
0

Letx = sin@

dx = cos 0 do

x=06=0

Hence
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1
f\/l—xzdx
0

s
2

=f v 1—sin28 cosOdo
0

n

2
=f cos @ cos B do
0

n

2
=f cos?0do
0
s
12
=—f (14 cos26)de
2,

—1[9+1 i 29]7
=3 7 Sin .

9b
1
f x31 4 x2dx
0
Letx =tan®@
dx = sec? 0 d6
=10 =-—
x=1, )
x=06=0

Hence

1
J x31 4+ x2dx
0

ENE

=j tan30+/1 + tan2 @ sec® 0 db
0
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T

1
= f tan® 0 sec? 6 dO
0

T

4
= f secOtan 0 (sec’0 — 1) sec? 0 do
0

Letu = sec@

du = secOtanf do

T
0=—,u=+v2
U V2
0=0,u=1
Hence

T

4
J- secHtan O (sec’0 — 1) sec? 0 do
0
V2
= f w? - Du?du
1

V2
= f (u* —u?®) du
1

V2

1.1
- |1=,,5_-,3

54 3”]1
W2 242 11
-5 3 53
_M2-1 1-2V2

5 3
L 12V2—-3+5-10v2
- 15
2V2+2
15
—2(1+\/§)
15
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9c

1
f x%\1—x2dx
0

Letx =sin@

dx = cos 0 do

—10=—
X 2

x=06=0

Hence

1
f x%y1 —x2%dx
0

Sl

=f sin? 6+/1 — sin2 @ cos 6 d6
0

Sl

= f sin? 6 cos? 6 dO
0

e}

12
=—j sin? 26 d6
4 Jy

12
=—f (1 —cos46)do
8Jo

_1[9 1 49]7
=3 4sm .

-56)

T

16

10a
f sin x cos x dx

Letu = sinx

du = cosx dx
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Hence

f sin x cos x dx

=fudu

1
=§u2+C

= lsintxtc
—zsmx

10b

fsinxcosxdx
~ [Lonaea
= 2sm x dx

1
= —= 2 C
4cos x +

10c

sinx + C
2SlIlX

—111 2 +C
=3 2( cos 2x)

1
=Z(1—c052x)+C

A W 2x +C
i W

1
2 + C is still a constant, C

1
———cos2x+C

N
e

[EE

=——cos2x+C

S
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11a

4
f (tan®x + tanx) dx
0

T

7}
= .[ tanx (tan®x + 1) dx
0

T

4 2
= tan x sec” x dx
0

Letu = tanx

du = sec? x dx

f tan x sec? x dx
0

1
=j udu
0
1 1
-]
5],

11b

Wiy

(cosx — cos® x) dx

|
wlx

cosx (1 — cos? x) dx

Il
| )
ERRSE!

Wl

= j cos x sin® x dx

wly

Letu = sinx
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du = cosx dx

_m V3
*=3UTS
w3
X = S U= >
Hence

3 .
cos x sin“ x dx

NE
— 22d
‘Lﬁ“ v
2
VK
_137
‘E”Lﬁ
2

12,2

Wl

8+8

12a

f sin3 x sec? x dx
0

s

3 sind x
N > dx

o COS2x

T,
3SInxsIi” x

= | Ttk W
o  Cos%x

1-[ -
3sinx (1 — cos?x)

= 5 dx
0 cos? x

Letu = cosx

du = —sinx dx
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m _1
*E3UT
x=0u=1
Hence

T )
3sinx (1 — cos® x)
> dx
0 cos? x

1

21 —u?
=—f >—du
. u

11

_[_Z_”L
2

—2(21)
N 2
= 2+5
B 2
1
2

12b
T
3

f sin3 x sec* x dx
0

LA
3 sin® x
= 2 dx
o cos*x
T,
f3smxsm X
4
o costx

dx

1-[ -
3sinx (1 — cos?x)

= 2 dx
0 cos* x

Letu = cosx

du = —sinx dx
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13a

m _1
*E3UT
x=0u=1
Hence

|

T )
3sinx (1 — cos® x)

cos* x

1

fil—uzd
, ut "

f sin 3x cos x dx

= %f(sin(Bx —x) + sin(3x + x)) dx

1
= Ef(sin 2x + sin 4x) dx

1

2

( ! 2 ! 4
2cos x 4cos x

1

)+C

= ——cos4x —Zc052x+ C

8
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13b

fcos 3x sinx dx
1

=§f(sin(x—3x)+sin(x+3x))dx
1

= Ef(_ sin 2x + sin 4x) dx

—1(1 2% — 2 cos 4 )+C

=5 (5 cos 2x — 2 cos 4x

1
= —§c054x +Zc052x+ C

13c

f cos 6x cos 2x dx
1

= Ef(cos(6x — 2x) + cos(6x + 2x)) dx
1

= Ef(cos 4x + cos 8x) dx

—1(1 indx + s 8x) + €
—245111 X 851n X
1

1
= E51n8x+§sm4x+ C

14a

NE

f sin 3x sin x dx
0

T

—lf"( (3x — %) — cos(3x + 1)) d
—20 COS(oXx X COS(oX X X

1 (%
=—j (cos 2x — cos 4x) dx
2 0

1 7
= E[Esian —Zsin4x .

© Cambridge University Press 2019 23



ok

- CambridgeMATHS == %

Chapter 4 worked solutions — Integration

—1(1 0 o+0)
T 2\2

14b
s
2
fcos4xc052xdx
0
s
1 (2
=§f (cos(4x — 2x) + cos(4x + 2x)) dx
0
s
1 (2
=—f (cos 2x + cos 6x) dx
2 Jo
s
02 1 Mk
—E[Esm x+gsm x]o
_1(1 1 0 0)
22 6
-30)
~2\3
_1
G
14c

Wiy

f sin 4x cos 2x dx
0

A

o
= f  (sin(4x — 2x) + sin(4x + 2x)) dx
0

s
13
=§j (sin 2x + sin 6x) dx
0

T
3
2 [——cos 2x — —cos 6x]

<11+1>
24626
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15a

15b
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1
f dx
1+ cosx

Lett = tan (;)

2

dx = dt
x 1+t2
1

COS X =
1+ t2

Hence

1
f dx
1+ cosx

2

1
:f 1—2 %

1+

1+ t2

1+ t2

dt

_f 2
S 1+2 4112

[
)2
1

=t+C

=t x+C
s

dx

1
fl + sinx — cosx

Lett = tan (;)

dt

25



15c¢

1
f - dx
1+ sinx —cosx

2

_ 1
_f 2t 1—z*

1+1+t2_1+t2

1+ t2

2
= dt
f1+t2+2t—1+t2

[
) 2t2 4+ 2t

_ft(t+1) !

1 1
= f (— — —) dt (using cover — up method)

t t+1
=In|t| —In|t+ 1|+ C

=In|——|+C

t+1

an(3)

tan (%) +1

=In +C

1
d
f3sinx+4cosx x
X
Lett = tan(z)

2

dx = ——=dt
x 1+ t2
2t
Slnx_1+t2

© Cambridge University Press 2019
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1—¢?
1+1¢2

COS X =

Hence

1
3sinx + 4cosx

—f - X 2 dt
N 3( 2t )+4(1—t2) 1+t2
1+t2 1+t2

2
_f6t+4—4t2dt

:f3t+2—2t2dt

f3t+1

_1f 1 i
2] 25 3\2

e Gt

ST
T5)\1+42t 2-—t

1
=z (nl1+2t|~Inj2 = ¢ +C
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Chapter 4 worked solutions — Integration

_11 1+2t|+C
B P
1+2tan(§)
=§1n—x+C
2—tan(§)
16a
fsecxdx
1
=f dx
CcoSs x
X
Lett=tan(§)
dx = 2 dt
x 1+ t2
_1—t2
cosx—l_l_t2
Hence
f d
CcoSs x
_]1+t2>< 2 »
) 1—t27 14 ¢2
[
S 1—¢2

2
:f(l—t)(1+t)dt

1 1
= f (— + —) dt (using cover — up method)

1-t 1+t
=—In[1—t¢t|+In[1+¢t|+C

1+t
LS
1-t

=

1+ tan (—)

1—tan (—)

N

+C

=In

N &
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Chapter 4 worked solutions — Integration
16b

1+ tan (%)

1 —tan (%

In

%) 1+ tan (7)

7) 1+tan (7)

1+ Ztan(z) + tan? ( )

1 — tan? (%)

1 + tan? (%) 2 tan (%)

1 — tan? (%) ¥ 1 — tan? (%)
2 tan (%)

1 — tan?

=In
1 —tan

N
1+ tan (
(

In +C

=1n +C

tanx =

N /N
N[R NIR
~—

N—

1 — tan?

cosx =
1 + tan? (

N &
~—

Hence

. 1 + tan? (%) s 2 tan (%)

1 — tan? (%) 1 — tan? (%)

+tanx| +C

+C

= In

CoSs X

= In|secx + tanx| + C
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