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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

Solutions to Exercise 3B Foundation questions

la cos 30 + isin 360
= (cos @ +isinB)3
=c0s30 + 3cos?6 (isinh) + 3 cos O (isinf)? + (i sin )3
= cos3 0 + 3icos?Osinh — 3 cosHsin? @ —isin30
= cos3 80 — 3 cosHsin? G + i(3cos? Hsinf — sin3 )

lai Equating the real components:

cos 360 = cos® 0 — 3 cos O sin? 0
= cos30 — 3 cos O (1 — cos?8)
= cos360 —3cosO + 3cos® 0
=4cos®0 —3cosb

laii Equating imaginary components:

sin 30 = 3 cos? @ sin @ — sin® 0
= 3(1 —sin?0)sin@ —sin® 6
= 3sinf — 3sin30 —sin3 0
= 3sinf — 4sin®0

1b tan 36

_sin39

" cos 36

B 3sinf® — 4sin3 60

" 4cos36 —3cosb

B 3sin@® — 4sin3 60 _ cos3 0
" 4cos30—3cosf  cos3H
_3tan95e029—4tan39

B 4 —3sec2f
_3tanf (tan’6 + 1) — 4tan’ 6
- 4 —3(tan?6 + 1)
_3tan39+3tan9—4tan36

4 —3tan’6 —3
3 3tan 6 — tan3 0
~ 1-—3tan?%6
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

2 cos 40 + isin46

= (cos @ + isin9)*
=cos*0 +4cos30 (isinB) + 6 cos? O (isinh)? + 4 cos (isinB)3 + (isinH)*
= cos* 0 + 4icos® Osinf — 6 cos? B sin? @ — 4i cos O sin3 0 + sin* 4

2a Equating the real components of the above equation:

cos 40 = cos* @ — 6 cos? 0 sin? 6 + sin* 6

2b Equating the imaginary components of the above equation:

sin40 = 4 cos3® 0sin® — 4 cos B sin3 0

2C tan 460
sin 460

- cos 460
4 cos30sinf —4cosBsind 0

cos* 0 — 6 cos20sin? 0 + sin* 0
4cos®@sinf —4cosfsin®0  cos* 0

cos* @ — 6cos20sin?6 +sin*6  cos* 6O
4tan @ — 4tan3 6

1—6tan?6 + tan* 8

3a zh 4z

= (cos@ +isin@)™ + (cosO +isinf)™
= cosnf + isinnb + cosnb — i sinnb
= 2 cosnf

3b (z+z™H*

=z% 4+ 423727V 4+ 62%272 4+ 471273 4+ z7*
=z% 4+ 4722 +6+4272 4+ 27%
=EZ*+zH+4E*+z79)+6
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

3c cos* @
= 1 X 2 7]
= (2 cos )
1 4
= <E (z+ z"1)>

1
= Te (z+z71)*

4

1

~ 16 (E*+2z7") +4(z* +2z72) + 16)
1

= E(2cos449 + 8cos 26 + 16)

1 1
=§cos49 +§c0529 +1

4 zh —z™1

= (cos@ +isinf)" — (cosO +isinf)™™
= cosné + i sinnf — (cosnb — i sinnfh)
= cosnb + isinnf — cosnf + i sinnd
= 2isinnf

sin* 0
= 1><2 in @
_<§ sin )
4
1
- (=)

(z—-z"1H*

4

B (204

24 2 (2% — 423271 + 627272 — 42273 + z7%)

= %((z‘* +z27%) —4(z%+272) +6)

1
=E(2cos49—8c0526+6)

_cos49 cos260 3

8 2 '8
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Chapter 3 worked solutions — Complex numbers I

Solutions to Exercise 3B Development questions

5a Letz =cosf +isinf
From question 3,
zZ"+ 2z

= 2cosnf

= 2%cos® 6

= (2cos 6)°>

= (cos8 +isinB + cosf —isinB)°®

= (cis(9) + cis(—Q))5

=(z+z 1>

=z>+5z34+10z+10z71 + 5273 + z7°

=(Z5+z)+5E2+z73)+10(z+2z7Y)

= 2 cos(50) + 5(2 cos(360)) + 10(2 cos(H))

= 2cos 560 + 10 cos 30 + 20 cos 6

Hence

25 c0s°0 = 2cos 56 + 10 cos 30 + 20 cos 0

1
cos® 6 = 2—5(2 cos 50 + 10 cos 30 + 20 cos 9)

1
cos® 6 = 1—6(cos 50 + 5cos 360 + 10 cos 9)

5b

N

J cos® 6 do
0

T

2
=f E(COSSB + 5cos36 + 10cos0) db
0

L
2

5
( sin 56 + §sm 360 + 10sin 9)]

| 0

1(1_ 5c 5  3m r[)

~1g 551n7+§sm7+ 10 sm2
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Chapter 3 worked solutions — Complex numbers I

1

16< W+ ( 1)+10(1)>

8

15

6a cos 6a + isin 6

= cis(6a)

= (cis(a))6

= (cosa + isina)®

= cos® a + 6i cos® asina + 15i? cos* a sin? & + 20i3 cos® a sin® a
+15i* cos? a sin* @ + 6i° sin @ cos® a + i® sin® «

= cos® a + 6i cos® asina — 15 cos* a sin? @ — 20i cos® a sin® «
+15 cos? a sin* a + 6i sin @ cos® a — sin® a

= (cos® @ — 15 cos* a sin? @ + 15 cos? a sin* @ — sin® a)
+i(6 cos® asina — 20 cos® a sin® @ + 6 sin a cos® a)

Equating real and imaginary components

cos 6a

= cos® @ — 15 cos* @ sin? @ + 15 cos? a sin* @ — sin® a

= cos®a — 15cos* @ (1 — cos? @) + 15 cos? a (1 — cos? a)? — (1 — cos? a)3

= cos®a —15cos* a (1 — cos? a) + 15 cos? a (1 — 2 cos? a + cos* a)

—(1—3cos?a + 3 cos*a — cos® a)

=32cos®a —48cos*a + 18 cos® a — 1

6b 32cos® @ —48cos*a + 18cos?a—1=0
is solved when
cosba =0

which is when
a= %forn =1,3,4,5911
Hence, letting x = cos «, the equation
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

32x0 +4x3 —6x>—4x+1=0
has solutions when

X = cos%forn =1,3,4,50911

6C The product of the roots is

T 3 5w 71 91 1171_—1
cos 12 cos w cos 2 cos 12 cos 12 cos 7 - 32

(COS ]7.T_2) (COS %) (COS i—;[) ( Cos i—;[) (COS %TT[) ( cos 1—7;) = ;—21
(o032 (35) (o7 (e 32) () (0 32) =

1( T 571) 1
COS—COS— | = —

2\ 129 T;) T3
( T 57r) B 1
OST2°%72) T 16
T 57T_+1
C0512C0512—_4

Since cos% > 0 and cos i—: > 0 it follows that

T 5t 1
COS = OS> = 7
7a Letx = tan#@
x*+4x3 —6x2—4x+1=0
tan*0 + 4tan®6 — 6tan’H —4tanf +1 =0
tan*f —6tan?H + 1 =4tan® 0 — 4tan 6

B 4tan3 6@ — 4tan 6
" tan*0 — 6tan26 + 1

1 =tan46

10 m 57 91 137
T 4747 4" 4
m 57 9m 131
16’16’16’ 16
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. . b4 51
Hence the equation is solved when x = tang, tan;, tan = tanz

7b The sum of the roots is

t T[-l-t 5T[+t T[-I-t 137-[_ 4
Mg TN TN g TN g T

Hence

tan—+tan—+tan—+tan——| =16

16 16 16 16

. 7T+t 57T+t 9n+t 137
an® 7o+ tan® e+ tan® o+ tan® -

+2<t rtt 57T+t nt 97T+t nt 1371_}_t 51Tt ot
M6 16 T 16 16 T M 16 M 16 T 16 16

+tanomt 137T)—16
an16 an 16

( T 5 9 1377.')

However, the term in the brackets is just the sum of the products of the roots,

hence

t T[+t 5T[+t 9n+t 137T+2 6 16
an? T an? 16 an? 16 an? 16 (-6) =

t T[+t 5 —+t 9 +t 137-[—28

an? T an? Te an? T an? 6 -

tan 2= 4 tan? St (= tan %)+ (~tann) = 28
an? Te an? 16 an—— an—-) =

t T[+t 3T[+t 5T[+t 77T—28

an? Te an? 3 an? T an? T

8a cos 50 + isin 560
= cis(56)
= (cis(®))’
= (cos @ + isin§)°
= c0s® @ + 5i cos* O sin @ + 10i? cos® 8 sin? @ + 10i* cos? H sin3 9

+5i*cos @ sin* @ + i®sin® @
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Chapter 3 worked solutions — Complex numbers I

= c0s® @ — 10 cos® O sin? 6 + 5 cos O sin* @
+i(5 cos* 6 sin@® — 10 cos? 6 sin® 6 + sin® )
Equating the imaginary parts of this equation gives:
sin 56 = 5cos*@sinf — 10 cos? Asin3 G + sin®
= 5(1 —sin?0)?sinf — 10(1 — sin? ) sin® O + sin® 4
= 5(1 —2sin%? 0 + sin* §) sind — 10(1 — sin? H) sin® @ + sin®
= 165sin®> 0 — 20sin3 0 + 5sin 0

8b Let x =sin@
16x°> —20x3+5x—1=0
16sin® 60 — 20sin® 0 + 5sind —1 =10

sin56 —1 =0
sin50 =1
w 57 9 13w 17n
56 = s T T T
2°2°27 2 2

~10°2°10° 10 ' 10

_ T /s Or  13n = 17=n
x = SmlO sm2 smlo,sm 10 10

_1_7r 97t 13n  17=n
x = ,smlo,smlo,sm 0 10

as required

8c (4x2 + bx + ¢)?
= 16x* + 4bx3 + 4cx? + 4bx3 + b?x? + bcx + 4cx? + bex + ¢?
= 16x* + (4b + 4b)x3 + (4c + b? + 4¢)x? + (bc + bc)x + ¢?
= 16x* + 8bx3 + (8¢ + b?)x? + 2bcx + c?
Since
16x* + 16x3 — 4x%2 —4x + 1 = (4x% + bx + ¢)?

16x* + 16x3 — 4x% — 4x + 1 = 16x* + 8bx3 + (8¢ + b?)x? + 2bcx + c?
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Chapter 3 worked solutions — Complex numbers I

8d

8e

Equating coefficients of x gives

16 = 8b (D
—4 = 8¢ + b? (2)
From (1), b = 2.

Substituting this into (2) gives ¢ = —1.

Any root of 16x* + 16x3 — 4x2 — 4x + 1 is necessarily a root of (4x2 + bx + c).
Since there are two factors of (4x2 + bx + ¢) in the original equation, any root
will be a root of the quadratic and will be a double root of the initial equations.
Since quadratics have two roots, it follows that 16x* + 16x3 —4x2 —4x +1 =0
must have two double roots (or one quadruple root).

Dividing 16x> — 20x3 4+ 5x — 1 by (x — 1) yields 16x* + 16x3 — 4x? + 1.

. . .. m . 97 . 13w . 17w
Hence it follows that since x = 1, sin 75 Sin ;. sin—, sin ——are roots of the

former equation, and since x = 1 is a root of the divisor,

.. m . 9 . 13w . 17w .
X = smﬁ, Sin E' Sin W' Sin W must be roots of the quotlent

16x* + 16x3 — 4x? + 1 as required.

. . . 9 . T . T
There is no contradiction to part c as sin— = sin (T[ — R) = sin— and

. 13w . 13m . 17w .
sin—— = sin (3n — T) = sin— and so indeed there are two double roots.

The sum of the roots is

T T 13m 13m
sin1—0+ sinE+ sinﬁ+ sinﬁ+ 1=0

T T 3 3
sinﬁ+ sinm— sinm— sinﬁ+ 1=0
25in£—25in3—n+ 1=0

10 10

T 3 1
sinﬁ— Sinﬁ-l_i =0
Hence

T 3 1
sinﬁ = sinE _E (1)
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Chapter 3 worked solutions — Complex numbers I

The product of the roots is

T T 13w 13w 0= 1
smlosmlosm 10 sin 10 (H = 6
T n( 371)( 37'[)_ 1
smlosmlo sm10 SmlO =16
2 31 1
sin? —sm TR (2)
Hence
T 3n_1
smlosm10 2

(noting that we take the positive solution as sin % > 0 and sin i—’; > 0)

Substituting (1) in (2) gives:

( 3 1)_371 1

SIHE—E 11’11—022

,3m 1 3m 1

sm E—ESlnl—O—Z_

s (D)1~ (=)

sin— =

10 2
_1%V5
4

Si TS0
1ncesm10

3m  1+V5

Slnlo— 4

o 1++5 1

M- "4 2
_—1++5
4
_V5-1
T4
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Chapter 3 worked solutions — Complex numbers I

9a cos70 +isin76
= cis(76)

= (cis(8))’
= (cos @ + isinB)’
= cos’ 8 + 7icos® B sinf + 21i% cos® O sin? § + 35i3 cos* § sin> 9
+35i* cos® 6 sin* 6 + 21i° cos? O sin® O + 7i® cos? O sin® O + i” sin” 6
= cos’ 8 + 7icos® @ sinf — 21 cos® O sin? & — 35i cos* B sin® § + 35 cos> O sin* 6
+21icos?0sin® O — 7 cos? Hsin®H — isin’ §
Equating the real components on both sides of the equation
cos 76 = cos” 8 — 21 cos® B sin? 6 + 35 cos3 A sin* § — 7 cos? O sin® 6
= cos’ @ — 21 cos® 6 (1 — cos? ) + 35 cos3 6 (1 — cos? 9)?
—7 cos? 0 (1 — cos? 6)3
= cos’ @ — 21 cos® 6 (1 — cos? ) + 35cos3 6 (1 — 2 cos? 6 + cos* 6)
—7cos?6 (1 —3cos?6 + 3cos*O — cos® )
=64 cos’ § — 112 cos® § + 56 cos* 6 — 7 cos O

9b  Letx =4cos?8
(4 cos?8)3 — 7(cos? )% + 14(cos?0) —7=0
64 cos’ 8 — 112 cos® 6 + 56 cos> 0 — 7 cos 6 = 0
cos760 =0

70 = 2nm + gwhere n is an integer, hence
g - (4n + 1)

9_(4ni1)
12 )7

So
in+1

x = 4 cos? ( ) m where n is an integer, hence:

x=4coszi,4cos i ,4 cos? 5—ﬂ
14 14- 14
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9ci  The sum of the roots in the above equation is

4 " 4 LA )
cos? 12 cos? 12 cos? -1 -
Hence

n+ 237T+ 571_7
cos? 12 cos 12 cos? 2= 2

2 2
s T 3T 51 7
9c ii (cos2 — + cos? = + cos? —) = (—)
14 14 14 4

T[+ 37T+ 4 0T
cos* 1a cos* 12 teos" o,
+2( I8 37'L'+ , 3T 57T+ , 51'[)
cos? 14cos 14 T cos 14cos 4 Teos®Tpcos®
742
- (3)
T[+ 37r+ 4 OTC
cos* 12 cos* 12 cos* 12
N 2 (4 7'[4 37I+4 37‘[4 57T+4 7'[4 57‘[)
16 cos? 12 cos? 14 cos? 12 cos? 12 cos? T2 deos” 1
72
- (3)
T ot ST st O, 2 (14)_(7)2
cos* 1a cos* 12 cos* 14 16 =\
(from the product of pairs of roots)
LA L 457:_(7>2 28
cos* W cos* 2 teos" =12 16
r[+ 37T+ Lom 21
cos* 1A cos* 14 cos* kT

10a Letz = cos@ + isinf = cis(0)
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1
cis(0)
= cis(0) — cis(—6)

= cis(@) —

=cosO +isinfd — (cosf — isinh)

= 2isin@
zh —z™
= cis(nd) - cis(n@)
= cis(nd) - cis(n@)

= cis(n@) — cis(—n0)

= cosnf + isinnf — (cosnb — i sinnoh)
= 2isinnf

(z—z"1)°

=z°—523410z—-10z"t + 5273 —z7°

=(z°—-z5-5E>-2z3+10(z—2z"1)

(2isin6)* = 2isin56 — 5(2i sin 36) + 10(2i sin 6)
25i%sin® @ = 2isin 560 — 5(2isin 36) + 10(2i sin )
25isin® 0 = 2isin 58 — 5(2i sin 36) + 10(2i sin )
2*sin® @ = sin 50 — 5sin 36 + 10 sin 6

1
sin® 0 = E(sin 560 —5sin 360 + 10sin 6)

10b  From above we know that
16 sin® @ = sin560 — 5sin360 + 10sin @
Hence, 16 sin® 8 = sin 56 if and only if
—5sin36 + 10sinf =0
10sin 8 = 5sin 30

© Cambridge University Press 2019 10
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1
sinf = Esin 36

1
sinf = > (sin 6 cos 26 + sin 20 cos )

1

sinf = E(sin@ (1 —2sin?0) + (2sin 6 cos B) cos 6)
1

sinf = E(sin@ (1 —2sin%0) + 2sin B cos? H)
1

sinf = E(sin@ (1—2sin?6) + 2sin 6 (1 — sin? 9))
1

sinf = Esin@ ((1—2sin?6) + 2(1 —sin? 9))
1

sinf = Esine (3 —4sin?0)

1
Esin9(3—4sin29)—sin9 =0

sinf (3 —4sin®?8) — 2sinf =0
sinf (1 —4sin?8) =0
sinf (1 —2sinf)(1+2sinf) =0
5w 7m 1im

Hencesin8 =0, + andsoH—O P

)

11a Letz = cos@ + isin@ = cis(0)
So
cos 50 + isin 560
= cis(56)

= (cis(®))’

= (cos 8 + isinh)®

= cos® 0 + 5icos* B sinf + 10i% cos® A sin? G + 10i3 cos? § sin> 9
+5i* cos @ sin* @ + i°sin®

= (cos® 6 — 10 cos® 6 sin? @ + 5 cos O sin* §)
+i(5 cos* @ sin@ — 10 cos? 6 sin3 @ + sin® 6)

Equating real and imaginary components,
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cos 560 = cos®> 8 — 10 cos3 0 sin? 6 + 5 cos O sin* @

sin 58 = 5 cos* @ sin @ — 10 cos? O sin3 O + sin® @

5 cos* 0 sin® — 10 cos? 6 sin® @ + sin® 0
"~ cos56 — 10 cos3 0sin2 6 + 5 cos O sin* O

5cos* 6 sin@ — 10 cos? 8 sin3 @ + sin® 6 _ cos® 6

= Cos5 6 — 10 cos3 Osin2 0 +5cosfsin*6  cos® 0

_ 5tanf — 10tan3 8 + tan® 0
~ 1—10tan26 + 5tan*#

11b Letx =tan#f
x*—10x2+5=0
tan*9 — 10tan?0 +5 =0
tan@ (tan* 9 — 10tan?0 + 5) = tanf x 0
tan®f — 10tan®0 + 5tanf = 0

tan® 60 — 10tan3 0 + 5tan 6 )
1—10tan26 + 5tan*9

tan560 =0

50 = +m, +27w

p=1" 42"
~ PRNE

Hence the roots are

x = tan (ig) ,tan (i 2?”)

x = +tan (g) , T tan (2?”)

© Cambridge University Press 2019
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11c

12a

The product of pairs of the roots is

(10 @) (= an B)) s (5)) (- 0 () =

T 27‘[

2 —
tan 5tan z 5
ta 27Tt 27T—S

5 tan® = =

T 2T s 21
tangtan? =5 (taking the positive solution as tang > 0 and tan? > 0)

The product of the pairs of roots is

(tan (§)) (= tan (5)) + (tan () (- an () + (tan (§)) (120 (59))
(@) (i (5)) + (an @) (~10n (5) + (- wan @) (- 1n(5)

=10

T 2T
tan? 3 + tan? = = 10

= cis(nf) + Cs(nd)

= cis(n@) + cis(—n0)
= cosnf + isinnb + cosnf — i sinnb

= 2 cosnf
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n 1
oz
1
= (CIS(Q)) - (Cls(g))n
1
= cis(nf) cis(n@)

= cis(n@) — cis(—n0)
= cosnf + isinnf — (cosnf — i sinnoh)

= 2isinn®

12b  128cos3 6 sin* 0
= (2cos0)3(2isin0)*

(e

3 3 1 4 16
=(23+———+—3)(Z4——3+——16z+423—24)
z z z 73z

1 1 1 1
=(z7+—)—(z5+—)—3(z3+—)+3(z+—)
z7 z5 z3 z

12c  From partb,

1 1 1 1
128 cos3 O sin* 9 = <z7+—7>—<25+—5>—3<z3+—3>+3<Z+—)
z z z z

Using the result from part a,
128 cos3 @ sin*8 = 2cos70 —2cos50 —3 X 2cos36 + 3 X 2cos 6

Hence

1
cos3 @sin* 6 = a(cos 760 — cos 50 — 3 cos 30 + 3 cos )

as required
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Chapter 3 worked solutions — Complex numbers I

13a  5z*—11z23 41622 -11z+5=0

5 11 5
5z —112+16——+—2=0
zZ z

5(zz+i)—11(z+l)+16=0
72 z

5(2cos260) —11(2cosf)+16 =0
5c0s20 —11cos6+8=0

13b  5(2cos?8—1)—11cosf+8=0
10cos?6 —11cos8+3 =0

—(—11) £ +/(-11)2 — 4(10)(3)
2(10)

cosfO =

3 4
—_ - i — = = —_—
When cos 8 c sinf = + z + z + z

~| G

N
Il
+

-+
Uil

gl w N =
.

14a
sin 86
sin 6 cos 0
2 sin 40 cos 46
- sinf cos 0
2(2sin 20 cos 260)(1 — 2 sin? 20)
- sin 6 cos 6
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Chapter 3 worked solutions — Complex numbers I

_ 2(2(2sin 6 cos H)(1 — 2sin*0))(1 — 2(1 — 2 sin” 6)?)
B sin 8 cos 0

=8(1-2sin?6)(1 —2(1 — 2sin?6)?)

= 8(1 — 252)(1 — 2(1 — 252)?)
=8(1—2s)(1—2(1—4s? + 4s%))

= 8(1 — 25%)(—1 + 852 — 85%)

= 8(—1 + 8s% — 8s* + 252 — 16s* + 165%)
= 8(1 — 1052 + 24s* — 16s°)

14b  x®—6x*+10x2—4=0
Letx = 2sinf = 2s
(25) —6(25)*+10(25)2—4=0
64s® — 6 X 165s* +40s2 -4 =0
4(16s° —24s* +10s2—-1) =0

1
-3 (8(1 —10s2 + 24s* — 165°)) = 0

1( sin 86 )_0
2\sinfcos@/

sin80 =0
80 =nmforn=+1,+2,+3
Thus

nmw
X = Zsin? forn =+1,+2,+3
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