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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

Solutions to Exercise 4D Foundation questions

la
et 2 = A + 5
(x—Dxx+1) x-1 x+1
2 _Ax+1D)+B(x—-1)
x—Dx+1) x—Dxx+1
2=A(x+1)+B(x—-1)
When x = 1,
2=2A
A=
When x = —1,
2=-2B
=-1
Thus,
2 _ 1 1
x—-1Dx+1) x-1 x+1
1b
et ! = 4 + 5
x—4)(x-1) x—-4 x-1
1 _Alx—-1)+B(x—4)

x—-dx-1)  (x—-Dx-1)
1=A(x—1)+B(x—4)

When x = 4,
1=34
A—l

3
When x = 1,
1=-3B
B 1
3
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Thus,

1 _ 1 1
(x—dx—-1 3(x—-4) 3(x-1)

1c
4x _ 4x
x2—9 (x—=3)(x+3)
. 4x __A B
G —3)x+3) x—3 x+3
4x _A(x+3)+B(x—3)

(x—3)(x+3)  (x—3)(x+3)
4x =A(x+3)+B(x—3)
When x = 3,
12 =64
A=2
When x = -3,
—12 = —-6B
B =
Thus,

4x 2 2

= +
x2—-9 x—-3 x+3
1d
X B x
x2=3x+2 (x—-2)(x-1)
. X _ A N B
€ x-2)x—-1) x-2 x-1
x _A(x—1)+B(x—2)

c-2x-1D (@-2x-1
x=Ax—-1)+B(x—2)
When x = 2,

A=2
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When x = 1,
1=-B
B=-1
Thus,
x 2 1

x2—3x+2=x—2 x—1

le
x—1 x—1
x24+x—6 (x—2)(x+3)
x—1 _ A B

et(x—2)(x+3)_x—2+x+3
x—1 _A(x+3)+B(x—2)
(x-2)(x+3)  (x=2)(x+3)
x—1=A(x+3)+B(x—2)

When x = 2,
1=54

Thus,

x-1 _ 1 . 4
x2+x—6 5(x—2) 5(x+3)
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1f
3x+1 A Bx+C
et(x—l)(x2+3)=x—1+x2+3
3x+1 _A?+3)+ (Bx+0O)(x—1)
(x—1x%2+3) (x—1)(x%2+3)
3x+1=A?*+3)+(Bx+0)(x—1)
When x = 1,
4 =44
A=1
Equating coefficients of x? yields:
0=A+B
0=1+B
B=-1
When x = 0,
1=34-C
1=3-C
C=2
Thus,
3x+1 1 2—x
(x—l)(x2+3):x—1+x2+3
2a
et : = 4 + 5
x—4)x-2) x—-4 x-2
2 _Ax—-2)+B(x—4)

x—Hx-2) (x-Hkx-2)
2=A(x—2)+B(x—4)

When x = 4,
2=2A
A=1
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When x = 2,
2=-2B
B=-1
Thus,

2
G- 962"
f Hx-2"
=,[(xi4_xi2)dx

- [t [
_x—4x x—2x

=In|lx — 4| —In|x - 2|+ C

2b

4 4
x24+4x+3 (x+1)(x+3)
) 4 A4 B
et (x+1)(x+3)_x+1+x+3

4 _A(x+3)+B(x+1)
x+Dx+3)  (x+Dx+3)

4=Ax+3)+B(x+1)

When x = —1,
4 =2A

A=2
When x = -3,
4 =-2B
B=-2
Thus,

4
—_—d
fx2+4x+3 x

- [ Grr59)
B x+1 x+3 x
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—Zf 1d Zf 1d
B x+1x x+3x

=2In|lx+ 1| -2In|x+ 3|+ C

2c
Let 3x -2 _ A N B
¢ x-Dx-2) x—1 x-2
3x — 2 _Ax-2)+B(x—1)

x-DEx-2)  Gx-DE-2)
3x—2=A(x—-2)+B(x—-1)
When x =1,
1=-14
A=-1
When x = 2,
4 =B
B =4
Thus,

3x—2 J
@G-Da-2
=[G
BN ACEE R A
[ e[
B x—1 x—2
=—In|lx—1|+4In|lx-2|+C
=4In|lx - 2| —In|x—-1]+C

2d

2x+10  2x+10
x24+2x—-3 (x—D(x+3)

2x + 10 A B
Let =

(x—l)(x+3)_x—1+x+3
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2x+10  A(x+3)+B(x—-1)
(x-Dx+3)  (x-=1Dkx+3)

2x +10=A(x+3)+B(x—1)

When x =1,
12 =44
A=3
When x = -3,
4 = —4B
B=-1

Thus,

J‘ 2x + 10
x2+4+2x—3 x

3 1
=f(x—1_x+3)dx

1 1
=3fx_1dx—fx+3 x

=3In|lx—1|—In|lx+ 3|+ C

2e
4x +5 A B
et = +
2x+3)(x+1) 2x+3 x+1
4x +5 _A(x+1)+B(2x +3)

Rx+3)(x+1)  2x+3)x+1D
4x+5=A(x+1)+B(2x + 3)

Wh -3
enx = >
1= A
2

A=

When x = —1,

B=1

Thus,
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4x + 5 g
2x+3)x+ D

- [ (Gt )
)\ x+3 T x+ )Y

2
_f2x+3dx+

=In|2x+3|+In|x+ 1|+ C

X
x+1

=In|lx+1|+In|2x+ 3|+ C

2f
10x _ 10x
2x2 —x—3 (x+1)(2x —3)
. 10x __4A B
C T DCx—3) x+1 2x-3
10x _AQRx-3)+B(x+1)

(x+1D2x-3)  (x+12x-3)
10x =AR2x—-3)+B(x+1)

When x = —1,

—10=-54

A=2

Wh _3
enx = >

15_53
2

B=6
Thus,

10x
JZxZ—x—de

2 6
zf(x+1+2x—3)dx

YN
) 1 2x — 3

=2In|lx+ 1|+ 3In|2x —-3|+C

dx
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3a

1 _ 1
x2—4 (x—=2)(x+2)
1 A

et (x—2)(x+2)=x—2+

1 _Ax+2)+B(x—2)

(x—2)x+2)  (x=2)(x+2)

1=A(x+2)+B(x—-2)
When x = 2,
1 =144

- f; <4(x1— 2) 4(x1+ 2)) dx

1
= —[lnlx — 2| —In|x + 21§

-3l

1
z[‘“g“%]
1 (1 1
=n(3+3)
1 3
=Zlnz
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3b
3 3
x2+x—2 (x—1D(x+2)
. 3 __A B
- Dx+2) x—1 x+2
3 _Ax+2)+B(x—-1)

x—Dx+2)  (x-Dkx+2)
3=A(x+2)+B(x—-1)
When x =1,

3=34

[ (-5
), =1 x+2)*
= [In|x — 1] — In|x + 2|]3

x—111*
=n]

-n(2)-n(l)

_1(1.1)
—n2.4
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3c
11 _ 11
2x2+5x—12 (2x—-3)(x+4)
ot 11 _ A 4 B
2x—-3)(x+4) 2x—-3 x+4
11 _A(x+4) +B(2x —3)

2x—-3)(x+4)  (2x-3)(x+4)
11 = A(x+4) + B(2x — 3)

When x =§
>

11 = E

2
A=
When x = —4,
11 = -11B
B=-1
Thus,

]5 11 p
, 22 +5x—12"

_jS( 2 1 )d
L \ax=3 x4/

= [In|2x — 3| — In|x + 4|]3

—[l |2x—3 5
I R o)

-n()-n(l)

_1(7.1)
—n9.6

1
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3d
1 _ 1
3x2—4x+1 (x—1)Bx-1)
Let ! = 4 + 5
(x—1DBx-1) x-1 3x-1
1 _ABx -1 +B(x—1)

(x—1Bx—-1)  (x—-1)Bx-1
1=4Bx—-1)+B(x-1)

When x = 1,
1=2A4A
Aol
2
When x =l
3
1=_2B
3
g=_3
2
Thus,

0 1
j_13x2—4x+1dx
- [ e 55
), 2a-n 26x-/*
SRR
“2) -1 -1

1
=3 [In]x — 1] =In|3x — 1]1°,
x—1

=%[In 3x — 1 ]0_1
_ %(m (:—1) —In (:_AZL))

—1(11 11)
—o\Mr Ty
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_1l (1 _ 1)
—2 M\ T2
—11 2
43
x2—-2x+5 A Bx+C

t =
¢ (x—2)(x2+1) x—2+x2+1

x*=2x+5  A(x*+1)+ Bx+C)(x—2)
(x—2)(x2+1) (x—=2)(x2+1)

x2=2x+5=A?*+1)+ (Bx+C)(x—2)

When x = 2,
5=5A4
A=1

Equating coefficients of x? yields:
1=A+B
1=1+8B (sinced =1)

B=0

When x = 0,

5=A4-2C

5=1-2C

C=-2

Thus,
x2—2x+5

G-+ D
=_I(xi2_x22+1)dx

B R NPy
_x—2x x2+1x

=In|x—-2|—-2tan"lx+C
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4b
6—x A Bx +C
et = +
2x+1)x?+3) 2x+1 x%2+3
6—x _A@?+3)+ (Bx+0)(2x +1)
2x +1)(x2+3) (2x + 1) (x2 +3)

6—x=Ax*+3)+(Bx+0C)(2x+1)

Wh _ L
enx = >

13 134

2 4
A=2

Equating coefficients of x? yields:

0=A+2B
0=2+2B (since A = 2)
B=-1
When x = 0,
6=34+C
6=6+C
C=0
Thus,
6—x

it Doz &

2 X
:f(2x+1_x2+3> dx

2 1 2x
=j2x+1dx_fjx2+3dx

1
=In|2x + 1| — Eln(x2 +3)+C (since x? + 3 is positive)

© Cambridge University Press 2019 14



3 ;01.“@“",

CambridgeMATHS == &

MATHEMATICS EXTENSION 2
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4c

x2+x+3_x2+x+3
+x x(x2+1)

x*+x+3 A Bx+C

Let ———=—4———
x(x2+1) x x2+4+1

x*+x+3  A(x*+1)+ (Bx + ) (x)
x(x2+1) x(x2+1)

x> +x+3=A4(x*+1)+ (Bx + C)(x)

When x = 0,

A=3

Equating coefficients of x? yields:
1=A+B

1=3+8B (since A = 3)
B=-2

Equating coefficients of x yields:
C=1

Thus,

fx2+x+3
—dx

x3 +x
_f(3+—2x+1)d
BN AR

- de j = 4 +J 4
) x™ 21" 21"
=3In|x|] —In(x* + 1) +tan" x + C (since x% + 1 is positive)

=tan"'x +3In|x| —In(x?+ 1)+ C

5a

1+ 2x — 4x? A Bx+C

Let -
T D@+ x+1 4 +1

1+2x—4x>  AMAx*+1)+Bx+0)(x+1)
(x+1D@x2+1) (x+1)(4x2 + 1)
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1+2x—4x? =AU4x?+ 1D+ Bx+CO)(x + 1)

When x = —1,
—5=54
A=-1

Equating coefficients of x? yields:
—4=4A+B
—4=-4+B (since A = —1)
B=0
When x =0,
1=A+C
1=-1+C
C=2
Thus,
7 1+42x—4x?
, G+ D@+ D

1

dx

_I;(x+1 4x2+1

1
=f2( >dx
o WxZ+1 x+1

E 1
X
o Xx+1

f (2x)2 + 1d

1
= [tan™! 2x]2 — [In|x + 1]]2

3
= (tan"'1—tan"10) — (lnz —1In 1)

T
=Z—0—1n§—0

T 3
=Z—ll’lz
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5b

) 7—x . +Bx+C
¢ (x+3)(x2+1) x+3 x2+1

7—x _A?+1)+ (Bx+0)(x +3)
(x+3)(x2+1) (x+3)(x2+1)

7—x=A(x*+1)+ (Bx+C)(x +3)
When x = -3,

10 = 104

A=1

Equating coefficients of x? yields:
0=A+B

0=1+8B (sinced =1)

B=-1
When x = 0,
7=A+3C
7=1+3C
C=2
Thus,

jl 7 —x 4
L@+ D™

_fl( 1 +2—x)d
TR RETE VA

_jl( 1 N 2 x )d
S, \x+3 X241 x2+1 *

—jl - d+2f1 4 1f1 S
__1x+3x _1x2+1x 2_1x2+1x

1
= [In|x + 3|1, + 2[tan"t x]1, — 3 [In(x? + 1)]1,  (since x% + 1 is positive)

1
=(n4—-In2)+2(tan"'1 —tan"1(-1)) — > (In2—-1n2)
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=1n2+2<%—(%)>—0

=ln2+mw

=mw+1In2

5c

x> —4  x?—4
x3+2x  x(x?+2)

x?—4 _A+Bx+C
x(x2+2) x x2+42

x* =4 A(x*+2)+ (Bx + C)(x)

Let

x(x242) x(x? +2)

x> —4=A(x*>+2)+ (Bx + O)(x)
When x = 0,

—4=2A

A==2

Equating coefficients of x? yields:

1=A+B
1=-2+8B (since A = —2)
B=3

Equating coefficients of x yields:
C=0

Thus,

x2—4 3x 2

x3+2x x24+2 x

Hence,
f\/ixZ_Ll_d

1 X3+ 2x *
_jﬁ( 3x Z)d
) W?+2 o« *
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[In(x? + 2)]‘1/5 - Z[Inlxl]‘l/7 (since x2 + 2 is positive)

(In4—-1n3)-2(lnv2 —1In1)

3
ln4—§ln3—21n\/§+0

3
In4->In3-In(v2)’

Nlw Nw NlW N w

1 3
= 3ln(4)2—§1n3—1n2

3
=3ln2—ln2—§ln3

3
=21n2—§ln3
=1n22—§1n3

2
3
=1n4—§ln3
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Solutions to Exercise 4D Development questions

6a
f 2x + 3 d
x—Dx-2)2x -3
2x + 3 A B C
= + +
x-1Dx-2)2x-3) x—1 x—2 2x-3
Using cover-up rule:
2(1)+ 3
A= @ =5
1-2)(2(1)-3)
2(2)+ 3
B = 2 =7
2-1D2(2)-3)
2()+3
C = 3 3 = —24
(z-1)(G-2)
Hence
2x +3 _5 7 24
x-Dx-2)2x—-3) x—-1 x—2 2x-3
2x + 3 d
x—Dx-2)2x—3)
_j( 5 N 7 24 )d
-G =2 23/
=5Inlx—1|+ 7In|]x — 2| —12In|2x - 3|+ C
6b
f 4x + 12
—_——dx
—6x2+8
_j x+12
) x(x2 —6x +8) x
_f 1z
) xx—H-2"
4x + 12 A B C

=—+——t
x(x—4)(x-2) x x—4 x-2

Using cover-up rule:
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4(0) + 12 3

A= 0-n0=-2 2

4@ +12 7

T @G-2 2

4@ +12

ORI
Hence

3 7
4x + 12 2 2 5
x(x—4)(x—-2) ;+ (x—4) Cx—2
4x + 12 d

fx(x—4)(x—z) x

:f(%+2(x7—4)_x52)dx

3 7
= Elnlxl +§ln|x —4|—-5In|x—-2|+C

7a
7 3x +5
dx
, =D +2)(x+1)
3x+5 A B C

(x—1)(x+2)(x+1)=x—1+x+2+x+1

Using cover-up rule:

Lo 345 4
T (1+2a+1D 3
3¢ +5 1
T (—2-D(=2+1 3
B 3(-1)+5 _
C‘(—1—1)(—1+2)_ 1
Hence
4 1

3x+5 .3 3 1

x-Dx+2Dx+1) x—-1 x+2 x+1
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7 3x +5
dx
, =D +2)(x+1)
4 1
=f7 3 __ 3 _ ! dx
2 \x—1 x+2 x+1

4 1 7
= [—lnlx — 1| —=zIn|x + 2| — In|x + 1|
3 3 5

—416 119 In8 411+1l4+13
=3l z1n n z1n z1n n

—41 3+41 2 2l 3—-31 2+21 2+1In3
=3zlIn zIn z1n n zIn n

—513 In2
=3zIn n

7b

2 13x+6
f dx
1

x3 —x%2 —6x

jz 13x + 6
; x(x2—x—6)

_jz 13x + 6 ¢
T xa-3)&+2) Y
13x + 6 A B C
=—+——+
x(x—3)(x+2) x x—-3 x+2

Using cover-up rule:
9 13(0) + 6
T (0-=3)(0+2)
- 13(3)+ 6 B
3342
B 13(-2)+6 B
C(=2)(-2-3)
Hence

13x + 6 1 3 2

x(x—3)(x+2)=_;+x—3 x+2

=-1
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2 13x+ 6
fl x(x—3)(x+2) x

N
LU T =3 x+ 2™

= [—In|x| + 3In|x — 3| — 2In|x + 2]]?

=—In2+3n1—-2In4+1n1—-3In2+2In3
=—4Iln2—4In2+2In3
=—8In2+2In3

8ai

2x%+1 A+ B 4 C
(x—1(x+2) x—1 x+2

2x2+1=Ax-1Dx+2)+B(x+2)+C(x—1)
Letx = =2,
9=-3C
C=-3

Letx =1,
3=3B

B=1

Letx =0,
1=-2A+2+3
A=2

Hence

2x% +1 1 3

=2 4 —
x—1Dx+2) +x—1 x+2
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8aii
f 2x“+1 d
x-—Dx+2)"
—f(z+ ! 3 )d
B x—1 x+2 x
=2x+In|lx—1|—-3In|x+ 2|+ C
8bi
x2—-2x+3 4
x+Dx—2)"
x2—-2x+3 B B C

=A+——+
(x+1D(x-2) x+1 x—-2

x2=2x+3=Ax+1)(x—-2)+B(x—-2)+C(x+1)

Letx = 2,
3=3C

c=1

Letx = —1,

6 = —3B
B=-2

Letx =0,
3==-2A+4+1
A=1

Hence

x?—=2x+3 _ 1 2 N 1
(x+1D(x-2) x+1 x-—-2

x2—2x+3 J
x+Dx—2)"

—f(l 2 4 1>d
B x+1 x-—-2 x

=x—2Inlx+1|+In|jx -2|+C
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8bii
3x2 66
x+Hx—5 "

3 -66 _ B C
(x+4)(x—-5) x+4 x-5

3x2—66 =A(x +4)(x —5) +B(x —5) + C(x + 4)

Letx =5,

9=9C

c=1

Letx = —4,

—18 = -9B

B=2

Letx =0,
—66=—-20A-10+4
A=3

Hence

66 2 1
(x+4)(x-5 =~ x+4 x-5

3x2% — 66 3
x+H)x—5"

—f(3+ 2 + 1>d
B x+4 x-5

=3x+2In|lx+4|+In|x—-5|+C

9ai

x3—3x%2 -4 C D
(x+1(x—-3) x+1 -3

x3-3x2—-4=(UAx+B)(x+1D(x-3)+C(x—3)+D(x+1)
Equating x3 coefficients gives A = 1.

Letx = 3,

—4 =4D
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Letx = —1,
-8 =—-4C
C=2
Letx =0,

9aii
1x3—3x2—4d
s G+ DE-3) "
[ (-1 )d
-\ x+1 x-3/"
1 1
=[—xz—x+21n|x+1|—1n|x—3|]
2 0
1
=§—1+21n2—1n2+1n3
=In2+1n3 1
=In n 5
9b
4x3+4x2+x—3d
, (x+2)(x=1) x
x3+4x2+x—3_A B4 C N D
(x+2)(x—1) X x+2 x-1

x3+4x>+x-3=UAUx+B)(x+2)(x—1)+C(x—1)+D(x+2)
Equating x3 coefficients gives A = 1.

Letx =1,

3=3D

D=1

Letx = -2,
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3=-3C
Cc=-1
Letx =0,

—3=-2B+1+4+2
B =3
Hence

x4+ 4x%2+x-3
, (x+2)(x-1)

-f‘*< 3o L)

1 4
= [Exz +3x —In|x + 2| + In|x — 1|]
2

dx

=84+12—-In6+In3—-2—-6+1n4—-1In1l

=12+41In2
10ai
3x2 — 10 4 B ¢ c
—4x+4 x—2 (x—2)2
3x2 — 10 B C

G- i teow
3x2—10=A(x—2)?+B(x—-2)+C

Letx = 2,

12-10=C

C=2

3x2—10 =A(x* —4x+4)+ Bx — 2B + 2
3x2—10 = Ax* —4Ax + 4A + Bx — 2B + 2
3x2—10 = Ax*+ (B —4A)x + 4A — 2B + 2
Equating x? coefficients give 4 = 3.
Equating x coefficients give:

B—-12=0
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o B

~ CambridgeMATHS == »

MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

B =12
10aii
f 3x%—10 d
x2 —4x + 4 x
—f@+ E )
B x—2 (x—2)2 x
2
=3x+12In|lx - 2| ———+C
x—2
10bi

+7 A B C D
(x—12(x—-2)2 x—1 (x-12 x—-2 (x—2)2

3x+7=Ax—-1D(x—-2)2+B(x—2)*>+C(x—1)?(x—2)+D(x — 1)

Letx =1,
3+7=8B
B =10
Letx = 2,
6+7=D
D =13

3x+7=A(x -1 (x—-2)>+10(x —2)* + C(x — 1)?(x — 2) + 13(x — 1)?
Equating x3 coefficients gives A+ C = 0
Letx = 0,

7=—4A4A+40—-2C + 13

—46 = —4A - 2C
23=2A+C
A = —C from previous calculation

23==-2C+C=-C
¢ =-23

© Cambridge University Press 2019 9
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Chapter 4 worked solutions — Integration

A =23
10b ii
3x+7 d
- D2(x—22 "
_.[(23+ 10 23+ 13 )d
G T a2 x—2 T -2z
10 13
=23In|lx—-1]| ————-23In|x - 2| ———+C
x—1 X —2
23] x—1 10 13 +C
B nx—2 x—1 x-—-2
11a
4 X3 +4x X

6 x2-8

),

x2-8 A Bx+C
X2 A) x xTA
x2—8=A(*+4)+ (Bx + C)x
x%—8=Ax?+ 4A + Bx? + Cx
x2—8=(A+B)x*+Cx +4A
4A = -8

—2+B=1
B=3
C=0

Hence
J6 xZ -8 p
s X(x2+4) x
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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

11b

[
), Ty ™

3 6
[—2 Injx| + = In|x? + 4|]
2 4

3 3
= —21n6+§ln40+21n4—§ln20

=21 2+31 2
nz+sin

_ 32— 2ms
=2 7

2 1+ 4x 4
_I;) 4-—20)x*+1) x

1+4x _ A +Bx+C
(4—-x)(x2+1) 4—-x =x2+1

1+4x=A(x*+1)+ (Bx+C)(4—x)

Letx = 4,
17 =174
A=1

14+4x =x%>+1—Bx?>+4Bx — Cx + 4C
1+4x=01—-B)x?+ (4B-C)x+4C+1
~1—-—B=0

B=1

4—-C=4

C=0

Hence

JZ 1+ 4x i
o d—x)(x2+1)

—f2< R )
B AVEr R TV A
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Chapter 4 worked solutions — Integration
1 2
= [— In|4 — x| + =In|x? + 1I]
2 0
=—1 2+1l 5+1In4 11 1
= —In > n n > n
1
=—In2 +§ln5+21n2

_ L mastms
- nETom

—11 20
_zn

12a
x>-~1 A B Cx+D

———=—t—+
x*+x2 x x%2 x%?2+4+1
x? -1 A B Cx+D
———— ==t —+
x2(x2+1) x x%? x2+4+1

x> —1=Ax(x*+1)+B(x*+1) + (Cx + D)x?
x?>—1=Ax3+ Ax + Bx* + B+ Cx® + Dx?
x2—1=MA+C)x*+(B+D)x*+Ax +B

Equating coefficients gives:

A+C=0
B+D=1
A=0
B=-1
C=0
D=2
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Chapter 4 worked solutions — Integration

12b

13a

V3 42 1
fi x4+x2dx
V3
A, 1
=fi (x2+1_F)
NE
1\/5
= [2 tan~1(x) + —]
x| L
NE
= 2tan"(V3) + 1 2tan~?! (i) -3
V3 V3
2T 1 =
== T_g_\@
_T, V3 33
=313 3
_m_2V3
3 3
1
:E(T[—Z\/g)
fxz+1d
x2—1 x
_f x“+1 d
- DE+r DY
“+1 . B C
(x—D(x+1) x—1 x+1

> +1=A-1Dx+1D)+Bx+1)+C(x—-1)
x2+1=Ax>—-A+Bx+B+Cx—C
x’+1=A4x*+(B+C)x+B—-A-C

Equating coefficients gives:

A=1

B+C=0

© Cambridge University Press 2019
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Chapter 4 worked solutions — Integration

13b

B-1-C=1
B—-C=2
~B=1
~C=-1

Hence

x“+1 d
f(x—l)(x+1) x

—f(1+ ! ! )d
B x—1 x+1/

=x+Inlx—1|—-In|x+ 1|+ C

x24+1

fz dx

x2 —x
_j‘x2+1d
) x(x—=1) x
x24+1 B

A4+ —=
x(x—1) +x+x—1

Using cover-up method:
_02+1
NCE
1741
= o e

2 +1=Ax(x—-1)—-(x—1) + 2x

Letx = 2,
5=24-1+14
A=

© Cambridge University Press 2019
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Chapter 4 worked solutions — Integration

=x—In|x|+2In|lx—-1|+C

13c

x3+1

f3 dx

x>+ x

_f x3+1 4

S x(x2+1) x

x3+1 _A+B+Cx+D
x(x24+1) x x?2+1

x3+1=Ax(x*+1)+B(x*+ 1)+ (Cx +D)x
x3+1=Ax3+Ax + Bx* + B+ Cx* + Dx
x3+1=A4x>+B+C)x*+(A+D)x+B
Equating coefficients:
A=1
B=1
B+C=0

=-1

1 —x-1
=j(1+;+x2+1)dx
1 X 1
j(1+;_x2+1_x2+1)dx

1
x + In|x| — Eln(x2 +1)—tan"1(x) +C

© Cambridge University Press 2019 15



~ CambridgeMATHS =

MATHEMATICS EXTENSIO

Chapter 4 worked solutions — Integration

— X d
‘f(x—zxx—s) *

x? A4 B N C
(x—2)(x—-3) x—2 x—3

Using cover-up method:

22

32
3—-2
x2=Ax—-2)(x—-3)—4(x—3)+9(x — 2)

C = =9

Equating x? coefficients gives A = 1

Hence

x2 p
f(x—zxx—z) g

—f(1 4+9>d
N x—2 x-3/%

=x—4In|lx—2|+9In|x —-3|+C

13e

x3+5

fz dx

x2 4+ x

'_fx3+5d

) x(x+1) x

x3+5

x(x+1) x x+1

Using cover-up method:
_0°+5
S 0+1

-1°+5
-1
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Chapter 4 worked solutions — Integration

13f

x3+5=Ux+B)x(x+1)+5(kx+1)—4x
Equating x3 coefficients gives A = 1

Letx =1,

6=(1+B)2+10—-4

B=-1

Hence
fx3+5 4
x(x+1) x
5 4
=f(x—1+—— )dx
x x+1

1
=§x2—x+51n|x|—4ln|x+1|+C

[ =5
x2—3x+2x

‘f(x—zxx—n *
x4 D E
(x—2)(x—-1) x—2 -1

Using cover-up method:

24-

14-
1-2
xt=(Ax?+Bx+C0)(x—2)(x—1)+16(x—1)— (x —2)

E= =-1

Equating x* coefficients gives A = 1
Equating x3 coefficients gives B — 34 = 0
B=3

Letx =0,

0=2C—-16+2
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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

c=7

Hence

x4-
f<x—z><x—1>d"

16 1
=.[(x2+3x+7+—— )dx
x—2 x-1

1 3
=§ﬁ+5x1+h+46mu—2LJMx—H+C
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