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Solutions to Exercise 4G Foundation questions 

1a  

∫ cos 𝑥 𝑑𝑥 

= sin 𝑥 + 𝐶 

 

1b  

∫ sin 𝑥 𝑑𝑥 

= − cos 𝑥 + 𝐶 

 

1c  

∫ tan 𝑥 𝑑𝑥 

= ∫
sin 𝑥

cos 𝑥
𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥 𝑑𝑥 

Hence 

∫
sin 𝑥

cos 𝑥
𝑑𝑥 

= ∫ −
1

𝑢
𝑑𝑢 

= − ln|𝑢| + 𝐶 

= − ln|cos 𝑥| + 𝐶 

 

1d  

∫ cot 𝑥 𝑑𝑥 

= ∫
cos 𝑥

sin 𝑥
𝑑𝑥 

Let 𝑢 = sin 𝑥 
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𝑑𝑢 = cos 𝑥 𝑑𝑥 

Hence 

∫
cos 𝑥

sin 𝑥
𝑑𝑥 

= ∫
1

𝑢
𝑑𝑢 

= ln|𝑢| + 𝐶 

= ln|sin 𝑥| + 𝐶 

 

2a  

∫ cos 𝑥 sin2 𝑥 𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥 𝑑𝑥 

Hence 

∫ cos 𝑥 sin2 𝑥 𝑑𝑥 

= ∫ 𝑢2 𝑑𝑢 

=
1

3
𝑢3 + 𝐶 

=
1

3
sin3 𝑥 + 𝐶 

 

2b  

∫ cos2 𝑥 sin 𝑥 𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥 𝑑𝑥 

Hence 

∫ cos2 𝑥 sin 𝑥 𝑑𝑥 
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= − ∫ 𝑢2 𝑑𝑢 

= −
1

3
𝑢3 + 𝐶 

= −
1

3
cos3 𝑥 + 𝐶 

 

2c  

∫ sin3 𝑥 𝑑𝑥 

= ∫ sin2 𝑥 sin 𝑥 𝑑𝑥 

= ∫(1 − cos2 𝑥) sin 𝑥 𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥 𝑑𝑥 

Hence 

∫(1 − cos2 𝑥) sin 𝑥 𝑑𝑥 

= ∫(𝑢2 − 1) 𝑑𝑢 

=
1

3
𝑢3 − 𝑢 + 𝐶 

=
1

3
cos3 𝑥 − cos 𝑥 + 𝐶 

 

2d  

∫ cos3 𝑥 𝑑𝑥 

= ∫ cos2 𝑥 cos 𝑥 𝑑𝑥 

= ∫(1 − sin2 𝑥) cos 𝑥 𝑑𝑥 

Let 𝑢 = sin 𝑥 
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𝑑𝑢 = cos 𝑥 𝑑𝑥 

Hence 

∫(1 − sin2 𝑥) cos 𝑥 𝑑𝑥 

= ∫(1 − 𝑢2) 𝑑𝑢 

= 𝑢 −
1

3
𝑢3 + 𝐶 

= sin 𝑥 −
1

3
sin3 𝑥 + 𝐶 

 

2e  

∫ cos5 𝑥 𝑑𝑥 

= ∫ cos4 𝑥 cos 𝑥 𝑑𝑥 

= ∫(cos2 𝑥)2 cos 𝑥 𝑑𝑥 

= ∫(1 − sin2 𝑥)2 cos 𝑥 𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥 𝑑𝑥 

Hence 

∫(1 − sin2 𝑥)2 cos 𝑥 𝑑𝑥 

= ∫(1 − 𝑢2)2 𝑑𝑢 

= ∫(1 − 2𝑢2 + 𝑢4) 𝑑𝑢 

= 𝑢 −
2

3
𝑢3 +

1

5
𝑢5 + 𝐶 

= sin 𝑥 −
2

3
sin3 𝑥 +

1

5
sin5 𝑥 + 𝐶 

 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  5 
 

2f  

∫ sin3 𝑥 cos3 𝑥 𝑑𝑥 

= ∫ sin3 𝑥 (1 − sin2 𝑥) cos 𝑥 𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥 𝑑𝑥 

Hence 

∫ sin3 𝑥 (1 − sin2 𝑥) cos 𝑥 𝑑𝑥 

= ∫ 𝑢3(1 − 𝑢2) 𝑑𝑢 

= ∫(𝑢3 − 𝑢5) 𝑑𝑢  

=
1

4
𝑢4 −

1

6
𝑢6 + 𝐶 

=
1

4
sin4 𝑥 −

1

6
sin6 𝑥 + 𝐶 

 

3a  

∫ sin2 𝑥

𝜋
2

0

𝑑𝑥 

= ∫
1

2
(1 − cos 2𝑥)

𝜋
2

0

𝑑𝑥 

=
1

2
∫ (1 − cos 2𝑥)

𝜋
2

0

𝑑𝑥 

=
1

2
[𝑥 −

1

2
sin 2𝑥]

0

𝜋
2

 

=
1

2
((

𝜋

2
− 0) − (0 − 0)) 

=
𝜋

4
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3b  

∫ cos2 𝑥

𝜋
3

𝜋
6

𝑑𝑥 

= ∫
1

2
(1 + cos 2𝑥)

𝜋
3

𝜋
6

𝑑𝑥 

=
1

2
∫ (1 + cos 2𝑥)

𝜋
3

𝜋
6

𝑑𝑥 

=
1

2
[𝑥 +

1

2
sin 2𝑥]

𝜋
6

𝜋
3

 

=
1

2
((

𝜋

3
+

√3

4
) − (

𝜋

6
+

√3

4
)) 

=
1

2
(

𝜋

6
) 

=
𝜋

12
 

 

3c  

∫ sin2 𝑥 cos2 𝑥
𝜋

0

𝑑𝑥 

= ∫ (
1

2
sin 2𝑥)

2𝜋

0

𝑑𝑥 

=
1

4
∫ sin2 2𝑥

𝜋

0

𝑑𝑥 

=
1

4
∫

1

2
(1 − cos 4𝑥)

𝜋

0

𝑑𝑥 

=
1

8
∫ (1 − cos 4𝑥)

𝜋

0

𝑑𝑥 

=
1

8
[𝑥 −

1

4
sin 4𝑥]

0

𝜋

 

=
1

8
((𝜋 − 0) − (0 − 0)) 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  7 
 

=
𝜋

8
 

 

4a  

∫ sec2 𝑥 𝑑𝑥 

= tan 𝑥 + 𝐶 

 

4b  

∫ tan2 𝑥 𝑑𝑥 

= ∫(sec2 𝑥 − 1) 𝑑𝑥 

= tan 𝑥 − 𝑥 + 𝐶 

 

4c  

∫ sec4 𝑥 𝑑𝑥 

= ∫ sec2 𝑥 sec2 𝑥 𝑑𝑥 

= ∫(1 + tan2 𝑥) sec2 𝑥 𝑑𝑥 

Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥 𝑑𝑥 

Hence 

∫(1 + tan2 𝑥) sec2 𝑥 𝑑𝑥 

= ∫(1 + 𝑢2) 𝑑𝑢 

= 𝑢 +
1

3
𝑢3 + 𝐶 

= tan 𝑥 +
1

3
tan3 𝑥 + 𝐶 
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4d  

∫ tan4 𝑥 𝑑𝑥 

= ∫ tan2 𝑥 tan2 𝑥 𝑑𝑥 

= ∫ tan2 𝑥 (sec2 𝑥 − 1) 𝑑𝑥 

= ∫(tan2 𝑥 sec2 𝑥 − tan2 𝑥) 𝑑𝑥 

= ∫(tan2 𝑥 sec2 𝑥 − (sec2 𝑥 − 1)) 𝑑𝑥 

= ∫ tan2 𝑥 sec2 𝑥 𝑑𝑥 − ∫(sec2 𝑥 − 1) 𝑑𝑥 

Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥 𝑑𝑥 

Hence 

∫ tan2 𝑥 sec2 𝑥 𝑑𝑥 − ∫(sec2 𝑥 − 1) 𝑑𝑥 

= ∫ 𝑢2 𝑑𝑢 − ∫(sec2 𝑥 − 1) 𝑑𝑥 

=
1

3
𝑢3 − (tan 𝑥 − 𝑥) + 𝐶 

=
1

3
tan3 𝑥 − tan 𝑥 + 𝑥 + 𝐶 
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Solutions to Exercise 4G Development questions 

5a  

∫ cos3 𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥  𝑑𝑥 

𝑥 =
𝜋

2
, 𝑢 = 0 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ cos3 𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥 

= − ∫ 𝑢3
0

1

𝑑𝑢 

= ∫ 𝑢3
1

0

𝑑𝑢 

= [
1

4
𝑢4]

0

1

 

=
1

4
 

 

5b  

∫ cos3 𝑥

𝜋
6

0

𝑑𝑥 

= ∫ cos 𝑥 cos2 𝑥

𝜋
6

0

𝑑𝑥 

= ∫ cos 𝑥 (1 − sin2 𝑥)

𝜋
6

0

𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥  𝑑𝑥 
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𝑥 =
𝜋

6
, 𝑢 =

1

2
 

𝑥 = 0, 𝑢 = 0 

Hence 

∫ cos 𝑥 (1 − sin2 𝑥)

𝜋
6

0

𝑑𝑥 

= ∫ (1 − 𝑢2)

1
2

0

𝑑𝑢 

= [𝑢 −
1

3
𝑢3]

0

1
2

 

=
1

2
−

1

24
 

=
11

24
 

 

5c  

∫ sin3 𝑥 cos 𝑥

𝜋
3

0

𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥  𝑑𝑥 

𝑥 =
𝜋

3
, 𝑢 =

√3

2
 

𝑥 = 0, 𝑢 = 0 

Hence 

∫ sin3 𝑥 cos 𝑥

𝜋
3

0

𝑑𝑥 

= ∫ 𝑢3

√3
2

0

𝑑𝑢 

= [
1

4
𝑢4]

0

√3
2
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=
1

4
(

9

16
) 

=
9

64
 

 

5d  

∫ sin5 𝑥

𝜋
3

0

𝑑𝑥 

= ∫ sin 𝑥 sin4 𝑥

𝜋
3

0

𝑑𝑥 

= ∫ sin 𝑥 (1 − cos2 𝑥)2

𝜋
3

0

𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥  𝑑𝑥 

𝑥 =
𝜋

3
, 𝑢 =

1

2
 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ sin 𝑥 (1 − cos2 𝑥)2

𝜋
3

0

𝑑𝑥 

= − ∫ (1 − 𝑢2)2

1
2

1

𝑑𝑢 

= − ∫ (1 − 2𝑢2 + 𝑢4)

1
2

1

𝑑𝑢 

= ∫ (1 − 2𝑢2 + 𝑢4)
1

1
2

𝑑𝑢 

= [𝑢 −
2

3
𝑢3 +

1

5
𝑢5]

1
2

1

 

= 1 −
2

3
+

1

5
−

1

2
+

2

3
(

1

8
) −

1

5
(

1

32
) 
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=
53

480
 

 

5e  

∫ sin3 𝑥 cos2 𝑥
𝜋

0

𝑑𝑥 

= ∫ sin 𝑥 sin2 𝑥 cos2 𝑥
𝜋

0

𝑑𝑥 

= ∫ sin 𝑥 (1 − cos2 𝑥) cos2 𝑥
𝜋

0

𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥  𝑑𝑥 

𝑥 = 𝜋, 𝑢 = −1 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ sin 𝑥 (1 − cos2 𝑥) cos2 𝑥
𝜋

0

𝑑𝑥 

= − ∫ (1 − 𝑢2)𝑢2
−1

1

𝑑𝑢 

= ∫ (𝑢2 − 𝑢4)
1

−1

𝑑𝑢 

= [
1

3
𝑢3 −

1

5
𝑢5]

−1

1

 

=
1

3
−

1

5
+

1

3
−

1

5
 

=
4

15
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5f  

∫ sin2 𝑥 cos3 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ cos 𝑥 sin2 𝑥 cos2 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ cos 𝑥 sin2 𝑥 (1 − sin2 𝑥)

𝜋
4

0

𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥  𝑑𝑥 

𝑥 =
𝜋

4
, 𝑢 =

1

√2
 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ cos 𝑥 sin2 𝑥 (1 − sin2 𝑥)

𝜋
4

0

𝑑𝑥 

= ∫ 𝑢2(1 − 𝑢2)

1

√2

0

𝑑𝑢 

= ∫ (𝑢2 − 𝑢4)

1

√2

0

𝑑𝑢 

= [
1

3
𝑢3 −

1

5
𝑢5]

0

1

√2
 

=
1

3
(

1

√2
)

3

−
1

5
(

1

√2
)

5

 

=
1

6√2
−

1

20√2
 

=
10

60√2
−

3

60√2
 

=
7

60√2
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6a  

∫ cos4 𝑥 𝑑𝑥 

= ∫ cos2 𝑥 cos2 𝑥 𝑑𝑥 

= ∫ (
1

2
(1 + cos 2𝑥)) (

1

2
(1 + cos 2𝑥)) 𝑑𝑥 

=
1

4
∫(1 + cos 2𝑥)(1 + cos 2𝑥) 𝑑𝑥 

=
1

4
∫(1 + 2 cos 2𝑥 + cos2 2𝑥) 𝑑𝑥 

=
1

4
∫ (1 + 2 cos 2𝑥 +

1

2
(1 + cos 4𝑥)) 𝑑𝑥 

=
1

4
∫ (

3

2
+ 2 cos 2𝑥 +

1

2
cos 4𝑥) 𝑑𝑥 

=
1

4
(

3

2
𝑥 + sin 2𝑥 +

1

8
sin 4𝑥) + 𝐶 

=
1

32
(12𝑥 + 8 sin 2𝑥 + sin 4𝑥) + 𝐶 

 

6b  

∫ sin4 𝑥 𝑑𝑥 

= ∫ sin2 𝑥 sin2 𝑥 𝑑𝑥 

= ∫ (
1

2
(1 − cos 2𝑥)) (

1

2
(1 − cos 2𝑥)) 𝑑𝑥 

=
1

4
∫(1 − cos 2𝑥)(1 − cos 2𝑥) 𝑑𝑥 

=
1

4
∫(1 − 2 cos 2𝑥 + cos2 2𝑥) 𝑑𝑥 

=
1

4
∫ (1 − 2 cos 2𝑥 +

1

2
(1 + cos 4𝑥)) 𝑑𝑥 
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=
1

4
∫ (

3

2
− 2 cos 2𝑥 +

1

2
cos 4𝑥) 𝑑𝑥 

=
1

4
(

3

2
𝑥 − sin 2𝑥 +

1

8
sin 4𝑥) + 𝐶 

=
1

32
(12𝑥 − 8 sin 2𝑥 + sin 4𝑥) + 𝐶 

 

6c  

∫ sin4 𝑥 cos4 𝑥 𝑑𝑥 

= ∫(sin 𝑥 cos 𝑥)4 𝑑𝑥 

= ∫ (
1

2
sin 2𝑥)

4

𝑑𝑥 

=
1

16
∫ sin4 2𝑥 𝑑𝑥 

=
1

16
∫ sin2 2𝑥 sin2 2𝑥 𝑑𝑥 

=
1

16
∫ (

1

2
(1 − cos 4𝑥)) (

1

2
(1 − cos 4𝑥)) 𝑑𝑥 

=
1

64
∫(1 − cos 4𝑥)(1 − cos 4𝑥) 𝑑𝑥 

=
1

64
∫(1 − 2 cos 4𝑥 + cos2 4𝑥) 𝑑𝑥 

=
1

64
∫ (1 − 2 cos 4𝑥 +

1

2
(1 + cos 8𝑥)) 𝑑𝑥 

=
1

64
∫ (

3

2
− 2 cos 4𝑥 +

1

2
cos 8𝑥) 𝑑𝑥 

=
1

64
(

3

2
𝑥 −

1

2
sin 4𝑥 +

1

16
sin 8𝑥) + 𝐶 

=
1

1024
(24𝑥 − 8 sin 4𝑥 + sin 8𝑥) + 𝐶 
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7a  

∫ sec2 𝑥 tan2 𝑥

𝜋
3

0

𝑑𝑥 

Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥  𝑑𝑥 

𝑥 =
𝜋

3
, 𝑢 = √3 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ sec2 𝑥 tan2 𝑥

𝜋
3

0

𝑑𝑥 

= ∫ 𝑢2
√3

0

𝑑𝑢 

= [
1

3
𝑢3]

0

√3

 

= √3 

 

7b  

∫ sec2 𝑥 tan3 𝑥

𝜋
3

−
𝜋
6

𝑑𝑥 

Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥  𝑑𝑥 

𝑥 =
𝜋

3
, 𝑢 = √3 

𝑥 = −
𝜋

6
, 𝑢 = −

1

√3
 

Hence 

∫ sec2 𝑥 tan3 𝑥

𝜋
3

−
𝜋
6

𝑑𝑥 
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= ∫ 𝑢3
√3

−
1

√3

𝑑𝑢 

= [
1

4
𝑢4]

−
1

√3

√3

 

=
1

4
(9 −

1

9
) 

=
1

4
(

80

9
) 

=
20

9
 

= 2
2

9
 

 

7c  

∫ sec4 𝑥 tan 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ sec3 𝑥 sec 𝑥 tan 𝑥

𝜋
4

0

𝑑𝑥 

Let 𝑢 = sec 𝑥 

𝑑𝑢 = sec 𝑥 tan 𝑥  𝑑𝑥 

𝑥 =
𝜋

4
, 𝑢 = √2 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ sec3 𝑥 sec 𝑥 tan 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ 𝑢3
√2

1

𝑑𝑢 

= [
1

4
𝑢4]

1

√2

 

=
1

4
(4) −

1

4
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=
3

4
 

 

7d  

∫ tan5 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ (sec2 𝑥 − 1) tan3 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ (sec2 𝑥 tan3 𝑥 − tan3 𝑥)

𝜋
4

0

𝑑𝑥 

= ∫ (sec 𝑥 tan 𝑥 sec 𝑥 (sec2 𝑥 − 1) − (sec2 𝑥 − 1) tan 𝑥)

𝜋
4

0

𝑑𝑥 

= ∫ sec 𝑥 tan 𝑥 sec 𝑥 (sec2 𝑥 − 1)

𝜋
4

0

𝑑𝑥 − ∫ (sec2 𝑥 − 1) tan 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ sec 𝑥 tan 𝑥 sec 𝑥 (sec2 𝑥 − 1)

𝜋
4

0

𝑑𝑥 − ∫ sec 𝑥 sec 𝑥 tan 𝑥

𝜋
4

0

𝑑𝑥 + ∫ tan 𝑥

𝜋
4

0

𝑑𝑥 

Let 𝑢 = sec 𝑥 

𝑑𝑢 = sec 𝑥 tan 𝑥  𝑑𝑥 

𝑥 =
𝜋

4
, 𝑢 = √2 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ sec 𝑥 tan 𝑥 sec 𝑥 (sec2 𝑥 − 1)

𝜋
4

0

𝑑𝑥 − ∫ sec 𝑥 sec 𝑥 tan 𝑥

𝜋
4

0

𝑑𝑥 + ∫ tan 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ 𝑢(𝑢2 − 1)
√2

1

𝑑𝑢 − ∫ 𝑢
√2

1

𝑑𝑢 + ∫ tan 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ (𝑢3 − 𝑢)
√2

1

𝑑𝑢 − ∫ 𝑢
√2

1

𝑑𝑢 + ∫ tan 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ (𝑢3 − 2𝑢)
√2

1

𝑑𝑢 + ∫ tan 𝑥

𝜋
4

0

𝑑𝑥 
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= [
1

4
𝑢4 − 𝑢2]

1

√2

+ [− ln|cos 𝑥|]
0

𝜋
4  

=
1

4
(4) − 2 −

1

4
+ 1 − ln (

1

√2
) 

= −
1

4
−

1

2
ln (

1

2
) 

=
1

2
ln 2 −

1

4
 

=
1

4
(2 ln 2 − 1) 

 

8a  

∫
1

1 + sin 𝑥

𝜋
2

0

𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

𝑥 =
𝜋

2
, 𝑡 = 1 

𝑥 = 0, 𝑡 = 0 

sin 𝑥 =
2𝑡

1 + 𝑡2
 

Hence 

∫
1

1 + sin 𝑥

𝜋
2

0

𝑑𝑥 

= ∫
1

1 +
2𝑡

1 + 𝑡2

×
1

0

2

1 + 𝑡2
𝑑𝑡 

= 2 ∫
1

1 + 𝑡2 + 2𝑡

1

0

𝑑𝑡 

= 2 ∫
1

(𝑡 + 1)2

1

0

𝑑𝑡 
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= 2 [−
1

𝑡 + 1
]

0

1

 

= 2 (−
1

2
+ 1) 

= 1 

 

8b  

∫
1

4 + 5 cos 𝑥

𝜋
2

0

𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

𝑥 =
𝜋

2
, 𝑡 = 1 

𝑥 = 0, 𝑡 = 0 

cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
 

Hence 

∫
1

4 + 5 cos 𝑥

𝜋
2

0

𝑑𝑥 

= ∫
1

4 + 5 (
1 − 𝑡2

1 + 𝑡2)

1

0

2

1 + 𝑡2
𝑑𝑡 

= 2 ∫
1

4(1 + 𝑡2) + 5(1 − 𝑡2)

1

0

𝑑𝑡 

= 2 ∫
1

4 + 4𝑡2 + 5 − 5𝑡2

1

0

𝑑𝑡 

= 2 ∫
1

9 − 𝑡2

1

0

𝑑𝑡 

= 2 ∫
1

(3 − 𝑡)(3 + 𝑡)

1

0

𝑑𝑡 
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1

(3 − 𝑡)(3 + 𝑡)
=

1
6

3 − 𝑡
+

1
6

3 + 𝑡
         (using cover − up method) 

2 ∫
1

(3 − 𝑡)(3 + 𝑡)

1

0

𝑑𝑡 

= 2 ∫ (

1
6

3 − 𝑡
+

1
6

3 + 𝑡
)

1

0

𝑑𝑡 

=
1

3
[− ln|3 − 𝑡| + ln|3 + 𝑡|]0

1 

=
1

3
[ln |

3 + 𝑡

3 − 𝑡
|]

0

1

 

=
1

3
ln 2 

 

8c  

∫
1

5 + 3 sin 𝑥

𝜋
2

−
𝜋
2

𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

𝑥 =
𝜋

2
, 𝑡 = 1 

𝑥 = −
𝜋

2
, 𝑡 = −1 

sin 𝑥 =
2𝑡

1 + 𝑡2
 

Hence 

∫
1

5 + 3 sin 𝑥

𝜋
2

−
𝜋
2

𝑑𝑥 

= ∫
1

5 + 3
2𝑡

1 + 𝑡2

×
1

−1

2

1 + 𝑡2
𝑑𝑡 
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= 2 ∫
1

5(1 + 𝑡2) + 6𝑡

1

−1

𝑑𝑡 

= 2 ∫
1

5 + 5𝑡2 + 6𝑡

1

−1

𝑑𝑡 

=
2

5
∫

1

𝑡2 +
6
5

𝑡 + 1

1

−1

𝑑𝑡 

=
2

5
∫

1

(𝑡 +
3
5

)
2

+
16
25

1

−1

𝑑𝑡 

=
1

2
∫

4
5

(𝑡 +
3
5

)
2

+ (
4
5

)
2

1

−1

𝑑𝑡 

=
1

2
[tan−1 (

5 (𝑡 +
3
5

)

4
)]

−1

1

 

 =
1

2
[tan−1 (

5𝑡 + 3

4
)]

−1

1

 

=
1

2
(tan−1(2) − tan−1 (−

1

2
)) 

=
1

2
(tan−1(2) + tan−1 (

1

2
)) 

This can be further simplified by utilising the tangent addition formula to 
𝜋

4
, 

however the above expression is acceptable. 

 

9a  

∫ √1 − 𝑥2
1

0

𝑑𝑥 

Let 𝑥 = sin 𝜃 

𝑑𝑥 = cos 𝜃 𝑑𝜃 

𝑥 = 1, 𝜃 =
𝜋

2
 

𝑥 = 0, 𝜃 = 0 

Hence 
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∫ √1 − 𝑥2
1

0

𝑑𝑥 

= ∫ √1 − sin2 𝜃 cos 𝜃 𝑑𝜃

𝜋
2

0

 

= ∫ cos 𝜃 cos 𝜃 𝑑𝜃

𝜋
2

0

 

= ∫ cos2 𝜃

𝜋
2

0

𝑑𝜃 

=
1

2
∫ (1 + cos 2𝜃)

𝜋
2

0

𝑑𝜃 

=
1

2
[𝜃 +

1

2
sin 2𝜃]

0

𝜋
2

 

=
1

2
(

𝜋

2
) 

=
𝜋

4
 

 

9b  

∫ 𝑥3√1 + 𝑥2
1

0

𝑑𝑥 

Let 𝑥 = tan 𝜃 

𝑑𝑥 = sec2 𝜃 𝑑𝜃 

𝑥 = 1, 𝜃 =
𝜋

4
 

𝑥 = 0, 𝜃 = 0 

Hence 

∫ 𝑥3√1 + 𝑥2
1

0

𝑑𝑥 

= ∫ tan3 𝜃 √1 + tan2 𝜃 sec2 𝜃 𝑑𝜃

𝜋
4

0
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= ∫ tan3 𝜃 sec3 𝜃 𝑑𝜃

𝜋
4

0

 

= ∫ sec 𝜃 tan 𝜃 (sec2 𝜃 − 1) sec2 𝜃 𝑑𝜃

𝜋
4

0

 

Let 𝑢 = sec 𝜃 

𝑑𝑢 = sec 𝜃 tan 𝜃 𝑑𝜃 

𝜃 =
𝜋

4
, 𝑢 = √2 

𝜃 = 0, 𝑢 = 1 

Hence 

∫ sec 𝜃 tan 𝜃 (sec2 𝜃 − 1) sec2 𝜃 𝑑𝜃

𝜋
4

0

 

= ∫ (𝑢2 − 1)𝑢2
√2

1

𝑑𝑢 

= ∫ (𝑢4 − 𝑢2)
√2

1

𝑑𝑢 

= [
1

5
𝑢5 −

1

3
𝑢3]

1

√2

 

=
4√2

5
−

2√2

3
−

1

5
+

1

3
 

=
4√2 − 1

5
+

1 − 2√2

3
 

=
12√2 − 3 + 5 − 10√2

15
 

=
2√2 + 2

15
 

=
2

15
(1 + √2) 
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9c  

∫ 𝑥2√1 − 𝑥2
1

0

𝑑𝑥 

Let 𝑥 = sin 𝜃 

𝑑𝑥 = cos 𝜃 𝑑𝜃 

𝑥 = 1, 𝜃 =
𝜋

2
 

𝑥 = 0, 𝜃 = 0 

Hence 

∫ 𝑥2√1 − 𝑥2
1

0

𝑑𝑥 

= ∫ sin2 𝜃 √1 − sin2 𝜃

𝜋
2

0

cos 𝜃 𝑑𝜃 

= ∫ sin2 𝜃

𝜋
2

0

cos2 𝜃 𝑑𝜃 

=
1

4
∫ sin2 2𝜃

𝜋
2

0

𝑑𝜃 

=
1

8
∫ (1 − cos 4𝜃)

𝜋
2

0

𝑑𝜃 

=
1

8
[𝜃 −

1

4
sin 4𝜃]

0

𝜋
2

 

=
1

8
(

𝜋

2
) 

=
𝜋

16
 

 

10a  

∫ sin 𝑥 cos 𝑥 𝑑𝑥 

Let 𝑢 = sin 𝑥 

𝑑𝑢 = cos 𝑥 𝑑𝑥 
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Hence 

∫ sin 𝑥 cos 𝑥 𝑑𝑥 

= ∫ 𝑢 𝑑𝑢 

=
1

2
𝑢2 + 𝐶 

=
1

2
sin2 𝑥 + 𝐶 

 

10b  

∫ sin 𝑥 cos 𝑥 𝑑𝑥 

= ∫
1

2
sin 2𝑥 𝑑𝑥 

= −
1

4
cos 2𝑥 + 𝐶 

 

10c  

1

2
sin2 𝑥 + 𝐶 

=
1

2
(

1

2
(1 − cos 2𝑥)) + 𝐶 

=
1

4
(1 − cos 2𝑥) + 𝐶 

=
1

4
−

1

4
cos 2𝑥 + 𝐶 

1

4
+ 𝐶 is still a constant, 𝐶 

1

4
−

1

4
cos 2𝑥 + 𝐶 

= −
1

4
cos 2𝑥 + 𝐶 
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11a  

∫ (tan3 𝑥 + tan 𝑥)

𝜋
4

0

𝑑𝑥 

= ∫ tan 𝑥 (tan2 𝑥 + 1)

𝜋
4

0

𝑑𝑥 

= ∫ tan 𝑥 sec2 𝑥

𝜋
4

0

𝑑𝑥 

Let 𝑢 = tan 𝑥 

𝑑𝑢 = sec2 𝑥 𝑑𝑥 

𝑥 =
𝜋

4
, 𝑢 = 1 

𝑥 = 0, 𝑢 = 0 

Hence 

∫ tan 𝑥 sec2 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ 𝑢
1

0

𝑑𝑢 

= [
1

2
𝑢2]

0

1

 

=
1

2
 

 

11b  

∫ (cos 𝑥 − cos3 𝑥)

𝜋
3

−
𝜋
3

𝑑𝑥 

= ∫ cos 𝑥 (1 − cos2 𝑥)

𝜋
3

−
𝜋
3

𝑑𝑥 

= ∫ cos 𝑥 sin2 𝑥

𝜋
3

−
𝜋
3

𝑑𝑥 

Let 𝑢 = sin 𝑥 
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𝑑𝑢 = cos 𝑥 𝑑𝑥 

𝑥 =
𝜋

3
, 𝑢 =

√3

2
 

𝑥 = −
𝜋

3
, 𝑢 = −

√3

2
 

Hence 

∫ cos 𝑥 sin2 𝑥

𝜋
3

−
𝜋
3

𝑑𝑥 

= ∫ 𝑢2

√3
2

−
√3
2

𝑑𝑢 

= [
1

3
𝑢3]

−
√3
2

√3
2

 

=
1

3
(

3√3

8
+

3√3

8
) 

=
2√3

8
 

=
√3

4
 

 

12a  

∫ sin3 𝑥 sec2 𝑥

𝜋
3

0

𝑑𝑥 

= ∫
sin3 𝑥

cos2 𝑥

𝜋
3

0

𝑑𝑥 

= ∫
sin 𝑥 sin2 𝑥

cos2 𝑥

𝜋
3

0

𝑑𝑥 

= ∫
sin 𝑥 (1 − cos2 𝑥)

cos2 𝑥

𝜋
3

0

𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥 𝑑𝑥 
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𝑥 =
𝜋

3
, 𝑢 =

1

2
 

𝑥 = 0, 𝑢 = 1 

Hence 

∫
sin 𝑥 (1 − cos2 𝑥)

cos2 𝑥

𝜋
3

0

𝑑𝑥 

= − ∫
1 − 𝑢2

𝑢2

1
2

1

𝑑𝑢 

= ∫ (
1

𝑢2
− 1)

1

1
2

𝑑𝑢 

= [−
1

𝑢
− 𝑢]

1
2

1

 

= −2 − (−2 −
1

2
) 

= −2 +
5

2
 

=
1

2
 

 

12b  

∫ sin3 𝑥 sec4 𝑥

𝜋
3

0

𝑑𝑥 

= ∫
sin3 𝑥

cos4 𝑥

𝜋
3

0

𝑑𝑥 

= ∫
sin 𝑥 sin2 𝑥

cos4 𝑥

𝜋
3

0

𝑑𝑥 

= ∫
sin 𝑥 (1 − cos2 𝑥)

cos4 𝑥

𝜋
3

0

𝑑𝑥 

Let 𝑢 = cos 𝑥 

𝑑𝑢 = − sin 𝑥 𝑑𝑥 
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𝑥 =
𝜋

3
, 𝑢 =

1

2
 

𝑥 = 0, 𝑢 = 1 

Hence 

∫
sin 𝑥 (1 − cos2 𝑥)

cos4 𝑥

𝜋
3

0

𝑑𝑥 

= − ∫
1 − 𝑢2

𝑢4

1
2

1

𝑑𝑢 

= ∫ (
1

𝑢4
−

1

𝑢2
)

1

1
2

𝑑𝑢 

= [−
1

3𝑢3
+

1

𝑢
]

1
2

1

 

= −
1

3
+ 1 +

1

3
(8) − 2 

=
7

3
− 1 

=
4

3
 

 

13a  

∫ sin 3𝑥 cos 𝑥 𝑑𝑥 

=
1

2
∫(sin(3𝑥 − 𝑥) + sin(3𝑥 + 𝑥)) 𝑑𝑥 

=
1

2
∫(sin 2𝑥 + sin 4𝑥) 𝑑𝑥 

=
1

2
(−

1

2
cos 2𝑥 −

1

4
cos 4𝑥) + 𝐶 

= −
1

8
cos 4𝑥 −

1

4
cos 2𝑥 + 𝐶 
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13b  

∫ cos 3𝑥 sin 𝑥 𝑑𝑥 

=
1

2
∫(sin(𝑥 − 3𝑥) + sin(𝑥 + 3𝑥)) 𝑑𝑥 

=
1

2
∫(− sin 2𝑥 + sin 4𝑥) 𝑑𝑥 

=
1

2
(

1

2
cos 2𝑥 −

1

4
cos 4𝑥) + 𝐶 

= −
1

8
cos 4𝑥 +

1

4
cos 2𝑥 + 𝐶 

 

13c  

∫ cos 6𝑥 cos 2𝑥 𝑑𝑥 

=
1

2
∫(cos(6𝑥 − 2𝑥) + cos(6𝑥 + 2𝑥)) 𝑑𝑥 

=
1

2
∫(cos 4𝑥 + cos 8𝑥) 𝑑𝑥 

=
1

2
(

1

4
sin 4𝑥 +

1

8
sin 8𝑥) + 𝐶 

=
1

16
sin 8𝑥 +

1

8
sin 4𝑥 + 𝐶 

 

14a  

∫ sin 3𝑥 sin 𝑥

𝜋
4

0

𝑑𝑥 

=
1

2
∫ (cos(3𝑥 − 𝑥) − cos(3𝑥 + 𝑥))

𝜋
4

0

𝑑𝑥 

=
1

2
∫ (cos 2𝑥 − cos 4𝑥)

𝜋
4

0

𝑑𝑥 

=
1

2
[
1

2
sin 2𝑥 −

1

4
sin 4𝑥]

0

𝜋
4
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=
1

2
(

1

2
− 0 − 0 + 0) 

=
1

4
 

 

14b  

∫ cos 4𝑥 cos 2𝑥

𝜋
4

0

𝑑𝑥 

=
1

2
∫ (cos(4𝑥 − 2𝑥) + cos(4𝑥 + 2𝑥))

𝜋
4

0

𝑑𝑥 

=
1

2
∫ (cos 2𝑥 + cos 6𝑥)

𝜋
4

0

𝑑𝑥 

=
1

2
[
1

2
sin 2𝑥 +

1

6
sin 6𝑥]

0

𝜋
4

 

=
1

2
(

1

2
−

1

6
− 0 − 0) 

=
1

2
(

1

3
) 

=
1

6
 

 

14c  

∫ sin 4𝑥 cos 2𝑥

𝜋
3

0

𝑑𝑥 

=
1

2
∫ (sin(4𝑥 − 2𝑥) + sin(4𝑥 + 2𝑥))

𝜋
3

0

𝑑𝑥 

=
1

2
∫ (sin 2𝑥 + sin 6𝑥)

𝜋
3

0

𝑑𝑥 

=
1

2
[−

1

2
cos 2𝑥 −

1

6
cos 6𝑥]

0

𝜋
3

 

=
1

2
(

1

4
−

1

6
+

1

2
+

1

6
) 
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=
1

2
(

3

4
) 

=
3

8
 

 

15a  

∫
1

1 + cos 𝑥
𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
 

Hence 

∫
1

1 + cos 𝑥
𝑑𝑥 

= ∫
1

1 +
1 − 𝑡2

1 + 𝑡2

×
2

1 + 𝑡2
𝑑𝑡 

= ∫
2

1 + 𝑡2 + 1 − 𝑡2
𝑑𝑡 

= ∫
2

2
𝑑𝑡 

= ∫ 1 𝑑𝑡 

= 𝑡 + 𝐶 

= tan
𝑥

2
+ 𝐶 

 

15b  

∫
1

1 + sin 𝑥 − cos 𝑥
𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 
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𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

sin 𝑥 =
2𝑡

1 + 𝑡2
 

cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
 

Hence 

∫
1

1 + sin 𝑥 − cos 𝑥
𝑑𝑥 

= ∫
1

1 +
2𝑡

1 + 𝑡2 −
1 − 𝑡2

1 + 𝑡2

×
2

1 + 𝑡2
𝑑𝑡 

= ∫
2

1 + 𝑡2 + 2𝑡 − 1 + 𝑡2
𝑑𝑡 

= ∫
2

2𝑡2 + 2𝑡
𝑑𝑡 

= ∫
1

𝑡(𝑡 + 1)
𝑑𝑡 

= ∫ (
1

𝑡
−

1

𝑡 + 1
) 𝑑𝑡    (using cover − up method) 

= ln|𝑡| − ln|𝑡 + 1| + 𝐶 

= ln |
𝑡

𝑡 + 1
| + 𝐶 

= ln |
tan (

𝑥
2)

tan (
𝑥
2) + 1

| + 𝐶 

 

15c  

∫
1

3 sin 𝑥 + 4 cos 𝑥
𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

sin 𝑥 =
2𝑡

1 + 𝑡2
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cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
 

Hence 

∫
1

3 sin 𝑥 + 4 cos 𝑥
𝑑𝑥 

= ∫
1

3 (
2𝑡

1 + 𝑡2) + 4 (
1 − 𝑡2

1 + 𝑡2)
×

2

1 + 𝑡2
𝑑𝑡 

= ∫
2

6𝑡 + 4 − 4𝑡2
𝑑𝑡 

= ∫
1

3𝑡 + 2 − 2𝑡2
𝑑𝑡 

=
1

2
∫

1

3
2 𝑡 + 1 − 𝑡2

𝑑𝑡 

=
1

2
∫

1

25
16 − (𝑡 −

3
4)

2 𝑑𝑡 

=
1

2
∫

1

(
5
4)

2

− (𝑡 −
3
4)

2 𝑑𝑡 

=
1

2
∫

1

(
5
4 − 𝑡 +

3
4) (

5
4 + 𝑡 −

3
4)

𝑑𝑡 

=
1

2
∫

1

(2 − 𝑡) (
1
2 + 𝑡)

𝑑𝑡 

=
1

2
∫ (

2
5

1
2 + 𝑡

+

2
5

2 − 𝑡
) 𝑑𝑡      (using cover − up method) 

=
1

2
∫ (

4
5

1 + 2𝑡
+

2
5

2 − 𝑡
) 𝑑𝑡 

=
1

5
∫ (

2

1 + 2𝑡
+

1

2 − 𝑡
) 𝑑𝑡 

=
1

5
(ln|1 + 2𝑡| − ln|2 − 𝑡|) + 𝐶 
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=
1

5
ln |

1 + 2𝑡

2 − 𝑡
| + 𝐶 

=
1

5
ln |

1 + 2 tan (
𝑥
2)

2 − tan (
𝑥
2)

| + 𝐶 

 

16a  

∫ sec 𝑥 𝑑𝑥 

= ∫
1

cos 𝑥
𝑑𝑥 

Let 𝑡 = tan (
𝑥

2
) 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

cos 𝑥 =
1 − 𝑡2

1 + 𝑡2
 

Hence 

∫
1

cos 𝑥
𝑑𝑥 

= ∫
1 + 𝑡2

1 − 𝑡2
×

2

1 + 𝑡2
𝑑𝑡 

= ∫
2

1 − 𝑡2
𝑑𝑡 

= ∫
2

(1 − 𝑡)(1 + 𝑡)
𝑑𝑡 

= ∫ (
1

1 − 𝑡
+

1

1 + 𝑡
) 𝑑𝑡    (using cover − up method) 

= − ln|1 − 𝑡| + ln|1 + 𝑡| + 𝐶 

= ln |
1 + 𝑡

1 − 𝑡
| + 𝐶 

= ln |
1 + tan (

𝑥
2

)

1 − tan (
𝑥
2)

| + 𝐶 
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16b  

ln |
1 + tan (

𝑥
2)

1 − tan (
𝑥
2)

| + 𝐶 

= ln |
1 + tan (

𝑥
2)

1 − tan (
𝑥
2)

×
1 + tan (

𝑥
2)

1 + tan (
𝑥
2)

| + 𝐶 

= ln |
1 + 2 tan (

𝑥
2) + tan2 (

𝑥
2)

1 − tan2 (
𝑥
2)

| + 𝐶 

= ln |
1 + tan2 (

𝑥
2)

1 − tan2 (
𝑥
2)

+
2 tan (

𝑥
2)

1 − tan2 (
𝑥
2)

| + 𝐶 

tan 𝑥 =
2 tan (

𝑥
2)

1 − tan2 (
𝑥
2)

 

cos 𝑥 =
1 − tan2 (

𝑥
2)

1 + tan2 (
𝑥
2)

 

Hence 

ln |
1 + tan2 (

𝑥
2)

1 − tan2 (
𝑥
2)

+
2 tan (

𝑥
2)

1 − tan2 (
𝑥
2)

| + 𝐶 

= ln |
1

cos 𝑥
+ tan 𝑥| + 𝐶 

= ln|sec 𝑥 + tan 𝑥| + 𝐶 
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