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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

~ CambridgeMATHS =2

Solutions to Exercise 4F Foundation questions

1la
jxex dx
fuv’dx =uv —fu’vdx
Therefore
u=x7v =e*
u=1lLv=e
Hence
fxex dx
= xe* — f e*dx
=xe*—e*+C
=e*(x—1)+C
1b

fxe‘x dx

fuv’dxzuv—fu’vdx

Therefore

u =1v=—e*

Hence

f xe ¥ dx

= —xe‘x+fe‘x dx

=—xe *—e™*+(C

=—e*(x+1)+C
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1c

f(x + De3* dx

fuv’dx =uv —fu’vdx
Therefore
u=x+17v =e3

u =1v==e%

3

Hence

f(x + De3* dx

1 1
:§(x+ 1)e3x—§fe3xdx

1 1/1
=§(X+ 1)83x —§(§e3x) +C

1 1
=§(x+ 1)e3* —§e3x+C

1
=§e3x(3x+3—1)+C

1
= §e3x(3x+ 2)+C

1d

fxcosx dx

Juv’dx=uv—Ju’vdx

Therefore
u=x7v =cosx
u' =1,v=sinx

Hence

fxcosx dx
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Chapter 4 worked solutions — Integration

le

1f

= xsinx—fsinx dx

= xsinx — (—cosx) + C

=xsinx+cosx +C

f (x — 1) sin 2x dx

fuv’dx =uv —fu’vdx
Therefore
u=x—1,v" =sin2x

'=1,v=—=cos2
u v 2COSX

Hence

f(x— 1) sin 2x dx
1 1
= —E(x—l)c052x+zjc052xdx

1 1
= —E(x—l)c052x+zsin2x+6

f (2x — 3) sec®?x dx

Juv’dx =uv —Ju’vdx
Therefore

u=2x-3,v =sec’x
u' =2,v=tanx

Hence

J (2x — 3) sec®?x dx
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2a

2b

= (2x —3) tanx — f 2tanxdx

—sinx
dx

= (2x—3)tanx+2f
cos x

= (2x — 3)tanx + 2In|cosx| + C

T
f x sin x dx
0

fuv’dx=uv—fu’vdx

Therefore
u=x7v =sinx
u' =1,v=—cosx

Hence

T
f x sin x dx
0

s
=[—x cosx]’g+f cos x dx
0

= (—mcosm — 0) + [sinx]j
= + [sinx]§
=m+sinm —sin0

=T

T

2
f x cosx dx
0

Juv’dx=uv—Ju’vdx

Therefore

u=x7v =cosx
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u' =1,v=sinx

Hence

N

f X cos x dx
0

T
T =

=[x sinx]g—f sin x dx
0

T

T[ =
smi — 0 —[—cosx]2

T
)
=%—(—cos%+c050)
T
2

-1

2c

NE

f x sec? x dx
0

fuv’dxzuv—fu’vdx

Therefore
u=xv =sec’x
u' =1,v=tanx

Hence

NE!

f x sec? x dx
0

T

L 2
= [xtanx]? —f tan x dx
0

T

rtt T O+f2—sinxd
=—tan — — X
4 4 o COsXx

T

T T
=7 + [In]cos x[]2

= % + (ln (cos %) — In(cos O))
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1
f xe?* dx
0

fuv’dx=uv—fu’vdx

Therefore

=_e2__ er]
2¢ T202¢ ],
1 1,1 1
— 2 __(Z,2 _ =
—2¢ z(ze 2)
1 1 1
— _ 52 __,2 -
2¢ T1° %
1 1
= — 2-|——
4% g
1
_Z(€2+1)
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Ze
1
f (1—x)e ™™ dx
0

fuv’dx=uv—fu’vdx

Therefore

u=1—x,v =e™*

u =-1v=—e*

Hence

fl(l —x)e *dx
0

= [(1 = x)(—e~)]} - f e " dx
0

= [(x = De b = [~}
= 0— (—1) + [T}

=1l+e1-1

2f

0
f (x + 2)e*dx
-2

fuv’dxzuv—fu’vdx

Therefore
u=x+2v =e*
u =1,v=e*

Hence

0
J (x + 2)e* dx
-2
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= [(x + 2)e*]°, — joex dx
-2

=2—O—[ex]92
=2-(1-e7?)
=1+e?

3a
flnxdx
fuv’dx =uv —fu’vdx
Therefore
u=lx,v' =1
, 1
u =—,v=x
X
Hence
flnxdx
=xlnx — j 1dx
=xlnx—x+C
=x(Inx—-1)+C
3b
jln(xz) dx
juv’dx =uv —ju’vdx
Therefore

u=Inx?=2hx,v' =1

, 2

u =—,v=x
X
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Hence
f In(x?) dx

= xIn(x?) — f 2dx

=xIn(x?) —-2x+C
=2xlnx —2x+C
=2x(Inx—-1)+C

3c

f cos txdx

fuv’dx=uv—fu’vdx

Therefore

u=costx,v =1
, -1

u = V=X

V1 —x2

Hence

f cos Lxdx

—x
=xcos‘1x—f dx
V1 —x2

Letu =1—x?
du = —2x dx

Therefore

f cos txdx

=xcos‘1x——f dx
2) V1 —=x2

= x cos”~ x——f—du
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1
=xcos‘1x—§(2\/ﬂ)+6

=xcos ‘x—+Vu+C

=xcos tx—+41—-x2+4+C

4a

1
f tan~1 x dx
0

fuv’dxzuv—fu’vdx

Therefore
u=tanlx,v' =1
, 1
U =—,v=
1+ x2

Hence

1
f tan~1 x dx
0
1

X

1+x2dx

= [xtan"1x]} —f
0

=tan (1) -0 —ljl 2x dx
- 2J)y 1+x2

=%—%[ln|1+x2|]})
T 1

=Z—E(ln2—ln1)
T 1

=Z—Eln2
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e
f Inx dx
1

= [x(Inx — 1]} (using the result from question 3a)

4b

=e(lne—1)—(Unl1-1)
=e(1-1)—-(0-1)
=1

4c

e
f Invx dx
1

fuv’dx =uv —fu’vdx
Therefore

1
u=ln\/_=§lnx,v’ =1

flelnﬁdx

_ [xlnvz]j—fle%dx
-[gne], - 3]
=(3e-9)-(ze-3)

1

2
Alternatively:

1
Since Invx = Elnx
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e
f Invx dx
1

1 e
=§.[1 Inx dx

==-x1 (using the result from question 4b)

5a

fxlnxdx

fuv’dxzuv—fu’vdx

Therefore

u=Inx,v =x

fxlnxdx

_121 fld
=% Inx 5 xdx

1 1
— A2 _ a2
—zx Inx 4x +C

1
= ZxZ(ZInx— D+C

5b

flenxdx
fuv’dx=uv—fu’vdx

Therefore
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u=lnx,v = x?

1 1

[ — 3
u x,v 3x
Hence
flenxdx
1 1
=§x31nx—f§x2dx
1 1
— 31 _ .3
3x nx 9x +C

1
= §x3(31nx— 1)+ C

5c

Inx
~Z —dx

fuv’dxzuv—fu’vdx

Therefore

1
u=lnx,v =—

X2
, 1 1
u=—v=—--—
X X
Hence
Inx
=z —dx
1 1
= ——lnx—J(——z)dx
X X
1 1
=—=lnx——+C
X X

1
= —;(lnx+ H+C
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Solutions to Exercise 4F Development questions

6a
fxze" dx
fuv’dx =uv —fu’vdx
Therefore
u=x%v =e*
u =2x,v=e*
Hence
fxzex dx
= x%e* — f 2xe* dx
Considerf 2xe* dx,
u=2x7v =e*
u =2,v=e*
Hence
f 2xe* dx = 2xe* — f 2e* dx
Therefore
fxzexdx
= x%e* — 2xe* + f 2e* dx
= x%e* — 2xe* +2e* +C
6b

fxz cos x dx

fuv’dxzuv—fu’vdx
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Chapter 4 worked solutions — Integration

Therefore

— A2 I
u=x%v =cosx
u' =2x,v=sinx

Hence

fxzcosxdx
=xzsinx—f2xsinxdx

Consider f 2x sin x dx,

u=2x7v =sinx
u' =2,v=—cosx

Hence
J- 2xsinxdx = —2x cosx + f 2 cosx dx
Therefore

fxz cos x dx

= xzsinx+2xcosx—f2cosxdx

= x?sinx + 2xcosx — 2sinx + C

6cC
f(lnx)2 dx
juv’dx =uv—Ju’vdx

Therefore
u=(nx)%v' =1

2Inx
u' = V=X
X

Hence
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Chapter 4 worked solutions — Integration
f(ln x)? dx
=x(Inx)? — f 2Inxdx
=x(Inx)? — Zflnxdx

Consider f In x dx,
u=Inx,v' =1
, 1

u =—,v=x
X

Hence
flnxdx=xlnx—f1dx

Therefore
f (Inx)? dx

=x(Inx)? —2xInx + Zjldx

=x(Inx)?—2xInx +2x+C

7a Using integration by parts:
1
f x(x —1)%dx
0

fuv’dx:uv—fu’vdx

Therefore

u=xv =((x-1)°
= Lv=Z(- D
u=1lv=2(x

Hence

flx(x —1)>dx
0
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- [%(x— 1)6]2 —f:%(x— 1)6 dx

1 1
=0 |— —17]
[42(" |,
1
42

By substitution:

1
f x(x —1)°dx
0

Letu=x—-1
du = dx
x=u+1
x=1u=0
x=0u=-1

Hence

flx(x—l)s dx

0

= j_ol(u+ Du® du
=f_0(u6+u5)du
= [7u +-u ]_1

-Gon+ 07)- e+ ien)

N

1
7

1
42
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7b Using integration by parts:

1
fx\/x+1dx
0

fuv’dx=uv—fu’vdx

Therefore

u=xv =vx+1
2 3
u’=1,v=§(x+1)2

Hence

1
fx\/x+1dx
0

2 sit (12 3
=[—x(x+1)2] —f —(x+1)2dx

3 o Jy 3

51

2 3 4 5
= 5(2)2 - 1—5(x + 1)2]0

3

:ﬂ_(m\/ﬁ 4)

3 15 15

= _( )___

42 (4 4)

_20V2 16v2 -4
~ 15 15

_4\/§+4
15

4
=E(\/§+ 1)

By substitution:

1
Jx\/x+1dx
0

Letu=+vx+1
x=1,u=\/§

x=0u=1
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x=u’-1
dx = 2udu

Hence

1
fx\/x+1dx
0
V2
=.[ (u? — 1Du x 2u du
1

V2
=2f (u* —u?®) du
1

V2

1 1
=2|= 5__,,3

[5” 3%,

4 2 1 1
=2(3v2-3V2 -5 +3)
_82-2 42-2

5 3
_ 24V2-6-20vV2+10
B 15
42 +4
15

4
_E(ﬁ-l_l)

7c Using integration by parts:

4
f xV4 — xdx

0
fuv’dx =uv—Ju’vdx
Therefore
u=x,v =v4—x

2 3
u' =1v= —5(4—x)2

Hence
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4
f xV4 — x dx
0

2 31t (42 3
= [——x(4—x)2] +J —(4—X)2 dx
4

—0+ [——(4—x)2]

= 0~ (-7 (4~ %)
4 x 32

~ 15

128

5

By substitution:

4
f xV4 — xdx
0

Letu =vV4 —x
x=4u=0
x=0u=2
x=4-u?
dx = —2udu

Hence

4
fx\/4—xdx
0
0
=] (4—uPHux —2udu
2
2
=2f (4 —u®)u?du
0

2
= Zf (4u? —u*) du
0

4 1 _7?
=2|= 3_ 5]
[3“ 541,
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2 [4 8 ! 32]
=2[=x8—-=x
3 5
_ 128
~ 15
8a

f e* cosx dx

fuv’dxzuv—fu’vdx

Therefore

u=-e*v =cosx

u' =e* v=sinx
Hence
J- e* cosx dx

= exsinx—fexsinxdx

Considerf e”* sin x dx,

u=e*v =sinx

u =e*,v=—cosx

Hence

fex sinxdx = —e* cosx + f e* cosx dx
Therefore

fexcosxdx=exsinx+excosx—fexcosxdx

2 f e*cosxdx = e*sinx + e* cosx
Therefore

J e* cosx dx

© Cambridge University Press 2019 8
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e¥*sinx + e*cosx
2

8b

f e *sinxdx

fuv’dx=uv—fu’vdx

Therefore
u=e ¥ v =sinx

—-X

u =—e*v=-—cosx
Hence
fe‘x sin x dx

= —e‘xcosx—fe‘xcosxdx

Considerj e *cosxdx,

u=e*v =cosx
I

u = —e ¥ v=sinx

Hence

fe‘xcosxdx= e‘xsinx+fe‘xsinxdx

Therefore

f e *sinxdx = —e *cosx —e *sinx — f e *sinxdx
2 f e *sinxdx = —e *cosx —e *sinx

Therefore

f e *sinxdx

e *cosx+e *sinx
2
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9a

T

2,
e“* cosx dx
0

fuv’dx=uv—fu’vdx

Therefore
u=e* v =cosx
u' =2e%, v =sinx

Hence

i

J- e%* cos x dx
0

T
bis —

2X i 2 2 ox
= [e**sinx]; —2 | e**sinxdx
0

T

2
Considerf e?* sin x dx,
0

u=e?,v =sinx
u' =2e%,v=—cosx

Hence

s T

2 ox o 2 7 z 2
e*sinxdx =[—e“*cosx]; +2 | e**cosxdx
0

0

Therefore

s
5 s

2 =
f e®* cosx dx = [e** sinx]? — 2[—e** cos x]}
0

ST

s

2 T T
Sf e?* cosx dx = [e** sinx]Z — 2[—e** cos x]2

0

s
Z 1
J e?* cosx dx = g(e" -2(0-1))
0

_1 s 2
—g(e +2)
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_4f0

SIE]

er

cosx dx

10



3 ;01.“@“",

CambridgeMATHS == &

MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

9b

T

4
f e*sin 2x dx
0

fuv’dx=uv—fu’vdx

Therefore

u=e* v =sin2x

1
u' =e*,v=——=cos2x
2
Hence
T
‘L
e* sin 2x dx
0

T

1 T 1(z
= [—ex—cos ZX] +—f e* cos 2x dx
2 0 2 0

T

Z
Considerf e* cos 2x dx,
0

u=e* v =cos2x
! X 1 :
u' =e*,v==sin2x
2
Hence
T s 14
2 1

4 1 4
f e*cos2xdx = [ex—sin Zx] ——f e*sin 2x dx
0 2 o 2Jg

Therefore
E T

4 1 1=
f exsiandx—[ e —cost] [e —sm2x] _Zf e*sin 2x dx
0 0
)

T
4

f e*sin2x dx =
0

2

T
4

NE

Z

1 1 1
e*sin2x dx = [—ex Ecos Zx] + 2 [exzsin Zx]

o

0

(0-3)+4{e)-0)

_4(1+1 Z)
“5\272°

0

Uil
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V3

2
sin~ x dx
0

fuv’dxzuv—fu’vdx

Therefore

u=sin"lx,v =1

2 3 0
_m3. 1,
6 2
m 3 1
6 2
3m 343
“6v3 6V3
3m —3V3
T 63
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1
- (n—-+3
75\ )
10b
V3
2 1 d
f_ECOS xXax
2

fuv’dx=uv—fu’vdx

Therefore
u=cos tx,v =1
-1
Vi—x2’

Hence

u' =

v=X

R
_ 1,12 _
= [x cos x]_ﬁ f_ﬁ 1_xzdx
2 z "

V3 @ V3 5m \/2—5
= (= K\ G [1 _ 2
_<2X6> ( 2><6) [1 x]_ﬁ
n\/_ 513 1+1

12 12 2 2
_67r\/§
T2
" y3
)
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10c
1
f 4xtan~ ' x dx
0

fuv’dx=uv—fu’vdx

Therefore

u=tan lx,v' =4x

Hence

1
f 4xtan~ 1 x dx
0

1 x2

dx

= [2x?tan"1x]} — Zj; e

m 2f1x2+1_1d
B . x2+1

=z zf11 L 4
27 %), T e

s
=5- 2[x —tan"1 x]}

5-2(-

=l 242
2 2

=n1—2

11a

T
f x? cos 2x dx
0

Juv’dx=uv—ju’vdx

Therefore

u=x?v =cos2x

© Cambridge University Press 2019 14
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u =2x,v= Esin 2x
Hence
Vs
f x? cos 2x dx
0
1 T T
= [xz —sin Zx] - J x sin 2x dx
2 o Jo

T

Considerf x sin 2x dx,
0

u=x,v =sin2x

!

=1,v=—=cos2
u v 5 C0S 2X

Hence

A

T 1 1 T
J- xsin2xdx = [—x—cos Zx] + —f cos 2x dx
0 2 o 2Jg

Therefore

T
f x? cos 2x dx
0

1 T A

) 1 11"
= [x2 —sin Zx] — [—x— cos 2x] — —f cos 2x dx
2 0 2 o 2J,

T s v

= [t gsin2a]  [re0s2e] - 7[n 2
—XZSll’l XO XZCOS XO 22SlI'l xo

11b

T 5 1
J x“sin=xdx
0 2

fuv’dx=uv—fu’vdx

Therefore

© Cambridge University Press 2019 15
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2 0 1
u=x%v =sin-x
2
, 1
u =2x,v=—2cos§x

Hence

T 5 1
f x“sin—xdx
0 2

A

171" 1
= [—sz cos—x] +4f X cos—x dx
2 1y 0 2

A

Consider f X cos = x dx,
0 2

1
u=x7v = cosix

1
’:1, :2 in—
u v smzx

Hence

T 1 171" L |
grdr=[2xsingx| —2[ singxd
foxcoszxx xsmzx0 0smzxx

Therefore

T 1
f x? sin=x dx
0 2

1 1" 11" T 1
= [—Zx2 cos—x] +4 [Zx sin—x] -2 f sin=x dx
2”1, 2%, 7)), 22

A

1
=04+8r—8 —2cos—x]

2 1
T

1
=8mr+ 16 [cos—x]
2 1

=8+ 16(—1)
=8m—16
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11c

e
f sin(ln x) dx
1

fuv’dx=uv—fu’vdx

Therefore
u =sin(lnx),v' =1

_ cos(Inx)

J

X

Hence

e
f sin(ln x) dx
1

= [xsin(Inx)]§ — fecos(ln x)dx

e

Considerf cos(Inx) dx,

1
u=cos(lnx),v =1

—sin(ln x) B

)
X

!

Hence

e e
f cos(Inx) dx = [x cos(Inx)]§ + J sin(Inx) dx
1 1

Therefore
e e
f sin(Inx) dx = [xsin(Inx)]{ — [x cos(Inx)]§ — J sin(ln x) dx
1 1
e
2 J sin(Inx) dx = [xsin(Inx)]{ — [x cos(Inx)]§
1
e
J sin(Inx) dx
1
1
=3 ([x sin(Inx)]¢ — [x cos(Inx)]$)
1
=§(esin1—0—ecosl+ 1)
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= e(sin1 - cos1) +
—ZBSID Ccos >

11d

e
f cos(lnx) dx
1

fuv’dx=uv—fu’vdx

Therefore
u=cos(lnx),v' =1

—sin(ln x) B

)
X

Hence

e
f cos(Inx) dx
1

e
= [x cos(Inx)]§ + f sin(In x) dx
1
e

Considerf sin(In x) dx,

1
u =sin(lnx),v' =1

cos(Iln x) B

)
X

Hence

fesin(ln x)dx = [xsin(Inx)]§ — Jecos(ln x) dx
1 1

Therefore

Jecos(ln x)dx =[x cos(Inx)]f + [x sin(Inx)]{ — Jecos(ln x) dx
1 1
2 Jecos(ln x)dx =[x cos(Inx)]§ + [xsin(Inx)]

1

e
J cos(lnx) dx
1
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= %([x cos(Inx)]§ + [x sin(In x)]$)

1
=§(ecosl—1+esin1)

_1 (cos1+sin1) -
=5e(cos1+sin >

12a
fxlnxdx
fuv’dxzuv—fu’vdx
Therefore
u=Inx,v =x
1 1

r_ — 2
u x,v 2x
Hence
fxlnxdx
IR
—Zx nx > x dx

1 1/1
— 21 Y

zx nx 2(zx)+C

1 1
=Ex21nx—ZxZ+C

12b

fx(lnx)zdx
fuv’dx=uv—fu’vdx
Therefore

u=(nx)%v =x
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ok

- CambridgeMATHS == %

Chapter 4 worked solutions — Integration

2lnx 1
u' = V==X
X 2

Hence

f x(Inx)? dx

1
= Exz(lnx)2 —fxlnxdx

1 1 1
= Exz(lnx)2 —Exz Inx +sz +C

13a

f x sin x cos x dx
0

T

12
= —f x sin 2x dx

2 Jy
fuv’dx =uv —fu’vdx
Therefore

u=x,v =sin2x

'=1v=—= 2
u v 2cos X
Hence

T
112
—f x sin 2x dx
2 Jy

3 T

_1[1 2]7+1J7 2% d
=3 2xcosxO 20cosxx
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13b
T
2

f x sin? x dx
0

2
= X
0

12
=—f (x — x cos 2x) dx
2 0

1
(E (1 —cos 2x)> dx

s A
1f7d 1J’7 9% d
—zoxx 20xcosxx
A
1,7 1(2
=Z[x ]O—EJ;XCOSZXdX
_n? lff e d
=1g 7| Xcos2xdx

J-uv’dx=uv—fu’vdx

Therefore

u=x7v =cos2x

u' =1,v =—=sin2x
2

Hence

T

2

X cos 2x dx
0
A T

[1 _2]7 1J7_2d
—zxsmx0 20smxx

T

—0 1[ 1 2]7
= > 2Cos x0

1 n
=Z[c052x](2)

1
=-(-1-1

4( )
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Therefore

i

f x sin? x dx
0

LAY L
) 0xcos x dx
2 1/ 1
_E_E(_E)
=1

16 4

1
=E(TE +4)

T
f4xtan2xdx

0

n

4
= j x(sec?x — 1) dx
0

7
=j (xsec? x —x) dx
0

T T

2 1 4
= j xsec? xdx — [—xz]
0 2 1o

L 2

_j4 d T
= i x sec? x dx 37
fuv’dx=uv—fu’vdx

Therefore
u=x1v =sec’x
u' =1,v=tanx

Hence

© Cambridge University Press 2019
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13d

A

4 2
x sec” x dx
0

T

E 2
= [xtanx]] —f tan x dx
0

T s
_ 4 4
= [xtanx]? + [In|cos x|]}

i o+1(1) 0
= — — nl—J]—
4 V2

m 1 In2
—32 2"
Therefore

T
f x?(cos? x — sin? x) dx
0
s
= f x2 cos 2x dx
0

fuv’dx = uv—fu’vdx
Therefore
u=x?v =cos2x

u' = 2x,v = =sin2x
2
Hence

T
J x? cos 2x dx
0

1 T
= [—xz sin Zx]
2 0

© Cambridge University Press 2019
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T

Considerf x sin 2x dx,
0

u=x,v =sin2x

'=1,v=—=cos2
u 4 2COSJC

Hence

A

Vs 1 1 VA
f xsin2xdx = [—Ex cos Zx] + —f cos 2x dx
0 0

o 2
Therefore
T
foCOSZxdx
0
1 T T
=[—xzsin2x] —f x sin 2x dx
2 o Jo
1 s 1 V3
=O—[——xcost] ——f cos 2x dx
2 o 2Jy
_1[ 5 ]n 1[1 - ]n
= 5 [x cos 2x]§ — = |=sin x0
“l—0)-o0
=>@-0)
m
2
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