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Chapter 4 worked solutions — Integration

Solutions to Exercise 4E Foundation questions

1la

1b

1c

x2-9 (x—3)(x+3)
Let ! __A + 5
€ (x—3)(x+3) x—-3 x+3

1 _A(x+3)+B(x—3)
(x-3)x+3)  (x=3)(x+3)

1=A(x+3)+B(x—3)

When x = 3,
1=64

When x = -3,
1=-6B
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Chapter 4 worked solutions — Integration

1d

p—_1

6
Hence,
f ! dx
x? -9
(e

6(x—3) 6(x+3)
[
6)] \x—3 x+3
1
=g(ln|x—3|—ln|x+3|)+C
L[
6 +3
1 1
9—x2 B-0B+x)

1 A

TG OGB+r 3=

1 _AB+x)+B(B—x)

B-xB+x) B-x)3B+x

1=ACB+x)+B(3—x)

When x = 3,
1=6A
A—l
6
When x = -3
1=6B
B_l
6
Hence
1
fg_xzdx
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Chapter 4 worked solutions — Integration

- f (6(31— 0 6(31+ x)) dx

1
"6 _x—3+x+3)dx

1
=g(—ln|3—x|+1n|3+x|)+C

3+x
3—x

|+c

Alternatively:

9 — x2 x

+C (using answer from part c)

le

dx
Vot 22

=J«ﬁd"

=In (x +/9+ x2) +C (using standard integral)
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Chapter 4 worked solutions — Integration

1f

1
Npearta

N

=In |x +\x? — 9| +C (using standard integral)

2a

1
fx2+4x+5dx

1
= d
f(x2+4x+4)+1 X

1
=f(x+2)2+12dx

=tan l!(x+2)+C

2b

1
—_d
fx2—4x+20 x

1

d
(Z—dx+4)+16

1
_f(x—2)2+42dx

=Zf(x—2)2+42dx

—1t _1(x—2)+c
e
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Chapter 4 worked solutions — Integration

2C

1
——dx
f\/9+8x—x2

1
= d
f\/—(x2—8x—9) ¥
1

] f\/—((x2 — 8x + 16) — 25)

dx

—f ! dx
RN ECEDETD)

1
= d
szs—(x—4)2 ¥

1
= d
fw/SZ—(x—AL)2 g

= sin~! X +C
B 5

2d

1
f dx
V20 — 8x — x2

=f ! dx
J—(x2 + 8x — 20)
1

i j\/—((x2 + 8x + 16) — 36)

dx

—f ! dx
) G H2-30)

—f ! dx
) 36— (x + 4)2

1
= d
f,/62—(x+4)2 g

x+4
= sin ! g +C
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Chapter 4 worked solutions — Integration

2e

f dx
Vx% —6x + 13
1

dx
Jx2—6x+9)+4

1
= d
f«/(x—3)2+4 *

= f dx
(x —3)% + 22
=In ((x -3)+J(x—=3)2+ 22) +C (using standard integral)

=1n(x—3+ x2—6x+13)+c

Note: we don’t need to take absolute values here, because the log expression is
always positive:

(x=3)2+22>(x—3)220
J(x—3)2+22>,/(x —3)2
JO=3)2+22 > |(x - 3)|

Jx=324+22+(x—-3)>0

2f

1
f dx
V4x2+8x+ 6

1
= dx

\/4(3(2 + 2x +%)

1

\/4 ((x2 +2x+1) +%)

1 1 4

/(x+1)2+%
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Chapter 4 worked solutions — Integration

1 1
==-Inlx+1D+ [(x+1D?+=
2 2
—11 +1+ [x2+2 +3
—znx X X >

3a

3 1
————d
flxz—2x+5 *

1

L2+ D4

:flmd’“

:fl CESVE Y

_1f3 2 p
2), G-npr+ 2™

—1[t _1x—1]3
=5 |an7 =]

1
=3 (tan"'1—tan"10)

-3G0)

s
8
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Chapter 4 worked solutions — Integration

3b

[ e
L xi—6x+13°"

4
; (x2—6x+9)+4

dx

=Lmd"

5 2
=2 —= 4
fl x—3)2+22
5

x—3
=2 -1 ]
[tan 7,

= 2(tan"'1—tan"1(-1))

-2(5-(-9)

—2xn
B 2

=7
3c

[
-1 03—2x—x2

1
= dx
j—u/—(xz + 2x —3)
0 1

-/
:J—((xz +2x+1)—4)

dx

=f ! dx
-1/ =((x =12 -4)
0 1
= d
j—1\/4—(x—1)2 *
=1f0 2 dx
2422 — (x —1)2

_1[_ _1x—1]0
—251n ) "
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Chapter 4 worked solutions — Integration

= %(sin_1 (— %) - sin_l(—l))

3d

f dx
0o V3 + 4x — 4x2
1 3
NN
3

dx

f" J—((4x2 —4x+1)—4)
1 3
= dx
0 J—((2x —1)2 —4)
1 3

= d
jo J4— (2x — 1)2 g
3t 2

=—f dx
2Jy J22 — (2x - 1)?

_3[_ _12x—1]1
—ZSIH > .
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Chapter 4 worked solutions — Integration

3e

3 1
f dx
—1Vx2+2x+ 10
3

1
=.[ dx
1/ (X2 +2x+1) +9

3 1
- f—lw/(x+ 1)?2 + 32 a
= [m ((x t D+ FD2 9)]
=In9—-1n3

n()

=In3

3
(using standard integral)
-1

3f
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Chapter 4 worked solutions — Integration

Solutions to Exercise 4E Development questions
f 2x+1 d
x%2+2x+2 x
_f 2x+1 P
v +1+1

_f 2x +1 d
B RO

4a

Letu=x+1
du = dx
x=u-—1

Hence

f 2x+1
(x+1)2+1
_fZ(u—1)+1d
B uz+1 u

2u—1
:fu2+1du

2u 1
:fu2+1du_fu2+1du

=Inju?+1|—-tan *u+C

=In((x+1)?+1)—tan ' (x+ 1)+ C

=In(x?+2x+2)—tan"{(x+1)+C

4b

X
Jx2+2x+10dx

X
_jx2+2x+1+9dx
_f x d
)l arz+9™
Letu=x+1
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“CambridgeMAT

du = dx
x=u-—1

Hence

X
f(x+1)2+9dx
_.[u—ld
B RTE

- [t [ wre
_u2+9u u2+9u

_1f w1 3
2 ) w9 T3z o

1 1 u
__ 2 — Ztan-1(Z
=—=In(u*+9) 3tan ()+C

2 3
1 1 x+1
= Eln((x +1)2+9) — gtan‘1 (T) +C

1 1 x+1
=§ln(x2 +2x+10)—§tan‘1( 3 )+C

4c
fe
—dx
6x — x2

X
= | ———=d
j\/—(x2—6x) \

—j X dx
) S =3)2-9)

X
=f dx
VI — (x—3)?
Letu=x—3
du = dx
x=u+3

Hence

X
d
f\/9—(x—3)2 g
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Chapter 4 worked solutions — Integration

u+3

N

u 3
du + du
V9 —u? V9 —u?

Y du+3sin? (E)
Voow 3
Letw = 9 — u?
dw = —2udu

Hence

u
du
V9 — u?

:__f—dw

=—§x2\/W
= —Jw

Hence

du + 3sin™! (%)

u
N

u
= —\/W +3 Sil’l_1 (5

= —/9 —u? +35in‘1(%)+6
= —\/6x—x2+35in‘1<x_3)+6

3

J+C

4d
x+3
—dx
V4 — 2x — x2
x+3
= dx
\/—(x2+2x—4)
x+3

d
J=((x +1)2-5) )

© Cambridge University Press 2019 3



~ CambridgeMATHS ==&

MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

x+3
=.[ dx
V5= (x+1)2
Letu=x+1
du = dx
x=u-—1

Hence

f x+3 da
V5 —(x+1)?

u—1+3d
u
V5 —u?

u 2
du + du
V5 —u? V5 —u?
u
=— 5—u2—Zsin‘1(—>+C
N

x+1
= — 4—2x—x2—25in‘1< >+C
V5

4e

X
f dx
Vx% +2x + 10

X
=fmdx
Letu=x+1
du = dx
x=u—1

Hence

X
d
f,/(x+1)2+9 g

u—1

du
vuz +9

u 1
du — du
vuz +9 vuz+9
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Chapter 4 worked solutions — Integration

= u2+9—ln(u+ u2+9)+C

=Jﬂ+2x+m—h(x+1+dﬂ+2x+m)+c

4f

x+3
— dx
Vx2 —2x—4

x+3
=f dx
J(x—1)2-5
Letu=x-1
du = dx
x=u+1

Hence

x+3
f dx
Jx—1)2-5
u-+4 d
u
ViZ—5

u 4
= du + d
f\/uz—Su f\/uz—Su
=\/u2—5+4ln|u+\/u2—5|+C
=\/x2—2x—4+41n|x—1+\/x2—2x—4|+C

5a

f2x+1d
0 X2+ 4 x

__[2 x_ 1 p
)y x2+4 Z+a

__[2 X +1 2 p
) a2 2™

1 1 x\ 12
— = 2 - -1(Z
—[Zlnlx +4|+2tan (2)]0
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e tia
—pheTgTm

o™
—2 4Ty

5b

x=u+?2
Hence

2 x+1
G—22+1

_j0u+3d
) ur+1 “
-—]0( v, 3 )d
Sl w41 wr 41 “

1
= [—z-ln(u2 +1) +3tan™?! u]

dx

0

-1
1
= —Ean —3tan"1(-1)

S .
- TpmeT Yy

= 1x212+3n
STy emeTy
1 37

= _Zln4+—
4T
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Chapter 4 worked solutions — Integration

1
=Z(37T—ln4)

5c
fz 2x — 3 i
2_2x+2

2x —3
f (x—1)2+1

Letu=x-1

du = dx

x=u+1
Hence

2 2x-3 p
L -Dz+1”

12w+1)-3
:fz—du
o u+1

_flzu—ld
AT e

_jl( 2u 1 )d
S w2+l w241 “

= [In(u? + 1) — tan " u]}

—mm2-Z2

5d

x
—dx
J_1\/3 —2x — x?

0 x
=f dx
—1\/—(362 +2x —3)
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Chapter 4 worked solutions — Integration

0 X
_ d
f_lJ—((x ey

0 X
=.[ dx
—14/4 — (x + 1)2
Letu=x+1
du = dx
x=0u=1
x=-1Lu=0
x=u-—1

Hence

0 X
d
J-—1w/4— (x + 1)2 *

T u—-1

= du
0 V4 — u2

1
:fo <\/41iu2_\/4iu2)du

- [ ()]

2

T
:—\/§—E+2

5e

3 1—2x
——dx
aVx2+2x+3

3 1—2x
=f dx
—14/(x+1)2+2
Letu=x+1
du = dx
x=3,u=4
x=-1Lu=0

x=u—1
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Chapter 4 worked solutions — Integration

Hence

1-2x
fm
1—2(u—1)
N
_ 3—2udu
o VuZ +2

ot 3 2u J

_fo (\/u2+2_\/u2+2) “

= [3infu+ a2 +2| - 2iF + 2]
=31In(4 +3v2) - 6V2 - 3In(v2) + 2v2

4432
= ln< \/E )—4\/5
4
=31n<ﬁ+3)—4\/§

=3In(2V2 +3) - 4V2

5f

1 x+3

—dx
0o Vx2+4x+1

:f x+3 d
0J(x+2)2-3

Letu=x+2
du = dx
x=1lu=3
x=0,u=2
xX=u-—2
Hence

f x+3 dx
0 J(x+2)2-3
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Chapter 4 worked solutions — Integration

(P u+1 ”

a 2 Vu?2 -3

=.f3( - + ! )du
2 Wuz—-3 Vu?z-3

=[\/u2—3+ln|u+\/u2—3”z

=V6+In(3+v6)—1—1In3

=1<3:J> V-1

=1n<1+ﬁ>+%—1
J‘ ’1+xdx
1—x

_j 1+x>< 1+xd
B 1—x 1+x x

1+ x
VI—2

dx

1 X
dx + dx
V1 —x2 V1 —x2
=sinlx—+1—x24+C

J 3—xd
2+ x x
_f 3—x>< 3—xd
) 25x " 3=
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Chapter 4 worked solutions — Integration

3—x

——dx
Votx—x

-[\/ (xz—x—6)dx

-[\/ (xz—x—6)dx

T

Letu=x—=
2

du = dx

© Cambridge University Press 2019 11



~ CambridgeMATHS == &=

Pl 18

MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

J‘ x—1d
x+1 X
_.[ x—l>< x—1d
B x+1 x—1x

x—1

dx
1

- f (\/xzx— 1 \/le— 1) ax

=m—1n|x+m|+C

7a

1—x
1 x+ 3

_f 1—xd
) x+3 1-x"

0

dx

1—x

—dx
-1V3 —2x — x2

|

Letu=x+1
du = dx
x=0u=1
x=—-1Lu=0
x=u-—1
_ 11—u+1du
o VA—u?
= ‘2o du
o V4 —u?
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Chapter 4 worked solutions — Integration

1
=fo (\/4iu2_\/4liu2)du

= [2sin1 (B) + Jr]

T
=§+\/§—2

J‘O x+2d
_141—x *

_fo x+2>< x+2d
) J1—x x+2

7b

O x+2
= —dx
1V2—x —x?
0 x+2
= —dx
V2 —x—x2
0 x+2
=f 2dx
-1 /9 1
Ji-(x+3)
Letu = +1
etu=x >
du = dx
x=0u=-
x=—-1u= >
B 1
xX=u >
Hence

0 x+2 4
J—1 9 1\2 ¥
Jz—(x+z)
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Chapter 4 worked solutions — Integration

T lx+1
f dx
0 ,}x+3

7c

_fl x+1>< x+1d

)y x+3 x+1
L x+1

= ——dx
0o Vx2+4x +3

x+1
= d
-fowl(x+2)2—1 g

Letu =x+2
du = dx
x=1u=3
x=0u=2
x=u-—2
Hence

x+1
f dx
0 J(x+2)2-1
3u—2+1d
= u
2 Yu2-—1
3 u—-1 .
= u
2 Vu2—1

A Y u 1 p

_L <\/u2—1_\/u2—1) ¢

= Ve =1~ tnfu+ Va2 1]
=2v2-In(3 +2v2) — V3 +In(2 +V3)

2+\/§>
34+2V2

=zﬁ—@+m(
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Fxt2
zx hiz
Q9 @) ARs = (c«t) (x* « ;fo) + -\

3 =
= X + 2Ax + XX

v x4 ax+ =

4+ x =\

L

; -
%o+ IxT Y 4\

= LLHS.
o] I
(3) f X Tt I ) f(x-(—\) (= «—2.7\*—2..) — A
- JTxra ix~ = Jdx -vx.‘x*’z— J‘\-
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