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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

" CambridgeMAT

Solutions to Exercise 3A Foundation questions

la (cos@ +isinf)°®
= (cis 6)°>
= cis 560

1b  (cos@ +isinf )3
= (cis 9)73
= cis(—36)

1c (cos 20 + isin26)*
= (cis 20)*
= cis(4 x 20)
= cis 860

1d cosf —isinf
= cos(—0) + isin(—0)
= cis(—6)

le (cos@ —isinf)~’
= (cis(-9))”
= cis(—7 x —0)
= cis 70

1f (cos 30 — isin 30)?

= (cis(=36))”
= cis(2 X —36)
= cis(—66)
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

2a

(cos@ + isin6)®(cosB + isinh) 3
(cos@ —isinf)*
_ (cis 8)°(cis 6) 3
(cis(—@))4
_ cis 60 x cis(—30)
B cis(—46)
cis(660 — 360)
cis(—40)
cis 36
cis(—486)
= cis(39 — (—49))
= cis 768

2b

(cos 36 + isin38)°(cos 20 — isin26)~*
(cos46 —isin46)~7
_ (cis 39)5(cis(—29))_4
(cis(—40))
cis 1560 X cis 86

cis 286
cis(156 + 86)

cis 286
cis 2360

cis 286
= cis(236 — 286)
= cis(—56)

3a

(cos% + isin %)4

= (cis %)4

cis (4 X %)

=cism
=cosm+isinm
=—-1+0i
=—-1
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

3b
(cos% + isin E)

= (cis %)3

= cis (3 X %)

. 3m
= cis >
3n 3n

= cos7+ Lsm7
=0-1i

=—i

3c

T TN\
(cosE + isin —)

6
= (cis %)

= cis (5 X %)

. 5m
=cis—
_ 57T+. 5w
= cos—+isin—

_ V3. 1
T ot

5

3d

( 27r+_ _ Zn)_z
cos—-+ isin—

_( _ 2n>_2
= (cis

- as(-2x7)
= CIS 3

L (—4n)
= cis 3

_ 4Tt 4m
—cos3 Lsm3

1 V3,

—=+—=i

2 2
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

3e

( 3 ,_37'[)_6
cos o= —isin—

(=)
= cis (—6 X —_371)

8
.9
= cis—

Ot 9m
=cosT+lsm—

4
1 1
= —+—i

V2 V2

3f

( 50 57r)4
cos > —isinT>

(+(3)
“(-5)

B 50 5m
= cos—-—isin—

1 V3,

==+—=i

2 2

43 14+

= /12 + 12 cis (tan‘1 (1))

1
T
=+/2cis—
cis 7

4b a1+t
17

= (\/7 cisz)
—(\/—) c1s( ><17)
= 2562cis (1?Tn>
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

= 256V2 cis%
T W
= 256V/2 (COSZ + isin Z)
= 256v_( )
NG
= 256 + 256i

5a z=1+41iV3

= /12 + (\/5)2cis (tan‘1 ?)

= 2ci n
= C153

5b z11

11n
= 2048 CiST
_ 5m
= 2048 cis—
3
51

—2048( 57T+" )
= cos—-+isin—

1 V3.
= 2048 (5—7l>

= 1024 — 1024+/3i

6a z=—/3+i

I
~
I
3
—
+
[N

N

(1 |l
()
S
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

Arg(z)

6b z7 + 64z

= (2 57T7+64 2cis 2T
—( CIS?) ( CISF)

, . (5T .
= 2’cis (?x 7) + 128c1s(

= 128ci 357T+128 L
= cis G cis 3

—128(' 357T+ ) 57‘[)
= cis G cis G
35w 35w

=128 (cos—+ isin— 4 cos— + isin—

6 6
=128<ﬁ LW 11')

7 277 t3

=0

7a V3 —i
= ’(\/5)2 + 12 cis (tan‘l(— !
= 2cis (— %)

v (V3-i)

“((5)

— 27cis (—% x7)

~ 12mcis (- 2)
= C1s 3
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Chapter 3 worked solutions — Complex numbers II: de Moivre and Euler

= 128ci o™
= cis—

7c (V3-i)
= 128ci S—n
= C1S 6
5t

—128( 57T+" )
= cos—+isin—

V3 1
=128 ——+=i
8< 2+21>

= —64/3 + 64i

8a (-1-iV3)

- /12 + (\/5)2 cis (—n + tan™?! ?)

8b  (-1-iv3)

= 32 cis—
cis—
5
8c  (-1-iV3)
— 324 21
=32dis—
_32( 27T+. ) Zn)
= cos—-+ isin—
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= —16 + 16iV3

9a  V2-iV2
= \/(\/E)Z + (—\/E)Z cis (tan_1 (— %))
=+V2+2cis (—%)

= 2cis (— %)
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MATHEMATICS EXTENSION 2

Chapter 3 worked solutions — Complex numbers I

Solutions to Exercise 3A Development questions

10a (14 10)0

- (vzas (E))m

—(\/_) c1s( ><10)

which is purely imaginary

10b  (1-iv3)’

[3)

T
— 99 (T

=2 c1s( 3 X 9)
= 29 cis(—3m)

= 29 cis(=m)

= —29

which is real

10c  (—1+0)*

— (V3 (3_”) '
= cis |

= (\/5)4 cis(3m)
= 22 cis(m)

= 4 cis(m)
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Chapter 3 worked solutions — Complex numbers I

=—4

Hence —1 + i is a fourth root of —4.

10d  (—V3-i)°

(p(-0)

= 26 cis(—5m)
= 2° cis(m)

= 26

= —64

Hence —V3 — i is a sixth root of —64.

11 If k is a multiple of 4 then k = 4n where n is an integer. Thus,
(—1+i)*
=(-1+)*

-(vzee()
- ((x/i)" cis(37r)>n

— (_22)’!1
= (=4)"

which is real as required

12ai (V3+1i)"

(2=@)
- 2meis ()
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Chapter 3 worked solutions — Complex numbers I

which is real when % is a multiple of . The lowest positive integer for which

this is true is when m = 6.

12aii (V3+1i)"

“(2=@)

= 2™Mcis (%)

which is imaginary when % is of the form nm + gwhere n is an integer. The

lowest positive integer for which this is true is when m = 3.

12bi (V3+1i)

_ 26 <6n>
cis G
= 26
= —64

12bii (V3+1i)

_ 93 (311)
cis c

132 (1+)"+(1-0)"
=(\/§cis( ) (\/—as —z)
= (V)" eis (%) + (V)" cis (-
= (v2)" [eis () + cis (- )]
= (V)" [cos (%) + tsin (%) + cos (20) — tsin ()]
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Chapter 3 worked solutions — Complex numbers I

= (\/_) (2 cos( :))
= Z(ﬁ)n cos (%)

which is real

13b  2(V2)" cos (%) =0

L
4— YA

=81+ 27

NI:I

Since n is a positive integer,n = 2, 6,10, 14, 18...

14 (—V3+i) = (-v3-i)"

(el (et

22

oo (52) (-2

= onfes(2T)

o202 o) 505
() on )

_ on [ (Snn) bisi <5nn)]
= _cos cos(— isin{—
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Chapter 3 worked solutions — Complex numbers I

152 (1+v30) " +(1-v3)™"

2n
= <2 cis (g)) (2 cis )
= 22" cis (2;171) 22" cis (— %)
= 227 [cis (271_71) + cis (— 2£>]

i 3 3
= 22n -cos (ZnTn) + isin (ZL) + cos (Znn) — isin (Zn_n)]

3 3
2nm
= 2%n 2cos( 3 )]

2nn)
3

— 22n+1 cos (
If n is divisible by 3 then n = 31 where A is an integer. Hence
(1+v3)" +(1-v3)""

2(3A)n>

— 22n+1
Ccos ( 3

= 221 cos(2mA)

— 22n+1

15b  2?2"*1cos ( ) from part a, since n is not divisible by 3,

2nm
3

2T a1 8w
= 22+l cog ( —) , 221+ 1 g (i —) , 22+ 1 g (i ?>

3 3
1
— 22n+1 (_ _)
2

— _22n

22n+1 COS(
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Chapter 3 worked solutions — Complex numbers I

16

(1 + cos 26 + isin 29)”
1+ cos 260 — isin 26

B 1+ cos?@ —sin%6 + isin20\"
~ \ 1+ cos?26 —sin%26 —isin26

cos? 6 + cos? 6 + isin20\"
c0s2 60 + cos?2 9 — isin 260

2c0s26 + isin20\"
2cos%2 8 —isin 260

2c0s%28 — 2icosfsinb

2 cos B (cos B + isin 9))
2cos 6 (cos@ —isinf)

-
(
-
-

(cos8 +isin0)\"
(cos@ —isinf)

- (CT;S&(—QG)))n

17  (1+cosa+isina)®+ (1 + cosa —isina)k

1 & ,1 S

(1+cos —a — sin §a+lsma) +(1+cos Ea—sm Ea—lsma)
1 1 k 1 o1\
=<cos §a+1—sm §a+lsma> +<coszia+1—sm2§a—131na)

k

,1 Sy ,1 1

Cos“—a + cos —a+lsma) +(cos —a + Ccos —a—tsma)
2 2 2 2

k k

1 1
(2 c052§a+ isina) + (2 cosZEa— isina)

k

1 1 1 \F 1 1
2coszza+ 2isin—acos§a> + (2 coszza— 2isin—acos—a>

2 2 2
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Chapter 3 worked solutions — Complex numbers I

= (200 (3) (s v tsmge) o+ (2c0s(3)) (cngetsmze)
= Cos Za COSZCZ lSlnz(X cos Za COSZCZ lSll‘lza

2cos () (csge) + (2eos(3e) (as(-3)
) [(os3e)  (e(-3)) |
) [ () s 3]
) )+ co gk - isn ()]
)

_ 1k | Si 1k
_cos(z a)+lsm<z a

= (zs(3)) [peos 3]

1 1
= 2k+1 cogk (E a) cos (E ka)
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