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MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

Solutions to Exercise 4C Foundation questions
la Using reverse chain rule:

[ 2x(x? + 1)*dx

Let f(x) =x?+1

f'(x) =2x

f 2x(x? + 1)* dx

1
= g(x2 +1)°+C
Using substitution:
Letu=x%+1
du
dx

du = 2x dx

2x

Thus
f 2x(x? + 1)* dx
= [u*du

1
=§u5+C

1
=§(x2+1)5+C

1b Using reverse chain rule:
[3x2(1+ x3)®dx
Let f(x) =1+x3
f'(x) = 3x?
[3x2(1+ x3)®dx
1
= 7(1 +x3) +C

Using substitution:
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Letu = 1+ x3
du
dx
du = 3x? dx

= 3x?

Thus
[3x2(1 4+ x3)®dx
= [ubdu
1
= ;u7 +C

1
= 7(1+x3)7 +C

1c Using reverse chain rule:

X 4
|
Let f(x) =1+ x3
f'(x) = 3x?

_X 4
| G

_zf 3x J
B RS P

2
=_—1(1+x3)‘1+C

1+x3+C

Using substitution:
Letu =1+ x3

du
dx
du = 3x2%dx

= 3x?

Thus
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Chapter 4 worked solutions — Integration
.[ 6x? p
——dx
(1+x3)?

_zf 3x? 4
—f Az

=2fu?du

=-2u"l+C

1d Using reverse chain rule:

4x P
f(B—xz)5 ¥
Let f(x) =3 — x?
f(x) =—2x

4x
f G-
= -2 f(—Zx(S —x?)7%) dx

-2
= _—4(3 —xz)‘4 +C

1

ECEEOIM

Using substitution:

Letu = 3 — x?

du _

dx x
du = —2x dx
Thus

4x
j G—x2p ™

_ ZJ —2x P
B AT i
=—-2[uSdu
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Using reverse chain rule:

x
Ny A

Let f(x) = x? — 2

f'(x) =2x

X
N e

1 _1
=§f2x(x2—2) 2dx

1 1
=X 2(* = 2)2+C

=4x2-24+C
Using substitution:
Letu = x2—2

du_2
dx x

du = 2x dx
Thus,

X
Nraes R

dx
Vxz -2
1 _1
=§fu 2du

1 1
==Xx2uz+C
> uz +

=4x2-24+C
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Chapter 4 worked solutions — Integration

1f

Using reverse chain rule:

x
e
Let f(x) =1+ x*
f'(x) = 4x3

X
dx
VItx

1 _1
=Zf4x3(1+x4) Zdx

1 1
=Z><2(1+x4)2+(]

1
=§\/1+x4+C

Using substitution:
Letu =1+ x*

du
dx
du = 4x3dx

= 4x3

Thus,

x
dx
N
1 4x3 4
=— X
N

1 1
=qu 2du

1 1
=-X2uz2+C
4 u

1+x*+C
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2a

CcoS X
— dx
sind x
Letu = sinx

du
— = COSX
dx

du = cosx dx

Hence,

cos x
— dx
sin3 x

2b

sec? x
—— dx
(14 tanx)?

Letu =1+ tanx

du )
— =sec*x
dx

du = sec? x dx
Hence,

sec? x
— dx
(1 + tanx)?
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Chapter 4 worked solutions — Integration

=—ul+C
-1
= +C
1+ tanx

2c

l 2
(Inx) dx

Letu =lnx

du_
dx

Ll

U

x
du = —
x

Hence,

= fuz du

1
=—uwd+C
3u+

2d

Letu = vx
du 1
dx  2x
dx
2Vx

Hence,

du =

j cosvVx i
Vx
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Chapter 4 worked solutions — Integration

[,
2vx

=2fcosu du

=2sinu+C

= 2sinVx + C

2e

[Feeet
1+x4x

Letu = x?
du
dx
du = 2x dx

| e
1+x4x

_lf 2x d
“2) 1y o™

_1f 1
2y

—1><1t Tu+cC
—2 1an u

= 2x

1
= Etan‘1 x2+C

2f
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X
dx

V1 —x6

1 3x
=-f—dx

3) /1= (x3)?
=-f—du

3 1/12 — U2

1

= ><1 in"tu+C
—3 1Sln u

1
= —gj -1,3 C
3sm x> +

3a
1
f x3(1 + 3x%)%dx
0

Letu =1+ 3x*

du _ 12
dx x?
du = 12x3dx

Whenx =1,u = 4.
Whenx = 0,u = 1.

Hence

1
j x3(1 + 3x*)% dx
0

1

3 4\2
=7 12x (14 3x*)%dx
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Chapter 4 worked solutions — Integration

7
4

3b

o VE
Letu = 4 — x?
du
dx
du = —2x dx

= —2x

Whenx = 1,u = 3.
When x = 0,u = 4.

Hence

X
dx
0 ‘\/4 —xz

-3, =
1 (3du
2), vu

_ 1 (*du

" 2); Vu

4

1 1
=—X2§
[2 ”L

3c

+ x4+1
——dx
3 Vx2+2x+3

Letu =x%+2x+3
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du
a=2x+2=2(x+1)du=2(x+1)dx

When x = 4,u = 27.
When x = 3,u = 18.
Hence

o ox+1
—dx
3 Vx2+4+2x+3

1% 20+1)
o =
2); Vx2+2x+3

B 1f27du
2)i5 Vu
27

52
= [=X ZuE]
2 18

_ [\/5]27

=27 - V18
=3V3-3V2
=3(vV3-+2)

3d
T

2 4
sin® x cos xdx
0

Letu = sinx

du
— =COoSX
dx

du = cosx dx
When x =§,u =1.

Whenx = 0,u = 0.

Hence,
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Chapter 4 worked solutions — Integration

T

2 .,
sin® x cos xdx
0

1
=f u*du
0

1 1
=_5
[5” .
1
T 5
1
5

3e

f tan® x sec® x dx
0

Letu = tanx

du 5
— =sec“x

dx

du = sec? x dx
When x =§,u =1.
Whenx = 0,u = 0.

Hence,
T

2 2
tan“® x sec® x dx
0
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Chapter 4 worked solutions — Integration

3f

2
€ Inx

— dx
. X
Letu =lnx
du_l
dx  x

dx
du =—

Hence,

© Cambridge University Press 2019

NI

13



W b

155 . :
TP A el VY
W
.

- -
i 13

MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

" CambridgeMAT

Solutions to Exercise 4C Development questions
4a
1
f x(x —1)%dx
0

Letu=x—-1
du = dx
x=u+1
x=1lu=0
x=0u=-1

Hence

1
f x(x —1)%dx
0

0
= f (u+ Du®du

-1
0

= j (u® +u®) du
-1

1 1 1°
—1=,,7 .6
[7” e ]_1

-G+ L) e i)

4b

flx(x —1)>dx
0

1
= f x(x> — 5x* +10x3 — 10x? + 5x — 1) dx
0
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Chapter 4 worked solutions — Integration

1
f (x® — 5x° + 10x* — 10x3 + 5x% — x) dx

5
[7x ——x + 2x° —Ex + 3% ——x]

5a

fxx/x+1dx
Letu=+vx+1

x=u?-1
dx = 2udu

Hence

fx\/x+1dx
=](u2—1)ux2udu
=2f(u4—u2)du
1 1
—2<5u —Eu)+C
2 5 2 3
= S(ETD) s (ETD) 4
=12—5(3(x+1)2\/x+ —5x+1DVx+1)+C
=12—5((x+1)\/x+1(3(x+1)\/x+1—5))+C
=12—5(x+1)\/x+1(3x—2)+6

=12—5(3x—2)(x+ DVx+1+C
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Chapter 4 worked solutions — Integration

5b

dx

1
f1+\/§
Letu=1++Vx
x=(u-—1)>2
dx =2(u—1)du

Hence

dx

f 1
1+Vx
=2f%(u—1)du

1
=2f(1—a) du
=2(u—Inlu|)+C
=2+2Vx—2In(1+Vx)+C

=2(1+Vx—In(1++x))+C

5c

1
J Tdx

1+ x%

—4] w
B 1+uu

wd=ut+1-1

wW+l=w+DW?-u+1)
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Chapter 4 worked solutions — Integration

wW=w+DWw?-u+1)-1
Hence
4f w du
1+u
(u+1)(u2—u+1)—1d

= u
14+u

_ 2 _ 1
=4 u u+1 du
14+u

1 1
=4<§u3—§u2+u—ln|1+u|>+C

4 3 1 1 1
=§x4—2x2+4x4—41n(1+x4)+6

5d

Hence,

——dx
f\m

—jlx “ d
" Ju u2+1u
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Chapter 4 worked solutions — Integration

_f L
_u2+1u

=tan"t(u)+C

=tan~! (\/ezx — 1) +C

6a

T 2—x 4
o (2+x)3 x

Letu=2+x
xX=u-—2
x=1u=3
x=0,u=2
dx =du
Hence

1 2—x

—d
o 2+x)3 x

32 —u+2
=] du
2
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Chapter 4 worked solutions — Integration

6b
4
f xV4 — x dx
0

Letu=+vV4—x
x=4u=0
x=0u=2
x=4—u?

dx = —2udu

Hence
4
fx\/4—xdx
0
0
=f (4 —-uPH)ux -2udu
2
2
=2f (4 —u®)u?du
0
2
=2] (4u? —u*) du
0
4 1 .71?
=2|= 3 _ = 5]
[3” 541,
—2[4X8 1)(32]
K 5
128

~ 15

6cC

|

Jo5+\/§dx
Letu = vx
x=4u=2
x=0u=0

X=Uu
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dx =2udu

Hence

dx
o 5+Vx
2 1
=.[ X 2udu
0o Otu
o[ g
B ,[05+u “
2u+5-5
Lo [urses,
o Stu

2 5
=2f (1——)du
0 5+u

=2[u—5In|5 +ul]3

=2(2-5In7—-0+5In5)

= 44101 (5)
= n 7

6d

|, aroa
Letu = vx
x =12,u=2V3
x=4u=2
x = u?

dx = 2udu

Hence
—dx
L (4 + x)Vx

2V3
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2V3 2
= d
,L 4wz

23

SO

= tan~!(V3) — tan"(1)

/A

3
s
12

7a

(1+x)\/§dx
Letu = vx
x =u?
dx = 2udu

Hence

(1+x)\/§dx
= ! 2ud
_j(1+u2)u ~ &

_j(1+u2) u

=2tan"(w) + C
= 2tan }(vVx) + C

7b

X
dx
Vvx +1
Letu=+vx+1

x=u?*-1
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Chapter 4 worked solutions — Integration

dx =2udu

Hence

X
dx
vx+1

u? -1
=.[ 2u du
u

=2.[(u2—1)du

—2(1 3 )+C
= 31,1, u

(x+DVx+1-2Vx+1+C

U-)lN

(x+1)—2)Vx+1+C

/N /N
winN Wl

4
x—§)\/x+1+C

(x—2)Vx+1+C

UJIN

8a

1
[— e
(1+x?)2

Letx = tan®

dx = sec® 0 d6

Hence

1
[ w
(14 x2)2

1 2
= f—3$ec 6do

(1 + tan?6)?2

sec? 6
[
(sec?0)z

B f sec? 6 i
~ ) sec36
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=.[cost9 de

=sin@ +C
6 =tan"lx
sinf + C

=sin(tan™'x) + C

X
= +C
x2+1

8b

X2
| ==
Letx = 2sin@
dx = 2cos6 db

Hence

x2
dx
f V4 — x2
B 4sin? @
V4 — 4sin2 0
8sin% 6 cos 8
= f do
J4(1 —sin? 9)

8sin% 6 cos B
- f— do

2cos 0O do

2cos @

= f4sin26 do

1
sin? 6 = > (1 — cos 28)
Hence

J 4sin% 6 do

=j(2—2c0529) do
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Chapter 4 worked solutions — Integration

=260 —sin20+C
0 =sin! (g)

sin26 = 2sinf@cos@ = 2sinf+/1 —sin% 0

Hence
20 —sin260 + C
=Zsin‘1(£)—x 1—£+C
2 4
_ X 4 — x2
—Zsm‘l(—)—x ) +C
Xy X
=2$1n1(§)—§\/ —x2+C

8c

1
[——
X225 — x?

Letx = 5cosé@

dx = —5sin8 db

Hence
1
[
X225 — x2
J ! (—5sin@) do
= —o S1n
25 cos?2 6 v25 — 25 cos? 6

_J‘ —5sin 8 46
25 cos?2 0 +V25sin2 @

_ f —5sin@ 46
~ ) 25c0s265sin6

-1
B _IZS cos? @ a6

© Cambridge University Press 2019 11



Chapter 4 worked solutions — Integration

1
= —2—5tan9+C

0 = cos™! (g)

sin@ V1 -—cos?8

cos®  cos6

——tanf +C

25
1 v1—c0529+c

25 cos @

XZ
113
——E +C

_ |25 —x?
_ \j 25
= o +C

vl R

—%\/25 — x2
5x
Ny
 25x

8d

1
fxzmdx
Letx =tan#®
dx = sec’ 6 do
Hence

1
x2V1 + x2

1
sec® 0 d6
.Itan2 6+V1+tan2 0

dx

—

© Cambridge University Press 2019
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Chapter 4 worked solutions — Integration

_f sec? 0 »
~ J tan2 6 secH

9a

_f secH 40

~ J tan20

B .[ 1 « cos? 6 i
~ ) cos® " sinz0

_ f cos @ 40
~ ) sin26@

Letu = sin @

du = cos6do

Hence

J‘ cos @ 40
sin? @

sin(tan~1x)
. +
sin(tan~1x)

VEFT
= PR

V2 3
dx
fo Vxz +1

Letx =tan#®

dx = sec’ 6 do

x =v2,0 = tan 12
x=06=0
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Hence

V2,3
dx
fo VxZ +1

tan~1+/2 tan3 @
= f —————sec?0db
0

tan?0 +1

sec? 0 d6

.[ta“_l‘/ztan3 0
A ech

tan~1+/2
= f sec § tan @ tan? 6 df
0

tan~1+/2
= f secOtan 0 (sec’0 — 1) df
0

Letu = secf

du = secOtan6 do

0 =tan"1V2,u=+3
0=0,u=1

Hence

tan~1+/2
f secOtand (sec’0 — 1) do
0

V3
=j u? —1du
1

o]
=vV3-+3- <——1)

2
3
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9b
V2 3
dx
fo Vx? +1
x3=x(x*+1)—x
dx
Nrore
VZe(x2+1) —x
_[Fribox,
0 x2+1
e X
= xVx?2+1— )dx
J;) ( Vx2 +1
From here on, the integral can be evaluated by a substitution u = x2.
10a

2
J- Va4 —x2dx
1

Letx = 2sin@

dx = 2cos8do
T
X = 2,9 =E
T
X = 1,9 =g
Hence

2
f V4 —x%dx
1

s
2
=L 4 — (2sin@)22cosHdo

s
2

=.LT v 4(1 —sin?20)2cos6 db
6

T

2
=L2cos€2cos€d9

6
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T

—4f cos? 0 d6
6

1
cos? 6 = 5(1 + cos 20)

Hence
T
2
4f cos? 0 de
T
6

TL’

—4f —(1+ cos26)d6
6
T
2

= ZL (1+ cos26)do

1 7
=2 [9 +—sin29]
2 n

T 1 n 1 T
=2(§ —sinm — — — =sin )

2 6 23
—m+0-2 3
-r 372
_271' \/§
32

10b

2
f V4 —x%dx
1

The function represents a semi-circle of radius 2 centred at the origin.

The area between x = 1 and x = 2 represents half of the minor segment created
of a circle of radius 2.

The formula for the area of a segment:

1
Area = Erz(e —sin0)

0 1
r = 2,c0s (5) =3 (draw out the diagram to see the triangle)
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g = 2T
3
Hence

2
f\/4—x2dx

1

1
=3 X Area of segment

1 1 2r | 2m
=—x§22(——sm—)

2 3 3
_27'[ V3
3 2

11a

T .
2 sSinx

L
o Sinx + cosx
Let z
etu=—-—x

2

n
X==—u
2

du = —dx

Hence

I=—f0 sin(%—u) "
T sin

3 sin (3~ + cos (3 - u)

A
2  cosu

I=| ——du
o Cosu+sinu

u is a dummy variable and can be replaced by x.

T

2 cosx
I=| ——dx
o Sinx + cosx
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11b

12a

T .
2 s x

[,
o Sinx + cosx

T

Z  cosx
=] ————dx
o Sinx + cosx

Hence

A

2 sin x
I+I=f _
o Sinx + cosx

s

2sinx + cosx
21 = _—

o Sinx + cosx

T

2
21=f1dx
0
2] ==
2
1_71'
4

f” sinx g
————dx
o 1+cos?x

Letu = cosx

du = —sinx dx
x=mu=-—1
x=0u=1
Hence

f” sin x J
01+coszxx

[ e
), 1+w? “

_fl L
LT ™

© Cambridge University Press 2019
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= [tan~u]l,

=tan"'1—tan"1(-1)

LT
4

TN S

12bi

| J‘” x sinx p
=| ————dx
o 1+ cos?x

Letu=m—x

Hence

| f” x sinx p
=| ——dx
o 1+ cos?x

I:_fo(rt—u)sin(n—u)du

1+ cos?(m —u)

_ (" (m—w) sin(w)
I'= fo 1 + cos2(u) du

(" 7 sin(u) B T usin(u)
= - ),

1 + cos?(u) u 1+ cos?(u) u

N
S
,:nj _sin@) o,
0

1+ cos?(u)
s
I=T[XE—I
2
I=7—I
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12biii
=T
2
2="
2
=
4
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