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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

" CambridgeMAT

Solutions to Exercise 3C Foundation questions
la z3=1

(rcis0)3 =1

r3cis36 =1

r3cis 360 = 1 X cis 2km

r=§/T=1and39=2knsoH=2kT”
. (71'+2k71’)
Z = cis 3
o 2m ( Zn) S0
—c1s3,c1s 3 , Cis

1 V3. 1 V3

= = =——=1i

2+2'22'

1b
1 V3. 1 3

(3+9)-(4-3)
= |V3i|
=3
(4+4)-1
| 3 V3,
—‘—54‘71
NESEY
= (‘z) +(7)
9 3
AR,
=3
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

1c

1di

5

(4%)-1
] 3 V3,
—“z‘?
. REN
- 2 2
9.3

= Jata

=+v3

This shows that all sides of the triangle have the same length and thus it is
equilateral.

. 2m.
In the case that cis ?n is the root,

(_2n)2__4n__<4n 2)—'<2n)'th 0 .
cis—-) = cis—- = cis(—5-— 2m) = cis(——-) is the other root.

In the case that cis (— %n) is the root,

_<2n)2__(4n)__(2 47r)__2n_th h )
cis 3 = cis 3 = cis|2m 3 —c1s3 is the other root.

_2m 3 . 6bm )
(c1s—) =cis—=cis2n =1

3 3
(_47r)3__127r__4_1
cis 3 = cis 3 = cis4m =

so in either case the answer is one.

Alternately, covering both cases at once:

. 2km
w = cis 3
3 ) 2km
w® = cis (3 X —)
3
= cis 2km
=1
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

1dii

lei

. 2T
Ifw= cis—,

1+ w+ w?

—1+c 27T+(_ 271)2
= c153 c1s3

—1+c 27T+ 4rm
= c153 c153

—1+c 27T+ ) ( 27'[)
= cis 3 cis 3
21 21

=14+ cos—+isin—+ cos— —isin—

3 3
2T
= 1+2cos?

f oo = _4n
w—c153,

1+ w+ w?

i 4n+(_ 4n)2

= c1s3 c1s3

“ 1+ 47‘[+ _8m

= c1s3 c1s3

“ 1+ ( 2n)+ . 2m

= cis 3 c1s3
2m 2

=1 +cos?— isin—+ cos— 4+ i sin—

3
=1+2 on
= cos3
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

leii

l-w-0)A-w+ o)1 +w-w?
=(1-(w+w))Q+ 0’ —0)1+w-w?)
=(1-(-D)(~w - w)(-w?-w?)
= 2(=20) (=20?)

= 8w3

=8(1)

=8

leiii (1-w)(1-w?)(A - o*)(1- w0’

2a

=1-w)(1-w)1-ww)(l-wdw?)
=(1-w)(1-0’)1-Dw)d - Daw?)
=(1-w)(1-0)1-w)1-w?)

= ((1 —w)(1- wz))2
=(1-w-—w?+w3)?
=(1-w-w?+1)>

=(14+1+1)>

=32

=9

7z =1

Letz = rcis 6

(rcis9)® =1
récis68 =1
r=1

cis 60 = cis 2km

60 = 2kn
p km
3
km
z—c1s3
z=cis0 cis(+z) c1s(+2—n) cism
- ) —3! 3 )
1 V3 1 3
=1-+—i,—=—+—1i, -
z 1,2_21, 2_2l, 1
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

2b

All points are the same distance from the origin as,

1] =1

1, n: A3\ 13

e =J(§) +<7> = ztz=Vi=1
1 3, ne 3\ 1 3

—pt =J<z) +<7) = [atz=Vi=1
|-1] =1

. .k : :
Since z = cis —, each root has an argument of g between it and the adjacent

roots, hence all roots are the same distance from the origin with the same
argument between them relative to the origin so they form the corners of a

regular hexagon.
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

2C

2_(_,,)2__<2,T> hich i .
a” = ClS3 = CIS 3 whnicni1s aroo

. n)—z . ( Zn) hich i .
cis—) = cis|——)whichisaroo
3 3

T\~ 1 T
a~l = (cis §) = cis (— §) which is a root

IS]
N
Il
—~

2d (Z*+z22+1)(Z%-1)
=z +z*+ 22— (z*+ 22+ 1)
=z°—-1

2e The roots of z2 — 1 are z = +1, which are the real roots of z® — 1. So the roots of
z* + z? + 1 must be the complex roots of z® — 1. Thus

z*+ 2% +1

_ 1 3 1 3 1 3 1 V3

= Z—<§—71> Z—<§+71> Z—<—§—7l> z—(——+71>
, (1 V3. .1 3 1 V3\(1 V3.

=1z —<§—71+§+7L>Z+<§+71><§—71> X

(=) (- 1>z+<i+i>)

=(z?-z+1)(z%2+z+1)

3a 7zt =-1

Letz = rcis 6

(rcis 8)* = -1
rtcis46 = —1
r=1

© Cambridge University Press 2019 6
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

cis46 = -1
40 = + 2km

n+2kn

( )

= ( E) c1s(+3—n)
B 4 ~ 4

1 4 1 . 1 4 1
Zz=—+—i,——+—i

2 2 2 2

(-Gl G- (E7) (- ()

= (22 —=V2z+1)(22 +V2z + 1)
4a z°+1=0

z =rcis 0
(rcis 8)® = —1
récis 60 = —1
r=1

cis660 = —1
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

4b (z°+1)

e otern(s- (220 (e (229 (- (2439

=22+ 1)(z2 - V3z+1)(22 +V3z + 1)

4c z°+1=(22+1)(22—V3z+1)(z2 +V3z + 1)

22 +1  (22+1)(22 —V3z+1)(z2 +V3z+ 1)

z3 z3

2+z3=z+z Y (z-V3+z71)(z+V3+2z71)
Using the result from question 3 in Exercise 3B:

2 cos 36 = (2 cos 9)(2 cos 6 — x/§)(2 cos 6 + \/§)

cos 30 = (cos 0)(2cos 6 —V3)(2cos 6 +V3)
3 3
cos 360 = 4cos (cos 0 — g) <cos 0+ g)

cos30 =4 cosO (cos 0 — cos E) (cos 0 — cos 5—ﬂ>
B 6 6

5a z5 =i

s

(r cis 8)° = cis=

2

rScis 50 = cis (E + an)
2

r5>=1andhencer =1

56=—+2kn

2
=%( +2kn)

2
= 1 +2k
z =cis 5 n
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

o ( 7n) ( 371)
= cis 10 cis 10

5b 7zt = —i
Let z = (rcis 6)*
= r*cis 40
ricis 40 = —i
r=1
cis 40 = —i
3w
40 = — + 2km
2
3t km
o="t—

( ") 5
3 ClS

5¢ z* = -8 —8V3i
(rcis 8)* = —8 — 8V/3i
ricis 49 = —8 — 8v/3i
rt= 82+ (8v3)’
=16

r=2

40 = 2km + (—rr +tan™?! (8—\@))

460 =2kn—2?n
1 T
7] =E(k7'[—§)

2 = 2013 (ke - )

© Cambridge University Press 2019
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

= 2cis (—E) 2Cis (_Z_n) 2cisE 2ci55—n
B 6/’ 3)’ 3’ 6

=V3—-i,-1-iV3,1+iV3,—V3 +i

5d  z° =16V2 — 16V2i
(rcis 0)° = 16V2 — 16V2i
r5cis 50 = 16V2 — 16V2i

rs = \/(16\/5)2 +(16v2)°

=32
r=2
50 = 2km + <tan‘1 <_16\/§>>
16v2
T
560 = ZkT[—Z
2kn w
5 20
z = 2cis (Zk—n—l)
5 20
= 2cis—17—n,2cis—9—n,20is—£,2cis7—ﬂ,2ci53—n
20 20 20 20 4
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Chapter 3 worked solutions — Complex numbers I

Solutions to Exercise 3C Development questions

6a

6b

6cC

Let z = rcis(60) be a fifth root of —1.
rocis®(0) = -1
r>cis(50) = cos(m)

Hencer = 1 and 50 = 2An + m where A is an integer.

This means that § = ( /1; ) 7T and so

T 3
9=i§ i?.ﬂ
) T 3
z = cis (i g) , cis (i ?) cis(m)
) T 3
Z=CIS(i§),CIS(i‘?),—1

SN
s (5) o (2 n) s(-2)

= )=o) =D

Hence these are the three other complex roots.

)
N
Il
~/
a
%)
—
k!
—
N——
N
Il

o (771)
= cis z

cis(rr)cis(2m)

= cis(m) (cis (g)>2

© Cambridge University Press 2019
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o (9n)
= cis c

= cis(m)cis (4?“)

_ ) <4n)
= —cis c

= —a4

6d (14+a?*+a?)
=1-a’—a’ (from part )
=—(-14+a’” +a%
=—(-14a+a®+a’+a’)+ (a +ad)
=—0+a+a’ (as the sum of roots is 0)

=a+ad

7a z =1 cis(8)
z7 =17cis(70)
r’cis(76) = 1 = cis(0)
Hencer = 1 and
70 = +2nn

nm
0=+—

z = cis(0), c1s< 7n) c1s< 7ﬂ>,cis (i 67n>

=1 (7). o (£ 7). o (£7)
z =1,cis 7 S_7 ,CIS_7

© Cambridge University Press 2019 2



Chapter 3 worked solutions — Complex numbers I

7b The sum of the roots is

1+ <2n)+ ) ( 2n>+ ) (4n>+ ) ( 4n>+ ) (6n>+ ) ( 6n>_0
cis 7 cis 7 cis 7 cis Z cis 7 cis 7 ) =

(as the coefficient of z® in the equation z” — 1 = 0is 0)

2 2w 2 2m 4t 4m 4t 4m
1+COS7+LSln7+COS7—lSln7+COS7+lSln7+COS7—lSIH7
6mr 6T 6mr 6w
+cos7+151n7+c057—151n7=0

1+2 en + 2 47T+2 6n—O
cos7 cos7 cos7—

2 an +2 Am +2 om _ 1
cos 7 cos 7 cos - =
21 4 4T N or 1
cos . cos - cos T =75
7cC Writing the equation as a product of factors gives

(o) o ) e () -
(=) -5
- (e (5 wais(- 31+ (e () s (- )
(2 -o(s (o5 ((F)-5)
(1o (55) () (e () s (-5))
-1 ( p ( (%) +cis (- 27”)) v (cis<o>))
(1 (os () (-2 # o500
(#=x(es(5) () o)

© Cambridge University Press 2019 3
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Chapter 3 worked solutions — Complex numbers I

=(z-1) (zz -z (2 cos 27n) + (cis(O))) <zz -z (2 cos 47n) + (cis(O)))

(Noting that cis x + cis(—x) = cosx + i sinx + cosx — isinx = 2 cos x)
61
(zz -z (2 cos 7) + (cis(O)))
21 4 6m
=(z-1) (22 - ch057+ 1) (22 - chos7 + 1) (zz - ch057+ 1)

7d

. (Zn)
a = cis -

(=)
-(5)
o-(«(F)
-(5)
“=(+)
()
“s(-5)
= ((5)
= cis (10_”)

7

. ( 37r)
= cis 7

© Cambridge University Press 2019
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These are the other complex roots that we have previously found.

For this question note that
cisx + cis(—x) = cosx + isinx + cosx —isinx = 2cosx

a+ab

. (2n)+ ) ( Zn)
= cis 7 cis 7

_5 21T
= 2cos 7

a?+a’

. (Am ) 4r
= CiS (7) + cis (— 7)

—> 4
= 2 cos 7

ad + a*

o <6n)+ i < 67r)
= cis 7 cis 7

_, 6m
= 2cos z

Hence, writing the equation as a product of linear factors gives

( ] 211) < 5 47r) ( 5 67r) 3
X cos 7 X cos 7 X cos 7 X

2T 41 6m
—(2 c057+ 2cos—+2cos—>x2

7 7
+(2 27T><2 47T+2 znxz 67T+2 47T><2 4ﬂ>
cos 7 cos 7 cos Z cos 7 cos 7 cos 7 x

(2 2n> (2 47r) (2 67r)
cos 7 cos Z cos 7

© Cambridge University Press 2019 5
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

8ai

8aii

8a iii

© Cambridge University Press 2019

=x34+x?2-2x-1

Let z = rcis(0) be a fifth root of 1.

rcis®(0) =1

r>cis(50) = cos(m)

Hence r = 1 and 56 = 2Am where A is an integer.

This means that 6 = ( 5'1) 1 and so

2 4
CTEgerET
2T 41
Z = cis (i ?) ,cis (i ?) , cis(m)
) 2 4
o= as(2).ds (2 ) 1

Note that all roots have a modulus of 1, and that all roots are evenly spaced as

cis(MT)
5

they have an argument of 2?7: between them. For example, — (zn) = cis(z?ﬂ).
CIS|—
5

Hence, they form the vertices of a regular polygon. As there are five vertices they
must form the vertices of a regular pentagon.

The sum of the roots is

) <2n>+ ) ( Zn)_l_ ) <4n)+ ) ( 4n>+1_0
cis z cis z cis z cis z =

(as the coefficient of z* in the equation z°> — 1 = 0 is 0)

(Zn)_l__ ) (Zn)_l_ (Zn) o (2n>+ <4n>+, _ <4n)+ 4r
cos = isin = cos = isin = cos = isin = cos(?)

4
—isin(?> +1=0

2T 4
2cos?+2cos?+1 =0

27t+ 47'[_ 1
cos5 coss— 5
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

8bi (z—1D(z*+z3+2z2+z+1)
=z22+z' + B3+ 2242+ 23+ 2242+ 1)

=z-1

8bii Sincetherootsofz® —1=(z—-1)(z*+2z3+2z>+z+1)are
. 21 . 41
z = cis (i?),ms (i?),l

it follows that the roots of (z* + z3 + z2 + z + 1) are

z = cis (iz?n),cis (i%”)

Writing (z* + z3 +z2 +z + 1)

(o (2) (- 2) o 23 (e (22
- (o (o) (20 (D)o )
(=) e (5) resD (- 3))
(o) -2 )

(77— 2(cis () + eis (- 2)) + cis0)

_ (2% — 2520 2" 2_ 95 cos T
= (z° — 2z cos s +1)(z* — 2z cos c +1)

as required

8biii Equating the coefficients of z gives

2T 4
1=-2 cos?— 2COS?

2T T
1=-2 cos?+ 2cos§

/A

1+2 7T—Z
cos = = cos5

© Cambridge University Press 2019 7
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

5—-1
1+2<\/_ >=2cosE

4 5
n_1+\/§
cosS— 2

8ci x?4+x—-1=0

1\2 1
(u+—) +<u+—)—1=0
u u

1 1
wW+2+—+u+-—-1=0
u u

, 1 1
u+—=+u+-+1=0
u u
ut+1+uw+u+ur=0
ut+ud+ul+u+1=0

This has roots u = cis (i 2?”) , Cis (i 4?”)

Hence
For u = cis (2—7-[),
5
X = cis (2—7-[) + !
> as()
. (2w ) 2
= cis (?) + cis (— ?)

2 2m 2 2m
= cos? + Lsm? + cos?— lsm?
=2 cosz—n

5
Foru = cis (— Z_n),
5

2T 1

= M‘?)*ﬁ
- () vas(%)

© Cambridge University Press 2019 8
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Chapter 3 worked solutions — Complex numbers I

-2
= CI1S 5 C1S 5

_ 2n+,_2n+ 2 | 2w
—cos5 Lsm5 cos5 lsm5

= 2 C0S—
COS5

F o (471)
oru = cis =)
) (4n)+ 1

x = cis|—
5 4
c1s(5)

o (4n)+ ) < 4n>
= cis z cis z

4n+__4n+ 4t 4m
—cos5 lsm5 cos5 Lsm5

—> 4T
= 2cos c

) 4
Foru = cis (— —),

5
( 4
x =cis|{——

) D

R

(A ) 4
= Cis (?) =+ cis (— ?)

4t 4w 4t 4w
=COS?+lSID?+COS?—lSID?
41
=2cos?

© Cambridge University Press 2019 9
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

8cii

( 2 211)( 5 477.') —0
X cos c X cos o) =

4T 2T 2T 41

x? —2xcos?—2xcos?+4cos?cos?=0
x? +2xcos£—2xcosz—n—4cosz—ncosz=O
5 5 5 5
Comparing withx? +x—1=0
4cosz—ncosE=1
5 5

2m T 1

cos?cos§=z

9a z =rcis(8)
z% =12 cis(90)

z2=1
r?cis(90) = 1
79 cis(98) = cis(0)

r = 1 and so 96 = 2nm which means that

_2n7r
=3 SO
- (420 ). () ()
Z = cis 53 ,Cis 3 ,Cis 3 ,Cis t5)
9b z°—1

=@z +2°+23)-(z°+23+1)
=@z -1D(z°+22+1)

© Cambridge University Press 2019 10
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

Writing z° — 1 as a product of factors gives

=) = () () (e (5)
(= (-59) (2= s () (2= (- 5) (e e(5)

(z = cis(x))(z — cis(—x))

= (2% — z(cis(x) + cis(—x)) + (cis(0))

=22 —z(cosx +isinx +cosx —isinx) + 1
=z?—2zcosx+1

Thus

21 4
22-1=(z-1) (zz —ZZCOS?+ 1) (22 — chos?+ 1)

2 _ b 2 _ 8
z 27 CcoS +1)(z 27 CcoS +1
9 9
21 4
=(z—l)(zz—chos?+1)<zz—220053+1)
2 _ b 2 _ 87
z 2Z CcoS +1)(z 2Z CcoS +1
9 9
21 4
=(z—l)(zz—chos?+1)<zz—220053+1)
8w
(Z2+Z+1)(Z2—ZZCOS?+1)
2
=(z-1DE*+z+1) zz—chos—ﬂ+1
9

4 8w
(zz — 2z cos - + 1) (22 — 2z cos 5~ + 1)

21 4n 8m
=(z3-1 (zz - 22c05?+ 1) (z2 - 2ZCOS? + 1) (zz - ZZCOS? + 1)
Hence

2T 41 8w
72 +z34+1= <z2 — ZZCOS?-F 1) (zz —chos?+ 1) <22 — chos?+ 1)

© Cambridge University Press 2019 11
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Chapter 3 worked solutions — Complex numbers I

9c z2+z3+1= (22 - 22cos%r+ 1) (zz —chos%n+ 1) (zz - chos%n+ 1)

Dividing both sides by z3

2T a1 8w
z22+142z3= (z—Zcos?+2_1) (z—Zcos?+z_1) (z— 2cos?+z‘1>

3 3 2T a1 8w
z3+z3+1= <z+z_1 —ZCOS?) (z+z‘1 —2cos?>(z+z_1 —2cos?>

3 3 2T a1 8w
z3+z3+1= <z+z_1 —ZCOS?) (z+z‘1 —2cos?>(z+z"1 —2cos?>

Now
zZ" 4z

= cis(nf) + cis(—nh)

= cosnf + isinnf + cosnb — i sinnb

= 2 cosnf

Hence

2T 41 8w
2cos30+1= (cosQ -2 cos?> (cosQ -2 cos?) (cosQ — 2COS?)

. 2T

10a w =cis (?)
Let z = wk

79 = (wk)9

— (w9)k

(oY

= (cis(2m))"
= (1"
=1

© Cambridge University Press 2019 12
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Chapter 3 worked solutions — Complex numbers I

10b

10c

(w—-DA+w+0*+ 0+ 0"+ 0’ + 0+ 0 +wb)
=0+ 0w+t + o+’ + o’ + 0+ o’

—(1+w+w?+ 0+ o'+ 0’ + 0 + 0 +0®)
=w’—1

Hence the equation
(w-1DA+o+w’*+0d+o*+0’+0®+0”+08) =0

has the same roots as w® — 1 = 0 which are the ninth roots of unity.
Hence the roots of

ltwt+tw?’+0d+o*+0’+0b+w +wd=0

will be the complex ninth roots of unity.

So, provided that w # 1,
ltwt+tw?’+0d+o*+0’+0b+w +wd=0

and so

wt+wtoditot+tw+o+o’+w=-1

( _ 2n)+< _ 2n>2+< _ 2n)3+< _ 2n>4+( _ 2n>5
cis cis cis cis cis

+(_ 2n)6+(_ 2n)7+<_ 2n)8_ )
cis cis ciso-) =

) 27T+ ) 47T+ ) 67‘[+ ) 87T+ ) 107‘[+ ) 121T+ _ 141T+ . lém L
cis 5 cis 3 cis 3 cis 5 cis 3 cis 5 cis 5 cis g =

2 4m 6m 8w  /—8m ) 61T
ClIS— + CIs— + cIs— + ciIs— + CIS (—) + cis (—?)

9 9 9 9 9
_ 4 ) 21
+cis (—?> + cis (——) =-1

9
_27‘[+_< 2n)+_4n+_( 4-7T)+_6T[
cis 5 cis 5 cis 3 cis 3 cis 5

+_( 67T>+ 87‘[+ (8ﬂ> L
cis 5 c1s9 cis 5 )=

© Cambridge University Press 2019 13
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Chapter 3 worked solutions — Complex numbers I

20528 + 2 cos o — 1+ 2 cos o = —1
COS9 COS9 C059—

20522 + 2 cos o + 2 cos o = 0
COS9 COS9 C059—

27'L'+ 4-7'[+ 877.'_0
cos9 cos9 cosg—

2T 4 T

cos?+ cos?—cos§= 0

2T 4 T

COS— + COS— = COS—
9 9 9

10d <Needs adjusting>

T 2T 4T
COS — COS — COS —

9 9 9
_ ( 2T 4 4n)( 2T 47r)
= ( cos 3 cos 9 cos 3 cos 3

= (0 + w?)(w X w?)

= w*+ w®
8r  10m
=c1s?+c1sT
v/ S [ T T
=—COS§+lSIH§+COS§+lSln§
=2151n§

7
11a p’ = (cosz7”+icosz7n)

(0s5)
C1S 7

= cis(2m)

=1
Hencep’ —1 =10
(p-DA+p+p*+-+p°=0

Since p # 1,

© Cambridge University Press 2019 14
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

A+p+p2+-+p°=0

11b  Since the equation has real coefficients, and «a is complex, the complex conjugate
must also be a root. Hence

Zn)_l_ _ <2n>2+ _ (211)4
o)+ cis (= cis

<
@) v oD (D)
<
<

27r)+ ) ( 47r)+ ] ( 87r)
- cis Z cis 7
s

~/10m (6T
+ cis (T) + cis (—)

Il
(@]
-
wn

7

So B =p3+p°+p°

11lc a+f =-a
Hence
a=—(a+p)
==(p+p*+p"+p° +p°+p%
=—(-1)
=1

af =b
b=ap

= (p+p*+p(* +p° +p°)
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

= p*+ S+ p7 +p5 +p7 + pB+ p7 + pB + pO
=p*+p°+1+p°+1+p+1+p%+p3 (sincep’ =1)
=3+p+pi+pt+p3+p°+p°

=3+ (-1)

=2

11d <Solution to come>
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