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Solutions to Exercise 3C Foundation questions 

1a 𝑧3 = 1 

 (𝑟cis 𝜃)3 = 1 

 𝑟3cis 3𝜃 = 1 

 𝑟3cis 3𝜃 = 1 × cis 2𝑘𝜋 

 𝑟 = √1
3

= 1 and 3𝜃 = 2𝑘𝜋 so 𝜃 =
2𝑘𝜋

3
 

𝑧 = cis (
𝜋 + 2𝑘𝜋

3
) 

    = cis
2𝜋

3
, cis (−

2𝜋

3
) , cis 0 

    = −
1

2
+

√3

2
𝑖, − 

1

2
−

√3

2
𝑖, 1 

 

1b  

|(−
1

2
+

√3

2
𝑖) − (−

1

2
−

√3

2
𝑖)| 

= |√3𝑖| 

= √3 

 

|(−
1

2
+

√3

2
𝑖) − 1| 

= |−
3

2
+

√3

2
𝑖| 

= √(−
3

2
)

2

+ (
√3

2
)

2

 

= √
9

4
+

3

4
 

= √3 
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|(−
1

2
−

√3

2
𝑖) − 1| 

= |−
3

2
−

√3

2
𝑖| 

= √(−
3

2
)

2

+ (−
√3

2
)

2

 

= √
9

4
+

3

4
 

= √3 

This shows that all sides of the triangle have the same length and thus it is 
equilateral. 

 

1c In the case that cis
2𝜋

3
 is the root, 

(cis
2𝜋

3
)

2

= cis
4𝜋

3
= cis (

4𝜋

3
− 2𝜋) = cis (−

2𝜋

3
)  is the other root.  

In the case that cis (−
2𝜋

3
) is the root, 

(cis (−
2𝜋

3
))

2

= cis (−
4𝜋

3
) = cis (2𝜋 −

4𝜋

3
) = cis

2𝜋

3
  is the other root. 

  

1d i  

(cis
2𝜋

3
)

3

= cis
6𝜋

3
= cis 2𝜋 = 1 

(cis
4𝜋

3
)

3

= cis
12𝜋

3
= cis 4𝜋 = 1 

so in either case the answer is one. 

Alternately, covering both cases at once: 

𝜔 = cis
2𝑘𝜋

3
 

𝜔3 = cis (3 ×
2𝑘𝜋

3
) 

       = cis 2𝑘𝜋 

       = 1 
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1d ii If 𝜔 = cis
2𝜋

3
, 

1 + 𝜔 + 𝜔2 

= 1 + cis
2𝜋

3
+ (cis

2𝜋

3
)

2

 

= 1 + cis
2𝜋

3
+ cis

4𝜋

3
 

= 1 + cis
2𝜋

3
+ cis (−

2𝜋

3
) 

= 1 + cos
2𝜋

3
+ 𝑖 sin

2𝜋

3
+ cos

2𝜋

3
− 𝑖 sin

2𝜋

3
 

= 1 + 2 cos
2𝜋

3
 

= 1 + 2 (−
1

2
) 

= 0 

  

If 𝜔 = cis
4𝜋

3
, 

1 + 𝜔 + 𝜔2 

= 1 + cis
4𝜋

3
+ (cis

4𝜋

3
)

2

 

= 1 + cis
4𝜋

3
+ cis

8𝜋

3
 

= 1 + cis (−
2𝜋

3
) + cis

2𝜋

3
 

= 1 + cos
2𝜋

3
− 𝑖 sin

2𝜋

3
+ cos

2𝜋

3
+ 𝑖 sin

2𝜋

3
 

= 1 + 2 cos
2𝜋

3
 

= 1 + 2 (−
1

2
) 

= 0 

 

1e i (1 + 𝜔2)3 

= (−𝜔)3 

= −𝜔3 
= −1 
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1e ii (1 − 𝜔 − 𝜔2)(1 − 𝜔 + 𝜔2)(1 + 𝜔 − 𝜔2) 

= (1 − (𝜔 + 𝜔2))(1 + 𝜔2 − 𝜔)(1 + 𝜔 − 𝜔2) 

= (1 − (−1))(−𝜔 − 𝜔)(−𝜔2 − 𝜔2) 

= 2(−2𝜔)(−2𝜔2) 

= 8𝜔3 

= 8(1) 

= 8 

 

1e iii (1 − 𝜔)(1 − 𝜔2)(1 − 𝜔4)(1 − 𝜔5) 

= (1 − 𝜔)(1 − 𝜔2)(1 − 𝜔3𝜔)(1 − 𝜔3𝜔2) 

= (1 − 𝜔)(1 − 𝜔2)(1 − (1)𝜔)(1 − (1)𝜔2) 

= (1 − 𝜔)(1 − 𝜔2)(1 − 𝜔)(1 − 𝜔2) 

= ((1 − 𝜔)(1 − 𝜔2))
2
 

= (1 − 𝜔 − 𝜔2 + 𝜔3)2 

= (1 − 𝜔 − 𝜔2 + 1)2 

= (1 + 1 + 1)2 

= 32 
= 9 

 

2a 𝑧6 = 1 

Let 𝑧 = 𝑟cis 𝜃 

(𝑟cis 𝜃)6 = 1 

𝑟6 cis 6𝜃 = 1 

𝑟 = 1 

cis 6𝜃 = cis 2𝑘𝜋 

6𝜃 = 2𝑘𝜋 

𝜃 =
𝑘𝜋

3
 

 

𝑧 = cis
𝑘𝜋

3
 

𝑧 = cis 0, cis (±
𝜋

3
) , cis (±

2𝜋

3
) , cis 𝜋 

𝑧 = 1,
1

2
±

√3

2
𝑖, −

1

2
±

√3

2
𝑖, −1 
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2b  

 

 

All points are the same distance from the origin as,  
 |1| = 1 

|
1

2
±

√3

2
𝑖| = √(

1

2
)

2

+ (
√3

2
)

2

= √
1

4
+

3

4
= √1 = 1 

|−
1

2
±

√3

2
𝑖| = √(

1

2
)

2

+ (
√3

2
)

2

= √
1

4
+

3

4
= √1 = 1 

|−1| = 1 

Since 𝑧 = cis 
𝑘𝜋

3
, each root has an argument of 

𝜋

3
 between it and the adjacent 

roots, hence all roots are the same distance from the origin with the same 

argument between them relative to the origin so they form the corners of a 

regular hexagon. 
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2c  

𝛼 = cis
𝜋

3
 

𝛼2 = (cis
𝜋

3
)

2

= cis (
2𝜋

3
) which is a root 

𝛼−2 = (cis
𝜋

3
)

−2

= cis (−
2𝜋

3
) which is a root 

𝛼−1 = (cis
𝜋

3
)

−1

= cis (−
𝜋

3
) which is a root 

 

2d (𝑧4 + 𝑧2 + 1)(𝑧2 − 1) 

= 𝑧6 + 𝑧4 + 𝑧2 − (𝑧4 + 𝑧2 + 1) 

= 𝑧6 − 1 

 

2e The roots of 𝑧2 − 1 are 𝑧 = ±1, which are the real roots of 𝑧6 − 1. So the roots of 

𝑧4 + 𝑧2 + 1 must be the complex roots of 𝑧6 − 1. Thus  

𝑧4 + 𝑧2 + 1 

= (𝑧 − (
1

2
−

√3

2
𝑖)) (𝑧 − (

1

2
+

√3

2
𝑖)) (𝑧 − (−

1

2
−

√3

2
𝑖)) (𝑧 − (−

1

2
+

√3

2
𝑖)) 

= (𝑧2 − (
1

2
−

√3

2
𝑖 +

1

2
+

√3

2
𝑖) 𝑧 + (

1

2
+

√3

2
𝑖) (

1

2
−

√3

2
𝑖)) × 

                       (𝑧2 − (−
1

2
−

√3

2
𝑖 −

1

2
+

√3

2
𝑖) 𝑧 + (−

1

2
+

√3

2
𝑖) (−

1

2
−

√3

2
𝑖)) 

= (𝑧2 − 𝑧 + (
1

4
+

3

4
)) (𝑧2 − (−1)𝑧 + (

1

4
+

3

4
)) 

= (𝑧2 − 𝑧 + 1)(𝑧2 + 𝑧 + 1) 

 

3a 𝑧4 = −1 

Let 𝑧 = 𝑟cis 𝜃 

(𝑟cis 𝜃)4 = −1 

𝑟4cis 4𝜃 = −1 

𝑟 = 1 
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cis 4𝜃 = −1 

4𝜃 = 𝜋 ± 2𝑘𝜋 

𝜃 =
𝜋 ± 2𝑘𝜋

4
 

𝑧 = cis (
𝜋 ± 2𝑘𝜋

4
) 

𝑧 = cis (±
𝜋

4
) , cis (±

3𝜋

4
) 

𝑧 =
1

√2
±

1

√2
𝑖, −

1

√2
±

1

√2
𝑖 

 

3b (𝑧 − (
1

√2
−

1

√2
𝑖)) (𝑧 − (

1

√2
+

1

√2
𝑖)) (𝑧 − (−

1

√2
−

1

√2
𝑖)) (𝑧 − (−

1

√2
+

1

√2
𝑖)) 

= (𝑧2 − √2𝑧 + 1)(𝑧2 + √2𝑧 + 1) 

 

4a 𝑧6 + 1 = 0 

𝑧6 = −1 

𝑧 = 𝑟cis 𝜃 

(𝑟cis 𝜃)6 = −1 

𝑟6cis 6𝜃 = −1 

𝑟 = 1 

cis 6𝜃 = −1 

6𝜃 = 𝜋 ± 2𝑘𝜋 

𝜃 =
𝜋 ± 2𝑘𝜋

6
 

𝑧 = cis (
𝜋 ± 2𝑘𝜋

6
) 

𝑧 = cis (±
𝜋

6
) , cis (±

3𝜋

6
) , cis (±

5𝜋

6
) 

𝑧 =
√3

2
±

1

2
𝑖, ±𝑖, −

√3

2
±

1

2
𝑖  
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4b (𝑧6 + 1) 

= (𝑧 − 𝑖)(𝑧 + 𝑖) (𝑧 − (
√3

2
+

1

2
𝑖)) (𝑧 − (

√3

2
−

1

2
𝑖)) (𝑧 − (−

√3

2
+

1

2
𝑖)) × 

                                                                                                    (𝑧 − (−
√3

2
−

1

2
𝑖)) 

= (𝑧2 + 1)(𝑧2 − √3𝑧 + 1)(𝑧2 + √3𝑧 + 1) 

 

4c 𝑧6 + 1 = (𝑧2 + 1)(𝑧2 − √3𝑧 + 1)(𝑧2 + √3𝑧 + 1) 

𝑧6 + 1

𝑧3
=

(𝑧2 + 1)(𝑧2 − √3𝑧 + 1)(𝑧2 + √3𝑧 + 1)

𝑧3
 

𝑧3 + 𝑧−3 = (𝑧 + 𝑧−1)(𝑧 − √3 + 𝑧−1)(𝑧 + √3 + 𝑧−1) 

Using the result from question 3 in Exercise 3B: 

2 cos 3𝜃 = (2 cos 𝜃)(2 cos 𝜃 − √3)(2 cos 𝜃 + √3) 

cos 3𝜃 = (cos 𝜃)(2 cos 𝜃 − √3)(2 cos 𝜃 + √3) 

cos 3𝜃 = 4cos 𝜃 (cos 𝜃 −
√3

2
) (cos 𝜃 +

√3

2
) 

cos 3𝜃 = 4 cos 𝜃 (cos 𝜃 − cos
𝜋

6
) (cos 𝜃 − cos

5𝜋

6
) 

 

5a 𝑧5 = 𝑖 

(𝑟 cis 𝜃)5 = cis
𝜋

2
 

 𝑟5cis 5𝜃 = cis (
𝜋

2
+ 2𝑘𝜋) 

 𝑟5 = 1 and hence 𝑟 = 1 

5𝜃 =
𝜋

2
+ 2𝑘𝜋 

𝜃 =
1

5
(

𝜋

2
+ 2𝑘𝜋) 

𝑧 = cis (
1

5
(

𝜋

2
+ 2𝑘𝜋)) 
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= cis (−
7𝜋

10
) , cis (−

3𝜋

10
) , cis

𝜋

10
, cis

𝜋

2
, cis

9𝜋

10
 

 

5b 𝑧4 = −𝑖 

 Let 𝑧 = (𝑟cis 𝜃)4 

           = 𝑟4cis 4𝜃 

𝑟4cis 4𝜃 = −𝑖 

𝑟 = 1 

cis 4𝜃 = −𝑖 

4𝜃 =
3𝜋

2
± 2𝑘𝜋 

𝜃 =
3𝜋

8
±

𝑘𝜋

2
 

𝑧 = cis (
3𝜋

8
±

𝑘𝜋

2
) 

𝑧 = cis (−
5𝜋

8
) , cis (−

𝜋

8
) , cis

3𝜋

8
, cis

7𝜋

8
 

 

5c 𝑧4 = −8 − 8√3𝑖 

(𝑟cis 𝜃)4 = −8 − 8√3𝑖 

𝑟4cis 4𝜃 = −8 − 8√3𝑖 

𝑟4 = √82 + (8√3)
2

 

      = 16 

𝑟 = 2 

4𝜃 = 2𝑘𝜋 + (−𝜋 + tan−1 (
8√3

8
)) 

4𝜃 = 2𝑘𝜋 −
2𝜋

3
 

𝜃 =
1

2
(𝑘𝜋 −

𝜋

3
) 

𝑧 = 2cis (
1

2
(𝑘𝜋 −

𝜋

3
)) 
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   = 2cis (−
𝜋

6
) , 2cis (−

2𝜋

3
) , 2cis

𝜋

3
, 2cis

5𝜋

6
 

   = √3 − 𝑖, −1 − 𝑖√3, 1 + 𝑖√3, −√3 + 𝑖 

 

5d 𝑧5 = 16√2 − 16√2𝑖 

(𝑟cis 𝜃)5 = 16√2 − 16√2𝑖 

𝑟5cis 5𝜃 = 16√2 − 16√2𝑖 

𝑟5 = √(16√2)
2

+ (16√2)
2

 

      = 32 

𝑟 = 2 

5𝜃 = 2𝑘𝜋 + (tan−1 (
−16√2

16√2
)) 

5𝜃 = 2𝑘𝜋 −
𝜋

4
 

𝜃 =
2𝑘𝜋

5
−

𝜋

20
 

𝑧 = 2 cis (
2𝑘𝜋

5
−

𝜋

20
) 

= 2 cis −
17𝜋

20
, 2 cis −

9𝜋

20
, 2 cis −

𝜋

20
, 2 cis

7𝜋

20
, 2 cis

3𝜋

4
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Solutions to Exercise 3C Development questions 

6a Let 𝑧 = 𝑟cis(𝜃) be a fifth root of −1. 

𝑟5cis5(𝜃) = −1 

𝑟5cis(5𝜃) = cos(𝜋) 

Hence 𝑟 = 1 and 5𝜃 = 2𝜆𝜋 + 𝜋 where 𝜆 is an integer. 

This means that 𝜃 = (
2𝜆+1

5
) 𝜋 and so 

𝜃 = ±
𝜋

5
, ±

3𝜋

5
, 𝜋 

𝑧 = cis (±
𝜋

5
) , cis (±

3𝜋

5
) , cis(𝜋) 

𝑧 = cis (±
𝜋

5
) , cis (±

3𝜋

5
) , −1 

 

6b The root with least principle argument is 𝛼 = cis (
𝜋

5
) 

𝛼3 = (cis (
𝜋

5
))

3

= cis (
3𝜋

5
) 

𝛼7 = (cis (
𝜋

5
))

7

= cis (
7𝜋

5
) = cis (

7𝜋

5
− 2𝜋) = cis (−

3𝜋

5
) 

𝛼9 = (cis (
𝜋

5
))

9

= cis (
9𝜋

5
) = cis (

9𝜋

5
− 2𝜋) = cis (−

𝜋

5
) 

Hence these are the three other complex roots. 

 

6c 𝛼7 

= (cis (
𝜋

5
))

7

 

= cis (
7𝜋

5
) 

= cis(𝜋)cis(2𝜋) 

= cis(𝜋) (cis (
𝜋

5
))

2
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= −𝛼2 

 

𝛼9 

= (cis (
𝜋

5
))

9

 

= cis (
9𝜋

5
) 

= cis(𝜋)cis (
4π

5
) 

= −cis (
4π

5
) 

= −𝛼4 

 

6d (1 + 𝛼2 + 𝛼4) 

= 1 − 𝛼7 − 𝛼9                (from part c) 

= −(−1 + 𝛼7 + 𝛼9) 

= −(−1 + 𝛼 + 𝛼3 + 𝛼7 + 𝛼9) + (𝛼 + 𝛼3) 

= −0 + 𝛼 + 𝛼3               (as the sum of roots is 0) 

= 𝛼 + 𝛼3 

 

7a 𝑧 = 𝑟 cis(𝜃) 

𝑧7 = 𝑟7cis(7𝜃) 

𝑟7cis(7𝜃) = 1 = cis(0) 

Hence 𝑟 = 1 and  

7𝜃 = ±2𝑛𝜋 

𝜃 = ±
2𝑛𝜋

7
 

𝑧 = cis(0), cis (±
2𝜋

7
) , cis (±

4𝜋

7
) , cis (±

6𝜋

7
) 

𝑧 = 1, cis (±
2𝜋

7
) , cis (±

4𝜋

7
) , cis (±

6𝜋

7
) 
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7b The sum of the roots is 

1 + cis (
2𝜋

7
) + cis (−

2𝜋

7
) + cis (

4𝜋

7
) + cis (−

4𝜋

7
) + cis (

6𝜋

7
) + cis (−

6𝜋

7
) = 0 

                                               (as the coefficient of 𝑧6 in the equation 𝑧7 − 1 = 0 is 0) 

1 + cos
2𝜋

7
+ 𝑖 sin

2𝜋

7
+ cos

2𝜋

7
− 𝑖 sin

2𝜋

7
+ cos

4𝜋

7
+ 𝑖 sin

4𝜋

7
+ cos

4𝜋

7
− 𝑖 sin

4𝜋

7
 

                      + cos
6𝜋

7
+ 𝑖 sin

6𝜋

7
+ cos

6𝜋

7
− 𝑖 sin

6𝜋

7
= 0 

1 + 2 cos
2𝜋

7
+ 2 cos

4𝜋

7
+ 2 cos

6𝜋

7
= 0 

2 cos
2𝜋

7
+ 2 cos

4𝜋

7
+ 2 cos

6𝜋

7
= −1 

cos
2𝜋

7
+ cos

4𝜋

7
+ cos

6𝜋

7
= −

1

2
 

 

7c Writing the equation as a product of factors gives 

(𝑧 − 1) (𝑧 − cis (
2𝜋

7
)) (𝑧 − cis (−

2𝜋

7
)) (𝑧 − cis (

4𝜋

7
)) (𝑧 − cis (−

4𝜋

7
)) 

                                                                              (𝑧 − cis (
6𝜋

7
)) (𝑧 − cis (−

6𝜋

7
)) 

= (𝑧 − 1) (𝑧2 − 𝑧 (cis (
2𝜋

7
) + cis (−

2𝜋

7
)) + (cis (

2𝜋

7
) cis (−

2𝜋

7
))) 

(𝑧2 − 𝑧 (cis (
4𝜋

7
) + cis (−

4𝜋

7
)) + (cis (

4𝜋

7
) cis (−

4𝜋

7
))) 

                                        (𝑧2 − 𝑧 (cis (
6𝜋

7
) + cis (−

6𝜋

7
)) + (cis (

6𝜋

7
) cis (−

6𝜋

7
))) 

= (𝑧 − 1) (𝑧2 − 𝑧 (cis (
2𝜋

7
) + cis (−

2𝜋

7
)) + (cis(0))) 

(𝑧2 − 𝑧 (cos (
4𝜋

7
) + cis (−

4𝜋

7
)) + (cis(0))) 

                                         (𝑧2 − 𝑧 (cis (
6𝜋

7
) + cis (−

6𝜋

7
)) + (cis(0))) 
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= (𝑧 − 1) (𝑧2 − 𝑧 (2 cos
2𝜋

7
) + (cis(0))) (𝑧2 − 𝑧 (2 cos

4𝜋

7
) + (cis(0))) 

                (Noting that cis 𝑥 + cis(−𝑥) = cos 𝑥 + 𝑖 sin 𝑥 + cos 𝑥 − 𝑖 sin 𝑥 = 2 cos 𝑥) 

(𝑧2 − 𝑧 (2 cos
6𝜋

7
) + (cis(0))) 

= (𝑧 − 1) (𝑧2 − 2𝑧 cos
2𝜋

7
+ 1) (𝑧2 − 2𝑧 cos

4𝜋

7
+ 1) (𝑧2 − 2𝑧 cos

6𝜋

7
+ 1) 

 

7d  

𝛼 = cis (
2𝜋

7
) 

𝛼2 = (cis (
2𝜋

7
))

2

 

       = cis (
4𝜋

7
) 

𝛼3 = (cis (
2𝜋

7
))

3

 

      = cis (
6𝜋

7
) 

𝛼4 = (cis (
2𝜋

7
))

4

 

      = cis (
8𝜋

7
) 

      = cis (−
6𝜋

7
) 

𝛼5 = (cis (
2𝜋

7
))

5

 

       = cis (
10𝜋

7
) 

     = cis (−
3𝜋

7
) 
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𝛼6 = (cis (
2𝜋

7
))

6

 

= cis (
12𝜋

7
) 

= cis (−
2𝜋

7
) 

These are the other complex roots that we have previously found. 

 

7e For this question note that  

cis 𝑥 + cis(−𝑥) = cos 𝑥 + 𝑖 sin 𝑥 + cos 𝑥 − 𝑖 sin 𝑥 = 2 cos 𝑥 

𝛼 + 𝛼6 

= cis (
2𝜋

7
) + cis (−

2𝜋

7
) 

= 2 cos
2𝜋

7
 

𝛼2 + 𝛼5 

= cis (
4𝜋

7
) + cis (−

4𝜋

7
) 

= 2 cos
4𝜋

7
 

𝛼3 + 𝛼4 

= cis (
6𝜋

7
) + cis (−

6𝜋

7
) 

= 2 cos
6𝜋

7
 

Hence, writing the equation as a product of linear factors gives 

(𝑥 − 2 cos
2𝜋

7
) (𝑥 − 2 cos

4𝜋

7
) (𝑥 − 2 cos

6𝜋

7
) 𝑥3 

              − (2 cos
2𝜋

7
+ 2 cos

4𝜋

7
+ 2 cos

6𝜋

7
) 𝑥2 

              + (2 cos
2𝜋

7
× 2 cos

4𝜋

7
+ 2 cos

2𝜋

7
× 2 cos

6𝜋

7
+ 2 cos

4𝜋

7
× 2 cos

4𝜋

7
) 𝑥 

              − (2 cos
2𝜋

7
) (2 cos

4𝜋

7
) (2 cos

6𝜋

7
) 
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= 𝑥3 + 𝑥2 − 2𝑥 − 1 

 

8a i Let 𝑧 = 𝑟cis(𝜃) be a fifth root of 1. 

𝑟5cis5(𝜃) = 1 

𝑟5cis(5𝜃) = cos(𝜋) 

Hence 𝑟 = 1 and 5𝜃 = 2𝜆𝜋 where 𝜆 is an integer. 

This means that 𝜃 = (
2𝜆

5
) 𝜋 and so 

𝜃 = ±
2𝜋

5
, ±

4𝜋

5
, 𝜋 

𝑧 = cis (±
2𝜋

5
) , cis (±

4𝜋

5
) , cis(𝜋) 

𝑧 = cis (±
2𝜋

5
) , cis (±

4𝜋

5
) , 1 

 

8a ii Note that all roots have a modulus of 1, and that all roots are evenly spaced as 

they have an argument of 
2𝜋

5
 between them. For example, 

cis(
4𝜋

5
)

cis(
2𝜋

5
)

= cis(
2𝜋

5
).  

Hence, they form the vertices of a regular polygon. As there are five vertices they 

must form the vertices of a regular pentagon. 

 

8a iii The sum of the roots is 

cis (
2𝜋

5
) + cis (−

2𝜋

5
) +  cis (

4𝜋

5
) + cis (−

4𝜋

5
) +  1 = 0 

                                           (as the coefficient of 𝑧4 in the equation 𝑧5 − 1 = 0 is 0) 

cos (
2𝜋

5
) + 𝑖 sin (

2𝜋

5
) + cos (

2𝜋

5
) − 𝑖 sin (

2𝜋

5
) + cos (

4𝜋

5
) + 𝑖 sin (

4𝜋

5
) + cos (

4𝜋

5
) 

                             −𝑖 sin (
4𝜋

5
) + 1 = 0 

2 cos
2𝜋

5
+ 2 cos

4𝜋

5
+ 1 = 0 

cos
2𝜋

5
+ cos

4𝜋

5
= −

1

2
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8b i (𝑧 − 1)(𝑧4 + 𝑧3 + 𝑧2 + 𝑧 + 1) 

= 𝑧5 + 𝑧4 + 𝑧3 + 𝑧2 + 𝑧 − (𝑧4 + 𝑧3 + 𝑧2 + 𝑧 + 1) 

= 𝑧5 − 1 

 

8b ii Since the roots of 𝑧5 − 1 = (𝑧 − 1)(𝑧4 + 𝑧3 + 𝑧2 + 𝑧 + 1) are  

𝑧 = cis (±
2𝜋

5
) , cis (±

4𝜋

5
) , 1  

it follows that the roots of (𝑧4 + 𝑧3 + 𝑧2 + 𝑧 + 1) are 

 𝑧 = cis (±
2𝜋

5
) , cis (±

4𝜋

5
) 

Writing (𝑧4 + 𝑧3 + 𝑧2 + 𝑧 + 1) 

(𝑧 − cis (
2𝜋

5
)) (𝑧 − cis (−

2𝜋

5
)) (𝑧 − cis (−

4𝜋

5
)) (𝑧 − cis (−

4𝜋

5
)) 

= (𝑧2 − 𝑧 (cis (
2𝜋

5
) + cis (−

2𝜋

5
)) + cis (

2𝜋

5
) cis (−

2𝜋

5
)) 

(𝑧2 − 𝑧 (cis (
4𝜋

5
) + cis (−

4𝜋

5
)) + cis (

4𝜋

5
) cis (−

4𝜋

5
)) 

= (𝑧2 − 𝑧 (cis (
2𝜋

5
) + cis (−

2𝜋

5
)) + cis(0)) 

(𝑧2 − 𝑧 (cis (
4𝜋

5
) + cis (−

4𝜋

5
)) + cis(0))  

= (𝑧2 − 2𝑧 cos
2𝜋

5
+ 1)(𝑧2 − 2𝑧 cos

4𝜋

5
+ 1) 

as required 

 

8b iii Equating the coefficients of 𝑧 gives 

1 = −2 cos
2𝜋

5
− 2 cos

4𝜋

5
 

1 = −2 cos
2𝜋

5
+ 2 cos

𝜋

5
 

1 + 2 cos
2𝜋

5
= 2 cos

𝜋

5
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1 + 2 (
√5 − 1

4
) = 2 cos

𝜋

5
 

cos
𝜋

5
=

1 + √5

4
 

 

8c i 𝑥2 + 𝑥 − 1 = 0 

(𝑢 +
1

𝑢
)

2

+ (𝑢 +
1

𝑢
) − 1 = 0 

𝑢2 + 2 +
1

𝑢2
+ 𝑢 +

1

𝑢
− 1 = 0 

𝑢2 +
1

𝑢2
+ 𝑢 +

1

𝑢
+ 1 = 0 

𝑢4 + 1 + 𝑢3 + 𝑢 + 𝑢2 = 0 

𝑢4 + 𝑢3 + 𝑢2 + 𝑢 + 1 = 0 

This has roots 𝑢 = cis (±
2𝜋

5
) , cis (±

4𝜋

5
) 

Hence 

For 𝑢 = cis (
2𝜋

5
), 

𝑥 = cis (
2𝜋

5
) +

1

cis (
2𝜋
5

)
 

    = cis (
2𝜋

5
) + cis (−

2𝜋

5
) 

    = cos
2𝜋

5
+ 𝑖 sin

2𝜋

5
+ cos

2𝜋

5
− 𝑖 sin

2𝜋

5
 

    = 2 cos
2𝜋

5
 

For 𝑢 = cis (−
2𝜋

5
), 

𝑥 = cis (−
2𝜋

5
) +

1

cis (−
2𝜋
5

)
 

   = cis (−
2𝜋

5
) + cis (

2𝜋

5
) 
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   = cis (
2𝜋

5
) + cis (−

2𝜋

5
) 

   = cos
2𝜋

5
+ 𝑖 sin

2𝜋

5
+ cos

2𝜋

5
− 𝑖 sin

2𝜋

5
 

    = 2 cos
2𝜋

5
 

For 𝑢 = cis (
4𝜋

5
), 

𝑥 = cis (
4𝜋

5
) +

1

cis (
4𝜋
5

)
 

   = cis (
4𝜋

5
) + cis (−

4𝜋

5
) 

   = cos
4𝜋

5
+ 𝑖 sin

4𝜋

5
+ cos

4𝜋

5
− 𝑖 sin

4𝜋

5
 

   = 2 cos
4𝜋

5
 

For 𝑢 = cis (−
4𝜋

5
), 

𝑥 = cis (−
4𝜋

5
) +

1

cis (−
4𝜋
5

)
 

    = cis (−
4𝜋

5
) + cis (

4𝜋

5
) 

    = cis (
4𝜋

5
) + cis (−

4𝜋

5
) 

    = cos
4𝜋

5
+ 𝑖 sin

4𝜋

5
+ cos

4𝜋

5
− 𝑖 sin

4𝜋

5
 

    = 2 cos
4𝜋

5
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8c ii 

(𝑥 − 2 cos
2𝜋

5
) (𝑥 − 2 cos

4𝜋

5
) = 0 

𝑥2 − 2𝑥 cos
4𝜋

5
− 2𝑥 cos

2𝜋

5
+ 4 cos

2𝜋

5
cos

4𝜋

5
= 0 

𝑥2 + 2𝑥 cos
𝜋

5
− 2𝑥 cos

2𝜋

5
− 4 cos

2𝜋

5
cos

𝜋

5
= 0 

Comparing with 𝑥2 + 𝑥 − 1 = 0 

4 cos
2𝜋

5
cos

𝜋

5
= 1 

cos
2𝜋

5
cos

𝜋

5
=

1

4
 

 

9a 𝑧 = 𝑟 cis(𝜃) 

𝑧9 = 𝑟9 cis(9𝜃) 

 

𝑧9 = 1 

𝑟9 cis(9𝜃) = 1 

𝑟9 cis(9𝜃) = cis(0) 

𝑟 = 1 and so 9𝜃 = 2𝑛𝜋 which means that 

𝜃 =
2𝑛𝜋

9
 so 

𝑧 = cis (±
2𝜋

9
) , cis (±

4𝜋

9
) , cis (±

6𝜋

9
) , cis (±

8𝜋

9
) , 1 

 

9b 𝑧9 − 1 

= (𝑧9 + 𝑧6 + 𝑧3) − (𝑧6 + 𝑧3 + 1) 

= (𝑧3 − 1)(𝑧6 + 𝑧3 + 1) 
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Writing 𝑧9 − 1 as a product of factors gives 

(𝑧 − 1) (𝑧 − cis (−
2𝜋

9
)) (𝑧 − cis (

2𝜋

9
)) (𝑧 − cis (−

4𝜋

9
)) (𝑧 − cis (

4𝜋

9
)) 

                      (𝑧 − cis (−
6𝜋

9
)) (𝑧 − cis (

6𝜋

9
)) (𝑧 − cis (−

8𝜋

9
)) (𝑧 − cis (

8𝜋

9
)) 

Note that  

(𝑧 − cis(𝑥))(𝑧 − cis(−𝑥)) 

= (𝑧2 − 𝑧(cis(𝑥) + cis(−𝑥)) + (cis(0)) 

= 𝑧2 − 𝑧(cos 𝑥 + 𝑖 sin 𝑥 + cos 𝑥 − 𝑖 sin 𝑥) + 1 

= 𝑧2 − 2𝑧 cos 𝑥 + 1 

Thus  

𝑧9 − 1 = (𝑧 − 1) (𝑧2 − 2𝑧 cos
2𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

4𝜋

9
+ 1) 

(𝑧2 − 2𝑧 cos
6𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

8𝜋

9
+ 1) 

= (𝑧 − 1) (𝑧2 − 2𝑧 cos
2𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

4𝜋

9
+ 1) 

(𝑧2 − 2𝑧 cos
6𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

8𝜋

9
+ 1) 

= (𝑧 − 1) (𝑧2 − 2𝑧 cos
2𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

4𝜋

9
+ 1) 

(𝑧2 + 𝑧 + 1) (𝑧2 − 2𝑧 cos
8𝜋

9
+ 1) 

= (𝑧 − 1)(𝑧2 + 𝑧 + 1) (𝑧2 − 2𝑧 cos
2𝜋

9
+ 1) 

(𝑧2 − 2𝑧 cos
4𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

8𝜋

9
+ 1) 

= (𝑧3 − 1) (𝑧2 − 2𝑧 cos
2𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

4𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

8𝜋

9
+ 1) 

Hence 

𝑧6 + 𝑧3 + 1 = (𝑧2 − 2𝑧 cos
2𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

4𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

8𝜋

9
+ 1) 
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9c 𝑧6 + 𝑧3 + 1 = (𝑧2 − 2𝑧 cos
2𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

4𝜋

9
+ 1) (𝑧2 − 2𝑧 cos

8𝜋

9
+ 1) 

Dividing both sides by 𝑧3 

𝑧3 + 1 + 𝑧−3 = (𝑧 − 2 cos
2𝜋

9
+ 𝑧−1) (𝑧 − 2 cos

4𝜋

9
+ 𝑧−1) (𝑧 − 2 cos

8𝜋

9
+ 𝑧−1) 

𝑧3 + 𝑧−3 + 1 = (𝑧 + 𝑧−1 − 2 cos
2𝜋

9
) (𝑧 + 𝑧−1 − 2 cos

4𝜋

9
) (𝑧 + 𝑧−1 − 2 cos

8𝜋

9
) 

𝑧3 + 𝑧−3 + 1 = (𝑧 + 𝑧−1 − 2 cos
2𝜋

9
) (𝑧 + 𝑧−1 − 2 cos

4𝜋

9
) (𝑧 + 𝑧−1 − 2 cos

8𝜋

9
) 

Now  

𝑧𝑛 + 𝑧−𝑛 

= cis(𝑛𝜃) + cis(−𝑛𝜃) 

= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 + cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃 

= 2 cos 𝑛𝜃 

Hence 

2 cos 3𝜃 + 1 = (cos 𝜃 − 2 cos
2𝜋

9
) (cos 𝜃 − 2 cos

4𝜋

9
) (cos 𝜃 − 2 cos

8𝜋

9
) 

 

10a 𝜔 = cis (
2𝜋

9
) 

Let 𝑧 = 𝜔𝑘 

𝑧9 = (𝜔𝑘)9 

      = (𝜔9)𝑘 

      = ((cis (
2𝜋

9
))

9

)

𝑘

 

      = (cis(2𝜋))
𝑘

 

      = (1)𝑘 

      = 1 
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10b (𝜔 − 1)(1 + 𝜔 + 𝜔2 + 𝜔3 + 𝜔4 + 𝜔5 + 𝜔6 + 𝜔7 + 𝜔8) 

= 𝜔 + 𝜔2 + 𝜔3 + 𝜔4 + 𝜔5 + 𝜔6 + 𝜔7 + 𝜔8 + 𝜔9 

                        −(1 + 𝜔 + 𝜔2 + 𝜔3 + 𝜔4 + 𝜔5 + 𝜔6 + 𝜔7 + 𝜔8) 

= 𝜔9 − 1 

Hence the equation  
(𝜔 − 1)(1 + 𝜔 + 𝜔2 + 𝜔3 + 𝜔4 + 𝜔5 + 𝜔6 + 𝜔7 + 𝜔8) = 0 

has the same roots as 𝜔9 − 1 = 0 which are the ninth roots of unity. 

Hence the roots of  

1 + 𝜔 + 𝜔2 + 𝜔3 + 𝜔4 + 𝜔5 + 𝜔6 + 𝜔7 + 𝜔8 = 0 

will be the complex ninth roots of unity. 

So, provided that 𝜔 ≠ 1, 

1 + 𝜔 + 𝜔2 + 𝜔3 + 𝜔4 + 𝜔5 + 𝜔6 + 𝜔7 + 𝜔8 = 0 

and so 

𝜔 + 𝜔2 + 𝜔3 + 𝜔4 + 𝜔5 + 𝜔6 + 𝜔7 + 𝜔8 = −1 

 

10c  

(cis
2𝜋

9
) + (cis

2𝜋

9
)

2

+ (cis
2𝜋

9
)

3

+ (cis
2𝜋

9
)

4

+ (cis
2𝜋

9
)

5

 

                                                                     + (cis
2𝜋

9
)

6

+ (cis
2𝜋

9
)

7

+ (cis
2𝜋

9
)

8

= −1 

cis
2𝜋

9
+ cis

4𝜋

9
+ cis

6𝜋

9
+ cis

8𝜋

9
+ cis

10𝜋

9
+ cis

12𝜋

9
+ cis

14𝜋

9
+ cis

16𝜋

9
= −1 

cis
2𝜋

9
+ cis

4𝜋

9
+ cis

6𝜋

9
+ cis

8𝜋

9
+ cis (

−8𝜋

9
) + cis (−

6𝜋

9
) 

                                                                                        + cis (−
4𝜋

9
) + cis (−

2𝜋

9
) = −1 

cis
2𝜋

9
+ cis (−

2𝜋

9
) + cis

4𝜋

9
+ cis (−

4𝜋

9
) + cis

6𝜋

9
 

                                                                       + cis (−
6𝜋

9
) + cis

8𝜋

9
+ cis (

−8𝜋

9
) = −1 
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2 cos
2𝜋

9
+ 2 cos

4𝜋

9
− 1 + 2 cos

8𝜋

9
= −1 

2 cos
2𝜋

9
+ 2 cos

4𝜋

9
+ 2 cos

8𝜋

9
= 0 

cos
2𝜋

9
+ cos

4𝜋

9
+ cos

8𝜋

9
= 0 

cos
2𝜋

9
+ cos

4𝜋

9
− cos

𝜋

9
= 0 

cos
2𝜋

9
+ cos

4𝜋

9
= cos

𝜋

9
 

 

10d <Needs adjusting> 

cos
𝜋

9
cos

2𝜋

9
cos

4𝜋

9
 

= (cos
2𝜋

9
+ cos

4𝜋

9
) (cos

2𝜋

9
cos

4𝜋

9
) 

= (𝜔 + 𝜔2)(𝜔 × 𝜔2)  

= 𝜔4 + 𝜔5  

= cis
8𝜋

9
+ cis

10𝜋

9
 

= − cos
𝜋

9
+ 𝑖sin

𝜋

9
+ cos

𝜋

9
+ 𝑖sin

𝜋

9
 

= 2𝑖sin
𝜋

9
 

       

11a 𝜌7 = (cos
2𝜋

7
+ 𝑖 cos

2𝜋

7
)

7

 

      = (cis
2𝜋

7
)

7

 

      = cis(2𝜋) 

      = 1 

Hence 𝜌7 − 1 = 0 

(𝜌 − 1)(1 + 𝜌 + 𝜌2 + ⋯ + 𝜌6) = 0 

Since 𝜌 ≠ 1, 
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(1 + 𝜌 + 𝜌2 + ⋯ + 𝜌6) = 0 

 

11b Since the equation has real coefficients, and 𝛼 is complex, the complex conjugate 
must also be a root. Hence 

𝛽 = 𝛼 

    = 𝜌 + 𝜌2 + 𝜌4 

    = 𝜌 + 𝜌2 + 𝜌4 

    = cis (
2𝜋

7
) + cis (

2𝜋

7
)

2

+ cis (
2𝜋

7
)

4

 

    = cis (
2𝜋

7
) + cis (

4𝜋

7
) + cis (

8𝜋

7
) 

    = cis (−
2𝜋

7
) + cis (−

4𝜋

7
) + cis (−

8𝜋

7
) 

    = cis (
12𝜋

7
) + cis (

10𝜋

7
) + cis (

6𝜋

7
) 

    = cis (
2𝜋

7
)

6

+ cis (
2𝜋

7
)

5

+ cis (
2𝜋

7
)

3

 

    = 𝜌6 + 𝜌5 + 𝜌3 

So 𝛽 = 𝜌3 + 𝜌5 + 𝜌6 

 

11c 𝛼 + 𝛽 = −𝑎 

Hence 

𝑎 = −(𝛼 + 𝛽) 

    = −(𝜌 + 𝜌2 + 𝜌4 + 𝜌3 + 𝜌5 + 𝜌6) 

    = −(−1) 

    = 1 

 

𝛼𝛽 = 𝑏 

𝑏 = 𝛼𝛽 

    = (𝜌 + 𝜌2 + 𝜌4)(𝜌3 + 𝜌5 + 𝜌6) 
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    = 𝜌4 + 𝜌6 + 𝜌7 + 𝜌5 + 𝜌7 + 𝜌8 + 𝜌7 + 𝜌8 + 𝜌10 

    = 𝜌4 + 𝜌6 + 1 + 𝜌5 + 1 + 𝜌 + 1 + 𝜌2 + 𝜌3  (since 𝜌7 = 1) 

    = 3 + 𝜌 + 𝜌2 + 𝜌4 + 𝜌3 + 𝜌5 + 𝜌6 

    = 3 + (−1) 

    = 2 

 

11d  <Solution to come>   
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