Chapter 4 worked solutions — Integration

Solutions to Exercise 4B Foundation questions
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Hence,
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21 Z x
= d d
f04+x2 x+f04+x2 *

Ify = 4 + x2, then

dy

— =2
dx x
Hence

1 ] 1
= [—tan‘1 (—)] +3 [In(4 + x?)]3 (since 4 + x2 > 0)
0

[((an™'1 —tan"10) + (In8 — In4)]
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4a
= log(x + Vx2 + a?)

1
Letu = x + (x? + a?)2
du

1 1
— _ 2 Z—EX
—dx—1+2(x + a®) 2x

X
=1+———
(x? + a?)2
Hence,

= logu

© Cambridge University Press 2019 6



ol

CambridgeMATHS == %

MATHEMATICS EXTENSION

Chapter 4 worked solutions — Integration

dy_dyxdu

dx du’ dx

dy 1 X

—= x(1+ )
VE T a

dx  u
1
(x + (x? + a2)2>
T
dy _\ (x%+a?)2
dx

1
x+ (x? + a?)2

dy 1
=
dx (x? + a?)2
dy 1
ix Vet a
4b
[ 7=
X
Nroas
=log(x +Vx2 +a?) + C
(since yx2 4+ a? = |x| and so x + +/x? + a? is not negative)
4ci
[ e
X
T3
1
By
/xz +(V3)°
=log(x +Vx2+3)+C

(since v x? + 3 = |x| and so x + +/x? + 3 is not negative)
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4cii

4 1
-[—4\/.’)62 +9

4 1

=fm
4

= [log (x +/x?% + 9)]_4
=log9 —log1l
=1log9 -0
= log 9
= log 32
= 2log3

© Cambridge University Press 2019 8



o

~ CambridgeMATHS=

MATHEMATICS EXTENSION 2

Chapter 4 worked solutions — Integration

Solutions to Exercise 4B Development questions

5a

£
2+l
d=x(x*+1)—x

Hence

x2+1 x
x(x?+1)—x
=f2—dx
x“+1

=f(x—x29:_1)dx

1 1
— 2 2
=3 2ln(x +1)+C

Note: Modulus function not needed since x? + 1 is always greater than 0.

5b

[
x+1 x
=03 +1)-1

B+1=Cx+DE*—x+1)

Hence
f e
x+1 x
x3+1)-1
= | ————dx
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j(x+1)(x2—x+1)—1
= dx
x+1
5 1
= (x —x+1——)dx
x+1
1

=—x3—1x2+x—ln|x+1|+C
3 2
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5ci
(=t
x—1 x
B=x3-1+1
3—-1=x-1Dx*+x+1)
Hence
=t
x—1 x
f(x—l)(x2+x+1)+1
= dx
x—1
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= (x +x+1+—)dx
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3 2
5cii
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Hence
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1 3 1
=§x —x+tan " x+C
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S5ciii
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= X —
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= d
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e—x
= d
fe‘x+1 x

1
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u
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2 3 1
=§u2—4u2+C

2 3 1
=§Q+xﬁ—4@+xﬁ+c

Note: Square root notation is also fine.

S5cv
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dx
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1 u
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= %(ln(e2 +1) —In(2))

_11 e?+1
—2M T
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dx
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—fﬁ 2 d+f@ 4
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= [In(x? + 1)]\1/§ + [tan™?! x]‘l/§
=In4—In2+tan"'vV/3 —tan"11
T

—m2+2
S ety
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X
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= + 1) dx
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= ——+1])dx
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1
f(x—1+—+1) dx
+1

f(x+%) dx

1
=Ex2+ln|x+1|+C

7b

x3 —2x%+3
[Pozmes,,

x—2

fxz(x—2)+3 i

Xx—2

=f(x2+xiz) dx

1
=§x3+31n|x—2|+C

7c

(x + 1)?

1+ x2 dx

dx

fx2+2x+1
1+ x2

—](1+ e )d
N 1+ x2 y

=x+In(1+x?)+C

8a y=ln(x+\/x2—a2),x> la|

@ _ ! x(1+ i )
dx x ++/x2 — a2 Vx2 — q?

dy 1 X +Vx? —a?
a=x+\/x2—azx< x? — a? )
dy 1

dx Vi a?
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8b

1
fmdx=ln(x+ xz—a2)+C
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8ci
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3 1
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NG
=In(3+v5) —In(v5 + 1)
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