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Solutions to Exercise 3E Foundation questions 

1a 2𝑖 = 2𝑒𝑖
𝜋

2  (note that 𝑖 = 𝑒𝑖
𝜋

2) 

 

1b 2𝑒𝑖
𝜋

2 = 2𝑒𝑖(
𝜋

2
+2𝑘𝜋) 

 

1c 𝑧 = 𝑟𝑒𝑖𝜃 

 𝑧2 = 𝑟2𝑒2𝑖𝜃 

 2𝑒𝑖(
𝜋

2
+2𝑘𝜋) = 2𝑖 = 𝑧2 = 𝑟2𝑒2𝑖𝜃 

 Hence 𝑟2𝑒2𝑖𝜃 = 2𝑒𝑖(
𝜋

2
+2𝑘𝜋), thus 𝑟2 = 2 and 2𝜃 =

𝜋

2
+ 2𝑘𝜋 =

𝜋+4𝑘𝜋

2
 and so 

 𝑟 = √2, 𝜃 =
(4𝑘+1)𝜋

4
 

 

1d 𝑧 = √2𝑒
(4𝑘+1)𝑖𝜋

4 = √2𝑒𝑖
𝜋

4 , √2𝑒
−3𝑖𝜋

4  

 

1e 𝑧 = √2𝑒𝑖
𝜋

4 = √2 (cos
𝜋

4
+ 𝑖 sin

𝜋

4
) = √2 (

1

√2
+

1

√2
𝑖) = 1 + 𝑖 

 𝑧 = √2𝑒−𝑖
3𝜋

4 = √2 (cos (−
3𝜋

4
) + 𝑖 sin (−

3𝜋

4
)) = √2 (−

1

√2
−

1

√2
𝑖) = −1 − 𝑖 

 

2a −1 = 𝑒𝑖𝜋 

 

2b 𝑒𝑖(𝜋+2𝑘𝜋) 

 

2c 𝑧4 = (𝑟𝑒𝑖𝜃)
4

= 𝑟4𝑒4𝑖𝜃 

 Hence 𝑟4𝑒4𝑖𝜃 = 𝑒𝑖(𝜋+2𝑘𝜋) 

 𝑟 = 1 and  

4𝜃 = (𝜋 + 2𝑘𝜋)   

𝜃 =
𝜋 + 2𝑘𝜋

4
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2d  

𝑧 = 𝑒−𝑖
3𝜋
4 , 𝑒−𝑖

𝜋
4 ,   𝑒𝑖

𝜋
4 , 𝑒𝑖

3𝜋
4  

 

2e  

𝑧 = −
1

√2
−

1

√2
𝑖,

1

√2
−

1

√2
𝑖,

1

√2
+

1

√2
𝑖, −

1

√2
+

1

√2
𝑖 

 

3a  

−𝑖 = 𝑒−
𝑖𝜋
2  

 

3b  

−𝑖 = 𝑒−𝑖(
𝜋
2

+2𝑘𝜋) 

 

3c 𝑧 = 𝑟𝑒𝑖𝜃 

(𝑟𝑒𝑖𝜃)
3

= 𝑒−𝑖(
𝜋
2

+2𝑘𝜋) 

𝑟3𝑒3𝑖𝜃 = 𝑒−𝑖(
𝜋
2

+2𝑘𝜋) 

𝑟 = 1 

3𝜃 = − (
𝜋

2
+ 2𝑘𝜋) 

𝜃 = −
1

3
(

𝜋

2
+ 2𝑘𝜋) 

𝜃 = −
1

3
(

𝜋 + 4𝑘𝜋

2
) 

𝜃 = −
(4𝑘 + 1)𝜋

6
 

 

3d  

𝑧 = 𝑒
𝑖𝜋
2 , 𝑒−

𝑖𝜋
6 , 𝑒−

5𝑖𝜋
6  
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4a 𝑒𝑛𝑖𝜃 + 𝑒−𝑛𝑖𝜃 

= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 + cos(−𝑛𝜃) + 𝑖 sin(−𝑛𝜃) 

= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 + cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃 

= 2 cos 𝑛𝜃 

 

4b (𝑒𝑖𝜃 + 𝑒−𝑖𝜃)
3

 

= 𝑒3𝑖𝜃 + 3𝑒2𝑖𝜃𝑒−𝑖𝜃 + 3𝑒𝑖𝜃𝑒−2𝑖𝜃 + 𝑒−3𝑖𝜃 

= 𝑒3𝑖𝜃 + 3𝑒𝑖𝜃 + 3𝑒−𝑖𝜃 + 𝑒−3𝑖𝜃 

= 𝑒3𝑖𝜃 + 3(𝑒𝑖𝜃 + 𝑒−𝑖𝜃) + 𝑒−3𝑖𝜃 

= (𝑒3𝑖𝜃 + 𝑒−3𝑖𝜃) + 3(𝑒𝑖𝜃 + 𝑒−𝑖𝜃) 

 

4c cos3 𝜃 

= (
1

2
× 2 cos 𝜃)

3

 

= (
1

2
× (𝑒𝑖𝜃 + 𝑒−𝑖𝜃))

3

 

=
1

23
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)

3
  

=
1

8
((𝑒3𝑖𝜃 + 𝑒−3𝑖𝜃) + 3(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)) 

=
1

8
(2 cos 3𝜃 + 6 cos 𝜃) 

=
1

4
cos 3𝜃 +

3

4
cos 𝜃 

 

5 

𝑒𝑖𝑛𝜃 − 𝑒−𝑖𝑛𝜃 

= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 − (cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃) 

= 2𝑖 sin 𝑛𝜃 

Hence  

sin 𝑛𝜃 =
1

2𝑖
(𝑒𝑖𝑛𝜃 − 𝑒−𝑖𝑛𝜃) 
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sin3 𝜃 

= (
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃))

3

 

=
1

(2𝑖)3
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)

3
 

=
1

(2𝑖)3
(𝑒3𝑖𝜃 − 3𝑒2𝑖𝜃𝑒−𝑖𝜃 + 3𝑒𝑖𝜃𝑒−2𝑖𝜃 − 𝑒−3𝑖𝜃) 

=
1

(2𝑖)3
(𝑒3𝑖𝜃 − 𝑒−3𝑖𝜃 − 3𝑒𝑖𝜃 + 3𝑒−𝑖𝜃) 

=
1

(2𝑖)3
(𝑒3𝑖𝜃 − 𝑒−3𝑖𝜃 − 3(𝑒𝑖𝜃 − 3𝑒−𝑖𝜃)) 

=
1

(2𝑖)3
(2𝑖 sin 3𝜃 − 6𝑖 sin 𝜃) 

= −
1

8
(2 sin 3𝜃 − 6 sin 𝜃) 

=
3

4
sin 𝜃 −

1

4
sin 3𝜃 
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Solutions to Exercise 3E Development questions 

6a Consider the equation 

𝑧4 + 16 = 0 

Let 𝑧 = 𝑟𝑒𝑖𝜃 be a root of the equation. 

(𝑟𝑒𝑖𝜃)
4

+ 16 = 0 

𝑟4𝑒4𝑖𝜃 = −16 

𝑟4 = 16 and 𝑒4𝑖𝜃 = −1 

Hence 𝑟 = 2 and 4𝜃 = 𝜋 + 2𝑛𝜋 so 𝜃 =
(2𝑛+1)𝜋

4
 where 𝑛 is an integer. Thus  

𝑧 = 2𝑒±
𝑖𝜋
4 , 2𝑒±

3𝑖𝜋
4  

Hence writing 𝑧4 + 16 as a product of factors gives 

𝑧4 + 16 = (𝑧 − 2𝑒
𝑖𝜋
4 ) (𝑧 − 2𝑒−

𝑖𝜋
4 ) (𝑧 − 2𝑒

3𝑖𝜋
4 ) (𝑧 − 2𝑒−

3𝑖𝜋
4 ) 

 

6b 𝑧4 + 16 

= (𝑧 − 2𝑒
𝑖𝜋
4 ) (𝑧 − 2𝑒−

𝑖𝜋
4 ) (𝑧 − 2𝑒

3𝑖𝜋
4 ) (𝑧 − 2𝑒−

3𝑖𝜋
4 ) 

= (𝑧2 − 2𝑧𝑒
𝑖𝜋
4 − 2𝑧𝑒−

𝑖𝜋
4 + 4𝑒0) (𝑧2 − 2𝑧𝑒

3𝑖𝜋
4 − 2𝑧𝑒−

3𝑖𝜋
4 + 4𝑒0) 

= (𝑧2 − 2𝑧 (𝑒
𝑖𝜋
4 + 𝑒−

𝑖𝜋
4 ) + 4) + (𝑧2 − 2𝑧 (𝑒

3𝑖𝜋
4 + 𝑒−

3𝑖𝜋
4 ) + 4) 

= (𝑧2 − 2𝑧 (cos
𝜋

4
+ 𝑖 sin

𝜋

4
+ cos

𝜋

4
− 𝑖 sin

𝜋

4
) + 4) 

+ (𝑧2 − 2𝑧 (cos
3𝜋

4
+ 𝑖 sin

3𝜋

4
+ cos

3𝜋

4
− 𝑖 sin

3𝜋

4
) + 4) 

= (𝑧2 − 2𝑧 (2 cos
𝜋

4
) + 4) + (𝑧2 − 2𝑧 (2 cos

3𝜋

4
) + 4) 

= (𝑧2 − 2𝑧 (
2

√2
) + 4) + (𝑧2 − 2𝑧 (−

2

√2
) + 4) 

= (𝑧2 − 2√2𝑧 + 4)(𝑧2 + 2√2𝑧 + 4) 
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6c 𝑧4 + 16 

= (𝑧4 + 8𝑧2 + 16) − 8𝑧2 

= (𝑧2 + 4)2 − (2√2𝑧)
2

 

= (𝑧2 + 4 − 2√2𝑧)(𝑧2 + 4 + 2√2𝑧) 

= (𝑧2 − 2√2𝑧 + 4)(𝑧2 + 2√2𝑧 + 4) 

 

7a Consider the equation 

𝑧5 + 1 = 0 

Let 𝑧 = 𝑟 cis(𝜃). It follows that 

𝑟5cis(5𝜃) + 1 = 0 

𝑟5cis(5𝜃) = −1 

Hence 𝑟 = 1 and cis(5𝜃) = −1 so 5𝜃 = 𝜋 + 2𝑛𝜋 and thus 𝜃 =
(2𝑛+1)𝜋

5
. From this 

it follows that 

𝑧 = 𝑒±
𝑖𝜋
5 , 𝑒±

3𝑖𝜋
5 , 𝑒±

5𝑖𝜋
5  

𝑧 = 𝑒±
𝑖𝜋
5 , 𝑒±

3𝑖𝜋
5 , −1 

Hence writing 𝑧5 + 1 as a product of roots gives 

𝑧5 + 1 = (𝑧 − (−1)) (𝑧 − 𝑒
𝑖𝜋
5 ) (𝑧 − 𝑒−

𝑖𝜋
5 ) (𝑧 − 𝑒

3𝑖𝜋
5 ) (𝑧 − 𝑒−

3𝑖𝜋
5 ) 

              = (𝑧 + 1) (𝑧 − 𝑒
𝑖𝜋
5 ) (𝑧 − 𝑒−

𝑖𝜋
5 ) (𝑧 − 𝑒

3𝑖𝜋
5 ) (𝑧 − 𝑒−

3𝑖𝜋
5 ) 

 

7b 𝑧5 + 1 

= (𝑧 + 1) (𝑧 − 𝑒
𝑖𝜋
5 ) (𝑧 − 𝑒−

𝑖𝜋
5 ) (𝑧 − 𝑒

3𝑖𝜋
5 ) (𝑧 − 𝑒−

3𝑖𝜋
5 ) 

= (𝑧 + 1) (𝑧 − (𝑒
𝑖𝜋
5 + 𝑒−

𝑖𝜋
5 ) + (𝑒

𝑖𝜋
5 𝑒−

𝑖𝜋
5 )) (𝑧 − (𝑒3

𝑖𝜋
5 + 𝑒−3

𝑖𝜋
5 ) + (𝑒3

𝑖𝜋
5 𝑒−3

𝑖𝜋
5 )) 

= (𝑧 + 1) (𝑧 − (𝑒
𝑖𝜋
5 + 𝑒−

𝑖𝜋
5 ) + 𝑒0) (𝑧 − (𝑒3

𝑖𝜋
5 + 𝑒−3

𝑖𝜋
5 ) + 𝑒0) 

= (𝑧 + 1) (𝑧 − (𝑒
𝑖𝜋
5 + 𝑒−

𝑖𝜋
5 ) + 1) (𝑧 − (𝑒3

𝑖𝜋
5 + 𝑒−3

𝑖𝜋
5 ) + 1) 
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= (𝑧 + 1) (𝑧 − (cos
𝜋

5
+ 𝑖 sin

𝜋

5
+ cos

𝜋

5
− 𝑖 sin

𝜋

5
) + 1) 

                                                (𝑧 − (cos
3𝜋

5
+ 𝑖 sin

3𝜋

5
+ cos

3𝜋

5
− 𝑖 sin

3𝜋

5
) + 1) 

= (𝑧 + 1)(𝑧 − 2 cos
𝜋

5
+ 1)(𝑧 − 2 cos

3𝜋

5
+ 1) 

= (𝑧 + 1)(𝑧 − 2 cos
𝜋

5
+ 1)(𝑧 + 2 cos

2𝜋

5
+ 1) 

 

7c The sum of the roots of the equation 𝑧5 + 1 is 

cis (
3𝜋

5
) + cis (−

3𝜋

5
) + cis (

𝜋

5
) + cis (−

𝜋

5
) − 1 = 0 

2 cos (−
3𝜋

5
) + 2 cos (

𝜋

5
) − 1 = 0 

−2 cos (
2𝜋

5
) + 2 cos (

𝜋

5
) − 1 = 0 

2 cos
2𝜋

5
− 2 cos

𝜋

5
+ 1 = 0 

cos
2𝜋

5
 = 2 (cos

𝜋

5
)

2
− 1 

Hence, 

4 (cos
𝜋

5
)

2

− 2 − 2 cos
𝜋

5
+ 1 = 0 

4 (cos
𝜋

5
)

2

− 2 cos
𝜋

5
− 1 = 0 

Hence, roots are 

cos
𝜋

5
=

2 ± √(4 + 16) 

8
 

           =
1 + √5

4
   (remove the other solution as its value is less than 0)  

Hence,  

cos
2𝜋

5
= 2 ×

(1 + √5)

16

2

− 1 

              =
2√5 − 2

8
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            =
−1 + √5

4
 

            =
√5 − 1

4
 

 

8a Noting that cis(𝜃) = 𝑒𝑖𝜃 

it follows that  

cos 𝜃 + 𝑖 sin 𝜃 = 𝑒𝑖𝜃  (1) 

And hence that 

cos(−𝜃) + 𝑖 sin(−𝜃) = 𝑒−𝑖𝜃 

cos 𝜃 − 𝑖 sin 𝜃 = 𝑒−𝑖𝜃     (2) 

(1) + (2): 

2 cos 𝜃 = 𝑒𝑖𝜃 + 𝑒−𝑖𝜃 

cos 𝜃 =
1

2
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃) 

(1) − (2): 

2𝑖 sin 𝜃 = 𝑒𝑖𝜃 − 𝑒−𝑖𝜃 

sin 𝜃 =
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃) 

 

8b i cos 2𝜃 =
1

2
(𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃) 

              =
1

4
(𝑒2𝑖𝜃 + 𝑒0 + 𝑒0 + 𝑒−2𝑖𝜃) +

1

4
(𝑒2𝑖𝜃 − 𝑒0 − 𝑒0 + 𝑒−2𝑖𝜃) 

              = (
1

2
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃))

2

− (
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃))

2

 

              = cos2 𝜃 − sin2 𝜃 
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8b ii sin 2𝜃 

=
1

2𝑖
(𝑒2𝑖𝜃 − 𝑒−2𝑖𝜃) 

=
1

2𝑖
(𝑒2𝑖𝜃 − 𝑒0 + 𝑒0 − 𝑒−2𝑖𝜃) 

=
1

2𝑖
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)(𝑒𝑖𝜃 − 𝑒−𝑖𝜃) 

= 2 (
1

2
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)

1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)) 

= 2 cos 𝜃 sin 𝜃 

 

8b iii cos(𝛼 + 𝛽) 

=
1

2
(𝑒𝑖(𝛼+𝛽) + 𝑒−𝑖(𝛼+𝛽)) 

=
1

4
(𝑒𝑖(𝛼+𝛽) + 𝑒𝑖(𝛼−𝛽) + 𝑒𝑖(𝛽−𝛼) + 𝑒−𝑖(𝛼+𝛽)) 

                                                             +
1

4
(𝑒𝑖(𝛼+𝛽) − 𝑒𝑖(𝛼−𝛽) − 𝑒𝑖(𝛽−𝛼) + 𝑒−𝑖(𝛼+𝛽)) 

=
1

2
(𝑒𝑖(𝛼) + 𝑒−𝑖(𝛼))

1

2
(𝑒𝑖(𝛽) + 𝑒−𝑖(𝛽)) −

1

2𝑖
(𝑒𝑖(𝛼) − 𝑒−𝑖(𝛼))

1

2𝑖
(𝑒𝑖(𝛽) − 𝑒−𝑖(𝛽)) 

= cos 𝛼 cos 𝛽 − sin 𝛼 sin 𝛽 

 

8b iv sin(𝛼 + 𝛽) 

=
1

2𝑖
(𝑒𝑖(𝛼+𝛽) − 𝑒−𝑖(𝛼+𝛽)) 

=
1

4𝑖
(𝑒𝑖(𝛼+𝛽) + 𝑒𝑖(𝛼−𝛽) − 𝑒𝑖(𝛽−𝛼) − 𝑒−𝑖(𝛼+𝛽)) 

                                                            +
1

4𝑖
(𝑒𝑖(𝛼+𝛽) − 𝑒𝑖(𝛼−𝛽) + 𝑒𝑖(𝛽−𝛼) − 𝑒−𝑖(𝛼+𝛽)) 

=
1

2𝑖
(𝑒𝑖(𝛼) − 𝑒−𝑖(𝛼))

1

2
(𝑒𝑖(𝛽) + 𝑒−𝑖(𝛽)) +

1

2
(𝑒𝑖(𝛼) + 𝑒−𝑖(𝛼))

1

2𝑖
(𝑒𝑖(𝛽) − 𝑒−𝑖(𝛽)) 

= sin 𝛼 cos 𝛽 + cos 𝛼 sin 𝛽 
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9a cos6 𝜃 

= (
1

2
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃))

6

 

=
1

26
(𝑒6𝑖𝜃 + 6𝑒4𝑖𝜃 + 15𝑒2𝑖𝜃 + 20 + 15𝑒−2𝑖𝜃 + 6𝑒−4𝑖𝜃 + 𝑒−6𝑖𝜃) 

=
1

26
((𝑒6𝑖𝜃 + 𝑒−6𝑖𝜃) + 6(𝑒4𝑖𝜃 + 𝑒−4𝑖𝜃) + 15(𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃) + 20) 

=
1

26
(2 cos 6𝜃 + 12 cos 4𝜃 + 30 cos 2𝜃 + 20) 

=
1

25
(cos 6𝜃 + 6 cos 4𝜃 + 15 cos 2𝜃 + 10) 

 

9b  

∫ cos6 𝜃

𝜋
4

0

𝑑𝜃 

= ∫
1

25
(cos 6𝜃 + 6 cos 4𝜃 + 15 cos 2𝜃 + 10)

𝜋
4

0

𝑑𝜃 

=
1

25
∫ (cos 6𝜃 + 6 cos 4𝜃 + 15 cos 2𝜃 + 10)

𝜋
4

0

𝑑𝜃 

=
1

25
[
1

6
sin 6𝜃 +

6

4
sin 4𝜃 +

15

2
sin 2𝜃 + 10𝜃]

0

𝜋
4

 

=
1

25
(

1

6
sin

6𝜋

4
+

6

4
sin 𝜋 +

16

2
sin

𝜋

2
+

10𝜋

4
− 0) 

=
15𝜋 + 44

192
 

 

10a sin3 𝜃 

= (
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃))

3

 

=
1

8𝑖3
(𝑒3𝑖𝜃 − 3𝑒𝑖𝜃 + 3𝑒−𝑖𝜃 − 𝑒−3𝑖𝜃) 

= −
1

8𝑖
((𝑒3𝑖𝜃 − 𝑒−3𝑖𝜃) − 3(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)) 
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= −
1

8𝑖
(2𝑖 sin 3𝜃 − 6𝑖 sin 𝜃)  

= −
1

4
(sin 3𝜃 − 3 sin 𝜃) 

 

sin5 𝜃 

= (
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃))

5

 

=
1

32𝑖5
(𝑒5𝑖𝜃 − 5𝑒3𝑖𝜃 + 10𝑒𝑖𝜃 − 10𝑒−𝑖𝜃 + 5𝑒−3𝑖𝜃 − 𝑒−5𝑖𝜃) 

=
1

32𝑖
((𝑒5𝑖𝜃 − 𝑒−5𝑖𝜃) − 5(𝑒3𝑖𝜃 − 𝑒−3𝑖𝜃) + 10(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)) 

=
1

32𝑖
(2𝑖 sin 5𝜃 − 10𝑖 sin 3𝜃 + 20𝑖 sin 𝜃) 

=
1

16
(sin 5𝜃 − 5 sin 3𝜃 + 10 sin 𝜃) 

 

10b sin3 𝜃 cos2 𝜃 

= sin3 𝜃 (1 − sin2 𝜃) 

= sin3 𝜃 − sin5 𝜃 

= −
1

4
(sin 3𝜃 − 3 sin 𝜃) −

1

16
(sin 5𝜃 − 5 sin 3𝜃 + 10 sin 𝜃) 

=
1

16
(2 sin 𝜃 + sin 3𝜃 − sin 5𝜃) 

 

10c  

∫ sin3 𝜃 cos2 𝜃 𝑑𝜃

𝜋
3

0

 

= ∫
1

16
(2 sin 𝜃 + sin 3𝜃 − sin 5𝜃)

𝜋
3

0

𝑑𝜃 

=
1

16
[−2 cos 𝜃 −

1

3
cos 3𝜃 +

1

5
cos 5𝜃]

0

𝜋
3
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=
1

16
(−2 cos

𝜋

3
−

1

3
cos 𝜋 +

1

5
cos

5𝜋

3
− (−2 cos 0 −

1

3
cos 0 +

1

5
cos 0)) 

=
1

16
(−1 +

1

3
+

1

10
− (−2 −

1

3
+

1

5
)) 

=
47

480
 

 

11a 𝑒𝑛𝑖𝜃 + 𝑒−𝑛𝑖𝜃 

= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 + cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃 

= 2 cos 𝑛𝜃 

 

11b Since  

5𝑧4 − 11𝑧3 + 16𝑧2 − 11𝑧 + 5 = 0 

𝑧2(5𝑧2 − 11𝑧 + 16 − 11𝑧−1 + 5𝑧−2) = 0 

𝑧2(5(𝑧2 + 𝑧−2) − 11(𝑧 + 𝑧−1) + 16) = 0 

5(2 cos 2𝜃) − 11(2 cos 𝜃) + 16 = 0 

5 cos 2𝜃 − 11 cos 𝜃 + 8 = 0 

 

11c 5(2cos2 𝜃 − 1) − 11 cos 𝜃 + 8 = 0 

10 cos2 𝜃 − 5 − 11 cos 𝜃 + 8 = 0 

10 cos2 𝜃 − 11 cos 𝜃 + 3 = 0 

(5 cos 𝜃 − 3)(2 cos 𝜃 − 1) = 0  

cos 𝜃 =
3

5
 or 

1

2
 

When cos 𝜃 =
3

5
, sin 𝜃 = ±

√52 − 32

5
= ±

4

5
 

When cos 𝜃 =
1

2
, sin 𝜃 = ±

√21 − 1

2
= ±

√3

2
 

Hence the roots are 𝑧 =
3

5
±

4

5
𝑖,

1

2
±

√3

2
𝑖 
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12 1 − 𝑖 

= √2𝑒−𝑖
𝜋
4  

= 𝑒ln √2𝑒−𝑖
𝜋
4  

= 𝑒ln √2−
𝑖𝜋
4  

So 𝑎 = ln √2 =
1

2
ln 2 and 𝑏 = −

𝜋

4
. 

 

13a cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵) 

= cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵 + cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 

= 2 cos 𝐴 cos 𝐵 

 

13b Let 𝐴 =
𝛼+𝛽

2
 and 𝐵 =

𝛼−𝛽

2
, thus 

2 cos (
𝛼 + 𝛽

2
) cos (

𝛼 − 𝛽

2
) 

= cos ((
𝛼 + 𝛽

2
) + (

𝛼 − 𝛽

2
)) + cos ((

𝛼 + 𝛽

2
) − (

𝛼 − 𝛽

2
)) 

= cos 𝛼 + cos 𝛽 

 

13c sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵) 

= sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 + sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵 

= 2 sin 𝐴 cos 𝐵 

Let 𝐴 =
𝛼+𝛽

2
 and 𝐵 =

𝛼−𝛽

2
, thus 

2 sin (
𝛼 + 𝛽

2
) cos (

𝛼 − 𝛽

2
) 

= sin ((
𝛼 + 𝛽

2
) + (

𝛼 − 𝛽

2
)) + sin ((

𝛼 + 𝛽

2
) − (

𝛼 − 𝛽

2
)) 

= sin 𝛼 + sin 𝛽 

as required 
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13d 𝑒𝑖𝛼 + 𝑒𝑖𝛽 

= cos 𝛼 + 𝑖 sin 𝛼 + cos 𝛽 + 𝑖 sin 𝛽 

= (cos 𝛼 + cos 𝛽) + 𝑖(sin 𝛼 + sin 𝛽) 

= 2 cos (
𝛼 + 𝛽

2
) cos (

𝛼 − 𝛽

2
) + 𝑖 (2 sin (

𝛼 + 𝛽

2
) cos (

𝛼 − 𝛽

2
)) 

= 2 cos (
𝛼 − 𝛽

2
) [cos (

𝛼 + 𝛽

2
) + 𝑖 sin (

𝛼 + 𝛽

2
)] 

= 2 cos (
𝛼 − 𝛽

2
) 𝑒

𝑖
2

(𝛼+𝛽)
 

 

14ai cos 𝛼 + cos 𝛽 

=
1

2
(𝑒𝑖𝛼 + 𝑒−𝑖𝛼) +

1

2
(𝑒𝑖𝛽 + 𝑒−𝑖𝛽) 

=
1

2
(𝑒𝑖𝛼 + 𝑒𝑖𝛽 + 𝑒−𝑖𝛼 + 𝑒−𝑖𝛽) 

=
1

2
(𝑒

𝑖
2

(𝛼+𝛽)
+ 𝑒−

𝑖
2

(𝛼+𝛽)
) (𝑒

𝑖
2

(𝛼−𝛽)
+ 𝑒−

𝑖
2

(𝛼−𝛽)
) 

= 2 (
1

2
(𝑒

𝑖
2

(𝛼+𝛽)
+ 𝑒−

𝑖
2

(𝛼+𝛽)
)) (

1

2
(𝑒

𝑖
2

(𝛼−𝛽)
+ 𝑒−

𝑖
2

(𝛼−𝛽)
)) 

= 2 cos (
𝛼 + 𝛽

2
) cos (

𝛼 − 𝛽

2
) 

 

14aii sin 𝛼 + sin 𝛽 

=
1

2𝑖
(𝑒𝑖𝛼 − 𝑒−𝑖𝛼) +

1

2𝑖
(𝑒𝑖𝛽 − 𝑒−𝑖𝛽) 

=
1

2𝑖
(𝑒𝑖𝛼 + 𝑒𝑖𝛽 − 𝑒−𝑖𝛼 − 𝑒−𝑖𝛽) 

=
1

2𝑖
(𝑒

𝑖
2

(𝛼+𝛽)
− 𝑒−

𝑖
2

(𝛼+𝛽)
) (𝑒

𝑖
2

(𝛼−𝛽)
+ 𝑒−

𝑖
2

(𝛼−𝛽)
) 

= 2 (
1

2𝑖
(𝑒

𝑖
2

(𝛼+𝛽)
− 𝑒−

𝑖
2

(𝛼+𝛽)
)) (

1

2
(𝑒

𝑖
2

(𝛼−𝛽)
+ 𝑒−

𝑖
2

(𝛼−𝛽)
)) 

= 2 sin (
𝛼 + 𝛽

2
) cos (

𝛼 − 𝛽

2
) 
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14b tan 𝜃 

=
sin 𝜃

cos 𝜃
 

=

1
2𝑖 (𝑒𝑖𝜃 − 𝑒−𝑖𝜃)

1
2

(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)
 

=
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)

𝑖(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)
 

 

14c tan 2𝜃 

=
(𝑒2𝑖𝜃 − 𝑒−2𝑖𝜃)

𝑖(𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃)
 

=

2
𝑖 (𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃)

2(𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃)
 

=

2
𝑖 (𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃)

𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃 + 𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃
 

=

2
𝑖 (𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃)

𝑒2𝑖𝜃 + 2 + 𝑒−2𝑖𝜃 + 𝑒2𝑖𝜃 − 2 + 𝑒−2𝑖𝜃
 

=

2
𝑖 (𝑒𝑖𝜃 − 𝑒−𝑖𝜃)(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)

(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)2 + (𝑒𝑖𝜃 − 𝑒−𝑖𝜃)2
 

=

2 (
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)

𝑖(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)
)

1 +
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)2

(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)2

 

=

2 (
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)

𝑖(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)
)

1 −
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)2

−(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)2

 

=

2 (
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)

𝑖(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)
)

1 − (
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃)
𝑖(𝑒𝑖𝜃 + 𝑒−𝑖𝜃)

)
2 
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=
2 tan 𝜃

1 − tan2 𝜃
 

 

15a 𝑧 + 𝑧2 + 𝑧3 + ⋯ + 𝑧𝑛 

This is a geometric series with 𝑎 = 𝑧 and 𝑟 = 𝑧. Now, assuming that |𝑧| < 1, we 

have that the sum of the geometric series is 

𝑆𝑛 =
𝑎(1 − 𝑟𝑛)

1 − 𝑟
 

      =
𝑧(1 − 𝑧𝑛)

1 − 𝑧
 

      =
𝑧𝑛+1 − 𝑧

𝑧 − 1
 

 

15b 𝑧 + 𝑧2 + ⋯ + 𝑧𝑛 =
𝑧𝑛+1−𝑧

𝑧−1
 

Putting 𝑧 = 𝑒𝑖𝜃 

𝑒𝑖𝜃 + (𝑒𝑖𝜃)
2

+ ⋯ + (𝑒𝑖𝜃)
𝑛

=
(𝑒𝑖(𝑛+1)𝜃 − 𝑒𝑖𝜃)

𝑒𝑖𝜃 − 1
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
(𝑒𝑖(𝑛+1)𝜃 − 𝑒𝑖𝜃)

𝑒𝑖𝜃 − 1
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
(𝑒𝑖(𝑛+1)𝜃 − 𝑒𝑖𝜃)

𝑒𝑖𝜃 − 1
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
(𝑒𝑖(𝑛+1)𝜃 + 𝑒𝑖(𝜃+𝜋))

𝑒𝑖𝜃 + 𝑒𝑖𝜋
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
𝑒𝑖𝜃(𝑒𝑖𝑛𝜃 − 1)

𝑒𝑖𝜃 − 1
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
𝑒𝑖𝜃(𝑒𝑖𝑛𝜃 + 𝑒𝑖𝜋)

𝑒𝑖𝜃 + 𝑒𝑖𝜋
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
(𝑒𝑖𝑛𝜃 − 1)

1 − 𝑒−𝑖𝜃
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
𝑒

1
2

𝑖𝑛𝜃 (𝑒
1
2

𝑖𝑛𝜃 − 𝑒−
1
2

𝑖𝑛𝜃)

𝑒−
1
2

𝑖𝜃(𝑒
1
2

𝑖𝜃 − 𝑒−
1
2

𝑖𝜃)
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𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
𝑒

1
2

𝑖(𝑛+1)𝜃 (𝑒
1
2

𝑖𝑛𝜃 − 𝑒−
1
2

𝑖𝑛𝜃)

(𝑒
1
2

𝑖𝜃 − 𝑒−
1
2

𝑖𝜃)
 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
𝑒

1
2

𝑖(𝑛+1)𝜃 (2𝑖 sin
1
2 𝑛𝜃)

2𝑖 sin
1
2 𝜃

 

𝑒𝑖𝜃 + 𝑒2𝑖𝜃 + ⋯ + 𝑒𝑛𝑖𝜃 =
𝑒

1
2

𝑖(𝑛+1)𝜃 (sin
1
2 𝑛𝜃)

sin
1
2 𝜃

 

cos 𝜃 + 𝑖 sin 𝜃 + cos 2𝜃 + 𝑖 sin 2𝜃 + ⋯ + cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 

=
(cos

1
2

(𝑛 + 1)𝜃 + 𝑖 sin
1
2

(𝑛 + 1)𝜃) (sin
1
2 𝑛𝜃)

sin
1
2 𝜃

 

Equating the imaginary component in the above equation 

sin 𝜃 + sin 2𝜃 + ⋯ + sin 𝑛𝜃 =
sin

1
2

(𝑛 + 1)𝜃 (sin
1
2 𝑛𝜃)

sin
1
2 𝜃

 

 

15c Let 𝜃 =
𝜋

𝑛
 

sin
𝜋

𝑛
+ sin

2𝜋

𝑛
+ sin

3𝜋

𝑛
+ ⋯ + sin

(𝑛 − 1)𝜋

𝑛
+ sin

𝑛𝜋

𝑛
=

sin
1
2 𝑛 (

𝜋
𝑛) sin

1
2

(𝑛 + 1)𝜋

𝑛

sin
1
2 (

𝜋
𝑛)

 

sin
𝜋

𝑛
+ sin

2𝜋

𝑛
+ sin

3𝜋

𝑛
+ ⋯ + sin

(𝑛 − 1)𝜋

𝑛
+ sin 𝜋 =

sin
1
2 𝜋 sin

1
2 (1 +

1
𝑛) 𝜋

sin
1
2

(
𝜋
𝑛

)
 

sin
𝜋

𝑛
+ sin

2𝜋

𝑛
+ sin

3𝜋

𝑛
+ ⋯ + sin

(𝑛 − 1)𝜋

𝑛
+ 0 =

sin
1
2 𝜋 sin

1
2 (1 +

1
𝑛) 𝜋

sin
1
2 (

𝜋
𝑛)

 

sin
𝜋

𝑛
+ sin

2𝜋

𝑛
+ sin

3𝜋

𝑛
+ ⋯ + sin

(𝑛 − 1)𝜋

𝑛
=

(1) sin (
𝜋
2 +

𝜋
2𝑛)

sin
1
2 (

𝜋
𝑛)
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sin
𝜋

𝑛
+ sin

2𝜋

𝑛
+ sin

3𝜋

𝑛
+ ⋯ + sin

(𝑛 − 1)𝜋

𝑛
=

cos (
𝜋

2𝑛)

sin
1
2 (

𝜋
𝑛)

 

sin
𝜋

𝑛
+ sin

2𝜋

𝑛
+ sin

3𝜋

𝑛
+ ⋯ + sin

(𝑛 − 1)𝜋

𝑛
= cot

𝜋

2𝑛
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