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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

Solutions to Exercise 3E Foundation questions

.TT .TT
la  2i = 2e'z (note thati = e'?)

1b zeig _ Zei(§+2kn)

1c z =rel®

ZZ _ rZeZLO

(T
—+2
2ezl(2+ k) _ 2i = z2 = r2e2i

m+4km

Hence r2e?i? = 2¢! i3 +2k”) thus 2 = 2 and 260 = §+ 2km = and so

r= \/E, 0 = (4k:1)77:

(4k+1)im —3im

1d z=\/§e 4 —\/_34\/_34

le z= Zeizzx/f(cos%+isin%)=\/§(%+\/%i)=1+i

z=+2e"% —\/_(cos(—r)+151n(—%"))=\/§(—%—%i)=—1—i
2a  —1=e¢'™

2b ei(n’+2kn’)

0\ 4
2c  z*=(re!f) =rtett?
Hence T.4e4i9 — ei(TL’+2kTL’)
r =1and

40 = (m + 2km)

_7t+2k7r
4
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

2d
.31 .TT T 31T
z=e 4,73, e'7,e'%
2e
1 1 1 1 1 4 1 . 1 4 1 .
z=-——--——j,———i,—+—=i,——+ —i
V2 V2 N2 N2 N2 N2 N2 W2
3a
in
—l=e 2
3b
—i=e (+2k1t)

3c zZ=re

9= —%(g+2kn)
g = _l<n+4kn)
3 2
B (4k + Dm
6
3d
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler
42 eniG + e—niG

= cosnf + i sinnb + cos(—n0h) + i sin(—nh)

= cosnf + isinnf + cosnb — i sinnb

= 2cosnf

4b (e"‘9 + e‘i9)3
— 310 4 320,10 | 3,i0,-2i0 | ,-3i6
— 310 4 300 4 3p—10 4 o-3i0
— 30 4 3(ei9 n e—ie) + o-3i0

— (e3i9 + e—3i9) + 3(eie + e—ie)

4¢ cos3 6

1
= (E X 2 cos 9)
1 3
(o)
_ 2_13(ei9 n e—i9)3

_ %((33"9 n e—3i9) + 3(ei9 n e—ie))

3

1
=§(2c0539 + 6cos6)

1

3
= ZCOS39 +ZC059

eine _ e—ine
= cosnb + isinnf — (cosnd — i sinndh)
= 2i sinné

Hence

_ 1, . »
sinnf = Z(eme —e ‘"9)
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

sin3 6

- (B o)

_ PR (ei — e~i9)

— 392iee—i6 + 3eiee—2i9 — e—3i6)

— W(Qme

— (21)3 (eSiO _ e—3i9 _ 3ei0 + 3e—i9)

— (2_1i)3(esie _ o310 _ ( i0 _ 19))

1
= 207 (2isin36 — 6isinB)

1
= —§(Zsin39 — 65sin0)

3 1
= Zsin@ ——sin 36
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

Solutions to Exercise 3E Development questions
6a Consider the equation
z*+16=0
Let z = re'® be a root of the equation.
(re®)* +16 = 0
rte*® = _16
*=16ande*? = —1

n+1)m

Hencer = 2and 46 = + 2nwso 6 = where n is an integer. Thus

m +3m’
z=2et% ,2e 4

Hence writing z* + 16 as a product of factors gives
in _im 3in _sin
z4+16=<z—2e4)<z—2e 4)<Z—Ze4><z—26 4)

6b z* + 16

=(z—2e4)(z—2e_4)(z—2e4)(2—2e_4)

sim_ _sin
22—2264—226 4+4e )<22—22e4 —2ze 4 +4e°)

(
<zz <e4 +e T)+4)+(z2—2z<e¥+e‘¥>+4)
(

T T T
(.2 _ = - _
=\(z (cos +Lsm4+cos4 lsm4)+4)

) 3w 3w 3w 3n
+(z — 2z (cos—+lsmT+cosT—LsmT)+4)

(22 (2 cos 4) + 4) + (zz -2z (2 cos %) + 4)
G —22(%) +4)+ (22 —a(—%) +4)

= (2% = 2V2z + 4) (2% + 2V2z + 4)
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Chapter 3 worked solutions — Complex numbers I

6c

7a

7b

z* +16

= (z* + 82% + 16) — 822

= (22 + 4% - (2V22)°

= (22 + 4 — 2V22)(2% + 4 + 2V22)
= (22 = 2V2z + 4)(z® + 2V2z + 4)

Consider the equation
z°+1=0

Let z = r cis(0). It follows that
rocis(50) +1 =0

rocis(50) = —1

@n+)m

Hencer = 1 and cis(560) = —1s0 56 = m + 2nm and thus 6 = . From this
it follows that
i 3im 5im

Hence writing z° + 1 as a product of roots gives

254+ 1= (z — (_1)) (z L ei?n) (z - e“%) (z - e¥> (z - e"%)

=@+ D)z e5)(z-eF) (=) (- 7)
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Chapter 3 worked solutions — Complex numbers I

=(z+1) (z— (cosE+ isinE+cosE—isinE) + 1)

5 5 5 5
( ( 37T+_ ) 37r+ 3 37T>+1>
z — | cos c i sin z cos c i sin c

3
=(z+1Xz—2amg+1Xz—ZC%??+1)

2
=(z+1)(z- 2cosg+ D(z+ 2cos?n+ 1)

7c The sum of the roots of the equation z° + 1 is

cis (3?”) + cis (— 3?”) + cis (%) + cis (— g) —-1=0

2cos(—3?n)+2cos(%)—1=0

—2cos(25)+2cos(75T) 1=0

2 on 2 7T+1—0
cos5 cos5 =

2
cosz?nz 2 (cosg) -1

Hence,

2

4 z 2—-2 7T+1—0
(COSS) cos5 =

4(cosD) —2cosm—1=0
(cos 5) cos z =
Hence, roots are

m 2+.(4+16)

cos ¢ = 3
1++5 , , _
= (remove the other solution as its value is less than 0)
Hence,
2r 1+
coS — ( \/—
5 16
_2/5-2

8
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Chapter 3 worked solutions — Complex numbers I

_—1+45

8a

8bi

4

Noting that cis(8) = e%®

it follows that

cos@ +isin@ = et ¢Y)
And hence that

cos(—8) + isin(—6) = e
cosf —isin@ = e~ 2
(1) + (2):

2cos@ = el 4 o0
1, 0
cost9=§(e‘ +e ‘)

(1) = (2):

2isinf = el® — g~

1, . .
: — _ (,i6 _ ,-if
sin = — (e —e~9)

cos 26 = %(ezw + e7210)

1 . . 1 .
= Z(eZLG + eO + eO + 6—219) +_(6219 _ eO _ eO +

) (i)

= cos? 0 — sin?% 0
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Chapter 3 worked solutions — Complex numbers I

8bii sin26
1 , )
— Z(82149 _ e—219)
L sio_ o, o_ 28
=Z(el —e% 40 —e720)

1
= i6 AL -6
= —_— + _

57 (e +e7) (e — )

1, . 1. _
=2 (E (el9 + e—tG)z_i(ele _ e—z@))
= 2cos@sinf
8biii cos(a + B)

1. . ,
= _(pila+p) + —i(a+p)

5 (e e )
= l(ei(a'+[)’) + ei@aP) 4 giB-a) 4 e‘i(a+ﬁ))

4

+l(ei(a+ﬁ) D ei(a—ﬁ) _ ei(ﬁ—a) + e_i(“"'ﬁ))

— _(el(a) + e l(a)) (el(ﬁ) + e_l(ﬁ)) —_—— (el(a) —e l(a)) (el(ﬁ) —_ e_l(ﬁ))

= cosa cosfS —sinasinf
8biv sin(a + p)
_ i (ei(a+ﬁ) _ e_i(a.,_ﬁ))
21
= l(ei(a+ﬁ) + ell@=B) _ pi(B-a) _ e‘i(“ﬂ”))
4i
+i (ei(a+ﬁ) — ella=p) 4 pi(B-a) _ e_i(“"'ﬁ))
4§

1, . . 1, . . 1, . . 1, . .
— — (pila) _ ,=i@)Z (pi(B) -i(B) Z(pila) —i(@)) (piB) _ p,—i(B)
Zi(e e )2(e +e )+2(e +e )Zi(e e"iA)

= sina cos f + cosa sin 8
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Chapter 3 worked solutions — Complex numbers I

9a cos® @

= G (e + e“'9)>6

1 , , . . . .
= ?(96“9 + 6e*9 + 15e219 + 20 + 15e720 4 640 + ¢7619)

_ 2_16((e6i9 +e760) 4 6(e4i9 +e40) 4 15(ezie +e720) 4 20)

1
= ﬁ(z cos 66 + 12 cos 46 + 30 cos 26 + 20)

1
= z—s(cos 66 + 6 cos 46 + 15 cos 26 + 10)

9b
Vs
4
fcos66d6
0
s
21
:f 2—5(c0569+6cos49+15c0329+10)d9
0
T
1 (2
:z—sf (cos 68 + 6 cos46 + 15cos 26 + 10) db
0
T
_ 1[1 060 + 2sin 40 + —si 2(9+10(9]4
=75 6sln 4sm 2 sin
1(1 ) 67r+6 +16 ) 1T+107t O)
=5 6sm 2 4smn 3 sm2 2
_157T+4-4
192
10a sin30
3
_ 1( 0 _ —ie)
21
1

— @(631'0 — 3¢i0 4 3¢ — ¢7310)

_ _%((eﬁe _ e—3i9) _ 3(ei9 n e—i@))
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1 .. .
= —Q(Zl sin 30 — 6isinH)

1
= —Z(sinSH — 3sin®)

sin® 6

- (B o)

1
3ZL

_ %((esie _ e—5i9) — 5(e3i0 — e—3i0) + 1O(ei0 _ e—ie))

1
= E(Zi sin 560 — 10i sin 36 + 20i sin §)

—= (eSLG Se3i6 + 10ei6 _ 10e—i9 + Se—3i9 _ e—SiG)

1
= E(sin 560 — 5sin360 + 10sin0)

10b  sin® 8 cos? 6
= sin3 0 (1 — sin? )

= sin30 —sin® 0
1 . : L. : :
= —Z(sm39 — 3sin ) —1—6(sm59 —5sin36 + 10sin 0)

1
= 1¢ (25in 6 +sin 39 — sin 50)

10c

3
=f —(2sin 6 + sin 30 — sin 50) d6
o 16

T

= 1[ 2cosf ! 3t9+1 5(93
=16 cos T  COS .
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1 T 1 1 5w 1 1
=—|—-2c0S——=coST +—-CcoS— — (—2 cosO—§c050 +—cosO>

16 3 3 5 3 5
_ 1t 1+-+ (2 1+1)

16 3 10 3 5

47

"~ 480

11la eMf 4 it
= cosnf + isinnf + cosnf — i sinnf

= 2 cosnf

11b  Since
5z% — 1123 + 1622 —11z+5=0
z2(5z2 —11z+16 — 11271 +5272) =0
z22(5(z2+z3) - 11z+zH+16)=0
5(2cos260) —11(2cosf)+16 =0
5cos260 —11cos8+8=0

11c  5(2cos?8—1)—11cosf+8=0
10cos?8 —5—11cosf +8 =10
10cos?8 —11cosf@ +3 =0
(5cos0 —3)(2cos8—1)=0

9_3 1
cosf = or 7
Wh 9_3 9=+ 52—32_+4
encosd =, sinf = + z =t
1 21—-1 3
Whencos@:z, sinf = + 5 =i7
H th t 3-|-4'1+\/§'
encetherootsarez = ¢ & =i, + —-i
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Chapter 3 worked solutions — Complex numbers I

12

13a

13b

13c

1—-i
—iZ
=2e '
1T
= elnﬁe_lz
i
=™V 7

Soa=ln\/§=%ln2andb=—§.

cos(A + B) + cos(A — B)
=cosAcosB —sinAsinB 4+ cosAcosB + sinAsinB

= 2cosAcosB

Letd = &£ ndB——thus

2 cos <a-;ﬂ> cos <a;[3>

(52 (5 (3 -52)

= cosa + cosf

sin(4 + B) + sin(4A — B)
=sinAcosB + cosAsinB + sinA cos B — cosAsin B

= 2sinA4 cosB

LetA = azﬁand B = #, thus

2 sin (a-;ﬁ) cos (a;ﬁ)

~on(59) (7)) ((5-655)

=sina + sinf

as required
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Chapter 3 worked solutions — Complex numbers I

13d  e* +ef
=cosa+isina+cosf +isinf

= (cosa + cosB) + i(sina + sin B)

= 2eos (") eos (155 i (2sin (55 os (55))
=205 (55 eos (57) 15 ()

= 2 cos (_a ; B) e2(@ P

14ai cosa + cosf

1 . . 1 . .
_1 i@} 1 2 (pif 4 o=if
2(e‘“+e‘“)+2(e‘ +e‘)
=%(ei“+ei3+e‘i“+e‘i5)

v . . .
_ E<e§(a+ﬁ) n e—g(aw)) (e%(“‘f” n e—%(d-ﬁ))

=2 e (e%(“+ﬁ) + e—%(a+ﬁ))> (% ( eé(a—ﬂ) n e—%(a—[:’)))

=2cos(a-;ﬁ)cos<a;[;>

14aii sina +sinf
1., . . 1., . )
= — a _ pla J— ﬁ_ _ﬁ
Zi(el e‘)+2i(e‘ e‘)
2%(eitx+eiﬁ_e—i0{_e—iﬁ)

_ l (eé(aw) _ e—%(a+ﬁ)) (e%(a—ﬁ) 4 e—%(a—ﬂ))

=2 (21 (e%<“+ﬁ> _ e—%(aw))) (% ( o5 @B | e—%m—ze)))
l

=Zsin(a;'8)cos(a;lg)
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Chapter 3 worked solutions — Complex numbers I

14b tané

sin @

- cos O
Zli(eie — =)

(eie _ e—i@)

~i(el® + e~i0)

14c tan 260

(eZi9 _ e—2i9)
= i(e210 4 g-2i0)

2 . .
T(eZLH + e—219)
= 2(e2i 1 o—2i0)
2 . .
~ 7(6219 + e—219)
- e2i0 4 o—2i0 | o2i0 | o-2i0
20 20, —2i0
T(e W te et )
eZiG +2+4 e—2i9 + eZiG —2 4+ e—2i9
2, . . ) ‘
T(ele _ e—lG)(eLH + e—lB)
= (et + e-0)2 1 (i — g-10)2
) (eiB _ e—iB)
i(el® + e—i0)
= (el — g-i0)2
(el + ¢-10)2

) (ele —19)
B i(el + e—i0)
(el — g-10)2
— (et + e-10)2

(eie _ e—ie)
\iem e
B <(ei9 - e—ie) )2

i(el? + e~i0)

1-—
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Chapter 3 worked solutions — Complex numbers I

B 2tan @
~ 1—tan%6

154 z4+z?+z23+ 42"

This is a geometric series with a = z and r = z. Now, assuming that |z| < 1, we
have that the sum of the geometric series is

a(l—-r")
nT Ty
z(1-2z")
- 1—-2z
Zn+1_Z
- z—1

n+1_

15b z+z%+ - +2z"=

z—-1
Putting z = e'?

in+1)6 __ i6
_ (e )

el + (e0)" - 4 ()" =

et —1
i(ln+1)0 _ i@
-9
i(n+1)0 _ _i6f
-1
i(n+1)0 i(6+m)
i0 4 20 4 ..o ,nif _ (e te )
e’ +e +--te = 210 1 gt
\ ei@ ein@ -1
elG + 8219 4ot enlB — #
-1
. eie(eine _l_eirt)
i0 2i60 nié
e’ t+te” +--+e 210 1 oin
inf __ 1)
0, ,2i0 nio _ (e
e’ +e”V +.rt+e = 1 —o-6

o310 (e%ine _ e—%inG)

ele + 8219 + ___+ enlB — T T T
—5i0 . =i6 —5i6
e 2 (92 —e 2 )
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MATHEMATICS EXTENSION

Chapter 3 worked solutions — Complex numbers I

e%i(n+1)9 (e%ine _ e—%in@)
i0 4 20 o ... 4 onif _
e’ t+te” +-+e = T, i,
(ez¥ —e72"7)

1,
si(n+1)6 . . 1
e2 (21 sin nG)

ele +e219 + ___+ enl@ —
c 1
2isin 6

e%i("“)e (sin % nH)

ele + eZlg + ___+ enl@ —
sin%e

cosfO +isin@ + cos 260 +isin20 + ---+ cosnf + i sinnf

(cos%(n +1)6 + isin% (n+ 1)9) (sin%n@)

- .1
smie

Equating the imaginary component in the above equation

sin%(n +1)6 (sin%n@)
sin@ + sin 260 + --- + sinnf =

1
smie
15¢ Letf =-
1 2(n+1)1t
. T . 2T . 31T . (n—l)n’ . nm Slnzn(n)SII‘lT
sin—+sin—+4sin—+ -+ sin———+sin— =
n n n n n sinl(z)
2\n
1 1 1
. T . 2m . 3m ) (n—1Dm _ Sln7n51n7(1+ﬁ)n
sin—+sin—+4sin—+ -+ sin————+sinn =
S g n n sinl(z)
2\n
.1 1 1
T 21 3n n—r sinsmwsins(1+=)m
sin—+sin—+sin—+---+sinu+0= 2 2( n)
n n n n sinl(z)
2\n
T

T
7w 3 m-vr Wsin(F+gs)
sin— + sin— + sin— + -+ + sin =

n n n 1(E)
sm2

n
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Chapter 3 worked solutions — Complex numbers I

T
.m 2m 3w ~(n—1m cos (ﬁ)
sin— + sin— + sin— ++ -+ + sin =
n n n sinl(E)
2\n
.m 2m 3w (n—Dm T
sin— + sin— + sin— + -+ + sin = cot—
n n n 2n
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