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Solutions to Exercise 4B Foundation questions 

1a  

∫
𝑥

𝑥 − 1
𝑑𝑥 

= ∫
𝑥 − 1 + 1

𝑥 − 1
𝑑𝑥 

= ∫ (
𝑥 − 1

𝑥 − 1
+

1

𝑥 − 1
) 𝑑𝑥 

= ∫ (1 +
1

𝑥 − 1
) 𝑑𝑥 

= 𝑥 + ln|𝑥 − 1| + 𝐶  

 

1b 

∫
𝑥 − 1

𝑥 + 1
𝑑𝑥 

= ∫
𝑥 + 1 − 2

𝑥 + 1
𝑑𝑥 

= ∫ (
𝑥 + 1

𝑥 + 1
−

2

𝑥 + 1
) 𝑑𝑥 

= ∫ (1 −
2

𝑥 + 1
) 𝑑𝑥 

= 𝑥 − 2ln|𝑥 + 1| + 𝐶 

 

1c 

∫
𝑥 + 1

𝑥 − 1
𝑑𝑥 

= ∫
𝑥 − 1 + 2

𝑥 − 1
𝑑𝑥 

= ∫ (
𝑥 − 1

𝑥 − 1
+

2

𝑥 − 1
) 𝑑𝑥 

= ∫ (1 +
2

𝑥 − 1
) 𝑑𝑥 

= 𝑥 + 2ln|𝑥 − 1| + 𝐶 
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2a  

∫
𝑥 − 1

𝑥 + 1

1

0

𝑑𝑥 

= ∫
𝑥 + 1 − 2

𝑥 + 1

1

0

𝑑𝑥 

= ∫ (
𝑥 + 1

𝑥 + 1
−

2

𝑥 + 1
)

1

0

𝑑𝑥 

= ∫ (1 −
2

𝑥 + 1
)

1

0

𝑑𝑥 

 = [𝑥 − 2ln|𝑥 + 1|]0
1 

 = (1 − 2 ln 2) − (0 − 2 ln 1) 

 = 1 − ln 22 − 0 + 0 

 = 1 − ln 4 

 

2b  

∫
𝑥

2𝑥 + 1

2

0

𝑑𝑥 

= ∫ (
1

2
+

−
1
2

(2𝑥 + 1)
)

2

0

𝑑𝑥                    (by long division) 

= ∫ (
1

2
−

1

2(2𝑥 + 1)
)

2

0

𝑑𝑥 

 Let 𝑓(𝑥) = 2𝑥 + 1, 𝑓′(𝑥)  = 2 

 Hence, 

∫ (
1

2
−

1

2(2𝑥 + 1)
)

2

0

𝑑𝑥 

= ∫ (
1

2
−

2

4(2𝑥 + 1)
)

2

0

𝑑𝑥 

= ∫
1

2
𝑑𝑥

2

0

−
1

4
∫

2

2𝑥 + 1

2

0

𝑑𝑥 

= [
𝑥

2
−

1

4
ln|2𝑥 + 1|]

0

2
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= (1 −
1

4
ln 5) − (0 −

1

4
ln 1) 

= 1 −
1

4
ln 5 

 

2c  

∫
3 − 𝑥2

1 + 𝑥2

1

0

𝑑𝑥 

= ∫ (−1 +
4

1 + 𝑥2
)

1

0

𝑑𝑥                    (by long division) 

= ∫ −1 𝑑𝑥 + 4 ∫
1

1 + 𝑥2

1

0

1

0

𝑑𝑥 

= [−𝑥]0
1 + 4[tan−1 𝑥]0

1 

= −1 + 0 + 4 tan−1 1 − 0 

= −1 + 4 ×
𝜋

4
 

= −1 + 𝜋 

= 𝜋 − 1 

 

3a  

∫
1 − 𝑥

√1 − 𝑥2

√3
2

0

𝑑𝑥 

= ∫ (
1

√1 − 𝑥2
−

𝑥

√1 − 𝑥2
)

√3
2

0

𝑑𝑥 

= ∫
1

√1 − 𝑥2
𝑑𝑥 − ∫

𝑥

√1 − 𝑥2

√3
2

0

√3
2

0

 𝑑𝑥 

If 𝑦 = (1 − 𝑥2)
1
2, then 

𝑑𝑦

𝑑𝑥
=

1

2
(1 − 𝑥2)−

1
2 × −2𝑥 

      =
−𝑥

√1 − 𝑥2
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 Hence, 

∫
1

√1 − 𝑥2
𝑑𝑥 + ∫

−𝑥

√1 − 𝑥2

√3
2

0

√3
2

0

 𝑑𝑥 

= [sin−1 𝑥]
0

√3
2 + [√1 − 𝑥2]

0

√3
2

 

= (sin−1 √3

2
− sin−1 0) + (

1

2
− 1) 

=
𝜋

3
−

1

2
 

 

3b 

∫
2𝑥 + 1

1 + 𝑥2

1

0

𝑑𝑥 

= ∫ (
2𝑥

1 + 𝑥2
+

1

1 + 𝑥2
)

1

0

𝑑𝑥 

= ∫
2𝑥

1 + 𝑥2
𝑑𝑥 + ∫

1

1 + 𝑥2

1

0

1

0

 𝑑𝑥 

If 𝑦 = 1 + 𝑥2, then  

𝑑𝑦

𝑑𝑥
= 2𝑥 

Hence, 

∫
2𝑥

1 + 𝑥2
𝑑𝑥 + ∫

1

1 + 𝑥2

1

0

1

0

 𝑑𝑥 

= [ln(1 + 𝑥2)]0
1 + [tan−1(𝑥)]0

1 

= (ln 2 − ln 1) + (tan−1 1 − tan−1 0) 

= ln 2 − 0 +
𝜋

4
− 0 

=
𝜋

4
+ ln 2 
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3c 

∫
1 − 𝑥

1 + 𝑥2

1

0

𝑑𝑥 

= ∫ (
1

1 + 𝑥2
−

𝑥

1 + 𝑥2
)

1

0

𝑑𝑥 

= ∫
1

1 + 𝑥2
𝑑𝑥 − ∫

𝑥

1 + 𝑥2
 𝑑𝑥

1

0

1

0

 

If 𝑦 = 1 + 𝑥2, then  

𝑑𝑦

𝑑𝑥
= 2𝑥 

Hence, 

∫
1

1 + 𝑥2
𝑑𝑥 − ∫

𝑥

1 + 𝑥2
 𝑑𝑥

1

0

1

0

 

= ∫
1

1 + 𝑥2
𝑑𝑥 −

1

2
∫

2𝑥

1 + 𝑥2
 𝑑𝑥

1

0

1

0

 

= [tan−1 𝑥]0
1 −

1

2
[ln(1 + 𝑥2)]0

1                (since 1 + 𝑥2 > 0) 

= (tan−1 1 − tan−1 0) −
1

2
(ln 2 − ln 1) 

=
𝜋

4
− 0 −

ln 2

2
+ 0 

=
𝜋

4
−

2ln 2

4
 

=
1

4
(𝜋 − ln 22) 

=
1

4
(𝜋 − ln 4) 

 

3d 

∫
1 + 𝑥

4 + 𝑥2

2

0

𝑑𝑥 

= ∫ (
1

4 + 𝑥2
+

𝑥

4 + 𝑥2
)

2

0

𝑑𝑥 
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= ∫
1

4 + 𝑥2

2

0

𝑑𝑥 + ∫
𝑥

4 + 𝑥2

2

0

𝑑𝑥 

If 𝑦 = 4 + 𝑥2, then  

𝑑𝑦

𝑑𝑥
= 2𝑥 

Hence, 

∫
1

4 + 𝑥2

2

0

𝑑𝑥 + ∫
𝑥

4 + 𝑥2

2

0

𝑑𝑥 

= ∫
1

4 + 𝑥2

2

0

𝑑𝑥 +
1

2
∫

2𝑥

4 + 𝑥2

2

0

𝑑𝑥 

= [
1

2
tan−1 (

𝑥

2
)]

0

2

+
1

2
[ln(4 + 𝑥2)]0

2         (since 4 + 𝑥2 > 0) 

=
1

2
[(tan−1 1 − tan−1 0) + (ln 8 − ln 4)] 

=
1

2
[
𝜋

4
− 0 + ln 8 − ln 4] 

=
1

2
[
𝜋

4
+ ln 23 − ln 22] 

=
1

2
[
𝜋

4
+ 3 ln 2 − 2ln 2] 

=
𝜋

8
+

1

2
ln 2 

 

4a 

 𝑦 = log(𝑥 + √𝑥2 + 𝑎2) 

 Let 𝑢 = 𝑥 + (𝑥2 + 𝑎2)
1

2 

𝑑𝑢

𝑑𝑥
= 1 +

1

2
(𝑥2 + 𝑎2)−

1
2 × 2𝑥 

       = 1 +
𝑥

(𝑥2 + 𝑎2)
1
2

 

 Hence, 

 𝑦 = log 𝑢 
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𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
×

𝑑𝑢

𝑑𝑥
 

𝑑𝑦

𝑑𝑥
=

1

𝑢
× (1 +

𝑥

√𝑥2 + 𝑎2
) 

𝑑𝑦

𝑑𝑥
=

(
𝑥 + (𝑥2 + 𝑎2)

1
2

(𝑥2 + 𝑎2)
1
2

)

𝑥 + (𝑥2 + 𝑎2)
1
2

 

𝑑𝑦

𝑑𝑥
=

1

(𝑥2 + 𝑎2)
1
2

 

𝑑𝑦

𝑑𝑥
=

1

√𝑥2 + 𝑎2
 

 

4b 

∫
1

√𝑥2 + 𝑎2
𝑑𝑥 

 = log(𝑥 + √𝑥2 + 𝑎2) + 𝐶       

(since √𝑥2 + 𝑎2 ≥ |𝑥| and so  𝑥 + √𝑥2 + 𝑎2 is not negative) 

 

4c i 

∫
1

√𝑥2 + 3
𝑑𝑥 

= ∫
1

√𝑥2 + (√3)
2

𝑑𝑥 

 = log(𝑥 + √𝑥2 + 3) + 𝐶 

(since √𝑥2 + 3 ≥ |𝑥| and so  𝑥 + √𝑥2 + 3 is not negative) 
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4c ii 

∫
1

√𝑥2 + 9

4

−4

 

= ∫
1

√𝑥2 + 32

4

−4

 

= [log (𝑥 + √𝑥2 + 9)]
−4

4

 

= log 9 − log 1 

= log 9 − 0 

= log 9 

= log 32 

= 2 log 3 
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Solutions to Exercise 4B Development questions 

5a  

∫
𝑥3

𝑥2 + 1
𝑑𝑥 

𝑥3 = 𝑥(𝑥2 + 1) − 𝑥 

Hence 

∫
𝑥3

𝑥2 + 1
𝑑𝑥 

= ∫
𝑥(𝑥2 + 1) − 𝑥

𝑥2 + 1
𝑑𝑥 

= ∫ (𝑥 −
𝑥

𝑥2 + 1
) 𝑑𝑥 

=
1

2
𝑥2 −

1

2
ln(𝑥2 + 1) + 𝐶 

Note: Modulus function not needed since 𝑥2 + 1 is always greater than 0. 

 

5b 

∫
𝑥3

𝑥 + 1
𝑑𝑥 

𝑥3 = (𝑥3 + 1) − 1 

𝑥3 + 1 = (𝑥 + 1)(𝑥2 − 𝑥 + 1) 

Hence 

∫
𝑥3

𝑥 + 1
𝑑𝑥 

= ∫
(𝑥3 + 1) − 1

𝑥 + 1
𝑑𝑥 

= ∫
(𝑥 + 1)(𝑥2 − 𝑥 + 1) − 1

𝑥 + 1
𝑑𝑥 

= ∫ (𝑥2 − 𝑥 + 1 −
1

𝑥 + 1
) 𝑑𝑥 

=
1

3
𝑥3 −

1

2
𝑥2 + 𝑥 − ln|𝑥 + 1| + 𝐶 
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5c i 

∫
𝑥3

𝑥 − 1
𝑑𝑥 

𝑥3 = 𝑥3 − 1 + 1 

𝑥3 − 1 = (𝑥 − 1)(𝑥2 + 𝑥 + 1) 

Hence 

∫
𝑥3

𝑥 − 1
𝑑𝑥 

= ∫
(𝑥 − 1)(𝑥2 + 𝑥 + 1) + 1

𝑥 − 1
𝑑𝑥 

= ∫ (𝑥2 + 𝑥 + 1 +
1

𝑥 − 1
) 𝑑𝑥 

=
1

3
𝑥3 +

1

2
𝑥2 + 𝑥 + ln|𝑥 − 1| + 𝐶 

 

5c ii 

∫
𝑥4

𝑥2 + 1
𝑑𝑥 

𝑥4 = 𝑥4 − 1 + 1 

𝑥4 − 1 = (𝑥2 − 1)(𝑥2 + 1) 

Hence 

∫
𝑥4

𝑥2 + 1
𝑑𝑥 

= ∫
(𝑥2 − 1)(𝑥2 + 1) + 1

𝑥2 + 1
𝑑𝑥 

= ∫ (𝑥2 − 1 +
1

𝑥2 + 1
) 𝑑𝑥 

=
1

3
𝑥3 − 𝑥 + tan−1 𝑥 + 𝐶 
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5c iii 

∫
1

1 + 𝑒𝑥
𝑑𝑥 

= ∫
1

1 + 𝑒𝑥
×

𝑒−𝑥

𝑒−𝑥
𝑑𝑥 

= ∫
𝑒−𝑥

𝑒−𝑥 + 1
𝑑𝑥 

Let 𝑢 = 𝑒−𝑥 + 1 

𝑑𝑢 = −𝑒−𝑥𝑑𝑥 

Hence 

= ∫
𝑒−𝑥

𝑒−𝑥 + 1
𝑑𝑥 

= − ∫
1

𝑢
𝑑𝑢 

= −ln|𝑢| + 𝐶 

= − ln(𝑒−𝑥 + 1) + 𝐶 

 

 

5c iv 

∫
𝑥

√2 + 𝑥
𝑑𝑥 

Let 𝑢 = 2 + 𝑥 

𝑑𝑢 = 𝑑𝑥 

Hence 

∫
𝑥

√2 + 𝑥
𝑑𝑥 

= ∫
𝑢 − 2

√𝑢
𝑑𝑢 

= ∫ (
𝑢

𝑢
1
2

−
2

𝑢
1
2

) 𝑑𝑢 

= ∫ (𝑢
1
2 − 2𝑢−

1
2) 𝑑𝑢 
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=
2

3
𝑢

3
2 − 4𝑢

1
2 + 𝐶 

=
2

3
(2 + 𝑥)

3
2 − 4(2 + 𝑥)

1
2 + 𝐶 

Note: Square root notation is also fine. 

 

5c v 

∫
𝑥

√1 − 𝑥
𝑑𝑥 

Let 𝑢 = 1 − 𝑥 

𝑑𝑢 = −𝑑𝑥 

Hence 

∫
𝑥

√1 − 𝑥
𝑑𝑥 

= − ∫
1 − 𝑢

√𝑢
𝑑𝑢 

= − ∫ (
1

𝑢
1
2

−
𝑢

𝑢
1
2

) 𝑑𝑢 

= − ∫ (𝑢−
1
2 − 𝑢

1
2)  𝑑𝑢 

=
2

3
𝑢

3
2 − 2𝑢

1
2 + 𝐶 

=
2

3
(1 − 𝑥)

3
2 − 2(1 − 𝑥)

1
2 + 𝐶 

 

5c vi 

∫
𝑥3

𝑥2 + 4
𝑑𝑥 

= ∫
𝑥3 + 4𝑥 − 4𝑥

𝑥2 + 4
𝑑𝑥 

= ∫
𝑥(𝑥2 + 4) − 4𝑥

𝑥2 + 4
𝑑𝑥 
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= ∫ (𝑥 −
4𝑥

𝑥2 + 4
) 𝑑𝑥 

=
1

2
𝑥2 − 2 ln|𝑥2 + 4| + 𝐶 

 

6a 

∫
𝑒2𝑥 + 1

𝑒2𝑥 − 1
𝑑𝑥

2

1

 

= ∫
𝑒2𝑥 + 1

𝑒2𝑥 − 1
×

𝑒−𝑥

𝑒−𝑥
𝑑𝑥

2

1

 

= ∫
𝑒𝑥 + 𝑒−𝑥

𝑒𝑥 − 𝑒−𝑥
𝑑𝑥

2

1

 

Let 𝑢 = 𝑒𝑥 − 𝑒−𝑥 

𝑑𝑢 = 𝑒𝑥 + 𝑒−𝑥𝑑𝑥 

𝑥 = 2, 𝑢 = 𝑒2 − 𝑒−2 

𝑥 = 1, 𝑢 = 𝑒 − 𝑒−1 

Hence 

∫
𝑒𝑥 + 𝑒−𝑥

𝑒𝑥 − 𝑒−𝑥
𝑑𝑥

2

1

 

= ∫
1

𝑢
𝑑𝑢

𝑒2−𝑒−2

𝑒−𝑒−1

 

= [ln|𝑢|]
𝑒−𝑒−1
𝑒2−𝑒−2

 

= ln(𝑒2 − 𝑒−2) − ln(𝑒 − 𝑒−1) 

= ln (
𝑒2 − 𝑒−2

𝑒 − 𝑒−1
) 

 

6b 

∫
𝑒𝑥

𝑒𝑥 + 𝑒−𝑥
𝑑𝑥

1

0

 

= ∫
𝑒𝑥

𝑒𝑥 + 𝑒−𝑥
×

𝑒𝑥

𝑒𝑥
𝑑𝑥

1

0
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=
1

2
∫

2𝑒2𝑥

𝑒2𝑥 + 1
𝑑𝑥

1

0

 

=
1

2
[ln|𝑒2𝑥 + 1|]0

1 

=
1

2
(ln(𝑒2 + 1) − ln(2)) 

=
1

2
ln (

𝑒2 + 1

2
) 

 

6c 

∫
2 +

1
𝑥

𝑥 +
1
𝑥

𝑑𝑥
√3

1

 

= ∫
2𝑥 + 1

𝑥2 + 1
𝑑𝑥

√3

1

 

= ∫
2𝑥

𝑥2 + 1
𝑑𝑥

√3

1

+ ∫
1

𝑥2 + 1
𝑑𝑥

√3

1

 

= [ln(𝑥2 + 1)]1
√3 + [tan−1 𝑥]1

√3 

= ln 4 − ln 2 + tan−1 √3 − tan−1 1 

= ln 2 +
𝜋

3
−

𝜋

4
 

= ln 2 +
𝜋

12
 

 

7a 

∫
𝑥2 + 𝑥 + 1

𝑥 + 1
𝑑𝑥 

= ∫ (
𝑥2

𝑥 + 1
+ 1)  𝑑𝑥 

= ∫ (
𝑥2 − 1 + 1

𝑥 + 1
+ 1)  𝑑𝑥 

= ∫ (
(𝑥 − 1)(𝑥 + 1) + 1

𝑥 + 1
+ 1)  𝑑𝑥 
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= ∫ (𝑥 − 1 +
1

𝑥 + 1
+ 1)  𝑑𝑥 

= ∫ (𝑥 +
1

𝑥 + 1
)  𝑑𝑥 

=
1

2
𝑥2 + ln|𝑥 + 1| + 𝐶 

 

7b 

∫
𝑥3 − 2𝑥2 + 3

𝑥 − 2
𝑑𝑥 

= ∫
𝑥2(𝑥 − 2) + 3

𝑥 − 2
 𝑑𝑥 

= ∫ (𝑥2 +
3

𝑥 − 2
)  𝑑𝑥 

=
1

3
𝑥3 + 3 ln|𝑥 − 2| + 𝐶 

 

7c 

∫
(𝑥 + 1)2

1 + 𝑥2
𝑑𝑥 

= ∫
𝑥2 + 2𝑥 + 1

1 + 𝑥2
𝑑𝑥 

= ∫ (1 +
2𝑥

1 + 𝑥2
) 𝑑𝑥 

= 𝑥 + ln(1 + 𝑥2) + 𝐶 

 

8a 𝑦 = ln(𝑥 + √𝑥2 − 𝑎2) , 𝑥 > |𝑎| 

𝑑𝑦

𝑑𝑥
=

1

𝑥 + √𝑥2 − 𝑎2
× (1 +

𝑥

√𝑥2 − 𝑎2
) 

𝑑𝑦

𝑑𝑥
=

1

𝑥 + √𝑥2 − 𝑎2
× (

𝑥 + √𝑥2 − 𝑎2

√𝑥2 − 𝑎2
) 

𝑑𝑦

𝑑𝑥
=

1

√𝑥2 − 𝑎2
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8b 

∫
1

√𝑥2 − 𝑎2
𝑑𝑥 = ln (𝑥 + √𝑥2 − 𝑎2) + 𝐶 

 

8c i 

∫
1

√𝑥2 − 5
𝑑𝑥 

= ∫
1

√𝑥2 − √5
2

𝑑𝑥 

= ln (𝑥 + √𝑥2 − 5) + 𝐶 

 

8c ii 

∫
1

√𝑥2 − 4
𝑑𝑥

3

√5

 

= [ln (𝑥 + √𝑥2 − 4)]
√5

3

 

= ln(3 + √5) − ln(√5 + 1) 

= ln (
√5 + 3

√5 + 1
) 

= ln (
√5 + 1 + 2

√5 + 1
) 

= ln (1 +
2

√5 + 1
×

√5 − 1

√5 − 1
) 

= ln (1 +
√5 − 1

2
) 

= ln (
√5 + 1

2
) 

 






	4B worked solutions_Development questions_uncorrected
	4B worked solutions

