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Solutions to Exercise 4A Foundation questions 

Let 𝐶 be a constant. 

1a  

∫ 𝑒4𝑥 𝑑𝑥 

=
1

4
𝑒4𝑥 + 𝐶 

 

1b 

∫ sin 5𝑥 𝑑𝑥 

= −
1

5
cos 5𝑥 + 𝐶 

 

1c 

∫ sec2
1

2
𝑥 𝑑𝑥 

= 2 tan
1

2
𝑥 + 𝐶 

 

1d 

∫
1

3𝑥 − 4
𝑑𝑥 

Let 𝑢 = 3𝑥 − 4 

𝑑𝑢

𝑑𝑥
= 3 

Hence, 

∫
1

3𝑥 − 4
𝑑𝑥 

=
1

3
∫

3

𝑢
𝑑𝑥 
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=
1

3
∫

1

𝑢

𝑑𝑢

𝑑𝑥
𝑑𝑥 

=
1

3
∫

1

𝑢
𝑑𝑢 

=
1

3
ln|𝑢| + 𝐶 

=
1

3
ln|3𝑥 − 4| + 𝐶 

 

1e 

∫
2

√𝑥
𝑑𝑥 

= 2 ∫ 𝑥−
1
2 𝑑𝑥 

= 2 × [
𝑥

1
2

1
2

] + 𝐶 

= 4√𝑥 + 𝐶 

 

1f 

∫ 3𝑥 𝑑𝑥 

=
3𝑥

ln 3
+ 𝐶 

 

2a 

∫
1

(2𝑥 − 1)2
𝑑𝑥 

  

= ∫(2𝑥 − 1)−2 𝑑𝑥 

=
(2𝑥 − 1)−1

2 × −1
+ 𝐶 
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= −
1

2(2𝑥 − 1)
+ 𝐶 

 

2b 

∫
1

√25 − 𝑥2
𝑑𝑥 

  

= ∫
1

√52 − 𝑥2
𝑑𝑥 

 Let 𝑓(𝑥) = 𝑥, 𝑓′(𝑥) = 1 

Hence, 

∫
1

√52 − 𝑥2
𝑑𝑥 

= sin−1 (
𝑥

5
) + 𝐶 

 

2c 

 ∫ 𝑥2𝑒𝑥3
𝑑𝑥 

 𝑓(𝑥) = 𝑥3, 𝑓′(𝑥) = 3𝑥2 

 Hence, 

∫ 𝑥2𝑒𝑥3
𝑑𝑥 

=
1

3
∫ 3𝑥2𝑒𝑥3

𝑑𝑥 

=
1

3
∫ 𝑓′(𝑥)𝑒𝑓(𝑥) 𝑑𝑥 

=
1

3

𝑒𝑓(𝑥)

ln 𝑒
+ 𝐶 

=
1

3
𝑒𝑥3

+ 𝐶 
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2d 

∫
1

9 + 𝑥2
𝑑𝑥 

= ∫
1

32 + 𝑥2
𝑑𝑥 

Let 𝑓(𝑥) = 𝑥, 𝑓′(𝑥) = 1 

Hence, 

∫
1

32 + 𝑥2
𝑑𝑥 

=
1

3
tan−1

𝑥

3
+ 𝐶 

 

2e 

∫
4𝑥 + 2

𝑥2 + 𝑥 + 1
𝑑𝑥 

Let 𝑓(𝑥) = 𝑥2 + 𝑥 + 1, 𝑓′(𝑥) = 2𝑥 + 1 

Hence, 

∫
4𝑥 + 2

𝑥2 + 𝑥 + 1
𝑑𝑥 

= 2 ∫
2𝑥 + 1

𝑥2 + 𝑥 + 1
𝑑𝑥 

 = 2 ln|𝑥2 + 𝑥 + 1| + 𝐶 

 = 2 ln(𝑥2 + 𝑥 + 1) + 𝐶         (since 𝑥2 + 𝑥 + 1 > 0) 

 

2f 

 ∫ 2𝑥(𝑥2 + 1)4𝑑𝑥 

Let 𝑓(𝑥) = 𝑥2 + 1, 𝑓′(𝑥) = 2𝑥 

 Hence, 

 ∫ 2𝑥(𝑥2 + 1)4𝑑𝑥 

=
1

5
(𝑥2 + 1)5 + 𝐶 
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3a 

∫ 𝑒
𝑥
2 𝑑𝑥

4

0

 

Let 𝑓(𝑥) =
𝑥

2
, 𝑓′(𝑥) =

1

2
 

 Hence, 

∫ 𝑒
𝑥
2 𝑑𝑥

4

0

 

= 2 ∫
1

2
𝑒

𝑥
2 𝑑𝑥

4

0

 

= 2 [𝑒
𝑥
2]

0

4

 

 = 2(𝑒2 − 𝑒0) 

 = 2(𝑒2 − 1) 

 

3b 

∫ sec2 2𝑥  𝑑𝑥

𝜋
8

0

 

Let 𝑓(𝑥) = 2𝑥, 𝑓′(𝑥) = 2 

Hence, 

∫ sec2 2𝑥  𝑑𝑥

𝜋
8

0

 

=
1

2
∫ 2 sec2 2𝑥  𝑑𝑥

𝜋
8

0

 

=
1

2
[tan 2𝑥]

0

𝜋
8  

=
1

2
(tan

𝜋

4
− tan 0) 

=
1

2
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3c 

∫  
1

16 + 𝑥2
 𝑑𝑥

4

−4

 

= ∫  
1

42 + 𝑥2
 𝑑𝑥

4

−4

 

Let 𝑓(𝑥) = 𝑥, 𝑓′(𝑥) = 1 

Hence, 

∫
1

16 + 𝑥2
𝑑𝑥

4

−4

 

= [
1

4
tan−1

𝑥

4
]

−4

4

 

=
1

4
tan−1 1 −

1

4
tan−1(−1) 

=
1

4
(

𝜋

4
− (−

𝜋

4
)) 

=
𝜋

8
 

 

3d 

∫
1

√2 − 𝑥2

1

0

𝑑𝑥 

  

= ∫
1

√(√2)
2

− 𝑥2

1

0

𝑑𝑥 

 Let 𝑓(𝑥) = 𝑥, 𝑓′(𝑥) = 1 

Hence, 

∫
1

√(√2)
2

− 𝑥2

1

0

𝑑𝑥 

= [sin−1 (
𝑥

√2
)]

0

1
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= (sin−1 (
1

√2
) − sin−1 0) 

=
𝜋

4
 

 

3e 

∫
3

2 − 3𝑥
 𝑑𝑥

−1

−2

 

Let 𝑓(𝑥) = 2 − 3𝑥, 𝑓′(𝑥) = −3 

Hence, 

∫
3

2 − 3𝑥

−1

−2

 𝑑𝑥 

= − ∫
−3

2 − 3𝑥

−1

−2

 𝑑𝑥 

 = −[ln|2 − 3𝑥|]−2
−1  

 = −(ln 5 − ln 8) 

 = ln 8 − ln 5 

=
ln 8

ln 5
 

 

3f 

∫ cos 𝑥 sin3 𝑥 𝑑𝑥

𝜋
4

0

 

Let 𝑓(𝑥) = sin 𝑥, 𝑓′(𝑥) = cos 𝑥 

Hence, 

∫ cos 𝑥 sin3 𝑥 𝑑𝑥

𝜋
4

0

 

= [
1

4
sin4 𝑥]

0

𝜋
4

 

=
1

4
(sin4

𝜋

4
− sin4 0) 
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=
1

4
((

1

√2
)

4

− 0) 

=
1

16
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Solutions to Exercise 4A Development questions 

4a  

∫ −
1

𝑥2
𝑒

1
𝑥 𝑑𝑥 

Let 𝑢 =
1

𝑥
 

𝑑𝑢 = −
1

𝑥2
𝑑𝑥 

Hence 

∫ −
1

𝑥2
𝑒

1
𝑥 𝑑𝑥 

= ∫ 𝑒𝑢 𝑑𝑢 

= 𝑒𝑢 + 𝐶 

= 𝑒
1
𝑥 + 𝐶 

 

4b 

∫
cos 3𝑥

1 + sin 3𝑥
𝑑𝑥 

Let 𝑢 = 1 + sin 3𝑥 

𝑑𝑢 = 3 cos 3𝑥 𝑑𝑥 

Hence 

∫
cos 3𝑥

1 + sin 3𝑥
𝑑𝑥 

=
1

3
∫

1

𝑢
𝑑𝑢 

=
1

3
ln|𝑢| + 𝐶 

=
1

3
ln|1 + sin 3𝑥| + 𝐶 
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4c 

∫ 𝑥 sec2(𝑥2) 𝑑𝑥 

Let 𝑢 = 𝑥2 

𝑑𝑢 = 2𝑥 𝑑𝑥 

Hence 

∫ 𝑥 sec2(𝑥2) 𝑑𝑥 

=
1

2
∫ 2𝑥 sec2(𝑥2) 𝑑𝑥 

=
1

2
∫ sec2 𝑢 𝑑𝑢 

=
1

2
tan 𝑢 + 𝐶 

=
1

2
tan(𝑥2) + 𝐶 

 

4d 

∫ 52𝑥 𝑑𝑥 

= ∫(𝑒ln 5)
2𝑥

𝑑𝑥 

= ∫ 𝑒2 ln(5)𝑥 𝑑𝑥 

=
1

2 ln 5
𝑒2 ln(5)𝑥 + 𝐶 

=
1

2 ln 5
52𝑥 + 𝐶 

 

4e 

∫
1 + sec2 𝑥

𝑥 + tan 𝑥
𝑑𝑥 

Let 𝑢 = 𝑥 + tan 𝑥 

𝑑𝑢 = 1 + sec2 𝑥 𝑑𝑥 
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Hence 

∫
1 + sec2 𝑥

𝑥 + tan 𝑥
𝑑𝑥 

= ∫
1

𝑢
𝑑𝑢 

= ln|𝑢| + 𝐶 

= ln|𝑥 + tan 𝑥| + 𝐶 

 

4f 

∫
𝑒𝑥

√1 − 𝑒2𝑥
𝑑𝑥 

Let 𝑢 = 𝑒𝑥 

𝑑𝑢 = 𝑒𝑥𝑑𝑥 

Hence 

∫
𝑒𝑥

√1 − (𝑒𝑥)2
𝑑𝑥 

= ∫
1

√1 − 𝑢2
𝑑𝑢 

= sin−1 𝑢 + 𝐶 

= sin−1(𝑒𝑥) + 𝐶 

 

5a 

∫ (1 − 𝑥)3
4

0

𝑑𝑥 

Let 𝑢 = 1 − 𝑥 

𝑑𝑢 = −1 𝑑𝑥 

𝑥 = 4, 𝑢 = −3 

𝑥 = 0, 𝑢 = 1 

Hence 

∫ (1 − 𝑥)3
4

0

𝑑𝑥 
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= − ∫ 𝑢3
−3

1

𝑑𝑢 

= ∫ 𝑢3
1

−3

𝑑𝑢 

= [
1

4
𝑢4]

−3

1

 

=
1

4
−

1

4
× (−3)4 

=
1

4
−

1

4
× 81 

= −20 

 

5b 

∫
𝑥2

1 + 𝑥3

1

0

𝑑𝑥 

Let 𝑢 = 1 + 𝑥3 

𝑑𝑢 = 3𝑥2 𝑑𝑥 

𝑥 = 1, 𝑢 = 2 

𝑥 = 0, 𝑢 = 1 

Hence 

∫
𝑥2

1 + 𝑥3

1

0

𝑑𝑥 

=
1

3
∫

3𝑥2

1 + 𝑥3

1

0

𝑑𝑥 

=
1

3
∫

1

𝑢

2

1

𝑑𝑢 

=
1

3
[ln|𝑢|]1

2 

=
1

3
(ln 2 − ln 1) 

=
1

3
ln 2 
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5c 

∫
𝑑𝑥

1 + 3𝑥2

1

0

 

=
1

3
∫

𝑑𝑥

1
3 + 𝑥2

1

0

 

=
1

3
× √3 ∫

1

√3

(
1

√3
)

2

+ 𝑥2

1

0

𝑑𝑥 

=
√3

3
[tan−1(√3𝑥)]

0

1
 

=
√3

3
(

𝜋

3
− 0) 

=
√3𝜋

9
 

Note: This is the rationalised answer. 
𝜋

3√3
 is also acceptable. 

 

5d 

∫
𝑒2𝑥

𝑒2𝑥 + 1

1

0

𝑑𝑥 

Let 𝑢 = 𝑒2𝑥 + 1 

𝑑𝑢 = 2𝑒2𝑥𝑑𝑥 

𝑥 = 1, 𝑢 = 𝑒2 + 1 

𝑥 = 0, 𝑢 = 2 

Hence 

∫
𝑒2𝑥

𝑒2𝑥 + 1

1

0

𝑑𝑥 

=
1

2
∫

2𝑒2𝑥

𝑒2𝑥 + 1

1

0

𝑑𝑥 

=
1

2
∫

1

𝑢

𝑒2+1

2

𝑑𝑢 
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=
1

2
[ln|𝑢|]2

𝑒2+1 

=
1

2
(ln(𝑒2 + 1) − ln 2) 

=
1

2
ln (

𝑒2 + 1

2
) 

 

5f 

∫
sec2 𝑥

1 + tan 𝑥

𝜋
4

0

𝑑𝑥 

Let 𝑢 = 1 + tan 𝑥 

𝑑𝑢 = sec2 𝑥 𝑑𝑥 

𝑥 =
𝜋

4
, 𝑢 = 2 

𝑥 = 0, 𝑢 = 1 

Hence 

∫
sec2 𝑥

1 + tan 𝑥

𝜋
4

0

𝑑𝑥 

= ∫
1

𝑢

2

1

𝑑𝑢 

= [ln|𝑢|]1
2 

= ln|2| − ln|1| 

= ln(2) − 0 

= ln 2 
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