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Solutions to Exercise 3D Foundation questions 

1a (𝑒𝑖𝜃)
3

= 𝑒𝑖𝜃×3 = 𝑒3𝑖𝜃 

 

1b (𝑒−𝑖𝜃)
6

= 𝑒−𝑖𝜃×6 = 𝑒−6𝑖𝜃 

 

1c (𝑒2𝑖𝜃)
4

= 𝑒2𝑖𝜃×4 = 𝑒8𝑖𝜃 

 

1d (𝑒−5𝑖𝜃)
−2

= 𝑒−5𝑖𝜃×−2 = 𝑒10𝑖𝜃 

 

2a 𝑒𝑖𝜃 × 𝑒−2𝑖𝜃 = 𝑒𝑖𝜃−2𝑖𝜃 = 𝑒−𝑖𝜃 

 

2b  

𝑒6𝑖𝜃

𝑒3𝑖𝜃
= 𝑒6𝑖𝜃−3𝑖𝜃 = 𝑒3𝑖𝜃 

 

2c (𝑒4𝑖𝜃)
−2

× (𝑒−2𝑖𝜃)
−5

 

= 𝑒−8𝑖𝜃 × 𝑒10𝑖𝜃 

= 𝑒−8𝑖𝜃+10𝑖𝜃 = 𝑒2𝑖𝜃 

 

2d  

(𝑒2𝑖𝜃)
3

× (𝑒−3𝑖𝜃)
−4

(𝑒−𝑖𝜃)2
 

=
𝑒6𝑖𝜃 × 𝑒12𝑖𝜃

𝑒−2𝑖𝜃
 

=
𝑒6𝑖𝜃+12𝑖𝜃

𝑒−2𝑖𝜃
 

=
𝑒18𝑖𝜃

𝑒−2𝑖𝜃
 

= 𝑒18𝑖𝜃−(−2𝑖𝜃) 
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= 𝑒20𝑖𝜃 

 

3a 2𝑖 = 2𝑒
𝜋

2
𝑖 (note that 𝑖 = 𝑒

𝜋

2
𝑖) 

 

3b 1 + 𝑖 

= √12 + 12 𝑒𝑖×tan−11
1 

= √2 𝑒𝑖
𝜋
4  

 

3c −6 

= √02 + (−6)2 𝑒𝑖(𝜋−tan−10
6

) 

= 6𝑒𝑖𝜋 

 

3d −1 + √3𝑖 

= √(−1)2 + (√3)
2

 𝑒
𝑖(𝜋−tan−1√3

1
)
 

= 2𝑒
2𝑖𝜋

3  

 

3e −3 − 3𝑖 

= √(−3)2 + (−3)2𝑒𝑖(−𝜋+tan−13
3

) 

= √18𝑒−
3𝑖𝜋

4  

= 3√2𝑒−
3𝑖𝜋

4  

 

3f 2√3 − 2𝑖 

= √(2√3)
2

+ (−2)2𝑒
𝑖 tan−1(−

2

2√3
)
 

= √16𝑒−
𝑖𝜋
6  
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= 4𝑒−
𝑖𝜋
6  

 

4a 5𝑒𝑖𝜋 

= 5(cos 𝜋 + 𝑖 sin 𝜋) 

= 5(−1 + 0𝑖) 

= −5 

 

4b  

𝑒
𝑖𝜋
3  

= cos
𝜋

3
+ 𝑖 sin

𝜋

3
 

=
1

2
+

√3

2
𝑖 

 

4c  

4𝑒−
𝑖𝜋
2  

= 4 (cos
𝜋

2
− 𝑖 sin

𝜋

2
) 

= 4(0 − 𝑖) 

= −4𝑖 

 

4d  

2𝑒
5𝑖𝜋

6  

= 2 (cos
5𝜋

6
+ 𝑖 sin

5𝜋

6
) 

= 2 (−
√3

2
+

1

2
𝑖) 

= −√3 + 𝑖 
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4e 2√2𝑒−
𝑖𝜋

4  

= 2√2 (cos
𝜋

4
− 𝑖 sin

𝜋

4
) 

= 2√2 (
1

√2
−

𝑖

√2
) 

= 2 − 2𝑖 

 

4f 4√3𝑒−
2𝑖𝜋

3  

= 4√3 (cos
2𝜋

3
− 𝑖 sin

2𝜋

3
) 

= 4√3 (−
1

2
−

𝑖√3

2
) 

= −2√3 − 6𝑖 
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Solutions to Exercise 3D Development questions 

5a 𝑧𝑤 = (1 + √3𝑖)(1 − 𝑖) 

       = (2𝑒𝑖
𝜋
3) (√2𝑒−𝑖

𝜋
4) 

       = 2√2𝑒𝑖
𝜋

12  

 

5b  

𝑤

𝑧
=

(1 − 𝑖)

(1 + √3𝑖)
 

    =
(√2𝑒−𝑖

𝜋
4)

(2𝑒𝑖
𝜋
3)

 

    =
1

√2
𝑒−𝑖

7𝜋
12   

 

5c 𝑧3𝑤 = (1 + √3𝑖)
3

(1 − 𝑖) 

         = (2𝑒𝑖
𝜋
3)

3

(√2𝑒−𝑖
𝜋
4) 

         = 8𝑒𝑖𝜋 (√2𝑒−𝑖
𝜋
4) 

         = 8√2𝑒𝑖
3𝜋
4  

 

5d  

𝑧2

𝑤
=

(1 + √3𝑖)
2

(1 − 𝑖)
 

      =
(2𝑒𝑖

𝜋
3)

2

(√2𝑒−𝑖
𝜋
4)

 

      =
4𝑒

𝑖2𝜋
3

(√2𝑒−𝑖
𝜋
4)
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    = 2√2𝑒
𝑖11𝜋

12  

 

6a (√3 + 𝑖)
6

 

= (2𝑒𝑖
𝜋
6)

6

 

= (2)6𝑒𝑖𝜋 

= 26(−1) 

= −64 

 

6b (−1 + 𝑖)5 

= (√2𝑒
3𝜋
4 )

5

 

= (√2)
5

𝑒
15𝜋

4  

= (√2)
4

√2𝑒−
𝜋
4  

= (√2)
4

(1 − 𝑖) 

= 4 − 4𝑖 

 

6c  

(
1

2
−

√3

2
𝑖)

−8

 

= (𝑒−
𝜋
3)

−8

 

= 𝑒
8𝜋
3  

= 𝑒
2𝜋
3  

= −
1

2
+

√3

2
𝑖 
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6d (−3 − 3√3𝑖)
4
 

= (6𝑒−
2𝜋
3 )

4

 

= 1296𝑒−
8𝜋
3  

= 1296𝑒−
2𝜋
3  

= −648 − 648√3𝑖 

 

7a 𝑧10 − 𝑤10 = 2𝑖 

(
1 + 𝑖

√2
)

10

− (
1 − 𝑖

√2
)

10

 

= (𝑒
𝜋
4)

10

− (𝑒−
𝜋
4)

10

 

= 𝑒
10𝜋

4 − 𝑒−
10𝜋

4  

= 𝑒
2𝜋
4 − 𝑒−

2𝜋
4  

= 𝑒
𝜋
2 − 𝑒−

𝜋
2  

= 𝑖 − (−𝑖) 

= 2𝑖 

 

7b 1 + 𝑧 + 𝑧2 + 𝑧3 + 𝑧4 

= 1 + (𝑒
𝜋
4) + (𝑒

𝜋
4)

2

+ (𝑒
𝜋
4)

3

+ (𝑒
𝜋
4)

4

 

= 1 + 𝑒
𝜋
4 + 𝑒

𝜋
2 + 𝑒

3𝜋
4 + 𝑒𝜋 

= 1 +
1

√2
(1 + 𝑖) + 𝑖 +

1

√2
(1 − 𝑖) − 1 

=
2

√2
𝑖 + 𝑖 

= (√2 + 1)𝑖 
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8a (1 + √3𝑖)
5

(1 − 𝑖)4 + (1 − √3𝑖)
5

(1 + 𝑖)4 

= 32𝑒−𝑖
𝜋
3(−4) + 32𝑒𝑖

𝜋
3(−4) 

= −128𝑒−𝑖
𝜋
3 − 128𝑒𝑖

𝜋
3  

= −128 (
1

2
−

√3

2
𝑖 + (

1

2
+

√3

2
𝑖)) 

= −128 

 

8b  

(1 + √3𝑖)
5

(1 − 𝑖)4
+

(1 − √3𝑖)
5

(1 + 𝑖)4
 

=
32𝑒−𝑖

𝜋
3

(−4)
+

32𝑒𝑖
𝜋
3

(−4)
 

= −23𝑒−𝑖
𝜋
3 − 23𝑒𝑖

𝜋
3  

= −23 (
1

2
−

√3

2
𝑖 + (

1

2
+

√3

2
𝑖)) 

= −23(1) 

= −8 

 

9a 1 + 𝑧4 

= 1 + (𝑒𝑖𝜃)
4

 

= 1 + 𝑒4𝑖𝜃 

= 1 + cos 4𝜃 + 𝑖 sin 4𝜃 

= 1 + (cos2 2𝜃 − sin2 2𝜃) + 𝑖(2 sin 𝜃 cos 𝜃) 

= 1 − sin2 2𝜃 + cos2 2𝜃 + 2𝑖 sin 𝜃 cos 𝜃 

= cos2 2𝜃 + cos2 2𝜃 + 2𝑖 sin 𝜃 cos 𝜃 

= 2 cos2 2𝜃 + 2𝑖 sin 𝜃 cos 𝜃 

= 2 cos 2𝜃 (cos 2𝜃 + 𝑖 sin 2𝜃) 
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= 2 cos 2𝜃 cis 2𝜃 

 

9b  

1 + 𝑧4

1 + 𝑧−4
 

=
𝑧4(1 + 𝑧4)

𝑧4 + 1
 

= 𝑧4 

= (cis(𝜃))
4
 

= cis(4𝜃) 

 

11a (1 + 𝑖)𝑛 = (√2𝑒𝑖
𝜋

4)
𝑛

 

                 = (√2)
𝑛

𝑒𝑖
𝑛𝜋
4  

This is real when the imaginary part of the exponent is a multiple of 2𝜆𝜋 or 

2𝜆𝜋 ± 𝜋, that is, when 
𝑛𝜋

4
= 2𝜋𝜆 ± 𝜋 or 2𝜆𝜋 where 𝜆 is an integer.  

So 𝑛 = 8𝜆 ± 4 or 8𝜆. Hence 𝑛 = 0, 4, 8 ….  

Therefore (1 + 𝑖)𝑛 is real when 𝑛 is a multiple of 4. 

 

11b (1 − 𝑖)𝑛 = (√2𝑒−𝑖
𝜋

4)
𝑛

 

                 = (√2)
𝑛

𝑒−𝑖
𝑛𝜋
4  

This is purely imaginary when the imaginary part of the exponent is 2𝜆𝜋 ±
𝜋

2
 

where 𝜆 is an integer, that is, when −
𝑛𝜋

4
= 2𝜋𝜆 ± 𝜋 where 𝜆 is an integer.  

𝑛𝜋 = −4 (2𝜆𝜋 ±
𝜋

2
) 

𝑛 = 8𝜆 ± 2 where 𝜆 is an integer 

Hence 𝑛 = 2, 6, 10 … 
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11c (√3 − 𝑖)
𝑛

 

= (2𝑒−𝑖
𝜋
6)

𝑛

 

= 2𝑛𝑒−
𝑖𝑛𝜋

6  

−
𝑛𝜋

6
= 2𝜆𝜋 ± 𝜋 or 2𝜋𝜆 

𝑛 = −6(2𝜆 ± 1) or 𝑛 = −12𝜆 

So 𝑛 = 6𝜆 where 𝜆 is an integer 

This means 𝑛 is divisible by 6. 

 

11d (1 + √3𝑖)
𝑛

 

= (2𝑒
𝑖𝜋
3 )

𝑛

 

= 2𝑛𝑒
𝑖𝑛𝜋

3  

𝑛𝜋

3
= 2𝜆𝜋 ±

𝜋

2
 

𝑛 = 3 (2𝜆 ±
1

2
) 

𝑛 =
3

2
,
9

2
,
15

2
 

 

12a i 𝑒𝑛𝑖𝜃 + 𝑒−𝑛𝑖𝜃 

= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 + cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃 

= 2 cos 𝑛𝜃 

 

12a ii 𝑒𝑛𝑖𝜃 + 𝑒−𝑛𝑖𝜃 

= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 − (cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃) 

= 2𝑖 sin 𝑛𝜃 

 

  



 
Chapter 3 worked solutions – Complex numbers II 
 

© Cambridge University Press 2019  7 
 

12b i Using part a i with 𝑛 = 3 

𝑒3𝑖𝜃 − 𝑒−3𝑖𝜃 = 2𝑖 sin 3𝜃 

 

12b ii (𝑒𝑖𝜃 + 𝑒−𝑖𝜃)
2
 

= 𝑒2𝑖𝜃 + 2𝑒𝑖𝜃−𝑖𝜃 + 𝑒−2𝑖𝜃 

= 𝑒2𝑖𝜃 + 2𝑒0 + 𝑒−2𝑖𝜃 

= 𝑒2𝑖𝜃 + 2 + 𝑒−2𝑖𝜃 

= (𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃) + 2 

= 2 cos 2𝜃 + 2 

= 4 cos2 𝜃  

 

12biii (𝑒𝑖𝜃 − 𝑒−𝑖𝜃)
3
 

= 𝑒−3𝑖𝜃(𝑒2𝑖𝜃 − 1)3 

= 𝑒−3𝑖𝜃(𝑒𝑖𝜃 − 1)
3

(𝑒𝑖𝜃 + 1)
3

 

= 3𝑒−𝑖𝜃 − 3𝑒𝑖𝜃3 − 𝑒−3𝑖𝜃 + 𝑒3𝑖𝜃 

= −8𝑖 sin3 𝜃 

 

12b iv 𝑒2𝑖𝜃 + 𝑒𝑖𝜃 + 2 + 𝑒−𝑖𝜃 + 𝑒−2𝑖𝜃 

= (𝑒2𝑖𝜃 + 𝑒−2𝑖𝜃) + (𝑒𝑖𝜃 + 𝑒−𝑖𝜃) + 2 

= 2 cos 2𝜃 + 2 cos 𝜃 + 2 

 

12v 𝑒3𝑖𝜃 − 𝑒𝑖𝜃 + 𝑒−𝑖𝜃 − 𝑒−3𝑖𝜃 

= (𝑒3𝑖𝜃 − 𝑒−3𝑖𝜃) − (𝑒𝑖𝜃 − 𝑒−𝑖𝜃) 

= 2𝑖 sin 3𝜃 − 2𝑖 sin 𝜃 

 

13a Using question 12a with 𝑛 = 1, 

𝑒𝑖𝜃 + 𝑒−𝑖𝜃 = 2 cos 𝜃 
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cos 𝜃 =
1

2
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃) 

 

13b cos(−𝜃) 

=
1

2
(𝑒−𝑖𝜃 + 𝑒−(−𝑖𝜃)) 

=
1

2
(𝑒−𝑖𝜃 + 𝑒𝑖𝜃) 

=
1

2
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃) 

= cos 𝜃 

Hence cos 𝜃 is an even function. 

 

13c  

sin 𝜃 =
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃) 

Hence 

sin(−𝜃) 

=
1

2𝑖
(𝑒−𝑖𝜃 − 𝑒−(−𝑖𝜃)) 

=
1

2𝑖
(𝑒−𝑖𝜃 − 𝑒𝑖𝜃) 

= −
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃) 

= − sin 𝜃 

Hence sin 𝜃 is an odd function. 

 

13d  

tan(−𝜃) =
sin(−𝜃)

cos(−𝜃)
=

− sin 𝜃

cos 𝜃
= − tan 𝜃 

Hence tan 𝜃 is an odd function. 
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cot(−𝜃) =
1

tan(−𝜃)
=

1

− tan 𝜃
= − cot 𝜃 

Hence cot 𝜃 is an odd function. 

sec(−𝜃) =
1

cos(−𝜃)
=

1

cos 𝜃
= sec 𝜃 

Hence sec 𝜃 is an even function. 

cosec(−𝜃) =
1

sin(−𝜃)
=

1

− sin 𝜃
= − cosec 𝜃 

Hence cosec 𝜃 is an odd function. 

 

14a (𝑧 + 2𝑒
𝑖𝜋

2 ) (𝑧 − 2𝑒
𝑖𝜋

2 ) 

= 𝑧2 − (2𝑒
𝑖𝜋
2 )

2

 

= 𝑧2 − 4𝑒𝑖𝜋 

= 𝑧2 + 4 

 

14b (𝑧 − 𝑒
𝑖𝜋

3 ) (𝑧 − 𝑒−
𝑖𝜋

3 ) 

= 𝑧2 − 𝑧𝑒−
𝑖𝜋
3 − 𝑧𝑒

𝑖𝜋
3 + (𝑒

𝑖𝜋
3 ) (𝑒−

𝑖𝜋
3 ) 

= 𝑧2 − 𝑧 (𝑒−
𝑖𝜋
3 + 𝑒

𝑖𝜋
3 ) + 𝑒0 

= 𝑧2 − 𝑧 (cos
𝜋

3
− 𝑖 sin

𝜋

3
+ cos

𝜋

3
+ 𝑖 sin

𝜋

3
) + 1 

= 𝑧2 − 2𝑧 cos
𝜋

3
+ 1 

= 𝑧2 − 𝑧 + 1 

 

14c (𝑧 + 2) (𝑧 − 2𝑒
𝑖𝜋

3 ) (𝑧 − 2𝑒−
𝑖𝜋

3 ) 

= (𝑧 + 2)(𝑧2 − 2𝑧 + 4) 

= 𝑧3 + 8  
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14d (𝑧 − √2𝑒
𝑖𝜋

4 ) (𝑧 − √2𝑒−
𝑖𝜋

4 ) (𝑧 − √2𝑒
3𝑖𝜋

4 ) (𝑧 − √2𝑒−
3𝑖𝜋

4 ) 

= (𝑧2 − 𝑧√2 (𝑒
𝑖𝜋
4 + 𝑒−

𝑖𝜋
4 ) + (−√2𝑒

𝑖𝜋
4 ) (−√2𝑒−

𝑖𝜋
4 )) 

                                  × (𝑧2 − 𝑧√2 (𝑒
3𝑖𝜋

4 + 𝑒−
3𝑖𝜋

4 ) + (−√2𝑒
3𝑖𝜋

4 ) (−√2𝑒−
3𝑖𝜋

4 )) 

= (𝑧2 − 2√2𝑧 cos
𝜋

4
+ 2) (𝑧2 − 2√2𝑧 cos

3𝜋

4
+ 2) 

= (𝑧2 − 𝑧2√2 (
1

√2
) + 2) (𝑧2 − 𝑧2√2 (−

1

√2
) + 2) 

= (𝑧2 − 2𝑧 + 2)(𝑧2 + 2𝑧 + 2) 

= 𝑧4 + 2𝑧3 + 2𝑧2 − 2𝑧3 − 4𝑧2 − 4𝑧 + 2𝑧2 + 4𝑧 + 4 

= 𝑧4 + 4 

 

15a 𝑟𝑒𝑖𝜃 = 𝑠𝑒𝑖𝜙 

|𝑟𝑒𝑖𝜃| = |𝑠𝑒𝑖𝜙| 

|𝑟||𝑒𝑖𝜃| = |𝑠||𝑒𝑖𝜙| 

|𝑟|(1) = |𝑠|(1) 

|𝑟| = |𝑠| 

And since 𝑟 > 0 and 𝑠 > 0 

𝑟 = 𝑠 

 

15b 𝑟𝑒𝑖𝜃 = 𝑠𝑒𝑖𝜙 

Since 𝑟 = 𝑠, 

𝑒𝑖𝜃 = 𝑒𝑖𝜙 

𝑒𝑖𝜃

𝑒𝑖𝜙
= 1 

𝑒𝑖(𝜃−𝜙) = 1 

Hence −2𝜋 < 𝜙 − 𝜃 < 2𝜋 within this range, 𝜃 − 𝜙 = 0 and so 𝜃 = 𝜙. 
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15c If two complex numbers are equal, then they represent the same point in the 

Argand diagram. Hence the moduli are equal and the principal arguments are 
equal. 
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