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Solutions to Exercise 4E Foundation questions 

1a  

∫
1

9 + 𝑥2
𝑑𝑥 

= ∫
1

32 + 𝑥2
𝑑𝑥 

=
1

3
∫

3

32 + 𝑥2
𝑑𝑥 

=
1

3
tan−1

𝑥

3
+ 𝐶 

 

1b 

∫
1

√9 − 𝑥2
𝑑𝑥 

= ∫
1

√32 − 𝑥2
𝑑𝑥 

= sin−1
𝑥

3
+ 𝐶 

 

1c 

1

𝑥2 − 9
=

1

(𝑥 − 3)(𝑥 + 3)
 

Let 
1

(𝑥 − 3)(𝑥 + 3)
=

𝐴

𝑥 − 3
+

𝐵

𝑥 + 3
 

1

(𝑥 − 3)(𝑥 + 3)
=
𝐴(𝑥 + 3) + 𝐵(𝑥 − 3)

(𝑥 − 3)(𝑥 + 3)
 

1 = 𝐴(𝑥 + 3) + 𝐵(𝑥 − 3) 

 When 𝑥 = 3, 

 1 = 6𝐴 

𝐴 =
1

6
 

When 𝑥 = −3, 

 1 = −6𝐵 
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𝐵 = −
1

6
 

 Hence, 

∫
1

𝑥2 − 9
𝑑𝑥 

= ∫(
1

6(𝑥 − 3)
−

1

6(𝑥 + 3)
) 𝑑𝑥 

=
1

6
∫(

1

𝑥 − 3
−

1

𝑥 + 3
)𝑑𝑥 

=
1

6
(ln|𝑥 − 3| − ln|𝑥 + 3|) + 𝐶 

=
1

6
ln |
𝑥 − 3

𝑥 + 3
| + 𝐶 

 

1d  

1

9 − 𝑥2
=

1

(3 − 𝑥)(3 + 𝑥)
 

Let 
1

(3 − 𝑥)(3 + 𝑥)
=

𝐴

3 − 𝑥
+

𝐵

3 + 𝑥
 

1

(3 − 𝑥)(3 + 𝑥)
=
𝐴(3 + 𝑥) + 𝐵(3 − 𝑥)

(3 − 𝑥)(3 + 𝑥)
 

1 = 𝐴(3 + 𝑥) + 𝐵(3 − 𝑥) 

 When 𝑥 = 3, 

 1 = 6𝐴 

𝐴 =
1

6
 

When 𝑥 = −3, 

 1 = 6𝐵 

𝐵 =
1

6
 

 Hence, 

∫
1

9 − 𝑥2
𝑑𝑥 
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= ∫(
1

6(3 − 𝑥)
+

1

6(3 + 𝑥)
) 𝑑𝑥 

=
1

6
∫(−

1

𝑥 − 3
+

1

𝑥 + 3
)𝑑𝑥 

=
1

6
(− ln|3 − 𝑥| + ln|3 + 𝑥|) + 𝐶 

=
1

6
ln |
3 + 𝑥

3 − 𝑥
| + 𝐶 

 Alternatively: 

∫
1

9 − 𝑥2
𝑑𝑥 

= −∫
1

𝑥2 − 9
𝑑𝑥 

= −
1

6
ln |
𝑥 − 3

𝑥 + 3
| + 𝐶                  (using answer from part c) 

=
1

6
ln |
𝑥 − 3

𝑥 + 3
|
−1

+ 𝐶                   

=
1

6
ln |
𝑥 + 3

𝑥 − 3
| + 𝐶                   

=
1

6
ln |
3 + 𝑥

3 − 𝑥
| + 𝐶                   

 

1e 

∫
1

√9 + 𝑥2
𝑑𝑥 

= ∫
1

√32 + 𝑥2
𝑑𝑥 

= ln (𝑥 + √9 + 𝑥2)+ 𝐶             (using standard integral) 
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1f 

∫
1

√𝑥2 − 9
𝑑𝑥 

= ∫
1

√𝑥2 − 32
𝑑𝑥 

= ln |𝑥 + √𝑥2 − 9|+ 𝐶                       (using standard integral)   

 

2a 

∫
1

𝑥2 + 4𝑥 + 5
𝑑𝑥 

= ∫
1

(𝑥2 + 4𝑥 + 4) + 1
𝑑𝑥 

= ∫
1

(𝑥 + 2)2 + 12
𝑑𝑥 

= tan−1(𝑥 + 2) + 𝐶 

 

2b 

∫
1

𝑥2 − 4𝑥 + 20
𝑑𝑥 

= ∫
1

(𝑥2 − 4𝑥 + 4) + 16
𝑑𝑥 

= ∫
1

(𝑥 − 2)2 + 42
𝑑𝑥 

=
1

4
∫

4

(𝑥 − 2)2 + 42
𝑑𝑥 

=
1

4
tan−1 (

𝑥 − 2

4
) + 𝐶 
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2c 

∫
1

√9 + 8𝑥 − 𝑥2
𝑑𝑥 

= ∫
1

√−(𝑥2 − 8𝑥 − 9)
𝑑𝑥 

= ∫
1

√−((𝑥2 − 8𝑥 + 16) − 25)

𝑑𝑥 

= ∫
1

√−((𝑥 − 4)2 − 25)
𝑑𝑥 

= ∫
1

√25 − (𝑥 − 4)2
𝑑𝑥 

= ∫
1

√52 − (𝑥 − 4)2
𝑑𝑥 

= sin−1
𝑥 − 4

5
+ 𝐶 

 

2d 

∫
1

√20 − 8𝑥 − 𝑥2
𝑑𝑥 

= ∫
1

√−(𝑥2 + 8𝑥 − 20)
𝑑𝑥 

= ∫
1

√−((𝑥2 + 8𝑥 + 16) − 36)

𝑑𝑥 

= ∫
1

√−((𝑥 + 4)2 − 36)
𝑑𝑥 

= ∫
1

√36 − (𝑥 + 4)2
𝑑𝑥 

= ∫
1

√62 − (𝑥 + 4)2
𝑑𝑥 

= sin−1
𝑥 + 4

6
+ 𝐶 
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2e 

∫
1

√𝑥2 − 6𝑥 + 13
𝑑𝑥 

= ∫
1

√(𝑥2 − 6𝑥 + 9) + 4
𝑑𝑥 

= ∫
1

√(𝑥 − 3)2 + 4
𝑑𝑥 

= ∫
1

√(𝑥 − 3)2 + 22
𝑑𝑥 

= ln ((𝑥 − 3) + √(𝑥 − 3)2 + 22) + 𝐶                 (using standard integral) 

= ln (𝑥 − 3 + √𝑥2 − 6𝑥 + 13) + 𝐶 

Note: we don’t need to take absolute values here, because the log expression is 

always positive:  

(𝑥 − 3)2 + 22 > (𝑥 − 3)2 ≥ 0 

√(𝑥 − 3)2 + 22 > √(𝑥 − 3)2 

√(𝑥 − 3)2 + 22 > |(𝑥 − 3)| 

√(𝑥 − 3)2 + 22 + (𝑥 − 3) > 0 

 

2f 

∫
1

√4𝑥2 + 8𝑥 + 6
𝑑𝑥 

= ∫
1

√4(𝑥2 + 2𝑥 +
3
2)

𝑑𝑥 

= ∫
1

√4((𝑥2 + 2𝑥 + 1) +
1
2)

𝑑𝑥 

=
1

2
∫

1

√(𝑥 + 1)2 +
1
2

𝑑𝑥 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  7 
 

=
1

2
ln |(𝑥 + 1) + √(𝑥 + 1)2 +

1

2
| + 𝐶               (using standard integral) 

=
1

2
ln |𝑥 + 1 + √𝑥2 + 2𝑥 +

3

2
| + 𝐶 

 

3a 

∫
1

𝑥2 − 2𝑥 + 5

3

1

𝑑𝑥 

= ∫
1

(𝑥2 − 2𝑥 + 1) + 4

3

1

𝑑𝑥 

= ∫
1

(𝑥 − 1)2 + 4

3

1

𝑑𝑥 

= ∫
1

(𝑥 − 1)2 + 22

3

1

𝑑𝑥 

=
1

2
∫

2

(𝑥 − 1)2 + 22

3

1

𝑑𝑥 

=
1

2
[tan−1

𝑥 − 1

2
]
1

3

 

=
1

2
(tan−1 1− tan−1 0) 

=
1

2
(
𝜋

4
− 0) 

=
𝜋

8
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3b 

∫
4

𝑥2 − 6𝑥 + 13

5

1

𝑑𝑥 

= ∫
4

(𝑥2 − 6𝑥 + 9) + 4

5

1

𝑑𝑥 

= ∫
4

(𝑥 − 3)2 + 4

5

1

𝑑𝑥 

= 2∫
2

(𝑥 − 3)2 + 22

5

1

𝑑𝑥 

= 2 [tan−1
𝑥 − 3

2
]
1

5

 

= 2(tan−1 1− tan−1(−1)) 

= 2 (
𝜋

4
− (−

𝜋

4
)) 

= 2 ×
𝜋

2
 

= 𝜋 

 

3c 

∫
1

√3 − 2𝑥 − 𝑥2

0

−1

𝑑𝑥 

= ∫
1

√−(𝑥2 + 2𝑥 − 3)

0

−1

𝑑𝑥 

= ∫
1

√−((𝑥2 + 2𝑥 + 1) − 4)

0

−1

𝑑𝑥 

= ∫
1

√−((𝑥 − 1)2 − 4)

0

−1

𝑑𝑥 

= ∫
1

√4 − (𝑥 − 1)2

0

−1

𝑑𝑥 

=
1

2
∫

2

√22 − (𝑥 − 1)2

0

−1

𝑑𝑥 

=
1

2
[sin−1

𝑥 − 1

2
]
−1

0
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=
1

2
(sin−1 (−

1

2
) − sin−1(−1)) 

=
1

2
(−
𝜋

6
− (−

𝜋

2
)) 

=
1

2
(−
𝜋

6
+
𝜋

2
) 

=
𝜋

6
 

 

3d 

∫
3

√3 + 4𝑥 − 4𝑥2

1

0

𝑑𝑥 

= ∫
3

√−(4𝑥2 − 4𝑥 − 3)

1

0

𝑑𝑥 

= ∫
3

√−((4𝑥2 − 4𝑥 + 1) − 4)

1

0

𝑑𝑥 

= ∫
3

√−((2𝑥 − 1)2 − 4)

1

0

𝑑𝑥 

= ∫
3

√4 − (2𝑥 − 1)2

1

0

𝑑𝑥 

=
3

2
∫

2

√22 − (2𝑥 − 1)2

1

0

𝑑𝑥 

=
3

2
[sin−1

2𝑥 − 1

2
]
0

1

 

=
3

2
(sin−1 (

1

2
) − sin−1 (−

1

2
)) 

=
3

2
(
𝜋

6
− (−

𝜋

6
)) 

=
3

2
(
𝜋

6
+
𝜋

6
) 

=
3

2
×
𝜋

3
 

=
𝜋

2
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3e 

∫
1

√𝑥2 + 2𝑥 + 10

3

−1

𝑑𝑥 

= ∫
1

√(𝑥2 + 2𝑥 + 1) + 9

3

−1

𝑑𝑥 

= ∫
1

√(𝑥 + 1)2 + 32

3

−1

𝑑𝑥 

= [ln ((𝑥 + 1) + √(𝑥 + 1)2 + 9)]
−1

3

               (using standard integral) 

= ln 9 − ln 3 

= ln (
9

3
) 

= ln 3 

 

3f 

∫
2

√𝑥2 − 𝑥 + 1

1

1
2

𝑑𝑥 

= ∫
2

√(𝑥2 − 𝑥 +
1
4) +

3
4

1

1
2

𝑑𝑥 

 

= 2∫
1

√(𝑥 −
1
2)
2

+ (
√3
2 )

2

1

1
2

𝑑𝑥 

= 2 [ln

(

 (𝑥 −
1

2
) + √(𝑥 −

1

2
)
2

+
3

4

)

 ]

1
2

1

 

= 2 (ln (
3

2
) − ln (

√3

2
)) 

= 2 ln (
3

2
) − 2ln (

√3

2
) 

= ln (
3

2
)
2

− ln(
√3

2
)

2
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= ln (
9

4
) − ln (

3

4
) 

= ln (
9

4
÷
3

4
) 

= ln 3 

 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  1 
 

Solutions to Exercise 4E Development questions 

4a  

∫
2𝑥 + 1

𝑥2 + 2𝑥 + 2
𝑑𝑥 

= ∫
2𝑥 + 1

𝑥2 + 2𝑥 + 1 + 1
𝑑𝑥 

= ∫
2𝑥 + 1

(𝑥 + 1)2 + 1
𝑑𝑥 

Let 𝑢 = 𝑥 + 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 − 1 

Hence 

∫
2𝑥 + 1

(𝑥 + 1)2 + 1
𝑑𝑥 

= ∫
2(𝑢 − 1) + 1

𝑢2 + 1
𝑑𝑢 

= ∫
2𝑢 − 1

𝑢2 + 1
𝑑𝑢 

= ∫
2𝑢

𝑢2 + 1
𝑑𝑢 −∫

1

𝑢2 + 1
𝑑𝑢 

= ln|𝑢2 + 1| − tan−1 𝑢 + 𝐶 

= ln((𝑥 + 1)2 + 1) − tan−1(𝑥 + 1) + 𝐶 

= ln(𝑥2 + 2𝑥 + 2) − tan−1(𝑥 + 1) + 𝐶 

 

4b  

∫
𝑥

𝑥2 + 2𝑥 + 10
𝑑𝑥 

= ∫
𝑥

𝑥2 + 2𝑥 + 1 + 9
𝑑𝑥 

= ∫
𝑥

(𝑥 + 1)2 + 9
𝑑𝑥 

Let 𝑢 = 𝑥 + 1 
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𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 − 1 

Hence 

∫
𝑥

(𝑥 + 1)2 + 9
𝑑𝑥 

= ∫
𝑢 − 1

𝑢2 + 9
𝑑𝑢 

= ∫
𝑢

𝑢2 + 9
𝑑𝑢 −∫

1

𝑢2 + 9
𝑑𝑢 

=
1

2
∫

2𝑢

𝑢2 + 9
𝑑𝑢 −

1

3
∫

3

𝑢2 + 9
𝑑𝑢 

=
1

2
ln(𝑢2 + 9) −

1

3
tan−1 (

𝑢

3
) + 𝐶 

=
1

2
ln((𝑥 + 1)2 + 9) −

1

3
tan−1 (

𝑥 + 1

3
) + 𝐶 

=
1

2
ln(𝑥2 + 2𝑥 + 10) −

1

3
tan−1 (

𝑥 + 1

3
) + 𝐶 

 

4c  

∫
𝑥

√6𝑥 − 𝑥2
𝑑𝑥 

= ∫
𝑥

√−(𝑥2 − 6𝑥)
𝑑𝑥 

= ∫
𝑥

√−((𝑥 − 3)2 − 9)
𝑑𝑥 

= ∫
𝑥

√9 − (𝑥 − 3)2
𝑑𝑥 

Let 𝑢 = 𝑥 − 3 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 + 3 

Hence 

∫
𝑥

√9 − (𝑥 − 3)2
𝑑𝑥 
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= ∫
𝑢 + 3

√9 − 𝑢2
𝑑𝑢 

= ∫
𝑢

√9 − 𝑢2
𝑑𝑢 + ∫

3

√9 − 𝑢2
𝑑𝑢 

= ∫
𝑢

√9 − 𝑢2
𝑑𝑢 + 3 sin−1 (

𝑢

3
) 

Let 𝑤 = 9 − 𝑢2 

𝑑𝑤 = −2𝑢 𝑑𝑢 

Hence 

∫
𝑢

√9 − 𝑢2
𝑑𝑢 

= −
1

2
∫
1

√𝑤
𝑑𝑤 

= −
1

2
× 2√𝑤 

= −√𝑤 

Hence 

∫
𝑢

√9 − 𝑢2
𝑑𝑢 + 3 sin−1 (

𝑢

3
) 

= −√𝑤 + 3 sin−1 (
𝑢

3
) + 𝐶 

= −√9 − 𝑢2 + 3 sin−1 (
𝑢

3
) + 𝐶 

= −√6𝑥 − 𝑥2 + 3 sin−1 (
𝑥 − 3

3
) + 𝐶 

 

4d  

∫
𝑥 + 3

√4 − 2𝑥 − 𝑥2
𝑑𝑥 

= ∫
𝑥 + 3

√−(𝑥2 + 2𝑥 − 4)
𝑑𝑥 

= ∫
𝑥 + 3

√−((𝑥 + 1)2 − 5)
𝑑𝑥 
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= ∫
𝑥 + 3

√5 − (𝑥 + 1)2
𝑑𝑥 

Let 𝑢 = 𝑥 + 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 − 1 

Hence 

∫
𝑥 + 3

√5 − (𝑥 + 1)2
𝑑𝑥 

= ∫
𝑢 − 1 + 3

√5 − 𝑢2
𝑑𝑢 

= ∫
𝑢

√5 − 𝑢2
𝑑𝑢 + ∫

2

√5 − 𝑢2
𝑑𝑢 

= −√5 − 𝑢2 − 2 sin−1 (
𝑢

√5
) + 𝐶 

= −√4 − 2𝑥 − 𝑥2 − 2 sin−1 (
𝑥 + 1

√5
) + 𝐶 

 

4e  

∫
𝑥

√𝑥2 + 2𝑥 + 10
𝑑𝑥 

= ∫
𝑥

√(𝑥 + 1)2 + 9
𝑑𝑥 

Let 𝑢 = 𝑥 + 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 − 1 

Hence 

∫
𝑥

√(𝑥 + 1)2 + 9
𝑑𝑥 

= ∫
𝑢 − 1

√𝑢2 + 9
𝑑𝑢 

= ∫
𝑢

√𝑢2 + 9
𝑑𝑢 − ∫

1

√𝑢2 + 9
𝑑𝑢 



 
Chapter 4 worked solutions – Integration 
 

© Cambridge University Press 2019  5 
 

= √𝑢2 + 9 − ln (𝑢 + √𝑢2 + 9) + 𝐶 

= √𝑥2 + 2𝑥 + 10 − ln (𝑥 + 1 + √𝑥2 + 2𝑥 + 10) + 𝐶 

 

4f  

∫
𝑥 + 3

√𝑥2 − 2𝑥 − 4
𝑑𝑥 

= ∫
𝑥 + 3

√(𝑥 − 1)2 − 5
𝑑𝑥 

Let 𝑢 = 𝑥 − 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 + 1 

Hence 

∫
𝑥 + 3

√(𝑥 − 1)2 − 5
𝑑𝑥 

= ∫
𝑢 + 4

√𝑢2 − 5
𝑑𝑢 

= ∫
𝑢

√𝑢2 − 5
𝑑𝑢 + ∫

4

√𝑢2 − 5
𝑑𝑢 

= √𝑢2 − 5 + 4 ln |𝑢 + √𝑢2 − 5| + 𝐶 

= √𝑥2 − 2𝑥 − 4 + 4 ln |𝑥 − 1 + √𝑥2 − 2𝑥 − 4| + 𝐶 

 

5a  

∫
𝑥 + 1

𝑥2 + 4

2

0

𝑑𝑥 

= ∫
𝑥

𝑥2 + 4

2

0

+
1

𝑥2 + 4
𝑑𝑥 

= ∫
𝑥

𝑥2 + 4

2

0

+
1

2

2

𝑥2 + 4
𝑑𝑥 

= [
1

2
ln|𝑥2 + 4| +

1

2
tan−1 (

𝑥

2
)]
0

2
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=
1

2
ln 8 +

𝜋

8
−
1

2
ln 4 

=
1

2
ln 2 +

𝜋

8
 

 

5b  

∫
𝑥 + 1

𝑥2 − 4𝑥 + 5

2

1

𝑑𝑥 

= ∫
𝑥 + 1

(𝑥 − 2)2 + 1

2

1

𝑑𝑥 

Let 𝑢 = 𝑥 − 2 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 2, 𝑢 = 0 

𝑥 = 1, 𝑢 = −1 

𝑥 = 𝑢 + 2 

Hence 

∫
𝑥 + 1

(𝑥 − 2)2 + 1

2

1

𝑑𝑥 

= ∫
𝑢 + 3

𝑢2 + 1

0

−1

𝑑𝑢 

= ∫ (
𝑢

𝑢2 + 1
+

3

𝑢2 + 1
)

0

−1

𝑑𝑢 

= [
1

2
ln(𝑢2 + 1) + 3 tan−1 𝑢]

−1

0

 

= −
1

2
ln 2 − 3 tan−1(−1) 

= −
1

2
ln 2 +

3𝜋

4
 

= −
1

4
× 2 ln 2 +

3𝜋

4
 

= −
1

4
ln 4 +

3𝜋

4
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=
1

4
(3𝜋 − ln 4) 

 

5c  

∫
2𝑥 − 3

𝑥2 − 2𝑥 + 2

2

1

𝑑𝑥 

= ∫
2𝑥 − 3

(𝑥 − 1)2 + 1

2

1

𝑑𝑥 

Let 𝑢 = 𝑥 − 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 2, 𝑢 = 1 

𝑥 = 1, 𝑢 = 0 

𝑥 = 𝑢 + 1 

Hence 

∫
2𝑥 − 3

(𝑥 − 1)2 + 1

2

1

𝑑𝑥 

= ∫
2(𝑢 + 1) − 3

𝑢2 + 1

1

0

𝑑𝑢 

= ∫
2𝑢 − 1

𝑢2 + 1

1

0

𝑑𝑢 

= ∫ (
2𝑢

𝑢2 + 1
−

1

𝑢2 + 1
)

1

0

𝑑𝑢 

= [ln(𝑢2 + 1) − tan−1 𝑢]0
1 

= ln 2 −
𝜋

4
 

 

5d  

∫
𝑥

√3 − 2𝑥 − 𝑥2

0

−1

𝑑𝑥 

= ∫
𝑥

√−(𝑥2 + 2𝑥 − 3)

0

−1

𝑑𝑥 
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= ∫
𝑥

√−((𝑥 + 1)2 − 4)

0

−1

𝑑𝑥 

= ∫
𝑥

√4 − (𝑥 + 1)2

0

−1

𝑑𝑥 

Let 𝑢 = 𝑥 + 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 0, 𝑢 = 1 

𝑥 = −1, 𝑢 = 0 

𝑥 = 𝑢 − 1 

Hence 

∫
𝑥

√4 − (𝑥 + 1)2

0

−1

𝑑𝑥 

= ∫
𝑢 − 1

√4 − 𝑢2

1

0

𝑑𝑢 

= ∫ (
𝑢

√4 − 𝑢2
−

1

√4 − 𝑢2
)

1

0

𝑑𝑢 

= [−√4 − 𝑢2 − sin−1 (
𝑢

2
)]
0

1

 

= −√3 −
𝜋

6
+ 2 

 

5e  

∫
1 − 2𝑥

√𝑥2 + 2𝑥 + 3

3

−1

𝑑𝑥 

= ∫
1 − 2𝑥

√(𝑥 + 1)2 + 2

3

−1

𝑑𝑥 

Let 𝑢 = 𝑥 + 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 3, 𝑢 = 4 

𝑥 = −1, 𝑢 = 0 

𝑥 = 𝑢 − 1 
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Hence 

∫
1 − 2𝑥

√(𝑥 + 1)2 + 2

3

−1

𝑑𝑥 

= ∫
1 − 2(𝑢 − 1)

√𝑢2 + 2

4

0

𝑑𝑢 

= ∫
3 − 2𝑢

√𝑢2 + 2

4

0

𝑑𝑢 

= ∫ (
3

√𝑢2 + 2
−

2𝑢

√𝑢2 + 2
)

4

0

𝑑𝑢 

= [3 ln |𝑢 + √𝑢2 + 2| − 2√𝑢2 + 2]
0

4

 

= 3 ln(4 + 3√2) − 6√2 − 3 ln(√2) + 2√2  

= 3 ln (
4 + 3√2

√2
) − 4√2 

= 3 ln (
4

√2
+ 3) − 4√2 

= 3 ln(2√2 + 3) − 4√2 

 

5f  

∫
𝑥 + 3

√𝑥2 + 4𝑥 + 1

1

0

𝑑𝑥 

= ∫
𝑥 + 3

√(𝑥 + 2)2 − 3

1

0

𝑑𝑥 

Let 𝑢 = 𝑥 + 2 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 1, 𝑢 = 3 

𝑥 = 0, 𝑢 = 2 

𝑥 = 𝑢 − 2 

Hence 

∫
𝑥 + 3

√(𝑥 + 2)2 − 3

1

0

𝑑𝑥 
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= ∫
𝑢 + 1

√𝑢2 − 3

3

2

𝑑𝑢 

= ∫ (
𝑢

√𝑢2 − 3
+

1

√𝑢2 − 3
)

3

2

𝑑𝑢 

= [√𝑢2 − 3 + ln |𝑢 + √𝑢2 − 3|]
2

3

 

= √6 + ln(3 + √6) − 1 − ln 3 

= ln (
3 + √6

3
) + √6 − 1 

= ln(1 + √
2

3
) + √6 − 1 

 

6a  

∫√
1 + 𝑥

1 − 𝑥
𝑑𝑥 

= ∫√
1 + 𝑥

1 − 𝑥
× √

1 + 𝑥

1 + 𝑥
𝑑𝑥 

= ∫
1 + 𝑥

√1 − 𝑥2
𝑑𝑥 

= ∫
1

√1 − 𝑥2
𝑑𝑥 + ∫

𝑥

√1 − 𝑥2
𝑑𝑥 

= sin−1 𝑥 − √1 − 𝑥2 + 𝐶 

 

6b  

∫√
3 − 𝑥

2 + 𝑥
𝑑𝑥 

= ∫√
3 − 𝑥

2 + 𝑥
× √

3 − 𝑥

3 − 𝑥
𝑑𝑥 
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= ∫
3 − 𝑥

√6 + 𝑥 − 𝑥2
𝑑𝑥 

= ∫
3 − 𝑥

√−(𝑥2 − 𝑥 − 6)
𝑑𝑥 

= ∫
3 − 𝑥

√−(𝑥2 − 𝑥 − 6)
𝑑𝑥 

= ∫
3 − 𝑥

√25
4 − (𝑥 −

1
2)
2
𝑑𝑥 

Let 𝑢 = 𝑥 −
1

2
 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 𝑢 +
1

2
 

Hence 

∫
3 − 𝑥

√25
4 − (𝑥 −

1
2)
2
𝑑𝑥 

= ∫
3 − 𝑢 −

1
2

√25
4 − 𝑢

2

𝑑𝑢 

= ∫

5
2 − 𝑢

√25
4 − 𝑢

2

𝑑𝑢 

= ∫

(

 

5
2

√25
4 − 𝑢

2

−
𝑢

√25
4 − 𝑢

2
)

 𝑑𝑢 

=
5

2
sin−1 (

2𝑢

5
) + √

25

4
− 𝑢2 + 𝐶 

=
5

2
sin−1 (

2𝑥 − 1

5
) + √6 + 𝑥 − 𝑥2 + 𝐶 
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6c  

∫√
𝑥 − 1

𝑥 + 1
𝑑𝑥 

= ∫√
𝑥 − 1

𝑥 + 1
× √

𝑥 − 1

𝑥 − 1
𝑑𝑥 

= ∫
𝑥 − 1

√𝑥2 − 1
𝑑𝑥 

= ∫(
𝑥

√𝑥2 − 1
−

1

√𝑥2 − 1
)𝑑𝑥 

= √𝑥2 − 1 − ln |𝑥 + √𝑥2 − 1| + 𝐶 

 

7a  

∫ √
1 − 𝑥

𝑥 + 3

0

−1

𝑑𝑥 

= ∫ √
1 − 𝑥

𝑥 + 3

0

−1

× √
1 − 𝑥

1 − 𝑥
𝑑𝑥 

= ∫
1 − 𝑥

√3 − 2𝑥 − 𝑥2

0

−1

𝑑𝑥 

= ∫
1 − 𝑥

√4 − (𝑥 + 1)2

0

−1

𝑑𝑥 

Let 𝑢 = 𝑥 + 1 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 0, 𝑢 = 1 

𝑥 = −1, 𝑢 = 0 

𝑥 = 𝑢 − 1 

= ∫
1 − 𝑢 + 1

√4 − 𝑢2

1

0

𝑑𝑢 

= ∫
2 − 𝑢

√4 − 𝑢2

1

0

𝑑𝑢 
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= ∫ (
2

√4 − 𝑢2
−

𝑢

√4 − 𝑢2
)

1

0

𝑑𝑢 

= [2 sin−1 (
𝑢

2
) + √4 − 𝑢2]

0

1

 

=
𝜋

3
+ √3 − 2 

 

7b  

∫ √
𝑥 + 2

1 − 𝑥

0

−1

𝑑𝑥 

= ∫ √
𝑥 + 2

1 − 𝑥
× √

𝑥 + 2

𝑥 + 2

0

−1

𝑑𝑥 

= ∫
𝑥 + 2

√2 − 𝑥 − 𝑥2

0

−1

𝑑𝑥 

= ∫
𝑥 + 2

√2 − 𝑥 − 𝑥2

0

−1

𝑑𝑥 

= ∫
𝑥 + 2

√9
4 − (𝑥 +

1
2)
2

0

−1

𝑑𝑥 

Let 𝑢 = 𝑥 +
1

2
 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 0, 𝑢 =
1

2
 

𝑥 = −1, 𝑢 = −
1

2
 

𝑥 = 𝑢 −
1

2
 

Hence 

∫
𝑥 + 2

√9
4 − (𝑥 +

1
2)
2

0

−1

𝑑𝑥 
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= ∫
𝑢 −

1
2 + 2

√9
4 − 𝑢

2

1
2

−
1
2

𝑑𝑢 

= ∫
𝑢 +

3
2

√9
4 − 𝑢

2

1
2

−
1
2

𝑑𝑢 

= ∫

(

 
𝑢

√9
4 − 𝑢

2

+

3
2

√9
4 − 𝑢

2
)

 

1
2

−
1
2

𝑑𝑢 

∫
𝑢

√9
4 − 𝑢

2

𝑑𝑢

1
2

−
1
2

 is an odd function. Therefore it equals 0. 

∫

(

 
𝑢

√9
4 − 𝑢

2

+

3
2

√9
4 − 𝑢

2
)

 

1
2

−
1
2

𝑑𝑢 

= ∫

3
2

√9
4 − 𝑢

2

1
2

−
1
2

𝑑𝑢 This is an even function. 

= ∫
3

√9
4 − 𝑢

2

1
2

0

𝑑𝑢 

= [3 sin−1 (
2𝑢

3
)]
0

1
2
 

= 3 sin−1 (
1

3
) 
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7c  

∫ √
𝑥 + 1

𝑥 + 3

1

0

𝑑𝑥 

= ∫ √
𝑥 + 1

𝑥 + 3
× √

𝑥 + 1

𝑥 + 1

1

0

𝑑𝑥 

= ∫
𝑥 + 1

√𝑥2 + 4𝑥 + 3

1

0

𝑑𝑥 

= ∫
𝑥 + 1

√(𝑥 + 2)2 − 1

1

0

𝑑𝑥 

Let 𝑢 = 𝑥 + 2 

𝑑𝑢 = 𝑑𝑥 

𝑥 = 1, 𝑢 = 3 

𝑥 = 0, 𝑢 = 2 

𝑥 = 𝑢 − 2 

Hence 

∫
𝑥 + 1

√(𝑥 + 2)2 − 1

1

0

𝑑𝑥 

= ∫
𝑢 − 2 + 1

√𝑢2 − 1

3

2

𝑑𝑢 

= ∫
𝑢 − 1

√𝑢2 − 1

3

2

𝑑𝑢 

= ∫ (
𝑢

√𝑢2 − 1
−

1

√𝑢2 − 1
)

3

2

𝑑𝑢 

= [√𝑢2 − 1 − ln |𝑢 + √𝑢2 − 1|]
2

3

 

= 2√2 − ln(3 + 2√2) − √3 + ln(2 + √3) 

= 2√2 − √3 + ln(
2 + √3

3 + 2√2
) 
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