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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

Solutions to Exercise 3D Foundation questions

1a (ei9)3 _ pl6X3 _ ,3i0
1b (e—i9)6 — p—ibX6 _ ,-6i0
1c (ezi9)4 _ p2ifx4 _ ,8i0

N =2 . .
1d (6—519) = ¢~ 5i0x-2 _ ,10i0

2 elf x p—2i0 — pif-2i0 _ ,—if

2b
e6i9

_ 6i0-3i0 _ ,3i6

2c (e4i9)_2 v (e—zie)—S
— @8I0 x p10i0
-8if+10i6 — ,2i6

=€

2d
(e2i9)3 % (e—3i9)_4
(e—19)2

eGi@ % elZiB

— T g-2i6
610+12i6
=
1810
=—m

— 18i6—(-2i0)
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

— p20i0

TT. TT.
3a  2i = 2e?' (note thati = e2")

3b 1+

— }12 + 12 eixtan_l%

_ iz
=+\2e4

3c —6

_ /02 + (—6)2 ei(n—tan‘lg)

= 6e'™

3d  —-1++3i

i(rc—tan‘l\/—l§

N——

= J(—1)2 +(V3) e

2in
= 2e 3

3e —-3—-3i

:\/(_3)2+(_3)zei(—rr+tan‘1%)

3im

=+18e %

3inm

=3V2e &

3f 2v/3 = 2i

o1, 2
= \/ (2V3) + (-2)% ™ 2R

in
=+v16e 6
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MATHEMATICS EXTENSION

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

_in
=4e 6

4a 5el™

= 5(cosm + isinm)

=5(—1+0i)
= -5
4b
LT
e3
n+, T
—c053 Lsm3
_1+\/§_
272!
4c
_im
4e 2
T W
=4(cosE—lsm§)
=4(0-1)
= —4i
4d
5in
2e 6
_2( 57t+_ ) Sn)
= cos6 lsm6
_ (V3,1
= 2 T2t
= V3 +i
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

4e Zﬁe_%
T T
=22 (cosz — lSan)
1 i
-2
VZ V2
=2-2i
_Zin’
4f 4+/3e 3
2T 2T
=43 (cos? — isin?)
1 iv3
=4 -
A7)
=-2V3-6i

© Cambridge University Press 2019 4



Chapter 3 worked solutions — Complex numbers I

Solutions to Exercise 3D Development questions

S5a  zw=(1+V3)(1 -1
- (o) (20

= Zx/fe‘%

5b

5¢ Zw=(1+ \/§i)3(1 — 1)
- () (e
= 8e'™ (\/Ee_i%)

3
= 8\/§e‘Tn
5d
72 (1 + \/§i)2
w -1
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Chapter 3 worked solutions — Complex numbers I

illm

=2\2e 12

6c
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

6d  (-3-3v3i)"

_2m\*
- (%)

81

= 1296e 3

2
= 1296¢e 3
= —648 — 648V3i

7a 710 — W10 = 2§

L))
() - ()

10 101

=—e 4 —e 4

10

7 1+z+4+z2+23+2*
<1 () () () ()
T s 3

=14+et+e2+e4 +e™

1 1
=1+—=0+D+i+—=>0A-0) -1
N A
z.
=—1l+1

V2
= (V2+1)i
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

8a  (1+V3) (1—0)*+(1-v3) (1 +0)*
= 32¢75(—4) + 32¢'3(—4)

T LT
= —128e™'3 — 128e'3

8b
(1+ \/§i) (1 )
(1-10)* (1+0)4
T s
_ 32e '3 N 32e'3
-4 (-9
IT IT
=233 —23¢'3
_ a1 V3. (1. V3
- 2 2 '\l
= -23(1)
= -8
9a 1+ z*4
=1+ ()"
=1+e*?

=1+ cos460 + isin46

=1+ (cos? 260 — sin? 20) + i(2 sin 6 cos 0)
=1 —sin? 20 + cos? 20 + 2isinf cos O

= cos? 26 + cos? 26 + 2isin 6 cos 6

= 2cos?26 + 2isin 6 cos 6

= 2 cos 26 (cos 26 + isin 20)
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

= 2 cos 20 cis 260

9b
1+ z*
1+z7%
_z*(1+2Y)
oz4 41

(cis(8))*
= cis(40)

la (1+0)"= (\/fei%)n
= (/2)"%

This is real when the imaginary part of the exponent is a multiple of 2Am or
2Am + m, that is, when 71—” = 2nAd + 7 or 2Am where A is an integer.

Son =81+ 4o0r84.Hencen=0,4,8....

Therefore (1 + i)™ is real when n is a multiple of 4.

11b (1—i)" = (\/ie—l%)n
= (V2)"e ™%

This is purely imaginary when the imaginary part of the exponent is 2Ar + =

2
where A is an integer, that is, when — 714—” = 2nA + mw where A is an integer.

T =—4 (ZATE ig)

n = 81 + 2 where A is an integer

Hencen = 2,6,10 ...
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Chapter 3 worked solutions — Complex numbers I

11c  (V3-i)"

- (27F)

inm

= Zne_T

n

—%= 2Am + wor 2w

n=-6(21t1)orn=-121
Son = 64 where 4 is an integer

This means n is divisible by 6.

11d  (1++v3i)"

12ai e™0 4 g~ mif
= cosnb + isinnf + cosnf — i sinnb

= 2cosnf
12aii e™? 4 ¢—mi®

= cosnb + isinnf — (cosnf — i sinnh)

= 2isinn®
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MATHEMATICS EXTENSION 2.

Chapter 3 worked solutions — Complex numbers I

12bi Usingpartaiwithn =3

e310 — =310 — 2isin 30

12bii (e + e~i0)*
_ o210 | 9pif-i0 | ,-2if
— eZi9 + 230 + e—2i9
_ o210 L 9 4 p-2i6
= (29 4+ ¢2i60) 4 2
=2cos20 +2
= 4cos? 0

12biii (e — ¢=i6)°
— e—3i9(e2i9 _ 1)3
_ e—3i9(ei9 _ 1)3(ei0 n 1)3
— 300 _ 30103 _ o-3i0 | ,3i6

= —8isin3®0

12biv 20 4 i@ 4 2 4 o710 4 o210

=2c0s20 +2cosO + 2
12v e3i9 B ei9 + e—i9 _ e—3i9
— (e3i9 _ e—3i9) _ (eie _ e—ie)

= 2isin360 — 2isin @

13a  Using question 12a withn =1,

el + e~ =2cos
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MATHEMATICS EXTENSION

Chapter 3 worked solutions — Complex numbers I

1, . .
cos @ = E(ele +e79)

13b  cos(—6)
1 , )
— E(e—us? + e—(—l@))

1

— E(e_ie + eie)
1, . .
— E(ele + e—ze)

= cos @

Hence cos 0 is an even function.

13c
sinf = i(e"e —e79)
2i
Hence
sin(—6)
1 . .
_ -i0 —(~if
= z—l(e w_ e ( i ))
1 . .
— (-6 _ _ib
> (e e'?)
1
— _ i _ ,—-if
(e )
= —sind
Hence sin @ is an odd function.
13d

tan(—6) = sin(—0) —sinf an 6
an T cos(—0)  cose "

Hence tan 6 is an odd function.
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Chapter 3 worked solutions — Complex numbers I

1 1
cot(=0) = tan(—6) ~ “tan® cotd

Hence cot 8 is an odd function.

1 1
sec(=0) = cos(—0) cos@ sect

Hence sec @ is an even function.

1 1
cosec(—0) = Sn(—0)  —sinf — cosecf

Hence cosec 6 is an odd function.

14a <Z + Ze%) (z — Ze%)

lnz
=z —(ZeZ)
=72 — 4e'"

=z2+4

i i

14b (z—e?) (z—e_?)
_im in i _im
=z%2—ze 3 —ze3 +<e3)(e 3)

i i

=zz—z(e_?+e?)+e°

2

T T T VA
=Z —Z(

cos§— Lsm§+cos§+ Lsmg) +1

s
= 7?2 —22cos§+ 1

=z2—z+1

l4c (z+2) (z - Ze%) (z - Ze_i?n)
=(z+2)(z?-2z+4)

=z3+8
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Chapter 3 worked solutions — Complex numbers I

14d (Z - \/Ee%n) (Z - \/Ee_ifn) (z - \/§e¥) (z — ﬁe‘%)

= <Zz - zV2 (eiTn + e_iTn) + (—\/Eeifn) (—ﬁe’%))
(st 2 () () (2
- (Zz —2V2z COS% + 2) (ZZ — 2V/2z cos:%n + 2)

= (22 —z2V2 (%) + 2) (22 —z2\2 (— %) + 2)
=(z2-2z2+2)(z°+2z+2)

=24 42234222 —223 — 472 — 474+ 27°+ 4244

=z'+4

15a rel? = sei?
[ret?] = |sei)
rife] = Isl]e?|
I7|(1) = |s|(1)
Ir| = [s|
And sincer > 0ands >0

r==S

15b rel = sel®

Sincer = s,
elf = it
ol0

er) = 1
el0-¢) — 1

Hence —2m < ¢ — 6 < 2m within this range, 8 — ¢ = 0 and so 6 = ¢.
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

15¢  Iftwo complex numbers are equal, then they represent the same point in the
Argand diagram. Hence the moduli are equal and the principal arguments are
equal.
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