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Solutions to Exercise 4F Foundation questions 

1a  

∫ 𝑥𝑒𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = 𝑒𝑥 

𝑢′ = 1, 𝑣 = 𝑒𝑥 

Hence 

∫ 𝑥𝑒𝑥 𝑑𝑥 

= 𝑥𝑒𝑥 − ∫ 𝑒𝑥 𝑑𝑥 

= 𝑥𝑒𝑥 − 𝑒𝑥 + 𝐶 

= 𝑒𝑥(𝑥 − 1) + 𝐶 

 

1b 

∫ 𝑥𝑒−𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = 𝑒−𝑥 

𝑢′ = 1, 𝑣 = −𝑒−𝑥 

Hence 

∫ 𝑥𝑒−𝑥 𝑑𝑥 

= −𝑥𝑒−𝑥 + ∫ 𝑒−𝑥 𝑑𝑥 

= −𝑥𝑒−𝑥 − 𝑒−𝑥 + 𝐶 

= −𝑒−𝑥(𝑥 + 1) + 𝐶 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  2 
 

1c 

∫(𝑥 + 1)𝑒3𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥 + 1, 𝑣′ = 𝑒3𝑥 

𝑢′ = 1, 𝑣 =
1

3
𝑒3𝑥 

Hence 

∫(𝑥 + 1)𝑒3𝑥 𝑑𝑥 

=
1

3
(𝑥 + 1)𝑒3𝑥 −

1

3
∫ 𝑒3𝑥 𝑑𝑥 

=
1

3
(𝑥 + 1)𝑒3𝑥 −

1

3
(

1

3
𝑒3𝑥) + 𝐶 

=
1

3
(𝑥 + 1)𝑒3𝑥 −

1

9
𝑒3𝑥 + 𝐶 

=
1

9
𝑒3𝑥(3𝑥 + 3 − 1) + 𝐶 

=
1

9
𝑒3𝑥(3𝑥 + 2) + 𝐶 

 

1d 

∫ 𝑥 cos 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = cos 𝑥 

𝑢′ = 1, 𝑣 = sin 𝑥 

Hence 

∫ 𝑥 cos 𝑥 𝑑𝑥 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  3 
 

= 𝑥 sin 𝑥 − ∫ sin 𝑥 𝑑𝑥 

= 𝑥 sin 𝑥 − (− cos 𝑥) + 𝐶 

= 𝑥 sin 𝑥 + cos 𝑥 + 𝐶 

 

1e 

∫ (𝑥 − 1) sin 2𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥 − 1, 𝑣′ = sin 2𝑥 

𝑢′ = 1, 𝑣 = −
1

2
cos 2𝑥 

Hence 

∫ (𝑥 − 1) sin 2𝑥 𝑑𝑥 

= −
1

2
(𝑥 − 1) cos 2𝑥 +

1

2
∫ cos 2𝑥 𝑑𝑥 

= −
1

2
(𝑥 − 1) cos 2𝑥 +

1

4
sin 2𝑥 + 𝐶 

 

1f 

∫ (2𝑥 − 3) sec2 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 2𝑥 − 3, 𝑣′ = sec2 𝑥 

𝑢′ = 2, 𝑣 = tan 𝑥 

Hence 

∫ (2𝑥 − 3) sec2 𝑥 𝑑𝑥 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  4 
 

= (2𝑥 − 3) tan 𝑥 − ∫ 2 tan 𝑥 𝑑𝑥 

= (2𝑥 − 3) tan 𝑥 + 2 ∫
−sin 𝑥

cos 𝑥
𝑑𝑥 

= (2𝑥 − 3) tan 𝑥 + 2 ln|cos 𝑥| + 𝐶 

 

2a  

∫ 𝑥 sin 𝑥
𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = sin 𝑥 

𝑢′ = 1, 𝑣 = − cos 𝑥 

Hence 

∫ 𝑥 sin 𝑥
𝜋

0

𝑑𝑥 

= [−𝑥 cos 𝑥]0
𝜋 + ∫ cos 𝑥

𝜋

0

𝑑𝑥 

= (−𝜋 cos 𝜋 − 0) + [sin 𝑥]0
𝜋 

= 𝜋 + [sin 𝑥]0
𝜋 

= 𝜋 + sin 𝜋 − sin 0 

= 𝜋 

 

2b  

∫ 𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = cos 𝑥 
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𝑢′ = 1, 𝑣 = sin 𝑥 

Hence 

∫ 𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

= [𝑥 sin 𝑥]
0

𝜋
2 − ∫ sin 𝑥

𝜋
2

0

𝑑𝑥 

=
𝜋

2
sin

𝜋

2
− 0 − [− cos 𝑥]

0

𝜋
2  

=
𝜋

2
− (− cos

𝜋

2
+ cos 0) 

=
𝜋

2
− 1 

 

2c  

∫ 𝑥 sec2 𝑥

𝜋
4

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = sec2 𝑥 

𝑢′ = 1, 𝑣 = tan 𝑥 

Hence 

∫ 𝑥 sec2 𝑥

𝜋
4

0

𝑑𝑥 

= [𝑥 tan 𝑥]
0

𝜋
4 − ∫ tan 𝑥

𝜋
4

0

𝑑𝑥 

=
𝜋

4
tan 

𝜋

4
− 0 + ∫

−sin 𝑥

cos 𝑥

𝜋
4

0

𝑑𝑥 

=
𝜋

4
+ [ln|cos 𝑥|]

0

𝜋
4  

=
𝜋

4
+ (ln (cos

𝜋

4
) − ln(cos 0)) 
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=
𝜋

4
+ (ln (

1

√2
) − ln 1) 

=
𝜋

4
+ (−

1

2
ln 2 − 0) 

=
𝜋

4
−

1

2
ln 2 

 

2d  

∫ 𝑥 𝑒2𝑥
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = 𝑒2𝑥 

𝑢′ = 1, 𝑣 =
1

2
𝑒2𝑥 

Hence 

∫ 𝑥 𝑒2𝑥
1

0

𝑑𝑥 

= [
1

2
𝑥𝑒2𝑥]

0

1

−
1

2
∫ 𝑒2𝑥

1

0

𝑑𝑥 

=
1

2
𝑒2 −

1

2
[
1

2
𝑒2𝑥]

0

1

 

=
1

2
𝑒2 −

1

2
(

1

2
𝑒2 −

1

2
) 

=
1

2
𝑒2 −

1

4
𝑒2 +

1

4
 

=
1

4
𝑒2 +

1

4
 

=
1

4
(𝑒2 + 1) 
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2e  

∫ (1 − 𝑥)𝑒−𝑥
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 1 − 𝑥, 𝑣′ = 𝑒−𝑥 

𝑢′ = −1, 𝑣 = −𝑒−𝑥 

Hence 

∫ (1 − 𝑥)𝑒−𝑥
1

0

𝑑𝑥 

= [(1 − 𝑥)(−𝑒−𝑥)]0
1 − ∫ 𝑒−𝑥

1

0

𝑑𝑥 

= [(𝑥 − 1)𝑒−𝑥]0
1 − [−𝑒−𝑥]0

1 

= 0 − (−1) + [𝑒−𝑥]0
1 

= 1 + 𝑒−1 − 1 

=
1

𝑒
 

 

2f  

∫ (𝑥 + 2)𝑒𝑥
0

−2

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥 + 2, 𝑣′ = 𝑒𝑥 

𝑢′ = 1, 𝑣 = 𝑒𝑥 

Hence 

∫ (𝑥 + 2)𝑒𝑥
0

−2

𝑑𝑥 
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= [(𝑥 + 2)𝑒𝑥]−2
0 − ∫ 𝑒𝑥

0

−2

𝑑𝑥 

= 2 − 0 − [𝑒𝑥]−2
0  

= 2 − (1 − 𝑒−2) 

= 1 + 𝑒−2 

 

3a  

∫ ln 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = ln 𝑥 , 𝑣′ = 1 

𝑢′ =
1

𝑥
, 𝑣 = 𝑥 

Hence 

∫ ln 𝑥 𝑑𝑥 

= 𝑥 ln 𝑥 − ∫ 1 𝑑𝑥 

= 𝑥 ln 𝑥 − 𝑥 + 𝐶 

= 𝑥(ln 𝑥 − 1) + 𝐶 

 

3b  

∫ ln(𝑥2) 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = ln(𝑥2) = 2 ln 𝑥 , 𝑣′ = 1 

𝑢′ =
2

𝑥
, 𝑣 = 𝑥 
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Hence 

∫ ln(𝑥2) 𝑑𝑥 

= 𝑥 ln(𝑥2) − ∫ 2 𝑑𝑥 

= 𝑥 ln(𝑥2) − 2𝑥 + 𝐶 

= 2𝑥 ln 𝑥 − 2𝑥 + 𝐶 

= 2𝑥(ln 𝑥 − 1) + 𝐶 

 

3c  

∫ cos−1 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = cos−1 𝑥 , 𝑣′ = 1 

𝑢′ =
−1

√1 − 𝑥2
, 𝑣 = 𝑥 

Hence 

∫ cos−1 𝑥 𝑑𝑥 

= 𝑥 cos−1 𝑥 − ∫
−𝑥

√1 − 𝑥2
𝑑𝑥 

Let 𝑢 = 1 − 𝑥2 

𝑑𝑢 = −2𝑥 𝑑𝑥 

Therefore 

∫ cos−1 𝑥 𝑑𝑥 

= 𝑥 cos−1 𝑥 −
1

2
∫

−2𝑥

√1 − 𝑥2
𝑑𝑥 

= 𝑥 cos−1 𝑥 −
1

2
∫

1

√𝑢
𝑑𝑢 
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= 𝑥 cos−1 𝑥 −
1

2
(2√𝑢) + 𝐶 

= 𝑥 cos−1 𝑥 − √𝑢 + 𝐶 

= 𝑥 cos−1 𝑥 − √1 − 𝑥2 + 𝐶 

 

4a  

∫ tan−1 𝑥
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = tan−1 𝑥 , 𝑣′ = 1 

𝑢′ =
1

1 + 𝑥2
, 𝑣 = 𝑥 

Hence 

∫ tan−1 𝑥
1

0

𝑑𝑥 

= [𝑥 tan−1 𝑥]0
1 − ∫

𝑥

1 + 𝑥2

1

0

𝑑𝑥 

= tan−1(1) − 0 −
1

2
∫

2𝑥

1 + 𝑥2

1

0

𝑑𝑥 

=
𝜋

4
−

1

2
[ln|1 + 𝑥2|]0

1 

=
𝜋

4
−

1

2
(ln 2 − ln 1) 

=
𝜋

4
−

1

2
ln 2 
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4b  

∫ ln 𝑥
𝑒

1

𝑑𝑥 

= [𝑥(ln 𝑥 − 1)]1
𝑒                  (using the result from question 3a) 

= 𝑒(ln 𝑒 − 1) − (ln 1 − 1) 

= 𝑒(1 − 1) − (0 − 1) 

= 1 

 

4c  

∫ ln √𝑥
𝑒

1

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = ln √𝑥 =
1

2
ln 𝑥 , 𝑣′ = 1 

𝑢′ =
1

2𝑥
, 𝑣 = 𝑥 

Hence 

∫ ln √𝑥
𝑒

1

𝑑𝑥 

= [𝑥 ln √𝑥]
1

𝑒
− ∫

1

2

𝑒

1

𝑑𝑥 

= [
1

2
𝑥 ln 𝑥]

1

𝑒

− [
1

2
𝑥]

1

𝑒

 

= (
1

2
𝑒 − 0) − (

1

2
𝑒 −

1

2
) 

=
1

2
 

Alternatively: 

Since ln √𝑥 =
1

2
ln 𝑥 
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∫ ln √𝑥
𝑒

1

𝑑𝑥 

=
1

2
∫ ln 𝑥

𝑒

1

𝑑𝑥 

=
1

2
× 1                 (using the result from question 4b)                     

=
1

2
 

  

5a  

∫ 𝑥 ln 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = ln 𝑥 , 𝑣′ = 𝑥 

𝑢′ =
1

𝑥
, 𝑣 =

1

2
𝑥2 

Hence 

∫ 𝑥 ln 𝑥 𝑑𝑥 

=
1

2
𝑥2 ln 𝑥 − ∫

1

2
𝑥 𝑑𝑥 

=
1

2
𝑥2 ln 𝑥 −

1

4
𝑥2 + 𝐶 

=
1

4
𝑥2(2 ln 𝑥 − 1) + 𝐶 

 

5b  

∫ 𝑥2 ln 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 
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𝑢 = ln 𝑥 , 𝑣′ = 𝑥2 

𝑢′ =
1

𝑥
, 𝑣 =

1

3
𝑥3 

Hence 

∫ 𝑥2 ln 𝑥 𝑑𝑥 

=
1

3
𝑥3 ln 𝑥 − ∫

1

3
𝑥2 𝑑𝑥 

=
1

3
𝑥3 ln 𝑥 −

1

9
𝑥3 + 𝐶 

=
1

9
𝑥3(3 ln 𝑥 − 1) + 𝐶 

 

5c  

∫
ln 𝑥

𝑥2
𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = ln 𝑥 , 𝑣′ =
1

𝑥2
 

𝑢′ =
1

𝑥
, 𝑣 = −

1

𝑥
 

Hence 

∫
ln 𝑥

𝑥2
𝑑𝑥 

= −
1

𝑥
ln 𝑥 − ∫ (−

1

𝑥2
) 𝑑𝑥 

= −
1

𝑥
ln 𝑥 −

1

𝑥
+ 𝐶 

= −
1

𝑥
(ln 𝑥 + 1) + 𝐶 
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Solutions to Exercise 4F Development questions 

6a  

∫ 𝑥2𝑒𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥2, 𝑣′ = 𝑒𝑥 

𝑢′ = 2𝑥, 𝑣 = 𝑒𝑥 

Hence 

∫ 𝑥2𝑒𝑥 𝑑𝑥 

= 𝑥2𝑒𝑥 − ∫ 2𝑥𝑒𝑥 𝑑𝑥 

Consider ∫ 2𝑥𝑒𝑥 𝑑𝑥, 

𝑢 = 2𝑥, 𝑣′ = 𝑒𝑥 

𝑢′ = 2, 𝑣 = 𝑒𝑥 

Hence 

∫ 2𝑥𝑒𝑥 𝑑𝑥 = 2𝑥𝑒𝑥 − ∫ 2𝑒𝑥 𝑑𝑥 

Therefore 

∫ 𝑥2𝑒𝑥 𝑑𝑥 

= 𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 + ∫ 2𝑒𝑥 𝑑𝑥 

= 𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 + 2𝑒𝑥 + 𝐶 

 

6b  

∫ 𝑥2 cos 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 
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Therefore 

𝑢 = 𝑥2, 𝑣′ = cos 𝑥 

𝑢′ = 2𝑥, 𝑣 = sin 𝑥 

Hence 

∫ 𝑥2 cos 𝑥 𝑑𝑥 

= 𝑥2 sin 𝑥 − ∫ 2𝑥 sin 𝑥 𝑑𝑥 

Consider ∫ 2𝑥 sin 𝑥 𝑑𝑥, 

𝑢 = 2𝑥, 𝑣′ = sin 𝑥 

𝑢′ = 2, 𝑣 = − cos 𝑥 

Hence 

∫ 2𝑥 sin 𝑥 𝑑𝑥 = −2𝑥 cos 𝑥 + ∫ 2 cos 𝑥 𝑑𝑥 

Therefore 

∫ 𝑥2 cos 𝑥 𝑑𝑥 

= 𝑥2 sin 𝑥 + 2𝑥 cos 𝑥 − ∫ 2 cos 𝑥 𝑑𝑥 

= 𝑥2 sin 𝑥 + 2𝑥 cos 𝑥 − 2 sin 𝑥 + 𝐶 

 

6c  

∫(ln 𝑥)2 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = (ln 𝑥)2, 𝑣′ = 1 

𝑢′ =
2 ln 𝑥

𝑥
, 𝑣 = 𝑥 

Hence 
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∫(ln 𝑥)2 𝑑𝑥 

= 𝑥(ln 𝑥)2 − ∫ 2 ln 𝑥 𝑑𝑥 

= 𝑥(ln 𝑥)2 − 2 ∫ ln 𝑥 𝑑𝑥 

Consider ∫ ln 𝑥 𝑑𝑥, 

𝑢 = ln 𝑥 , 𝑣′ = 1 

𝑢′ =
1

𝑥
, 𝑣 = 𝑥 

Hence 

∫ ln 𝑥 𝑑𝑥 = 𝑥 ln 𝑥 − ∫ 1 𝑑𝑥 

Therefore 

∫(ln 𝑥)2 𝑑𝑥 

= 𝑥(ln 𝑥)2 − 2𝑥 ln 𝑥 + 2 ∫ 1 𝑑𝑥 

= 𝑥(ln 𝑥)2 − 2𝑥 ln 𝑥 + 2𝑥 + 𝐶 

 

7a Using integration by parts: 

∫ 𝑥(𝑥 − 1)5
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = (𝑥 − 1)5 

𝑢′ = 1, 𝑣 =
1

6
(𝑥 − 1)6 

Hence 

∫ 𝑥(𝑥 − 1)5
1

0

𝑑𝑥 
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= [
𝑥

6
(𝑥 − 1)6]

0

1

− ∫
1

6
(𝑥 − 1)6

1

0

𝑑𝑥 

= 0 − [
1

42
(𝑥 − 1)7]

0

1

 

= −
1

42
 

By substitution: 

∫ 𝑥(𝑥 − 1)5
1

0

𝑑𝑥 

Let 𝑢 = 𝑥 − 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 + 1 

𝑥 = 1, 𝑢 = 0 

𝑥 = 0, 𝑢 = −1 

Hence 

∫ 𝑥(𝑥 − 1)5
1

0

𝑑𝑥 

= ∫ (𝑢 + 1)𝑢5
0

−1

𝑑𝑢 

= ∫ (𝑢6 + 𝑢5)
0

−1

𝑑𝑢 

= [
1

7
𝑢7 +

1

6
𝑢6]

−1

0

 

= (
1

7
(0)7 +

1

6
(0)6) − (

1

7
(−1)7 +

1

6
(−1)6) 

=
1

7
−

1

6
 

= −
1

42
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7b Using integration by parts: 

∫ 𝑥√𝑥 + 1
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = √𝑥 + 1 

𝑢′ = 1, 𝑣 =
2

3
(𝑥 + 1)

3
2 

Hence 

∫ 𝑥√𝑥 + 1
1

0

𝑑𝑥 

= [
2

3
𝑥(𝑥 + 1)

3
2]

0

1

− ∫
2

3
(𝑥 + 1)

3
2

1

0

𝑑𝑥 

=
2

3
(2)

3
2 − [

4

15
(𝑥 + 1)

5
2]

0

1

 

=
4√2

3
− (

4

15
(2)

5
2 −

4

15
) 

=
4√2

3
− (

16√2

15
−

4

15
) 

=
20√2

15
−

16√2 − 4

15
 

=
4√2 + 4

15
 

=
4

15
(√2 + 1) 

By substitution: 

∫ 𝑥√𝑥 + 1
1

0

𝑑𝑥 

Let 𝑢 = √𝑥 + 1 

𝑥 = 1, 𝑢 = √2 

𝑥 = 0, 𝑢 = 1 
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𝑥 = 𝑢2 − 1 

𝑑𝑥 =  2𝑢 𝑑𝑢 

Hence 

∫ 𝑥√𝑥 + 1
1

0

𝑑𝑥 

= ∫ (𝑢2 − 1)𝑢
√2

1

× 2𝑢 𝑑𝑢 

= 2 ∫ (𝑢4 − 𝑢2)
√2

1

𝑑𝑢 

= 2 [
1

5
𝑢5 −

1

3
𝑢3]

1

√2

 

= 2 (
4

5
√2 −

2

3
√2 −

1

5
+

1

3
) 

=
8√2 − 2

5
−

4√2 − 2

3
 

=
24√2 − 6 − 20√2 + 10

15
 

=
4√2 + 4

15
 

=
4

15
(√2 + 1) 

 

7c Using integration by parts: 

∫ 𝑥√4 − 𝑥
4

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = √4 − 𝑥 

𝑢′ = 1, 𝑣 = −
2

3
(4 − 𝑥)

3
2 

Hence 
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∫ 𝑥√4 − 𝑥
4

0

𝑑𝑥 

= [−
2

3
𝑥(4 − 𝑥)

3
2]

0

4

+ ∫
2

3
(4 − 𝑥)

3
2

4

0

𝑑𝑥 

= 0 + [−
4

15
(4 − 𝑥)

5
2]

0

4

 

= (0) − (−
4

15
(4 − 0)

5
2) 

=
4 × 32

15
 

=
128

15
 

By substitution: 

∫ 𝑥√4 − 𝑥
4

0

𝑑𝑥 

Let 𝑢 = √4 − 𝑥 

𝑥 = 4, 𝑢 = 0 

𝑥 = 0, 𝑢 = 2 

𝑥 = 4 − 𝑢2 

𝑑𝑥 = −2𝑢 𝑑𝑢 

Hence 

∫ 𝑥√4 − 𝑥
4

0

𝑑𝑥 

= ∫ (4 − 𝑢2)𝑢 × −2𝑢
0

2

𝑑𝑢 

= 2 ∫ (4 − 𝑢2)𝑢2
2

0

𝑑𝑢 

= 2 ∫ (4𝑢2 − 𝑢4)
2

0

𝑑𝑢 

= 2 [
4

3
𝑢3 −

1

5
𝑢5]

0

2
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= 2 [
4

3
× 8 −

1

5
× 32] 

=
128

15
 

 

8a  

∫ 𝑒𝑥 cos 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑒𝑥, 𝑣′ = cos 𝑥 

𝑢′ = 𝑒𝑥, 𝑣 = sin 𝑥 

Hence 

∫ 𝑒𝑥 cos 𝑥 𝑑𝑥 

= 𝑒𝑥 sin 𝑥 − ∫ 𝑒𝑥 sin 𝑥 𝑑𝑥 

Consider ∫ 𝑒𝑥 sin 𝑥 𝑑𝑥, 

𝑢 = 𝑒𝑥, 𝑣′ = sin 𝑥 

𝑢′ = 𝑒𝑥, 𝑣 = − cos 𝑥 

Hence 

∫ 𝑒𝑥 sin 𝑥 𝑑𝑥 = −𝑒𝑥 cos 𝑥 + ∫ 𝑒𝑥 cos 𝑥 𝑑𝑥 

Therefore 

∫ 𝑒𝑥 cos 𝑥 𝑑𝑥 = 𝑒𝑥 sin 𝑥 + 𝑒𝑥 cos 𝑥 − ∫ 𝑒𝑥 cos 𝑥 𝑑𝑥 

2 ∫ 𝑒𝑥 cos 𝑥 𝑑𝑥 = 𝑒𝑥 sin 𝑥 + 𝑒𝑥 cos 𝑥 

Therefore 

∫ 𝑒𝑥 cos 𝑥 𝑑𝑥 
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=
𝑒𝑥 sin 𝑥 + 𝑒𝑥 cos 𝑥

2
+ 𝐶 

 

8b  

∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑒−𝑥, 𝑣′ = sin 𝑥 

𝑢′ = −𝑒−𝑥, 𝑣 = − cos 𝑥 

Hence 

∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥 

= −𝑒−𝑥 cos 𝑥 − ∫ 𝑒−𝑥 cos 𝑥 𝑑𝑥 

Consider ∫ 𝑒−𝑥 cos 𝑥 𝑑𝑥, 

𝑢 = 𝑒−𝑥, 𝑣′ = cos 𝑥 

𝑢′ = −𝑒−𝑥, 𝑣 = sin 𝑥 

Hence 

∫ 𝑒−𝑥 cos 𝑥 𝑑𝑥 = 𝑒−𝑥 sin 𝑥 + ∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥 

Therefore 

∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥 = −𝑒−𝑥 cos 𝑥 − 𝑒−𝑥 sin 𝑥 − ∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥 

2 ∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥 = −𝑒−𝑥 cos 𝑥 − 𝑒−𝑥 sin 𝑥 

Therefore 

∫ 𝑒−𝑥 sin 𝑥 𝑑𝑥 

= −
𝑒−𝑥 cos 𝑥 + 𝑒−𝑥 sin 𝑥

2
+ 𝐶 
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9a  

∫ 𝑒2𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑒2𝑥, 𝑣′ = cos 𝑥 

𝑢′ = 2𝑒2𝑥, 𝑣 = sin 𝑥 

Hence 

∫ 𝑒2𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

= [𝑒2𝑥 sin 𝑥]
0

𝜋
2 − 2 ∫ 𝑒2𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥 

Consider ∫ 𝑒2𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥, 

𝑢 = 𝑒2𝑥, 𝑣′ = sin 𝑥 

𝑢′ = 2𝑒2𝑥, 𝑣 = −cos 𝑥 

Hence 

∫ 𝑒2𝑥 sin 𝑥

𝜋
2

0

𝑑𝑥 = [−𝑒2𝑥 cos 𝑥]
0

𝜋
2 + 2 ∫ 𝑒2𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

Therefore 

∫ 𝑒2𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 = [𝑒2𝑥 sin 𝑥]
0

𝜋
2 − 2[−𝑒2𝑥 cos 𝑥]

0

𝜋
2 − 4 ∫ 𝑒2𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

5 ∫ 𝑒2𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 = [𝑒2𝑥 sin 𝑥]
0

𝜋
2 − 2[−𝑒2𝑥 cos 𝑥]

0

𝜋
2  

∫ 𝑒2𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 =
1

5
(𝑒𝜋 − 2(0 − 1)) 

                              =
1

5
(𝑒𝜋 + 2) 
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9b  

∫ 𝑒𝑥 sin 2𝑥

𝜋
4

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑒𝑥, 𝑣′ = sin 2𝑥 

𝑢′ = 𝑒𝑥, 𝑣 = −
1

2
cos 2𝑥 

Hence 

∫ 𝑒𝑥 sin 2𝑥

𝜋
4

0

𝑑𝑥 

= [−𝑒𝑥
1

2
cos 2𝑥]

0

𝜋
4

+
1

2
∫ 𝑒𝑥 cos 2𝑥

𝜋
4

0

𝑑𝑥 

Consider ∫ 𝑒𝑥 cos 2𝑥

𝜋
4

0

𝑑𝑥, 

𝑢 = 𝑒𝑥, 𝑣′ = cos 2𝑥 

𝑢′ = 𝑒𝑥, 𝑣 =
1

2
sin 2𝑥 

Hence 

∫ 𝑒𝑥 cos 2𝑥

𝜋
4

0

𝑑𝑥 = [𝑒𝑥
1

2
sin 2𝑥]

0

𝜋
4

−
1

2
∫ 𝑒𝑥 sin 2𝑥

𝜋
4

0

𝑑𝑥 

Therefore 

∫ 𝑒𝑥 sin 2𝑥

𝜋
4

0

𝑑𝑥 = [−𝑒𝑥
1

2
cos 2𝑥]

0

𝜋
4

+
1

2
[𝑒𝑥

1

2
sin 2𝑥]

0

𝜋
4

−
1

4
∫ 𝑒𝑥 sin 2𝑥

𝜋
4

0

𝑑𝑥 

5

4
∫ 𝑒𝑥 sin 2𝑥

𝜋
4

0

𝑑𝑥 = [−𝑒𝑥
1

2
cos 2𝑥]

0

𝜋
4

+
1

2
[𝑒𝑥

1

2
sin 2𝑥]

0

𝜋
4

 

∫ 𝑒𝑥 sin 2𝑥

𝜋
4

0

𝑑𝑥 =
4

5
(((0) − (−

1

2
)) +

1

2
((

1

2
𝑒

𝜋
4) − (0))) 

                              =
4

5
(

1

2
+

1

4
𝑒

𝜋
4) 
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                              =
2

5
+

1

5
𝑒

𝜋
4  

                              =
1

5
(𝑒

𝜋
4 + 2) 

 

10a  

∫ sin−1 𝑥

√3
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = sin−1 𝑥 , 𝑣′ = 1 

𝑢′ =
1

√1 − 𝑥2
, 𝑣 = 𝑥 

Hence 

∫ sin−1 𝑥

√3
2

0

𝑑𝑥 

= [𝑥 sin−1 𝑥]
0

√3
2 − ∫

𝑥

√1 − 𝑥2

√3
2

0

𝑑𝑥 

=
√3

2
×

𝜋

3
− [−√1 − 𝑥2]

0

√3
2

 

=
√3

2
×

𝜋

3
+ [√1 − 𝑥2]

0

√3
2

 

=
𝜋√3

6
+

1

2
− 1 

=
𝜋√3

6
−

1

2
 

=
3𝜋

6√3
−

3√3

6√3
 

=
3𝜋 − 3√3

6√3
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=
1

2√3
(𝜋 − √3) 

 

10b  

∫ cos−1 𝑥

√3
2

−
√3
2

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = cos−1 𝑥 , 𝑣′ = 1 

𝑢′ =
−1

√1 − 𝑥2
, 𝑣 = 𝑥 

Hence 

∫ cos−1 𝑥

√3
2

−
√3
2

𝑑𝑥 

= [𝑥 cos−1 𝑥]
−

√3
2

√3
2 − ∫

−𝑥

√1 − 𝑥2

√3
2

−
√3
2

𝑑𝑥 

= (
√3

2
×

𝜋

6
) − (−

√3

2
×

5𝜋

6
) − [√1 − 𝑥2]

−
√3
2

√3
2

 

=
𝜋√3

12
+

5𝜋√3

12
−

1

2
+

1

2
 

=
6𝜋√3

12
 

=
𝜋√3

2
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10c  

∫ 4𝑥tan−1 𝑥
1

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = tan−1 𝑥 , 𝑣′ = 4𝑥 

𝑢′ =
1

𝑥2 + 1
, 𝑣 = 2𝑥2 

Hence 

∫ 4𝑥tan−1 𝑥
1

0

𝑑𝑥 

= [2𝑥2 tan−1 𝑥]0
1 − 2 ∫

𝑥2

𝑥2 + 1

1

0

𝑑𝑥 

=
𝜋

2
− 2 ∫

𝑥2 + 1 − 1

𝑥2 + 1

1

0

𝑑𝑥 

=
𝜋

2
− 2 ∫ 1 −

1

𝑥2 + 1

1

0

𝑑𝑥 

=
𝜋

2
− 2[𝑥 − tan−1 𝑥]0

1 

=
𝜋

2
− 2 (1 −

𝜋

4
) 

=
𝜋

2
− 2 +

𝜋

2
 

= 𝜋 − 2 

 

11a  

∫ 𝑥2 cos 2𝑥
𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥2, 𝑣′ = cos 2𝑥 
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𝑢′ = 2𝑥, 𝑣 =
1

2
sin 2𝑥 

Hence 

∫ 𝑥2 cos 2𝑥
𝜋

0

𝑑𝑥 

= [𝑥2
1

2
sin 2𝑥]

0

𝜋

− ∫ 𝑥 sin 2𝑥
𝜋

0

𝑑𝑥 

Consider ∫ 𝑥 sin 2𝑥
𝜋

0

𝑑𝑥, 

𝑢 = 𝑥, 𝑣′ = sin 2𝑥 

𝑢′ = 1, 𝑣 = −
1

2
cos 2𝑥 

Hence 

∫ 𝑥 sin 2𝑥
𝜋

0

𝑑𝑥 = [−𝑥
1

2
cos 2𝑥]

0

𝜋

+
1

2
∫ cos 2𝑥

𝜋

0

𝑑𝑥 

Therefore 

∫ 𝑥2 cos 2𝑥
𝜋

0

𝑑𝑥 

= [𝑥2
1

2
sin 2𝑥]

0

𝜋

− [−𝑥
1

2
cos 2𝑥]

0

𝜋

−
1

2
∫ cos 2𝑥

𝜋

0

𝑑𝑥 

= [𝑥2
1

2
sin 2𝑥]

0

𝜋

+ [𝑥
1

2
cos 2𝑥]

0

𝜋

−
1

2
[
1

2
sin 2𝑥]

0

𝜋

 

= 0 +
𝜋

2
−

1

2
(0) 

=
𝜋

2
 

 

11b  

∫ 𝑥2 sin
1

2
𝑥

𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 
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𝑢 = 𝑥2, 𝑣′ = sin
1

2
𝑥 

𝑢′ = 2𝑥, 𝑣 = −2 cos
1

2
𝑥 

Hence 

∫ 𝑥2 sin
1

2
𝑥

𝜋

0

𝑑𝑥 

= [−2𝑥2 cos
1

2
𝑥]

0

𝜋

+ 4 ∫ 𝑥 cos
1

2
𝑥

𝜋

0

𝑑𝑥 

Consider ∫ 𝑥 cos
1

2
𝑥

𝜋

0

𝑑𝑥, 

𝑢 = 𝑥, 𝑣′ = cos
1

2
𝑥 

𝑢′ = 1, 𝑣 = 2 sin
1

2
𝑥 

Hence 

∫ 𝑥 cos
1

2
𝑥

𝜋

0

𝑑𝑥 = [2𝑥 sin
1

2
𝑥]

0

𝜋

− 2 ∫ sin
1

2
𝑥

𝜋

0

𝑑𝑥 

Therefore 

∫ 𝑥2 sin
1

2
𝑥

𝜋

0

𝑑𝑥 

= [−2𝑥2 cos
1

2
𝑥]

0

𝜋

+ 4 ([2𝑥 sin
1

2
𝑥]

0

𝜋

− 2 ∫ sin
1

2
𝑥

𝜋

0

𝑑𝑥) 

= 0 + 8𝜋 − 8 [−2 cos
1

2
𝑥]

0

𝜋

 

= 8𝜋 + 16 [cos
1

2
𝑥]

0

𝜋

 

= 8𝜋 + 16(−1) 

= 8𝜋 − 16 
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11c  

∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = sin(ln 𝑥) , 𝑣′ = 1 

𝑢′ =
cos(ln 𝑥)

𝑥
, 𝑣 = 𝑥 

Hence 

∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥 

= [𝑥 sin(ln 𝑥)]1
𝑒 − ∫ cos(ln 𝑥)

𝑒

1

𝑑𝑥 

Consider ∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥, 

𝑢 = cos(ln 𝑥) , 𝑣′ = 1 

𝑢′ =
−sin(ln 𝑥)

𝑥
, 𝑣 = 𝑥 

Hence 

∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥 = [𝑥 cos(ln 𝑥)]1
𝑒 + ∫ sin(ln 𝑥)

𝑒

1

𝑑𝑥 

Therefore 

∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥 = [𝑥 sin(ln 𝑥)]1
𝑒 − [𝑥 cos(ln 𝑥)]1

𝑒 − ∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥 

2 ∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥 = [𝑥 sin(ln 𝑥)]1
𝑒 − [𝑥 cos(ln 𝑥)]1

𝑒 

∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥 

=
1

2
([𝑥 sin(ln 𝑥)]1

𝑒 − [𝑥 cos(ln 𝑥)]1
𝑒) 

=
1

2
(𝑒 sin 1 − 0 − 𝑒 cos 1 + 1) 
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=
1

2
𝑒(sin 1 − cos 1) +

1

2
 

 

11d  

∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = cos(ln 𝑥) , 𝑣′ = 1 

𝑢′ =
−sin(ln 𝑥)

𝑥
, 𝑣 = 𝑥 

Hence 

∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥 

= [𝑥 cos(ln 𝑥)]1
𝑒 + ∫ sin(ln 𝑥)

𝑒

1

𝑑𝑥 

Consider ∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥, 

𝑢 = sin(ln 𝑥) , 𝑣′ = 1 

𝑢′ =
cos(ln 𝑥)

𝑥
, 𝑣 = 𝑥 

Hence 

∫ sin(ln 𝑥)
𝑒

1

𝑑𝑥 = [𝑥 sin(ln 𝑥)]1
𝑒 − ∫ cos(ln 𝑥)

𝑒

1

𝑑𝑥 

Therefore 

∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥 = [𝑥 cos(ln 𝑥)]1
𝑒 + [𝑥 sin(ln 𝑥)]1

𝑒 − ∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥 

2 ∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥 = [𝑥 cos(ln 𝑥)]1
𝑒 + [𝑥 sin(ln 𝑥)]1

𝑒 

∫ cos(ln 𝑥)
𝑒

1

𝑑𝑥 
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=
1

2
([𝑥 cos(ln 𝑥)]1

𝑒 + [𝑥 sin(ln 𝑥)]1
𝑒) 

=
1

2
(𝑒 cos 1 − 1 + 𝑒 sin 1) 

=
1

2
𝑒(cos 1 + sin 1) −

1

2
 

 

12a  

∫ 𝑥 ln 𝑥 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = ln 𝑥 , 𝑣′ = 𝑥 

𝑢′ =
1

𝑥
, 𝑣 =

1

2
𝑥2 

Hence 

∫ 𝑥 ln 𝑥 𝑑𝑥 

=
1

2
𝑥2 ln 𝑥 −

1

2
∫ 𝑥 𝑑𝑥 

=
1

2
𝑥2 ln 𝑥 −

1

2
(

1

2
𝑥2) + 𝐶 

=
1

2
𝑥2 ln 𝑥 −

1

4
𝑥2 + 𝐶 

 

12b  

∫ 𝑥(ln 𝑥)2 𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = (ln 𝑥)2, 𝑣′ = 𝑥 
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𝑢′ =
2 ln 𝑥

𝑥
, 𝑣 =

1

2
𝑥2 

Hence 

∫ 𝑥(ln 𝑥)2 𝑑𝑥 

=
1

2
𝑥2(ln 𝑥)2 − ∫ 𝑥 ln 𝑥 𝑑𝑥 

=
1

2
𝑥2(ln 𝑥)2 −

1

2
𝑥2 ln 𝑥 +

1

4
𝑥2 + 𝐶 

 

13a  

∫ 𝑥 sin 𝑥 cos 𝑥

𝜋
2

0

𝑑𝑥 

=
1

2
∫ 𝑥 sin 2𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = sin 2𝑥 

𝑢′ = 1, 𝑣 = −
1

2
cos 2𝑥 

Hence 

1

2
∫ 𝑥 sin 2𝑥

𝜋
2

0

𝑑𝑥 

=
1

2
([−

1

2
𝑥 cos 2𝑥]

0

𝜋
2

+
1

2
∫ cos 2𝑥

𝜋
2

0

𝑑𝑥) 

=
1

2
(

𝜋

4
+

1

2
[
1

2
sin 2𝑥]

0

𝜋
2

) 

=
𝜋

8
− 0 

=
𝜋

8
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13b  

∫ 𝑥 sin2 𝑥

𝜋
2

0

𝑑𝑥 

= ∫ 𝑥 (
1

2
(1 − cos 2𝑥))

𝜋
2

0

𝑑𝑥 

=
1

2
∫ (𝑥 − 𝑥 cos 2𝑥)

𝜋
2

0

𝑑𝑥 

=
1

2
∫ 𝑥

𝜋
2

0

𝑑𝑥 −
1

2
∫ 𝑥 cos 2𝑥

𝜋
2

0

𝑑𝑥 

=
1

4
[𝑥2]

0

𝜋
2 −

1

2
∫ 𝑥 cos 2𝑥

𝜋
2

0

𝑑𝑥 

=
𝜋2

16
−

1

2
∫ 𝑥 cos 2𝑥

𝜋
2

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = cos 2𝑥 

𝑢′ = 1, 𝑣 =
1

2
sin 2𝑥 

Hence 

∫ 𝑥 cos 2𝑥

𝜋
2

0

𝑑𝑥 

= [
1

2
𝑥 sin 2𝑥]

0

𝜋
2

−
1

2
∫ sin 2𝑥

𝜋
2

0

𝑑𝑥 

= 0 −
1

2
[−

1

2
cos 2𝑥]

0

𝜋
2

 

=
1

4
[cos 2𝑥]

0

𝜋
2  

=
1

4
(−1 − 1) 
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= −
1

2
 

Therefore 

∫ 𝑥 sin2 𝑥

𝜋
2

0

𝑑𝑥 

=
𝜋2

16
−

1

2
∫ 𝑥 cos 2𝑥

𝜋
2

0

𝑑𝑥 

=
𝜋2

16
−

1

2
(−

1

2
) 

=
𝜋2

16
+

1

4
 

=
1

16
(𝜋2 + 4) 

 

13c  

∫ 𝑥 tan2 𝑥

𝜋
4

0

𝑑𝑥 

= ∫ 𝑥(sec2 𝑥 − 1)

𝜋
4

0

𝑑𝑥 

= ∫ (𝑥 sec2 𝑥 − 𝑥)

𝜋
4

0

𝑑𝑥 

= ∫ 𝑥 sec2 𝑥 𝑑𝑥 − [
1

2
𝑥2]

0

𝜋
4

𝜋
4

0

 

= ∫ 𝑥 sec2 𝑥 𝑑𝑥

𝜋
4

0

−
𝜋2

32
 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥, 𝑣′ = sec2 𝑥 

𝑢′ = 1, 𝑣 = tan 𝑥 

Hence 
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∫ 𝑥 sec2 𝑥 𝑑𝑥

𝜋
4

0

 

= [𝑥 tan 𝑥]
0

𝜋
4 − ∫ tan 𝑥

𝜋
4

0

𝑑𝑥 

= [𝑥 tan 𝑥]
0

𝜋
4 + [ln|cos 𝑥|]

0

𝜋
4  

=
𝜋

4
− 0 + ln (

1

√2
) − 0 

=
𝜋

4
−

1

2
ln 2 

Therefore 

∫ 𝑥 tan2 𝑥

𝜋
4

0

𝑑𝑥 

=
𝜋

4
−

𝜋2

32
−

1

2
ln 2 

 

13d  

∫ 𝑥2(cos2 𝑥 − sin2 𝑥)
𝜋

0

𝑑𝑥 

= ∫ 𝑥2 cos 2𝑥
𝜋

0

𝑑𝑥 

∫ 𝑢𝑣′ 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢′𝑣 𝑑𝑥 

Therefore 

𝑢 = 𝑥2, 𝑣′ = cos 2𝑥 

𝑢′ = 2𝑥, 𝑣 =
1

2
sin 2𝑥 

Hence 

∫ 𝑥2 cos 2𝑥
𝜋

0

𝑑𝑥 

= [
1

2
𝑥2 sin 2𝑥]

0

𝜋

− ∫ 𝑥 sin 2𝑥
𝜋

0

𝑑𝑥 
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Consider ∫ 𝑥 sin 2𝑥
𝜋

0

𝑑𝑥, 

𝑢 = 𝑥, 𝑣′ = sin 2𝑥 

𝑢′ = 1, 𝑣 = −
1

2
cos 2𝑥 

Hence 

∫ 𝑥 sin 2𝑥
𝜋

0

𝑑𝑥 = [−
1

2
𝑥 cos 2𝑥]

0

𝜋

+
1

2
∫ cos 2𝑥

𝜋

0

𝑑𝑥 

Therefore 

∫ 𝑥2 cos 2𝑥
𝜋

0

𝑑𝑥 

= [
1

2
𝑥2 sin 2𝑥]

0

𝜋

− ∫ 𝑥 sin 2𝑥
𝜋

0

𝑑𝑥 

= 0 − [−
1

2
𝑥 cos 2𝑥]

0

𝜋

−
1

2
∫ cos 2𝑥

𝜋

0

𝑑𝑥 

=
1

2
[𝑥 cos 2𝑥]0

𝜋 −
1

2
[
1

2
sin 2𝑥]

0

𝜋

 

=
1

2
(𝜋 − 0) − 0 

=
𝜋

2
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