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Solutions to Exercise 3A Foundation questions 

1a (cos 𝜃 + 𝑖 sin 𝜃 )5 

= (cis 𝜃)5 

= cis 5𝜃 

 

1b (cos 𝜃 + 𝑖 sin 𝜃 )−3 

= (cis 𝜃)−3 

= cis(−3𝜃) 

 

1c (cos 2𝜃 + 𝑖 sin 2𝜃 )4 

= (cis 2𝜃)4 

= cis(4 × 2𝜃) 

= cis 8𝜃 

 

1d cos 𝜃 − 𝑖 sin 𝜃 

= cos(−𝜃) + 𝑖 sin(−𝜃) 

= cis(−𝜃) 

 

1e (cos 𝜃 − 𝑖 sin 𝜃)−7 

= (cis(−𝜃))
−7

 

= cis(−7 × −𝜃) 

= cis 7𝜃 

 

1f (cos 3𝜃 − 𝑖 sin 3𝜃)2 

= (cis(−3𝜃))
2
 

= cis(2 × −3𝜃) 

= cis(−6𝜃) 
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2a  

(cos 𝜃 + 𝑖 sin 𝜃)6(cos 𝜃 + 𝑖 sin 𝜃)−3

(cos 𝜃 − 𝑖 sin 𝜃)4
 

=
(cis 𝜃)6(cis 𝜃)−3

(cis(−𝜃))
4  

=
cis 6𝜃 × cis(−3𝜃)

cis(−4𝜃)
 

=
cis(6𝜃 − 3𝜃)

cis(−4𝜃)
 

=
cis 3𝜃

cis(−4𝜃)
 

= cis(3𝜃 − (−4𝜃)) 

= cis 7𝜃 

 

2b  

(cos 3𝜃 + 𝑖 sin 3𝜃)5(cos 2𝜃 − 𝑖 sin 2𝜃)−4

(cos 4𝜃 − 𝑖 sin 4𝜃)−7
 

=
(cis 3𝜃)5(cis(−2𝜃))

−4

(cis(−4𝜃))
−7  

=
cis 15𝜃 × cis 8𝜃

cis 28𝜃
 

=
cis(15𝜃 + 8𝜃)

cis 28𝜃
 

=
cis 23𝜃

cis 28𝜃
 

= cis(23𝜃 − 28𝜃) 
= cis(−5𝜃) 

 

3a  

(cos
𝜋

4
+ 𝑖 sin

𝜋

4
)

4

 

= (cis
𝜋

4
)

4

 

= cis (4 ×
𝜋

4
) 

= cis 𝜋 

= cos 𝜋 + 𝑖 sin 𝜋 

= −1 + 0𝑖 

= −1 
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3b  

(cos
𝜋

2
+ 𝑖 sin

𝜋

2
)

3

 

= (cis
𝜋

2
)

3

 

= cis (3 ×
𝜋

2
) 

= cis
3𝜋

2
 

= cos
3𝜋

2
+ 𝑖 sin

3𝜋

2
 

= 0 − 1𝑖 
= −𝑖 

 

3c  

(cos
𝜋

6
+ 𝑖 sin

𝜋

6
)

5

 

= (cis
𝜋

6
)

5

 

= cis (5 ×
𝜋

6
) 

= cis
5𝜋

6
 

= cos
5𝜋

6
+ 𝑖 sin

5𝜋

6
 

= −
√3

2
+

1

2
𝑖 

 

3d  

(cos
2𝜋

3
+ 𝑖 sin

2𝜋

3
)

−2

 

= (cis
2𝜋

3
)

−2

 

= cis (−2 ×
2𝜋

3
) 

= cis (
−4𝜋

3
) 

= cos
4𝜋

3
− 𝑖 sin

4𝜋

3
 

= −
1

2
+

√3

2
𝑖 
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3e  

(cos
3𝜋

8
− 𝑖 sin

3𝜋

8
)

−6

 

= (cis (
−3𝜋

8
))

−6

 

= cis (−6 ×
−3𝜋

8
) 

= cis
9𝜋

4
 

= cos
9𝜋

4
+ 𝑖 sin

9𝜋

4
 

=
1

√2
+

1

√2
𝑖 

 

3f  

(cos
5𝜋

12
− 𝑖 sin

5𝜋

12
)

4

 

= (cis (−
5𝜋

12
))

4

 

= cis (−
5𝜋

3
) 

= cos
5𝜋

3
− 𝑖 sin

5𝜋

3
 

=
1

2
+

√3

2
𝑖 

 

4a 1 + 𝑖 

= √12 + 12 cis (tan−1 (
1

1
)) 

= √2cis
𝜋

4
 

 

4b (1 + 𝑖)17 

= (√2 cis
𝜋

4
)

17

 

= (√2)
17

cis (
𝜋

4
× 17) 

= 256√2cis (
17𝜋

4
) 
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= 256√2 cis
𝜋

4
 

= 256√2 (cos
𝜋

4
+ 𝑖 sin

𝜋

4
) 

= 256√2 (
1

√2
+

𝑖

√2
) 

= 256 + 256𝑖 

 

5a 𝑧 = 1 + 𝑖√3 

    = √12 + (√3)
2

cis (tan−1 √3

1
) 

   = 2cis
𝜋

3
 

 

5b 𝑧11 

= (2cis
𝜋

3
)

11

 

= 211cis (
𝜋

3
× 11) 

= 2048 cis
11𝜋

3
 

= 2048 cis
5𝜋

3
 

= 2048 (cos
5𝜋

3
+ 𝑖 sin

5𝜋

3
) 

= 2048 (
1

2
−

√3

2
𝑖) 

= 1024 − 1024√3𝑖 

 

6a 𝑧 = −√3 + 𝑖 

|𝑧| 

= √(−√3)
2

+ 12 

= √3 + 1 

= √4 

= 2 
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Arg(𝑧) 

= 𝜋 − tan−1
1

√3
 

= 𝜋 −
𝜋

6
 

=
5𝜋

6
 

 

6b 𝑧7 + 64𝑧 

= (2cis
5𝜋

6
)

7

+ 64 (2cis
5𝜋

6
) 

= 27cis (
5𝜋

6
× 7) + 128cis (

5𝜋

6
) 

= 128cis
35𝜋

6
+ 128cis

5𝜋

6
 

= 128 (cis
35𝜋

6
+ cis

5𝜋

6
) 

= 128 (cos
35𝜋

6
+ 𝑖 sin

35𝜋

6
+ cos

5𝜋

6
+ 𝑖 sin

5𝜋

6
) 

= 128 (
√3

2
−

1

2
𝑖 −

√3

2
+

1

2
𝑖) 

= 0  

 

7a √3 − 𝑖 

= √(√3)
2

+ 12 cis (tan−1(−
1

√3
)) 

= 2cis (−
𝜋

6
) 

 

7b (√3 − 𝑖)
7

 

= (2cis (−
𝜋

6
))

7

 

= 27cis (−
𝜋

6
× 7) 

= 128cis (−
7𝜋

6
) 
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= 128cis
5𝜋

6
 

 

7c (√3 − 𝑖)
7

 

= 128cis
5𝜋

6
 

= 128 (cos
5𝜋

6
+ 𝑖 sin

5𝜋

6
) 

= 128 (−
√3

2
+

1

2
𝑖) 

 = −64√3 + 64𝑖 

 

8a (−1 − 𝑖√3) 

= √12 + (√3)
2

 cis (−𝜋 + tan−1 √3

1
) 

= 2cis (−
2𝜋

3
) 

 

8b (−1 − 𝑖√3)
5

 

= (2cis (−
2𝜋

3
))

5

 

= 25 cis (−
2𝜋

3
× 5) 

= 32 cis (−
10𝜋

3
) 

= 32 cis
2𝜋

3
 

 

8c (−1 − 𝑖√3)
5

 

= 32 cis
2𝜋

3
 

= 32 (cos
2𝜋

3
+ 𝑖 sin

2𝜋

3
) 
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= 32 (−
1

2
+

𝑖√3

2
) 

 = −16 + 16𝑖√3 

 

9a √2 − 𝑖√2 

= √(√2)
2

+ (−√2)
2

 cis (tan−1 (−
√2

√2
)) 

= √2 + 2 cis (−
𝜋

4
) 

= 2cis (−
𝜋

4
) 

 

9b 𝑧22 

= (2cis (−
𝜋

4
))

22

 

= 222 cis (−
𝜋

4
× 22) 

= 222 cis (−
11𝜋

2
) 

= 222 cis
𝜋

2
 

 = 222𝑖 
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Solutions to Exercise 3A Development questions 

10a (1 + 𝑖)10 

= (√2 cis (
𝜋

4
))

10

 

= (√2)
10

 cis (
𝜋

4
× 10) 

= 25 cis (
5𝜋

2
) 

= 25 cis (
5𝜋

2
− 2𝜋) 

= 25 cis (
π

2
) 

= 25𝑖 

which is purely imaginary 

 

10b (1 − 𝑖√3)
9
 

= (2 cis (−
𝜋

3
))

9

 

= 29 cis (−
𝜋

3
× 9) 

= 29 cis(−3𝜋) 

= 29 cis(−𝜋) 

= −29 

which is real  

 

10c (−1 + 𝑖)4 

= (√2 cis (
3𝜋

4
))

4

 

= (√2)
4

 cis(3𝜋) 

= 22 cis(𝜋) 

= 4 cis(𝜋) 
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= −4 

Hence −1 + 𝑖 is a fourth root of −4. 

 

10d (−√3 − 𝑖)
6

 

= (2 cis (−
5𝜋

6
))

6

 

= 26 cis(−5𝜋) 

= 26 cis(𝜋) 

= −26 

= −64 

Hence −√3 − 𝑖 is a sixth root of −64. 

 

11 If 𝑘 is a multiple of 4 then 𝑘 = 4𝑛 where 𝑛 is an integer. Thus, 

(−1 + 𝑖)𝑘 

= (−1 + 𝑖)4𝑛 

= (√2 cis (
3𝜋

4
))

4𝑛

 

= ((√2)
4

 cis(3𝜋))

𝑛

 

= (−22)𝑛 

= (−4)𝑛 

which is real as required 

 

12a i (√3 + 𝑖)
𝑚

 

= (2 cis (
𝜋

6
))

𝑚

 

= 2𝑚 cis (
𝑚𝜋

6
) 
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which is real when 
𝑚𝜋

6
 is a multiple of 𝜋. The lowest positive integer for which 

this is true is when 𝑚 = 6. 

 

12a ii (√3 + 𝑖)
𝑚

 

= (2 cis (
𝜋

6
))

𝑚

 

= 2𝑚 cis (
𝑚𝜋

6
) 

which is imaginary when 
𝑚𝜋

6
 is of the form 𝑛𝜋 ±

𝜋

2
 where 𝑛 is an integer. The 

lowest positive integer for which this is true is when 𝑚 = 3. 

 

12b i (√3 + 𝑖)
6

 

= 26 cis (
6𝜋

6
) 

= −26 

= −64 

 

12b ii (√3 + 𝑖)
3

 

= 23 cis (
3𝜋

6
) 

= 23𝑖 

= 8𝑖 

 

13a (1 + 𝑖)𝑛 + (1 − 𝑖)𝑛 

= (√2 cis (
𝜋

4
))

𝑛

+ (√2 cis (−
𝜋

4
))

𝑛

 

= (√2)
𝑛

 cis (
𝑛𝜋

4
) + (√2)

𝑛
 cis (−

𝑛𝜋

4
) 

= (√2)
𝑛

[cis (
𝑛𝜋

4
) + cis (−

𝑛𝜋

4
)] 

= (√2)
𝑛

[cos (
𝑛𝜋

4
) + 𝑖 sin (

𝑛𝜋

4
) + cos (

𝑛𝜋

4
) − 𝑖 sin (

𝑛𝜋

4
)] 
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= (√2)
𝑛

(2 cos (
𝑛𝜋

4
)) 

= 2(√2)
𝑛

cos (
𝑛𝜋

4
) 

which is real 

 

13b 2(√2)
𝑛

cos (
𝑛𝜋

4
) = 0 

𝑛𝜋

4
= 2𝜆𝜋 ±

𝜋

2
 

𝑛 = 8𝜆 ± 2𝜋 

Since 𝑛 is a positive integer, 𝑛 = 2, 6, 10, 14, 18… 

 

14 (−√3 + 𝑖)
𝑛

− (−√3 − 𝑖)
𝑛

 

= (2 cis (
5𝜋

6
))

𝑛

− (2 cis (−
5𝜋

6
))

𝑛

 

= 2𝑛cis (
5𝑛𝜋

6
) − 2𝑛cis (−

5𝑛𝜋

6
) 

= 2𝑛 [cis (
5𝑛𝜋

6
) − cis (−

5𝑛𝜋

6
)] 

= 2𝑛 [cis (
5𝑛𝜋

6
) − cis (−

5𝑛𝜋

6
)] 

= 2𝑛 [cos (
5𝑛𝜋

6
) + 𝑖 sin (

5𝑛𝜋

6
) − (cos (

5𝑛𝜋

6
) − 𝑖 sin (

5𝑛𝜋

6
))] 

= 2𝑛 [cos (
5𝑛𝜋

6
) + 𝑖 sin (

5𝑛𝜋

6
) − cos (

5𝑛𝜋

6
) + 𝑖 sin (

5𝑛𝜋

6
)] 

= 2𝑛 [2𝑖 sin (
5𝑛𝜋

6
)] 

= 2𝑛+1𝑖 sin (
5𝑛𝜋

6
) 

= 2𝑛+1 sin (
5𝑛𝜋

6
) 𝑖 
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15a (1 + √3𝑖)
2𝑛

+ (1 − √3𝑖)
2𝑛

 

= (2 cis (
𝜋

3
))

2𝑛

+ (2 cis (−
𝜋

3
))

2𝑛

 

= 22𝑛 cis (
2𝑛𝜋

3
) + 22𝑛 cis (−

2𝑛𝜋

3
) 

= 22𝑛 [cis (
2𝑛𝜋

3
) + cis (−

2𝑛𝜋

3
)] 

= 22𝑛 [cos (
2𝑛𝜋

3
) + 𝑖 sin (

2𝑛𝜋

3
) + cos (

2𝑛𝜋

3
) − 𝑖 sin (

2𝑛𝜋

3
)] 

= 22𝑛 [2 cos (
2𝑛𝜋

3
)] 

= 22𝑛+1 cos (
2𝑛𝜋

3
) 

If 𝑛 is divisible by 3 then 𝑛 = 3𝜆 where 𝜆 is an integer. Hence 

(1 + √3𝑖)
2𝑛

+ (1 − √3𝑖)
2𝑛

 

= 22𝑛+1 cos (
2(3𝜆)𝜋

3
) 

= 22𝑛+1 cos(2𝜋𝜆) 

= 22𝑛+1 

 

15b 22𝑛+1 cos (
2𝑛𝜋

3
) from part a, since 𝑛 is not divisible by 3,  

22𝑛+1 cos (
2𝑛𝜋

3
) 

= 22𝑛+1 cos (±
2𝜋

3
) , 22𝑛+1 cos (±

4𝜋

3
) , 22𝑛+1 cos (±

8𝜋

3
) … 

= 22𝑛+1 (−
1

2
) 

= −22𝑛 
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16  

(
1 + cos 2𝜃 + 𝑖 sin 2𝜃

1 + cos 2𝜃 − 𝑖 sin 2𝜃
)

𝑛

 

= (
1 + cos2 𝜃 − sin2 𝜃 + 𝑖 sin 2𝜃

1 + cos2 𝜃 − sin2 𝜃 − 𝑖 sin 2𝜃
)

𝑛

 

= (
cos2 𝜃 + cos2 𝜃 + 𝑖 sin 2𝜃

cos2 𝜃 + cos2 𝜃 − 𝑖 sin 2𝜃
)

𝑛

 

= (
2 cos2 𝜃 + 𝑖 sin 2𝜃

2 cos2 𝜃 − 𝑖 sin 2𝜃
)

𝑛

 

= (
2 cos2 𝜃 + 2𝑖 cos 𝜃 sin 𝜃

2 cos2 𝜃 − 2𝑖 cos 𝜃 sin 𝜃
)

𝑛

 

= (
2 cos 𝜃 (cos 𝜃 + 𝑖 sin 𝜃)

2 cos 𝜃 (cos 𝜃 − 𝑖 sin 𝜃)
)

𝑛

 

= (
(cos 𝜃 + 𝑖 sin 𝜃)

(cos 𝜃 − 𝑖 sin 𝜃)
)

𝑛

 

= (
cis(𝜃)

cis(−𝜃)
)

𝑛

 

= (cis(2𝜃))
𝑛

 

= cis(2𝑛𝜃) 

 

17 (1 + cos 𝛼 + 𝑖 sin 𝛼)𝑘 + (1 + cos 𝛼 − 𝑖 sin 𝛼)𝑘 

= (1 + cos2
1

2
𝛼 − sin2

1

2
𝛼 + 𝑖 sin 𝛼)

𝑘

+ (1 + cos2
1

2
𝛼 − sin2

1

2
𝛼 − 𝑖 sin 𝛼)

𝑘

 

= (cos2
1

2
𝛼 + 1 − sin2

1

2
𝛼 + 𝑖 sin 𝛼)

𝑘

+ (cos2
1

2
𝛼 + 1 − sin2

1

2
𝛼 − 𝑖 sin 𝛼)

𝑘

 

= (cos2
1

2
𝛼 + cos2

1

2
𝛼 + 𝑖 sin 𝛼)

𝑘

+ (cos2
1

2
𝛼 + cos2

1

2
𝛼 − 𝑖 sin 𝛼)

𝑘

 

= (2 cos2
1

2
𝛼 + 𝑖 sin 𝛼)

𝑘

+ (2 cos2
1

2
𝛼 − 𝑖 sin 𝛼)

𝑘

 

= (2 cos2
1

2
𝛼 + 2𝑖 sin

1

2
𝛼 cos

1

2
𝛼)

𝑘

+ (2 cos2
1

2
𝛼 − 2𝑖 sin

1

2
𝛼 cos

1

2
𝛼)

𝑘
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= (2 cos (
1

2
𝛼))

𝑘

(cos
1

2
𝛼 + 𝑖 sin

1

2
𝛼)

𝑘

+ (2 cos (
1

2
𝛼))

𝑘

(cos
1

2
𝛼 − 𝑖 sin

1

2
𝛼)

𝑘

 

= (2 cos (
1

2
𝛼))

𝑘

(cis
1

2
𝛼)

𝑘

+ (2 cos (
1

2
𝛼))

𝑘

(cis (−
1

2
𝛼))

𝑘

 

= (2 cos (
1

2
𝛼))

𝑘

[(cis
1

2
𝛼)

𝑘

+ (cis (−
1

2
𝛼))

𝑘

] 

= (2 cos (
1

2
𝛼))

𝑘

[cis (
1

2
𝑘𝛼) + cis (−

1

2
𝑘𝛼)] 

= (2 cos (
1

2
𝛼))

𝑘

[cos (
1

2
𝑘𝛼) + 𝑖 sin (

1

2
𝑘𝛼) + cos (

1

2
𝑘𝛼) − 𝑖 sin (

1

2
𝑘𝛼)] 

= (2 cos (
1

2
𝛼))

𝑘

[2 cos (
1

2
𝑘𝛼)] 

= 2𝑘+1 cos𝑘 (
1

2
𝛼) cos (

1

2
𝑘𝛼) 

= 2𝑘+1 cos (
1

2
𝑘𝛼) cos𝑘 (

1

2
𝛼) 
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