W b

 CambridgeMATHSw% &

: ol
‘..:"/“.e i 19

MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

Solutions to Exercise 3F Chapter review

la (cos @ + isin8)3(cos 26 + i sin 26)?
= (cis 6)3(cis 20)?
= cis 30 cis 46
=cis 70

1b

(cos 8 + isin)*
(cos B — isin )2

_ (ciso)*
~ (cis(—6))?

_ cis 460
~ cis(—26)

= cis 60

1
=1+ 1cis (tan‘1 — —)

1
= V2cis (—%)
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Chapter 3 worked solutions — Complex numbers I

3b a-

()

= (V2)cis (3—n x 13)

13

= 262 cis (39n)

4
= 262 cis (—%)

= 26\/§<—%+\/%>

= —64 + 64i

42 (V3+) " +(W3-0)"
12 12
= (Zeg) + (Ze_%)
= 12521 4 912,-2m
— 212 + 212
=2 x 212

— 213

4bi (V3+0) +(V3-0)"

= (Ze%)n + (Ze_%)

— leemt + lee—mt

n

— leenr[ + lee—mt

— 212(enn + e—nn)

= 212(cosnm + i sinnm + cos nm — i sinnm)
= 212(2 cosnm)

= 2B cosnm

which is real
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Chapter 3 worked solutions — Complex numbers I

4b ii

5a

5b

(V3+i)" +(V3-0)"

is rational when 213 cos nr is rational and hence when cos nr is rational. This is
when n is even or a multiple of 3.

cos 66 + i sin 60
= cis 60
= (cis 8)°
= (cos @ + isinf)®
= c0s® 8 + 6icos® O sin6 + 15i% cos* A sin? G + 20i3 cos> § sin> 9
+15i* cos? 8 sin* 6 + 6i° cos O sin® O + i®sin® O
= c0s® 0 + 6icos® O sinf — 15 cos* A sin? @ — 20i cos® O sin® O
+15 cos? 8 sin* 6 + 6i cos  sin® O — sin® @
= (cos® @ — 15 cos* O sin? 8 + 15 cos? 8 sin* O — sin® 9)
+ (6 cos® B sin O — 20 cos® O sin3 @ + 6 cos O sin® )
Equating the real components of the above equation gives
cos 68 = cos® @ — 15 cos* O sin? 6 + 15 cos? O sin* @ — sin® 9
Equating the imaginary components of the above equation gives

sin 60 = 6 cos® 0 sin @ — 20 cos® 0 sin> @ + 6 cos O sin°

tan 66
_ sin66
cos 60
_ 6c0s®fsinf — 20 cos® Osin® 6 + 6 cos O sin° 6
cos® 6 — 15 cos* 0 sin? 6 + 15 cos? O sin* 6 — sin® O
_ 6co0s®6sinf — 20 cos® 6sin® 6 + 6 cos 6 sin> 6 N cos® 8
cos6 6 — 15 cos* @ sin2 0 + 15 cos?2 O sin* @ —sin® 0 ~ cosb 6
_ 6tanf —20tan’ 6 + 6tan® 0
1—15tan?6 + 15tan* 6 — tan® 6

_ 6t—20t3 +6t°
© 1-—15t2 + 15t% —t6
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Chapter 3 worked solutions — Complex numbers I

_2t(3—10t% + 3t%)
1 —15t2 + 15t% — t6

6a

X
(=+3)
z
1 1 1 1
=z*+ 4273 (—) + 622 (—2) + 4z (—3> + (—4>
z z z z

=z 4472+ 6+427%2+ 2774

-y
- (e ()0 3) )

=z — 4724+ 6—477%24+ 774

6b Adding the above two results from part a,

1\* 1\*
(z+—) +(Z——) =2(z*+6+27%)
z z
1\* 1\*
(z+—) +(z——) =2(z*+2z7%+6)
z z
(2cos8)* + (2isin@)* = 2(cos 48 + 6)
16 cos* @ + 16sin* 6 = 2(cos 46 + 6)

1
cos* @ + sin* 9 = 1 (cos 46 + 3)

7a If w is a cube root of —1 it follows that

w3 =-1

(—w?)3
= —0)6
= —(w?)?
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Chapter 3 worked solutions — Complex numbers I
= —(-1)?
=-1

Hence w? is a cube root of —1.

7b (6w + 1)(6w? —1)
= 36w +6(w? —w)—1
=36(-1) —6(w —w?) —1
=-36—-6(w—w?-1)—-6-1

Since w — w? — 1 is the sum of roots of —1, but note there is no coefficient of w?
in w3 — 1 = 0 and hence it follows that w — w? — 1 =0

(6w + 1)(6w? —1)
=-36-6(w—w?—-1)—-6-1
= —36-6(0)—6—1
=-36—-6-1

= —43

Let z = re'® hence z3 = r3e3,

Thus r3 = 8 and so r = 2 whilst 36 = gand thus 6 = %- Hence

z = 2 cis (g)

9a 2+ 2i
=22 + 22 cis (%)
T
= 2V2 cis (Z)
Let z = r cis(6) be a cube root of 22 cis G) It follows that
T
z3 = 2V2cis (Z)
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Chapter 3 worked solutions — Complex numbers I

r3 cis(30) = 2v2cis (%)

(8n+1)m
4

3 =2\/§andhencer=\/§,39=2nn+%=

B Bn+1m
B 12

z=+/2cis <M)

where n is an integer

12

Z—\/_CIS< )fork— -7,1,9

9b Let z = r cis 0 be a sixth root of i, it follows that
7% = r®cis 60

=i

récis 660 =i

r° cis 60 =

NI

Hence r = 1 and thus

I
60 = 2nm + =
2
3 (dn+ Dm
2
_(4n+ Dm
12
(4n+ D _ _
zZ = cis 1 where n is an integer

km
Z = cis (E) fork =-11,-7,-3,1,5,9
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Chapter 3 worked solutions — Complex numbers I

5im

10a z—4\/—e3—4ea

T T 5n S5n
=43 (cos— + ising) —4 (cos— + isin—)

3 6 6
1 L\/_ V3 i
-3(3+7)~4(- % +3)
= 43 + 4i
V3 i
=8(7+5>
:Be%

10 Z+i(Z) +(2)

in im\ ? im\ 3
_8e6+, 8e 6 N 8e 6
—g "' 78 8

in im\? g imy3
=e6 +i(e6) +(e6)

im mm
=e6 +1e3 +e2

_ 7T+. . 7T+. 7T+-2 . 7T+ 7T+. . n
= COS6 lSln6 lCOS3 A Sln3 COS2 lSlnz
—\/§+i+i \/§'+0+'

Ty Tl !

= 2i

10c  Let A = re'® be a cube root of z. It follows that
13 = 330
= 86?

Hencer® =8andsor =2

30 = 2nm + —
= 4iNnm 6
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Chapter 3 worked solutions — Complex numbers I

(12n+ Dm
6
(12n+ Dm

T 18

30 =

Hence

(12n+1)m ) )
A=2e 18 where n is an integer

_1lirm in 13im
A =2e 18 ,2¢18,2¢ 18

11la (z—2z71Y7
=277 =7(z%) (™) +21(2°)(z7%) — 35(z*)(z73) + 35(23)(z™*) — 21(z)(z7®)
+7(2)(z7%) —z77
=27 —72°+2123—352+ 35271 = 21273+ 727> — z77

=z"-z")=-7(z>—2z"%+21(z3 —2z73)-35(z—z71)

11b z =cos@ +isinf =cis b
z—z"1 = cis § — cis(—0)
=cosf +isinf — (cosf —isinB)

= 2isinf

z = cosnb + i sinnf = cis nf
z— 2z~ = cis n@ — cis(—n#@)
= cosné + isinnf — (cosnb — isinnfh)

= 2isinn@

11c sin’ @
= i8%sin”

= i(i’ sin” 8)

=ﬁ(128l sin’ )
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Chapter 3 worked solutions — Complex numbers I

Lk a5
P .

" CambridgeMATHS

[
= m (27i7 sin” 0)

i
_ Y
= 128(2151n9)

i
=——(2z—-z

-1yY7
128 )

= %((27 — Z_7) - 7(Z5 - Z_S) + 21(23 _ Z_3) _ 35(2 _ Z_l))

i

= = (2isin 76 = 7(2i 5in 56) + 21(2i sin 30) — 35(2i sin 0))

1
= _@(2 sin70 — 7(2sin 50) + 21(2sin 36) — 35(2sin6))

1
= a(BS sinf — 21sin 36 + 7sin56 — sin 76)

11d

f(35 sinf — 64sin’ 8) d@
1
= j <35 sin @ — 64 <a (35sin@ — 21sin 360 + 7 sin 560 — sin 79))) do

= f(35 sinf — (35sin @ — 21sin 36 + 7sin 56 — sin 79)) do
= f(21 sin30 — 7sin 50 + sin 70) d6

7 1
= —7cos 30 +§cos 56 —7cos79 +C

12a  cos 560 +isin560
= cis 50
= (cis 8)°
= (cos O +isinf)
= cos® 0 + 5icos* B sinf + 10i% cos® A sin?  + 10i3 cos? § sin> 9
+5i* cos @ sin* @ + i°sin®
Equating real components in the above equation
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Chapter 3 worked solutions — Complex numbers I

12b

12c

cos 560

= cos® 0 — 10 cos3 O sin? @ + 5 cos O sin* 9

= c0s° 6 —10cos3 0 (1 — cos? ) + 5cos 6 (1 — cos? )2

=c0s°0 —10cos® 6 (1 — cos? ) + 5cos O (1 — 2 cos? B + cos* )
= 16c0s°> 6 — 20 cos® 6 + 5cos 6

16x* —20x2+5=0
Letx = cos @
16 cos*8 —20cos?6+5=0
cos 0 (16 cos* 8 —20cos?60 +5) = 0 X cos b
16 cos® 8 —20cos30 + 5cosf =0
cos50 =0
_m 3m St 7n 91
2’22722
m 3n w7t 971
~10°10°2°10°10
But we omit g as that solution was introduced when we multiplied the equation
by 6 = %

n 3m 7m 97w
10°10°10°10

T 3w 7T o

H th luti = —, —, - -
ence e solutions are x COS 10 COS 10 COS 10 , COS 10

So the solutions are 6 =

The product of the roots is

T 3 Vi 911_5
coslocoslocoslocos10 =
T 3 37 T 5

COSECOSECOSECOSE = E

( T 37T) 5
c0OS—Ccos—| =—

10 10 16
T 37r_+\/§
coslocos10 =t
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Chapter 3 worked solutions — Complex numbers I

T 3T
But cos oS > 0 and hence

T 3t /5

COSECOSE = T

12d  Letu =2x?2 -1
qu? —2u—1
—4(2x2 —1)2 —2(2x2 = 1) — 1
=4(4x* —4x?2+1)—(4x2-2)—-1
= 16x* — 20x% + 5
=0

12e x = cos%is a solution to 16x* —20x? +5=0

COS% (COS % — sin %)

— 2 cos? ——1
COS 10

=2x2—-1
From partd, u = 2x2 — 1is a solution to the equation 4u? — 2u — 1 = 0.
The solutions to the equation are
_ (=2 +/(=2* - 4B (D)
2(4)
_2*V4+16

1445

7 1++/5

T
But since cos= > 0,cos= =
5 5 4
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13a  Begin by noting that
et = cosf +isinf (D
and that
e~ = cos(—0) + i sin(—0)
Hence
e =cosf —isinf (2)
(D) + (2):
olf 4 o—if
=cosO +isinf + cosf —isinf
= 2cosf

Hence
1 0 _io
cost9=§(e‘ +e7! )

(1) = (2):

i0 —i6

e’ —e

= cosf +isinf — (cosf —isinB)
= 2isin@

Hence

1, . .
; _ 0 _ -i0
smH—Zi(e‘ e ‘)

13bi 2cos? 8
1,0 o)
=2 E(el +e70)

1 . )
=2 (Z (e + 2e° + e‘2“9)>

(6219 + 2 + e—2i9)

(cos26 +isin26 + 2 + cos 20 — i sin 26)

N, N -
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Chapter 3 worked solutions — Complex numbers I

1
=E(2+2C0529)

=14 cos 26

13bii 2sin?6

1 2
=2 <21 (eiG _ e—i@))

1 . .
=2 (_4 (6219 _ 260 + e—ZlG))

— _%(eZiO —24 e—2i9)

1
= —E(cosze+isin29—2+c0529—isin29)

1
= —E(—Z + 2 cos 260)

=1-—cos 260

13b iii cos(a — B)
1, . )
= _(pila—B) —i(a—p)
> (e +e )

4

_ l(el(aH'B) + el(a_ﬁ) + ei(_a'l'ﬁ) + ei(_a_ﬁ) —_ el(a+ﬁ) + el(a_ﬁ) + el(_a‘l'ﬁ))

- 4- _ei(_a_ﬁ)

= 7 _(ei(a+,3) — eila=p) _ pil-a+p) 4 ei(_a_[;))
= l(ei(a+ﬁ) + ell@=B) 4 pil=a+p) 4 ei(_a_ﬁ))
4
_l(ei(aﬂf) — eila=p) _ pil-a+p) 4 ei(_a_[g))
4
1, . . 1, . , 1 . . 1 .
= E(e‘“ + e"l“) X E(elﬁ’ + e_lﬁ) + z(ela' _ e—ux) % z(elﬁ' _ e_lﬁ)

= cosacosf +sinasinf

© Cambridge University Press 2019 13
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13biv sin(a — B)

= %(ei(a—ﬁ) — e—i(a—ﬁ))
[

1 . .
e Zel(a_ﬁ) — 2e_l(a_ﬂ)
5= ( )
B 4i( tei-a=B)
— L (e1@+B) 4 ¢ia=P) _ gil-ath) _ gil-a=P) _ oila+h) 4 gila—f) _ gi-a+p)
4i
+ eiC-a=p)

1 el(a+ﬁ) + el(a_ﬁ) J— ei(_a+ﬁ) J— ei(_a_ﬁ)
~ 4 —(el@*h) — gila=p) 4 pi-a+p) _ pi(-a-p))

- 4ii((eioz —emi@) (el + =) — (@ 4 ¢=i)(ih — e—iﬁ))

_ (le (et — e‘i“)> (% (cif + e—iﬁ)) _ (Zil (el + e‘i“)> (% (eif — e—iﬁ)>

= sina cos f — cosa sin

14a Letz = rcis 6. It follows that
z7 =17(cis )7
=r7’cis 70
=-1
It follows that r = 1 and hence cis 78 = —1

Hence cos 760 = —1 and so 760 = +m, +3m, +57, 77

3 5
Thus 6 = i%,i;, i;,ﬂ and so the roots are

T 3T 5t
Z = Cis (i —) , Cis (i —) , Cis (i 7) , cis(m)

7 7
Hence
—c's(+n) c's(+3n) 's(+5ﬂ) 1
z=ci _7,1 t= ,Cl =)
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14bi The roots of the equation z7 = —1 are the same as the roots of the equation
z7 + 1 = 0. Since there is no coefficient of z°, it follows that the sum of the roots
of the equation is equal to zero. Hence

T ) 4 _(3m ) 3n (5T . 5n
cis (7) + cis (—7) + cis (7) + cis (— 7) + cis (7) + cis (— 7) +(-1)=0

(cosz+isinz)+(cosE—isinE)+(cosB—n+isin3—n)+<c053—n—isin3—n)
7 7 7 7 7 7 7 7
5t 5m 5t 5m
+(COS7+lSln7>+(COS7—lSIH7>+ (-1)=0

T 3 5m
2cos7+2cos—+2cos——1 =0

7 7

2cosz+ 2cos3—ﬂ+2coss—n= 1
7 7 7
cosz+c033—n+ c055—7r=l
7 7 7 2

14bii Writing z7 + 1 as a product of factors (using part a) gives

z7+1

= (2~ (-1)) ( ~ cis (§)> ( <ois(= 9) ( e (3;»
(s (- 31) - (5) e =(- )
- ot <aon(2) en(- ) wen (B (-)
(zz -2 (5) s (< 3F) ) ts (5 s (—37”)>
o= as () s (57) ) s (s ()

i s i
=(z+1) (zz -2z cos— + cos? - + sin? 7)

( 37 31 37T> ( 51 51 571')

7% — 27 cos— + cos? — + sin? — | ( z? — 2z cos— + cos? — + sin®? —
7 7 7 7 7 7
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=@ (et =204 1) (5 - 2reos T 1) (3 - 220057 +1)
—(z+1)(z 22cos7+1) z° —2zcos - +1)|(z*—2zcos 7 +1

14biii (z+ 1) (z® =75+ 2z* — 23+ 22 -2z+1)
=z"=7+25—z*+23 — 22+ 2+ 25 —-7 +z* -3+ 22 —z+1
=z +1
Hence
z+1DE-7°+2z*—23+22-2z+1)
=z +1
=(z+1)(zz—chos§+1)<zz—22c0537n+1)(22—22c0557n+1)
Thus
28 =7 +z* —23+22—z+1

= (22 —chosz+ 1) (zz —chosg—n+ 1) (z2 - ZZCOSS—n-l- 1)
a 7 7 7

14c  Dividing both sides of the identity in part b iii by z3 gives

23—z 4+z—-14+z1—-—7224773

z? —chos +1) (22 —chos3 +1)(z2 —chos5
7 7

7 +1)

VA V4 V4

23 +2z3)=-(Z*+z2)+(@z+z7H) -1

s 3r 5m
=(z-2 cos— + z H(z-2 cos —-+ zN(z-2 cos—-+ z 1

= (z+z‘1)—2cosE (z+z‘1)—2c053—n (z+z 1)—2coss—n
N 7 7 7

-n

We have already seen that z" + z™" = 2 cosné

2cos30 —2cos20 +2cosf —1

= (2c056—2cosn) (2 cosf@ —2c053ﬂ> (2 cos @ —2cossn)
- 7 7 7

=8 (cos 0 — cos n) (cos 6 — cos 3ﬂ> (cos 6 — cos Sn)
B 7 7 7

© Cambridge University Press 2019 16
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15a Letz = re'®. Ifitis a fifth root of unity, then z° = 1
T5€5i9 =1
ro=1

Hencer =1

5i0 = 0, +2m, +4n

i0=0+22 427
= 5'"5
Thus
420 44T

z=e%e"5,e"5

2n 4n
Z=1e—5 ets

15bi u+vw
=a+a*+a’*+a

=a+a*+a®+at

2n 2my 2 2my 3 2m\4
=T (eF) +(eF) +(e7)
2n 4T 61 8
=e5 +e5+es5 +es
2m 4w AW \g2m
=e5+e5 +e5 +e 5
2n+_ ) 2n+ 47r+, ) 47‘[+ 2t 27r+ 4 4Am
= coSs— + isin— + cos— + i sin— + cos — — i sin— + cos — — i sin—
5 5 5 5 5 5 5 5

= 2bs 2 Partos o
5 COSS COSS

u—v
=a+a*—a?-a3

=a—a?—ad+a*

2n 2my? 2my 3 2my4
et (%) ~(<%) +(¥)

2m 4m 6m  8m
=e5 —e5 —e5 +4+es5
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21T 41

= 2 cos— + 2 cos —
C055+ COS5

15bii From question 12e,

n_1+\/§
coss— 2
Now
2T T
R 2 ()
cos z = 2 cos (5) 1
Hence
2T (1+\/§)
Ccos — —
5 16
_6+2V5-8
B 8
_V5-1
4

l6a z"+4+z"
= (cis )" + (cis )™
= cisnf + cis(—no)
= cosnf + isinnf + cosnb — i sinnb

= 2 cosnf

16b  sin(A + B) —sin(A — B)

= sinAcosB + cos Asin B — (sinA cos B — cos Asin B)

= 2cosAsinB

© Cambridge University Press 2019 18
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16¢

16d

17

(22" 4 22772 4 22 4 oo+ 272 sin g

=@M+ + (2224272 4+ (22 + 272 + 2°) sin 6

= (2cos2n6 + 2 cos(2n — 2)0 + -+ cos 0) sin 6

= 2cos2nfsinf + 2 cos(2n — 2)0sinf + --- + cos 0sin 6

= (sin(2n6 + 0) — sin(2n6 — 0)) + (sin(2(n — 1)0 + 0) —sin(2(n — 1)6 — 6))
+ -+ sin@

= sin(2n6 + 0)

= sin(2n + 1)6

Using the result in part cwithn = 3

(2 +z*+2z2+2°4+ 22+ 2z* + 2% sinf = sin 76

sin76
204728 +22 4+ 24+ 27247274 4+ 276 = —
sin @
sin 76
Z°+z9)+@E*+zN+ (@2 +z7)+1=—
sin @
sin76
2cos60 +2cos40 +2cos20+1 =—
sin 6
sin 76
2(4cos®26 —3cos26) +2(2cos?20 — 1)+ 2cos20 + 1 = pr
sin 76
8co0s320 +4cos?260 —4cos20 —1 =—
sin @

sina —sin 8
1, . . 1, . .
= (el = eT@) = - (eF — e F)

211 (ela — eiB — (e _ e—iﬁ))

— %(eia _ eiﬁ + e—iﬁ’ _ e—ia)

_ 1 (ei(“iﬁ) ; e-f(“ﬁ")) (ei(“zﬁ) - e-l‘(“;—"))

20

(SIS YR
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=2cos(a-;ﬂ)sin(a;ﬁ)

18a (1+2w+3w?+4w3+ - +nw" H(w—-1)
=w—142w?-2w+3w? —3w? +4w* — 4w + -+ nw" — nw"?
=—l-w-w—-—wd— - +no"
=—(14+w+w?+-+ 0™ +no”

Since w is an nth root of unity, w® =1 and1+ w + w? + -+ 0™ 1 =0
Hence

(142w +3w? +403 + -+ 10" H(w-1)

=-0+n(1)

=n

18b
1 z71

z2—1 z-—2z71

Letz = cis @
1 _ (ciso)™
(cis0)2—1 cisO — (cis6)~1!
1 B cis(—0)

cis 260 —1  cis @ — cis(—6)
1 _ cosf@ —isinf
cos20 +isin20 —1 cos@ +isin® — (cos® — i sin h)

1 _cosH—isinB
cos20 +isin20 —1 2isin @

18c  Considering the above equation, let 8 = % It follows that

T , . TT
1 COS——1LSIn—
_ n

n
21 21 - c T
cos— +isin——1 2isin—
n t n n
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Chapter 3 worked solutions — Complex numbers I

T , . T
1 COS — 1SN —
— n n

= T T
w—1 2isin= 2isin—
n n

T T
COS —~ SN —

— n n
ZSinE ZsinE
n n
1 cosE
= ——=——1 n77.'
2 2sin—
n
H th | t of i !
ence the real part o p— is >
18d Consider
1+2 27T+3 4n+4 6n+5 8m
cos z cos z cos z cos z

Begin by noting that all components of the expression are real and thus the result
must be real.

142052 +3c0s T 4 4cos ™ 4 5cosor
COS 5 COoS 5 COS 5 COS 5

:1+2c052§+3c08(n_§)+4cos( +g)+5cos<rc+3?n>

21 s s 21
=1+2cos——3cos=—4cos—+ 5cos(2n—?)

5 5 5
21 T 21
= 1+2cos?—7cos§+5cos?
21 T
= 1+7cos?—7cos§
V5 -1 \/§+1l
=1+7X -
4
7
= 1_5
5
-2
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Chapter 3 worked solutions — Complex numbers I

18e  From partd,

147 cos 22— 7 cos =
cos5 cosS— >
21T T 1

c055 coss— >
TN 2 T 1

Z(COSS) —1—cos§=—z
TN\ 2 1

Z(COSS) __Ez
I\ 2

4(0035) —2cos——1—0
T 2+/4—-44)(-1)

cos5— 3
_2i\/20
8
145
4

i T[>0 7t_1+\/§

1ncecos5 ,cosS— 2
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