Answers to Exercises

Chapter One

Exercise 1A (Page 8)
o) —1 B 1 (9 —i @3

@i O -1 @1 O

2@) —2¢ () 3—% (¢) 1472 (d) 543t (¢) —3—2¢
3a) 122 (b) —6-+2i (9 1+5i (4 7— 113
4@) —5+4i (b) 5+57 () 14457 (d) —26+ 821
e) 24 + 107 @ 2+ 117 (h) —4
i) 28 —961¢

5@ 5 (b) 17 () 29 (d) 65

6(a) =3 (b) 1—27 () 3+2¢ (d) 1—27 (¢) —1+3¢
0 —5+32i
7@ —2—i (b) 4—3i (© 3+7i (&) 3 () —3+4i
8a) 6+2i (b) 18 (0 19—22 () 8—i (e 1+2i
@) 22+19i (b) 6+15i (0 4—20 (d) 2—3i

H —5—12¢

10@ z=3andy=—-2 ®G)z=2andy= -1
©@z=6andy =2 (@z=2%2andy=2
() =2 andy=—22
e >-8i 01 (@ %5 @ —4-51

z—i 2 —y®—2ix 22 4y® 1424
16(a) 7 52 (b) x(xzy_i_yz)zy (0 (xil)2+y2y
Exercise 1B (Page 16)
la) 2z = +£3¢ (b)) 2 =2+4i () z=—-1%x2

&) 2=3%1 (@z=%x1i ®2=-342
2a) (z — 6i)(z + 6i) (b) (z — 2v20)(z + 2V/24)
© (2—=1-3i)(z=1+3i) ) (z+2—1i)(z+2+1)
() (z—3+V5i)(z—3— V51i)

i (z+———*/—— )(z+ +34)

@ 22+2=0 () 2°-22+2=0

© 2°4+224+5=0 (d) 22 —42z+7=0

4fa) £(1+14) () £(2+14) (© £(—1+30)

(d) £(6+1) (@ £(2+39) A £(5—1i) (&) £(1—45)
) (5 — 4i)

5a) +(1—27) ) z=2—tor1+1

6() =(1+37) (b) 2=4+7io0r3—2;

w

7@ z=1—1dori (b) 2=—-3+2i0r —2¢ (c) 2 =
d+ior2—i (d) z = —2+ior 5(3—i) (e z=—5+i
or3—2i Hz=34+i0r—1—3¢

8a) w=—-1 (b) a=—6and b=13

(c) k =8 — i and the other root is 2 + 3i.

9 2z =+(2+1)

10(a) cos @ + isinf or cosf — isinf

) z=—lor 33 () z=ior +¥3 — L
12(a) z = w satisfies the equation. (c) They are
complex conjugates.

13(a) @

14(@)()

15a) +-%(1 1)
d) £V2(3 - 2i)

i<\/x/5+1—i\/\/§—1)

16(a) —2——ii<\/\/§+1+i\/\/§1>

(b) 1+i:i:<\/\/5—1—i\/\/5+1)
o —1+iV3+ (VZ—iVh)
(@) %(—l—l-ij: <\/x/ﬁ+2-i\/\/1_§—2)>

19 The term b/|b| is the sign of b.
It is 1 when b > 0, and —1 when b < 0.

b) £vV2(1+2i) (9 +(V3+1)
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Exercise 1C (Page 21) 5(a) T (b) yA

1@ (2,0) ® (0,1) (9 (—=3,5) (@) (2,-2)

() (=5,=5) ® (-1,2) B 2| Im(z)=2
2a) —34+0i=-3 ® 0+3i =30 (7—5 R -
(d) a+bi -3 X .
3(3) y“ y Re(z) = —3 X

3 ’//.\\
7 \ \

-3 \\\ -1 | \\> X
\ -1 D
¢ -3
(b) A square. () An anticlockwise rotation of
90° about the origin.
4(a) (b)
~r . (e) m ® 4
/ ™ Y 2 ‘W
L PR w11\ 20
-3/ =1 / \\\"' '\\‘:2 > \:
IR YEE: 2\l x > | >
S L, : o
~ . /, _w,~ E]
317 Re(z)|= Im(z) 2Re(z) = Im(2)
In (a) and (b) the points form a square.
() VA @ ya
2 W
1t/ 3
= 2
—1 ‘\\ “\3_ X 1
-2 \__ z
w
6 y 8 4
Conjugate pairs are re- With O the points form S 2
flections in the real axis. a parallelogram. A _
NS B -z z
(e) YA ( P ~ < >
) N B il N
//" \‘\1\ 2 X e R U
2l W R -1 r \‘Q -z z
(wwg\':’] // /::‘:AZ )
x 2 411 3%
1 10(c) right-isosceles
11 It is the circle centre (0,—1) with radius 1,

omitting the origin.
12 It is the circle centre (3, 0) with radius 3, omit-
ting the origin.

Again, in (e) and (f) the points are the vertices of
a parallelogram.

14 Tt is a parabola with focus the origin and di-
rectrix x = 1.



15(a)

-

Exercise 1D (Page 28)
)3 ®5 © V2 @2 (5 017

2 ™ B) 3 () —F @3 3% M -3¢
3(@@) 2cis g (b) 4cisT \/—0134 ) 2cis (_%)

(e) 2<:is—2—3—)7L 4] ms( 3”)

4(a) 5¢is(0-93) (b) 13cis(—0-39)
(© V5cis(2-68) (d) v/10cis(—1-89)
5@) 3 (b) =50 (9 2V2 + 2v/2i
& —V2+V2i (ﬂ —1—\/§¢

6@ V2cis (—%) (b) V2cisZT (0 V2cis 3
(d) \/§CIS4 (e) 2(318( 2) Gl %cis (—%)

d) 3v3 —3i

7(a) 10cis % 3 (b) 9cis36 () 2cisT  (d) %cisa
(e) 16 cis f 8cis8 7

8(a) 2v/2 ( 3\/_ @ 4vV3 ©5 ® Vb
%) § b =% (9 ~§ @ § (e 0-93 (53°)

() 203 (—117°)
10@ i b -1 © 3(1+iV/3) @

@ 3(—V3+i) ) —i @© J5(1—9)
(h) —5(14—2\/_)

(=1419)

11 VA
C
Q\
\\\ .A
2”\\\ /!r
%2 D(OD=1r)
o \‘7?\\‘03 x

13(a) z1 = 2cis§ and 29 = 4cisy  (b) 2122 =

8 cis 3Z 5 and = 2cis {5

14 z; = 2c1s 5, 22 = \/§cis(—3f),

2129 = 2\/§cisl7‘—2 and ff = 72 cis 2%
H(VB+1)+iV3-1)) ) v2eis

© 575(V3+1)

16(@) V2 () T (0 1+

24 z -+ w = 2cos (%) cis (@)

25(a) When Im(z) = 0.
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Exercise 1E (Page 34)
1@ 744t (b) —3+2¢ () 3—21

) —3+4i () 1+7i ( —4—3i (d —~7+4
3 —3+6¢

4(a) B represents 1 + 3i, C represents —1 + 2¢
b) —V2+2v2i

S@) 4+3i (b) —3-+4i (0 2470

6@) —5+12i (b) —3 — 4i

8 F represents wq — wy, F represents ¢(we — w1),

C' represents ws + i(wy — wy) and D represents
wy + i(we — w1).

9(a) Vectors BA and BC represent z; — zo and
23 — 2o respectively, and BA is the anticlockwise
rotation of BC through 90° about B. So z3 —25 =
1(z3 — 2z2). Squaring both sides gives the result.
(b) 21 — 22 + 23

10(a) 2wi (b) Tw(l+ 20)

11 —2 and 1 — /33

12@) w=—4+3ior4d—3i (b) w=—-1+7Tior
T+i (© w=3(7T+1) or 3(—14 7i)

13 —2 + 24, 121, 4

18(a) 21 =2cis §, 2o =2cis T (i) 35 i) F
19(c) The sum of the squares of the diagonals of a
parallelogram is equal to the sum of the squares
of its sides.

20(c) parallelogram (d) arg %> = 7, so % is purely
imaginary.

23 Use the converse of the opposite angles of a
cyclic quadrilateral.

24 Take the argument of the fraction in the hint.

The result is arg <E§> — arg (23 Zl). These
z9 Z9 — 271

are the angles at 0 and z; which, by the angles in

the same segment theorem, are equal. Finally, use
the result of Question 24.

Exercise 1F (Page 42)
1(a) VA
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{©) YA (d) YA
1 -1 1 3
Z12 \ >
— N X
-1 X
-1
(e) y (f) y
_4 R
2 Sy X
v > ( -2t |
-2N3 o \ /
2 N _4/ )
10(b) \/gcmg = @(1 +iV/3)
11(a) arg(z +3) = T (b) |z| = 22, argz =
@ —§+ &0
12(a) A (b) YA A
2 2 @B
-1 ys X 1\ 3 )5 X
-2 -2

(b) This is simply part (a) shifted left by 2.

14(a) YA

(b) 15 () 9+ 12¢
15(b)(i) |z + 2| = 2, centre —2, radius 2
@ |z— (1+1¢)| =1, centre 1 + i, radius 1
(i) |z —1| =1, centre 1, radius 1

16(a) The line through 1 and 4, omitting i.
(b) The circle with diameter joining 1 and 7, omit-
ting these two points.

17(a) Vi (b) ya

=V

1 x /
/1 _1
18(a) A (b) YA
3 3
1+-- = \ 3 >

M vV5+1landv5—1 +/26+3 and v26 —3
i 2v/2+1 and 2v2—1

(©) ‘IZO‘ - rl <z <zl +7

(i) ‘|ZO — 2] —r| <le—z| < |zo— 2|+ 7

19(a) straight line external to z; and 22 (b) major
arc (c) semi-circle (d) minor arc (e) interval
between z; and 29

20 It is the circle with the interval joining z; and
29 as diameter.

21(b) The graph is the perpendicular bisector of
the line joining 2z; and zs.

Exercise 1G (Page 51)
18) (2-2)(z+1—V3)(z+1++3)

b) (z—-1)(x+2-V2)(z+2+V2)

© (z—D(@—-1-V5)(z—-1+V5)

2(a) The coefficients of P(x) are real, so complex
zeroes occur in conjugate pairs. (b) 6

3(a) 1 + 24; the coefficients of P(x) are real, so
complex zeroes occur in conjugate pairs.

(© P(z)= (z+2)(z* ~ 2 +5)

4(a) 3i; the coefficients of P(z) are real, so complex
zeroes occur in conjugate pairs. b) 2> +9
© P(z) = (22 +3)(z* +9)

5(b) 0; the coefficients of P(z) are real, so complex
zeroes occur in conjugate pairs.

©0 Pz)=(22z—-1)(z—3—1%)(2 —3+1)

i) P(z) = (22 — 1)(2% — 62 + 10)



6(a) The coefficients of Q(x) are real, so complex

zeroes occur in conjugate pairs. (b) 3 + \/5,
3-5

©) (z—20)(z+2)(z—3-v5)(z—3+V5)
i) (z2+4)(z—3—-v5)(xz—3+V5)

i) (22 +4)(x* — 61 +4)

7@ =14+3¢,30r—-2 () x=1+i0r2+1
8b) =3, -5 4+ i, -1 - %3

9@ a=3 (b b=1

(© (22 —62+10)(2* — 62 + 13)

10(b) k =3

1p) m=7,n=—4

12@@) —7 — 4t (b)) =7+ 4i (i) 22 — 7
13b) P(z) = 2(2* —2)(22* — 1)

$0 one root is z = v/2.

© V2, 45, —V2, 35,

and iV/2, %z, —iv/2, ——Af—ﬁi

14(@@) P(z) has minimum value B, when z = 0.
Since B > 0, it follows that P(z) > 0 for all real
(b) —ic,
P(z) are real, so complex zeroes occur in conju-

values of zx. —id; the coefficients of

gate pairs.
15(a) They form a con- (c) 1
jugate pair, since P(x)

has real coefficients.

/ x
16(a) The minimum stationary point is at z = 1.

f(1) = k—2 > 0. Hence the graph of f(z) has
only one z-intercept which lies to the left of the

maximum stationary point at x = —1.
(o) f(z) has real coefficients (d) —14, 7+ 12;
17 HINT: consider P(z) — P’'(x)

18(b) —1 + 2¢ is a double zero of P(z) (c¢) The
coeflicients of P(z) are real and —1 + 2¢ counts as
two of the zeroes of P(z), so its conjugate —1 — 24
must also count as two zeroes.

P(2) = (24+1-20)?(24+142i)* = (22 +22+5)?
22(b) (2—a)?(z—a@)?is a factor. (c) HINT: Begin
by writing: P(z) = (z — 2Re(a) + loz|2)2 x Q(z)
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Review Exercise 1H (Page 53)
la) 1 =57 (b) 18 —26¢ (c) 5+ 24

2@ (2+10i)(z—10:) (b) (z+5—39)(z+5+37)
3(a)
(
(a

z=4+3tor4—3i (b) zz—%—k%ior—%—%i
aa) +(3—2i) (b) £(3+/24)
5@ z=24+t0or3—i () z2=24+3t0r4d— 21
6 37 = —3iis also a zero, so (2—31)(2+3i) = 2% +9

is a factor.
(

7(a) The coefficients of P(z) are real. (b) 4

(c) P(2) = (z — 4)(2* — 4z + 29)
8(a) \/—c1s(—z) (b) GCis%7r
%) 4i (b) —v3—+3i
10(a) 6015%’7 (b) 2cis50 (c) 9cisba
11(a) P (b) y
\2 #2+2i
2 It > ’
, . 12 X
_ x

2 2 p=2-3

(c) e (d) V4

Vi
Y
w

-1 1

i
|
i
|
1

3@) 5(V3—1)+5(V3+1)i (b) z=2cis & and
= \/_013 (c) \@cis?—g
14(3) 3, (b) YA
1} 21

A

=V
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15@) 3+95 (b) —5+3% () —1+1

16@@) 1 —54, 7+ 37 (b) 3+6i, —3 —2¢
18(a) 22 (b) 12X
21 Use similar triangles.

22(b) V5 + 1

Chapter Two

Exercise 2A (Page 64)

1(a) equality (b) implication (c) equivalence

(d) for all (e) there exists

2(a) If a triangle has two equal angles, then it has
two equal sides. True. (b) If the square of a
number is odd, then the number is odd. True.
(¢ If T have four legs, then I am a horse. False.
(d) If a number is even, then it ends with the digit
6. False. (e) Every rhombus is a square. False.
) If n >0, then v/n € R. True.

3(a) True (b) False (c) False (d) False (e) True
f True

4(a) Not all cars are red. (Alternatively, some cars
are not red.) (b) a <bora #b (¢ Hillary does
not like steak or she does not like pizza. (d) Bill
and Dave are both wrong. (e) I live in Tasmania
and I don’t live in Australia. (f) Nikhil doesn’t
study and he passes.

g r<—-3orz>8 (h -5<x<0

5(a) If my plants do not grow, then I haven’t wa-
tered them. (b) If you live in Melbourne, then
you live in Australia. (¢) If a triangle does
not have three equal angles, then it does not have
three equal sides.  (d) If I like motorists, then I
do not like cycling. (e) If a number is even, then
the previous number is odd. () If £ > £, then
a < b or a and b are not both positive.

6(a) If a number is divisible by both 3 and 5, then
it is divisible by 15. Conversely, if a number is
divisible by 15, then it is divisible by both 3 and
5. (b) If a triangle has two equal sides, then it has
two equal angles. Conversely, if a triangle has two
equal angles, then it has two equal sides.  (¢) If
the only divisors of the integer n, where n > 1,
are 1 and n, then n is prime. Conversely, if n is
prime, then its only divisors are 1 and n. (d) If
a quadrilateral has a pair of opposite sides that
are equal and parallel, then it is a parallelogram.
Conversely, if a quadrilateral is a parallelogram,
then it has a pair of opposite sides that are equal
and parallel.

7(a) true  (b) false, 3 x (=1) < =1 () true
(d) false, £+ > (%)2 (e) false, | — (—=1)| # -1
(f true



8(a) false, 2 > —3 but 22 < (—3)? (b false,
(—3)2 > 22but —3 < 2 (¢) true (d) true (e) false,
24+ (=1 <[2[+]~=1] @ true

9@ = b) & (& W= (¢ & (=
10(a) false (b) false (¢) true (d) true

11(a) If Jack does Extension 2 Mathematics then
(b) Jack does Extension 2 Math-
(¢ If Jack does
not do Extension 2 Mathematics then he is crazy.

he is crazy.
ematics and he is not crazy.

(d) If Jack is not crazy then he will do Extension
2 Mathematics. (e) If Jack does not do Exten-
sion 2 Mathematics then he is not crazy.  (f If
Jack does Extension 2 Mathematics then he is not
crazy.

12(a) For each integer there always exists a larger
integer. (b) The sum of any positive real number
and its reciprocal is greater than or equal to two.
13(a) true (b) false (¢) true (d) true

14(a) They are both false.

(b) If 1 < 0 then 1 is a negative number. True
15(a) yes — consider the contrapositive of (1)

(b) unknown — studying hard is a sufficient condi-
tion for passing, but it is not a necessary condition
16 If either Anna or Bryan passed, then Chris
passed. So since the statement is negated, Chris
failed.

17 Pender is the driver.

Exercise 2B (Page 68)
1(a) [HINT: An even number has the form 2n,
where n € Z.]  (b) [HINT: An odd number has
the form 2n + 1, where n € Z.]

4a) [HINT: If b is divisible by a, then b = ka for
some k € Z.]

6(a) [HINT: Let the consecutive integers be n — 1,
n,n+1and n+2.]

8 [HINT: Find a pair of simultaneous equations.|
10 [HINT: Factorise the expression, then explain
why it is divisible by both 2 and 3.]

13 [HINT: Let the consecutive integers range from
n—3ton+3]

14(b) No. There will always be a remainder of 7.
15 [HiNT: A 4-digit number with digits a,b,c,d
has value 1000a + 100b + 10c + d.]

16(c) [103: +y= 13m] & [:c + 4y = 13(4m — 395)}

18(a) A factor of n is of the form p°q?, where
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c € {0,1,2,...,a} and d € {0,1,2,...,b}. So
there are a + 1 possible values for ¢ and b+ 1
possible values for d. So by the multiplication
principle, there are (a + 1)(b+ 1) possible factors
of n. (b) 40

19 [HINT: Consider the expression (a—c¢)(b—d).]

Exercise 2C (Page 72)
3(a) If @ is even then a? is even.

10(a) An odd number lies between two consecutive
multiples of 4. It is one more than the smaller
multiple of 4 or one less than the larger multiple
of 4.

16(a) If p is not prime then 3 a,b € Z* such that
plab=pfa and pfb.

Exercise 2D (Page 78)
6(b) Use part (a) three times.

8(a) Use Question 6(b) with p = a? and so on.
(b) In part (a) replace a® with ab and so on.

(© Use parts (a) and (b).

9(c) Use part (b).

(d) Use part (c) with a® =z and so on.

1@ & -4 464 1 b

12(a) Use the given AM/GM inequality twice on
the RHS.

13(d)(i) The triangle inequality: the length of any

side is less than (or equal to if the points are
collinear) the sum of the other two sides.

(i) Use part (i) three times then add.

14(b) Expand the LHS and use part (a).

(o)) Begin with LHS — RHS.

16(a) Begin with LHS — RHS.

18(c) When z = kw, with & > 0, or when either
z=0o0rw=0.

Exercise 2E (Page 83)
8(a) x>1+\/§orac<1—\/§
25(a) Ben may pair (n — 1) other players. In each

case there are (n — 2) remaining players. In each
case, the number of derangements for those play-
ers is D, _2. Hence multiply to get (n — 1)Dp_o.
d) D1 =0,Dy =1
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Exercise 2F (Page 88)
1@) |AOAB| = % cm? | 3 cm?
b)) |AOGH| = (2 —/3) cm?,
dodecagon area = 12(2 — v/3) cm?
2a) 5(4+V3)

3(a) % and % square units.

4a) (1 —e)sq. units (b 1(1+e")sq. units

(©) 6_% Sq. units

6(b) It diverges to infinity.

7(c) (2:9‘32_17’ h'l_ai%Q_IZl_b)
(

b Ay

=<3

10(a) (0,1) is a maximum turning point, (10,0) is
a minimum turning point.
(b)) y —00asz — o0,and y — 0 as z — —oo.

(c) YA

10 X

11(c) When z = kw, with & < 0, or when either
z=0orw=0.

12(a)i) 6° = 46656, 3 x 55 = 46875

(i) 5 x 6% = 233280, 2 x 7% = 235298

13(f) 0-693

16(c) n =9

18(b) In part (a), put f(z) =272 a = (n—1) and
b=n.

20(a) Put f(z) =z — 1 — logx.

Show that y = f(z) is concave up for all z > 0.
Show that f(z) has a global minimum at z = 1.

n
(¢ Put p, = m so that Zpr =1.
r=1
Also npy = 2=, where y = e

Review Exercise 2G (Page 93)

1(a) If the opposite angles of a quadrilateral are
supplementary, then it is cyclic. True. (b)y If
two numbers have an even sum, then they are
both odd. False.
rhombus. False.

(c) Every parallelogram is a

2(a) Not all mathematicians are intelligent.

(b) Suzie does not like Physics or she does not like
Chemistry. (¢ I am on vacation and I am
working.

3(a) If T don’t have two wheels, then I am not a
(b) If the last digit of a number is 6,

then the number is even.

bicycle.
(c) If a quadrilateral
does not have four equal sides, then it is not a
square.

4(a) If a number is divisible by 2, then it is even.
Conversely, if a number is even, then it is divisi-
ble by 2.
bisect each other, then the quadrilateral is a par-

(b) If the diagonals of a quadrilateral

allelogram. Conversely, the diagonals of a paral-
(0 If 3 ¢ € Z such
that a = bc, then a is divisible by b. Conversely, if
a is divisible by b, then 3 ¢ € Z such that a = bc.
16(b) 3
23(c) From part (b), /n is not an integer, so it is

lelogram bisect each other.

not rational.



Chapter Three

Exercise 3A (Page 100)
1(a) cisb0  (b) cis(—36)
(e) cis76 (f cis(—60)

2(a) cis 76 (b) cis(—56)
)~ ) i Bl -
@ s+ dsi 01+ L

a) V2cis T (b) 256+ 256i

cisZ (b) 1024 — 1024v/34

(©) cis80 (d) cis(--0)

+ 3

N

)
) 2cis (—T) (b) 128cis 3T () —64/3 + 64i
) 2cis (—25)  (b) 32cisZE (9 —16+16V3i
) 2cis (%) (b) 2%%

—64, 8i

—
N

o
=
=
| D
=
w
=

Exercise 3B (Page 102)
5(b) =
8c) b=2,c=-1

(d) No, since sin & = sin 9% and sin 237 = sin iz
_ V51 _ B+l
(e) Snlo =7 sin g 10 =g

— 112 cos® § + 56 cos® § — 7 cos b

7 .

i ! " 5 7 11
10(b) 0 :07 %) "Ey T %) _éz
13(b) z:%j:T?’iorgj:%i
14(a) 8(1 - 108 +24s* — 165 )

Exercise 3C (Page 108)
1
2

1(a) cis0 =1, cis 2 = — L + L,
cis (~2) =3~ Li @p 1 @O0

_ 1 3, 1 3 1 3
2(3)Z—i17§+72, 573 b —-2‘-{—77/7
—: =20 (o 224 1)(2+z2+1)

1,1 11 11 . a1
3(a) ﬁ+ﬁl,*—§_ﬁl, —7§+%'L, 7z \/57/
b) (2> = V22 +1)(z" +V2z+1)
aa) i, —i, P41i, L1 Byl By
5(a) cis (—Z%), cis (—35), cis 5, cis 5 = i, cis 7§
(b) cis (—3%), cis (= %), cis 3T, cis F
© 1++v34, -1 -3, \/_—7, 3+
(d) 2c1s( 7Y, 2cis (—35), 2cis (—45), 2cis 12,
201s—
6a) —1, cis Z, cis (—%), cis 3%, cis (-2)

7(@) 1, cis (£Z), cis (£4F), cis (%)
(© (z—1)x (2> —2cos & z 4 1)x

Answers to Chapter Three 289

(2> —2cos 4T z+ 1) x (2* —2cos F 2+ 1)
8a)i) 1, cis &&, cis (—2F), cis 47, cis (—4)
9a) cis 2% for k= —4, -3, -2, -1,0,1,2,3,4
11(b)ﬂ—p +0° 40 ©a=1,b=2
12(a)i) cos46 = cos* 6§ — 6cos® fsin® 0 + sin? 6,
sin40 = 4 cos® sinf — 4 cos Hsin® 6
(b) +— (3+z) +-L (1 — 31)
14(a) 3 When k is a multiple of 3, 0 otherwise.

b (1+w)" = :ZO (7;) w" and

15(a) The roots are —icot (2—k4_;})—75
fork=1,2,3,...,2n.

Exercise 3D (Page 115)

1(a) e3i€ (b) e—6i9 () 68i9 (d) 610i9
0

2a) e () 50 () 20 (g 20

3(a) 261’71/2 b) \/ieiﬂ/él © Get™ (d) 262i7r/3
e) 3\/56_3i7r/4 ) 4e—i7r/6

aa) =5 (b) 2+L20 (0 —4i (@) —V3+i (o) 2—2i
f) —2v/3 — 64

5(6) 2\/§6iﬂ'/12 (b) %6_7”‘-/12 C) 8\/§€3i7r/4

d) 24/2 llin/12

6la) —64 (b) 4—4i (o -3+ i
(d) —648 — 6481/3

11(a) n is divisible by 4 (b)) n = 2,6,10,...

(¢ nis divisibleby 6 () n=2,2 15 .

12(b)() 2isin36 (i) 4cos’ (i) —8isin

(iv) 2cosf(2cosf +1) (v) 2(sin30 —sinb) i

13(a) cosf = ( i +e“i9) (d) tan 8, cotf and
cosec 6 are odd, sec# is even

@) 22+4 @) 22—z2+1 (@ 22+8 (@) 2* +4
15(b) €% =1 with —27 < ¢ — 0 < 2.
This has only one solution, which is ¢ —

> 3

6 = 0.
(¢) If two complex numbers are equal, then they
represent the same point in the Argand diagram.
Hence the moduli are equal and the principal ar-
guments are equal.
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Exercise 3E (Page 120)
1a) 2 = 2e™%  (b) 2i = 2! (5 +27) fc 7
(d) z = V/2e 3/4 \/oeim/4

() 2=—-1—14,1+14

2a) —1 = et b) —1 = ez(7r+2k7r) ke?Z
(d) Z:e—3i7r/4 —in/4 z7r/4 3171‘/4

=i 1, L 1,1 .1, 1 41;
(e) Z—_E \/57/)\/5 \/57'7\/5‘1'\/52, \/5‘{'\/5@

3a) i =e 2 (o) —j = {(T/2H2%T) o7

d) z = eifr/2, e—‘iﬂ/6, 6~5i7r/6

(e) z:i,é—%i,—é—%z

7(c) cos T = —j’—‘/i L cos 25’1 = —‘/5_1

9(a) cos®d = 2 cos 6(9+ 5 COS 46’ + cos 20+ 5 5
10(a) sin® 6 = f—lsmé — % sm 36,

sin® @ = 6511150 651n30+—81n0 (© 4%76

ll()z—lzl:izor—i

12 a—2ln2,b-——

13(a) 2cos Acos B
e —e

s
4

—1i0

14pb) tanf = —————
(b) 7;(819 +e—19)
2t
15(a) “——
17@) z=e™ i for k=0,1,2,...,2n

Review Exercise 3F (Page 123)

1(a) cis78 (b) cis66

2 —1

3(a) V2cis (=) (b) —64 + 64i

4@) 2'3 (b)) n is even or a multiple of 3
5(a) cos®0—15 cos? 0 sin? H+15 cos? O sin? —sin® 6,
6 cos® 0 sin 6 — 20 cos® Asin® 6 + 6 cos § sin® 0
6(a) 2%+ 422 +6+4272 4+ 274,
2446 —4272 4 2

7(b) —43

8 z = 20 7/2 2¢im/6 9gbim/6

9(a) «/icis 52 for k= —7,1,9

(b) cis 7 L for k=-11,-7,-3,1,5,9
10(a) 867.'"/6 (© 26 1127\'/18 2€i7r/18 % 13imw/18
11(d) —7cos36+ I £ cos 50 — cos 0+ C

37 77r 9 V541
12(b) x = cos 7= 10, cos 10,cos T0:C0s 35 (e) 3

14(a) 013— for k= -5,-3,-1,1,3,5,7
15(a) e’m/f’ for k = —4,-2,0,2,4 ()i —1 and
V5

180 —1 (¢ 5

Chapter Four

Exercise 4A (Page 126)
1a) 3¢ +C (b) —fcosb5z+C (¢ 2tanlz+C
) 11n|3:c—4|+0 o 4z +C ) Z5+C

2(a) — 2(295 5+C () sinTt €4+ C

(c) -é—e +C (@ ztan ' Z4C

(@ 2In(z* +x+1)+C @ %(m2+1)5+0

3@ 2A”=1) ) F @ F @F @i 0
4(a) es +C (b) 11n(1+sin3x) C

(0 % anz? +C (d) -2—511—I5+C

(@ In|z +tanz|+C () sin"te® +C

5@) —20 (b) $n2 (9 ;%= (@) In<f (g &

A In2

6 In2

7 iz 4
2

9713

INE

Exercise 4B (Page 128)
la) z+Injz -1 +C () z—2Wnjz+1|+C
© z+2lnjz-1/+C

26) 1—In4 () 1—%In5 (g m—1

3)) 2—3 () T+1In2 (9 2(m—In4)

372
(d) %Jr%an
1
)\/_ﬁ? ) log(z + V22 +a?) +C
©i) log (x—l— V2 4+ >+C (i) 2log3

5(a) %x‘? zlln(a: +1)+C

b) G~ te—lnjz+1|+C
o) &+ = +:Jc—|—lnjx—1|+C

) L —z+tan” 'z +C i) 2 —In(1+e%) +C
%( YV2+z+C () —22+2)VI—z+C
iz —21n(:v +4)—|—C

6(a) 1n(e+e D) élnegfl (© & +1n2

7@) 2% +Injz+1/+C () 12°+3Injz—2[+C
© z+In(l+2%)+C

8(a) _ b) log(z + Vz?2 —a2) +C
:L'Q _ a2
(o)) log <a: + Va2 — ) +C

@) log (fiﬁ) log (1+‘/_)
9 2In(1 ++z)+C



Exercise 4C (Page 132)
1) 3@ +1°+C b H1+a%)+C
© —12=+C W erC

© V340 | D 3ViTeE 0
2a) 5= +C (b) Tz 0 ©
(@ 2sinyz+C (e $tan™'z®+C
® isin”'z®+C
3@) 2 () 2-/3
(d) % (e) % (f 2

4(a) —ﬁ (b) Begin by writing z = (z — 1) + 1.
— (1 +2)Vi4+z+C

t(nz)®+C

c) 3(\/—3: - \/5)

b) 22 (©4+10In2 (@ %5
b 2z —2)Vz+1+C
()2s1n‘1£——x\/4—x2+0

(@ —¥2== 4+ C @) —2V1+a2+C
9(a) % (b) Begin by writing z° = z(2* + 1) — z.

=

egm by ertmg z2=1-(1-2%.

V22 —14C; (b) tan t Va2 —1+Cy
2{6(4"{‘6) (b) V3

8 4(2+€) 8

l&g

Exercise 4D (Page 139)

0 2577 ® spn 30 © r3tas
@ 25— 357 © s taery O oyt
a) Injx —4|—In|z —2|+C
b) 2ln|z + 1| —2Injz + 3|+ C
¢ 4lnjz —2|—Injz — 1|+ C

—Injz+3[+C

e) In|lz+ 1|+ 1n|2z+ 3|+ C
f) 2ln|z+ 1|+ 3In|22 - 3|+ C
(d) ~21-1112

(

(c)

(d) 3ln|z — 1]
(e)

(

3a) tnd ) In2 (@ Wit
4a) In|z — 2| —2tan"t x4+ C
(b) In|2z + 1| — 2In(z® +3) + C

(© tan™'z +3In|z| —In(z? + 1)+ C

5(a) ——hrl2 b) T+1n2 (¢ ln4—§ln3

6() S5lnlx — 1| + 7ln|z — 2| — 121n|2:1:— 3|+ C
) 2lnjz|—5lnjz—2[+ Iln|z—4/+C
7@ 2In3—In2 (b) 2In3 —8In2

8a)i) A=2, B=1C=-3

@ 2z +Injz—1] -3lnjlz+2/+C

®)i) z+Injz—2|—2In|lz+ 1|+ C

Answers to Chapter Four 291

() 3z+2In|lz+4|+n|lz—-5/+C
9a)i) A=1,B=-1,0=2,D=—
i In3+In2—1 () 124 1n2

0@)i) A=3,B=12,C=2
()3x+121n|x—2|—-—+0

b)) A=23, B=10,C=-23, D =13
i) 23In|2=L| - 2% — 23 4 C

12) A=0,B=-1,C=0,D =2
13@) z+Injz — 1] ~ln|lz+ 1|+ C

b) z+2njz -1 ~Iln|z|+C

( “ly+njz|- i@+ 1)+ C

) z+9lnjz - 3| —4lnlz—2|+C

() 32° —z +5In|z| —4ln|z+ 1[4+ C

0 22°+ 22 + Tz + 16|z —2[ —In|z — 1|+ C
Exercise 4E (Page 143)
la) ttan ' £4+C (b) sin ' Z+C

(© gln m+3|+0 () $ln |32 4 C

(e) ln‘x—i— \/9+x2‘+0 ® 1n‘x+\/x2—9|+0
2@) tan~(z +2)+C ) Ftan”! (2) +C
(@ sin"'Z=2 4+ C (@) sin 'L 4O

(e) ln‘x—3+\/x2—6x—l—13 +C
® %1n.x+1+\/x2+2$+%\+0

38) BT ©F @I (W3 (0ln3

a) In(x? + 22 +2) —tan™(z + 1) +C

b) 1In(z? + 2z +10) — $tan™" 2 + C
—\/6x—x2+3sin_1x—§§+0

d) —\/4—2x—x2+2sin_1%+0

(e \/x2+2x+10—ln‘x+1—l—\/x2 +2m+10l+
C

® \/x2—2x—4+41n’:1:~1+\/x272x~4‘+0
5@ $In2+Z () 13r—In4) (© In2—-% () 2—
V3T (e 3In(3+2v2) — 42

0 1n<1+\/§>+\/€~1
x—\/l—x2+0
(b) 6—|—x——x2+ n~'2=l 4O
© Vz 17111’354—\/ — I—i—C
-l-\/_ 2 ()BSin”l%
2\/5—\/_+1n(2+f>

3+2+/2
8(a) \/ﬁ is undefined at z = 0.

6(a) sin~
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Exercise 4F (Page 148)
1a) e*(z—1)+C @) —e *(z+1)+C

(9 2e**(3z+2)+C () xsinz +cosz +C

(e) ——(x—l)cost—l—*stxﬁ—C

H (22 —3)tanz + 2In(cosz) + C

2@ b)) F-1 ©Z—Lilm2 @ i(®+1)
@e ' M 1+e?

3@ z(lnz—1)+C @) 2z(lnz—-1)+C

(© zcosta—v1-22+C

(a) ———ln2 b 1 (3%
5(a) (21nx——1)+0 (
(©) m(lnx+1)+C’

6(a) (2—2:r+a:2)ex+0
b) z?sinz + 2z cosz — 2sinz + C
o z(lnz)? —2zxnz + 2z + C

7 b) 5(1+V2) © §F
(a) $e”(cosz +sinz) + C

b) —ie *(cosz +sinz) + C

@ $(e"—2) () $(e¥ +2)

S

b) $2°(3lnz — 1)+ C

(
(

1
a) —4—

==

© =

106 5i=(r—V3) b LT (o 72
12@) ;z°(2lnz —1)+C
) 32 (2(Inz)’> —2lnz +1) +C

14(a) (x a? — 2% + a? sin‘l(f)) +C

mln'm+\/x2+a2I—\/x2—l—a2+C’
(© xlnlx—l— \/xQ—aQ‘ —Vz2—a2+C
15(a) 35 (sin 4z —4x cos 4z +8 cos 2z —4 sin 22) +C
b) 75(3zsin3z + cos3z + 9z sinz + 9cosz) + C
(c) 35€”(sin 3z — 3cos 3z + 5sinz — 5cosz) + C
6@) =(3V3—7) (b H(r+2n2-2)

Exercise 4G (Page 154)
1@ sinz+C () —cosz+C () —ln|cosz|+C
(d) In|sinz|+ C

2(a) ésin z+C (b) —%cosg’x—%-C’

(€ cos®z —cosz+C (d) sinz — %sin‘?x +C
(e)
()

3sm z+sinz +C

sin*z — tsin®z+C

L

3
%sm x —
1

1

3a) 7 (b) {5 (@ g

4@) tanz +C (b) tanxz —xz + C

(© ztan’z+tanz+C (d) % tan®z—tanz+z+C

@) 7 O 5 © g @ ne © 5 05
6(a) -1—2-(31n 4z + 8sin 2z + 122) + C

(b) 35(sindz — 8sin2z + 12z) + C

(© 1

-1—(24517 — 8sindz + sin8z) + C
) $In2 (9 F(tan '24tan"' 1) =12
(b) %(Hﬁ) © &

10@) Lsinz+Cy () —Lcos2z + Co
11a) 3 (b) @

126) 5 (b 3

13(a) —% cosdx — i cos2zx + C

b) ——cos4x+~cos2x+C’

1 sin 8z + % g sindzr + C
14@) 5 ®) & (c)%
156 tang +C ) In| i+ C
(c) %1 ‘124_2*;?% +C
17 %sm3€+sm 0+ C

Exercise 4H (Page 158)

3b) 5(e* —1)
4(c) %
6(b) (Z)° —30(Z)* + 360(Z)2 — 720
) &~ 4+ lin(l+2?) +C
8b) In =1, Iy = :%%
ob) ug = 2o
100) Jo=—1zv1-22+Lsin 'z +C
12(d) (142 — 16)
13(d) %((1 +22) + 8(1+2%)° + (1 +2%)?
+12(1 + 2%) + %)
2n
15(d) J, = 2(”—_1—3 Jn_1
16(d) J5 = 7 (2In2—1)
17) § - 5

Exercise 41 (Page 161)
1(a) 31—6 ) 7 © ¥ @ 2-2mn3

0 15
'z+iln(l+2%)+C

2(a) \/1+x2~|—C ) tan~
2m+1'+0

(@ 2v2—1

c gcos Sz+C (@1 e
1r*nz—La'+C 0 Lcos®2z—1cos22+C
) 1ta,n*“”% + C (h) zsin3xz + %cos?m:-f— C
i) %(x—8)\/m+0

4a) A=—2, B=2 C=-1

6@) 2v3 (b) 24\/_

8(a) A:O,B_—2,C:0,D:2 b 5—1

10 %aZ sin~? 2+ %x\/ a2 —-z2+C

11(b) T%(Tr%—ln%)

120 P=2,Q = -1

(b) 22 —In|3sinx + 2cosz — 1|+ C

14(b) 6 — 2e

17(c) If pg < 0, then 0 € [p, ¢] and v is undefined
at t = 0.

o

(c)
(
(
(



Review Exercise 4J (Page 164)

@) 1e”°+C 1) (@ +1)+C © H1+2?)°+
C (@) —icos*z+C (¢ 3In|z—3|+In|z+1|+C
) —iwe ™ — e+ C

2() tanz —xz+C (b) %(3-!—93)% —6(3+x)% +C
(€ 3tan™" ()

(d) 3xsin%m+9cos%x+0 © z+lnjz+1|+C
® 2In|z|+ in(z* +1)+C

3@ ;2= +C ® gln(zﬁ—;})JrC

¢ 2vz —4In(2+ )+ C

d) %tan_l (3tan3z) +C

@6 b In6 (© 55 (@ 2-3Inf (@ 555 O 7
5@) 2 b) 14— T (9 & @ 75

(
(

2
@ 5 —2v3 0 35

6f@) 3In2 ) & (© 7 (d In(2+3)
8 I, = 1z*(lnz)" — Inl, 1
9b) 3T

100) (20 —1)Jp, =271 420 — 1) Jper (@ B
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Chapter Five

Exercise 5A (Page 171)

1 The zy-plane with equation z = 0, the x2-plane

with equation y = 0 and the yz-plane with equa-
tion = 0.

2(a) 2nd (b) 5th (c) 4th (d) 6th (e) 8th (f 3rd
3@ (3,2,—1) () (—5,2,5) () (3,12,5)

(d) (87 2, 12) (e) (3¢ -1, 1) ® (37 2, _5)

(®) (_37 2, 5) (h) (3a -2, 5) (i) (3) -2, _5)

4@a) A(2,0,0),B(2,2,0),C(2,2,2),D(2,0,2),
0(0,0,0), P(0,2,0),Q(0,2,2), R(0,0,2)

b 2v2 © 2vV3 @ 2=0,y=0,2z=0,
r=2,y=2,2=2

5(a) A(2,0,0), B(2,4,0),D(2,0,3),
P(0,4,0),Q(0,4,3),R(0,0,3)

®2v5 (0 V29 ) z=0,y=0,2=0,
r=2,y=4,2=3

(@ 6u? (b) 10u®

7a) OA=7,0B="T7v2,AB="T7/3

(b) OA? + OB? = AB? so LAOB = 90°.

8 BC =221, MN =+21=}BC

9@ M = (—8,6,18)

b) X =(-7,-1,16) and Y = (-9, 13,20)

11 = -1

12() AB = AC =2V/14

13@) 3z +4y = 12 (b) 3z + 62 = 12 with the
xz-plane, 4y + 6z = 12 with the yz-plane (c) a
line (d) They intersect in a line.

[=)

15(a) z can take any real (d) z
value. T
=
(b) circle 2% + y2 =4 l;i=‘=-‘= -
(¢ It is the curved sur- EEEE
face of a cylinder with ‘§==
. . NS SEa
radius 2. The diagram 1

shows the portion from
z2=0toz=4.

16(a) A sum of squares (d)
can never be negative.

(b) circle 22 + 32 = k.

(¢) parabola z = 2.
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Exercise 5B (Page 177)

-4

> -
1(a) {—3 ,20— 3] + 5k () {0},—4@+135g

5 13

—-3a
2a) la| =5, 8= 51— 2k
0 la|=3,a=3i+ % -3k
[ V2
3) v =3V2,7=- —4\/5}
L V2
T 5v/2
) |v] =5v2,7 m 3&}
| —4V2
5 19
4(a) —10} (b) V654 (o) [28} (d) V2589
23 —38

Sa) 30— 12j +4k () —3i+12j — 4k (o) 13

[ 8 -8

6@ | 3| o |-3| © V77

|2 2

T A =2 =—4

8 Ali)—]., )\2i3, Az = —

9a) CD = —3AB (b) They are not parallel.
——y — — —

10 BC' =2AB, so AB and BC are parallel.

12 —i— 145 — 6k

13 58°,74°, 37°

“[2] [

—24i +7j — 5k

16(a) AG——1+:7V+E b V3 (©
18(a) No, since —a +b+c=0 (b)
9 (-10,-1,3), (4,9, -1), (6,5,7)

MI%

Ye

w0

Exercise 5C (Page 183)
1(a) 12v/2 (b) —20

2(a) 5 (b) T1T2+Y1Y2+2122 (©) arby+azby+asbs
4(a) 0 (b) They are perpendicular.

6(@) 126 (b) 360 () —48 (d) 78

7@) —21<8<21 (b) —20< —18 < 20
8(a) 4 <V74<10 (b) V10 < V14 < 3V10
10@ A=8 () A=-2o0r3

11 One such vector is i + 7j + 3k.

18 /23

19 2v/7

Exercise 5D (Page 188)

1fa) 3 () Both v6. (9 T

2) 2 (o) ¥2

4(a) 44° (b) 87°

— —
8(a) BA=3i+2j— Tk, BC =5i—4j +k
¢) AB =62, BC =42, AC = V104 = 2v/26

(
— =5 — 1
9(a) AB:[AL},AC:{S} (b) 78°
1 -2
7@ 90° (0 20y

10 117°49'
-3 -1
—6 b) | —2
0 0
3

11(b) 3 u?

()OP OA+)\AB b) A=15 (0 A=
19 A= 4orf‘é§

()/\—30r§

a) 12v/10u?
(d) 80u

. -7
12(a) AP = { 1

—
},AB:
—2

(¢) 7 units

13(a) 3 units () 270 units

2 3 6
15 TITT

OD—7z+j+k OE_61—23

Exercise 5E (Page 191)

2) 0 (b) OB=g+c, AC=c—a

3(a) equal radii

5(a) equal chords

6(b) CB I OA

8(a) 60° (b) equilateral () regular tetrahedron

(all 4 faces are equilateral triangles)
(d) cos™ (—3) = 109°28’
%) 30+ w

Exercise 5F (Page 201)

1(a) L
)\ € R

E\(c
s @y e

-1 \

12Ll

(b) Using basis vectors:
= (—i+37)+A(2i—7),

pojot

=V

2a) 3i—2j () 3i+2)



(€ r=31—2j+A3i+2j), \eR

3(a)(i 3

(@)(i) 1

(i) The z- and y-intercepts are ,0 and

(i) Using the y-intercept, E] = [ } + A
z 6 -3

on [3] = o] =[]

T 0 1

o [5]=13]+2]o]

(i) [ [_5} + A 0

0 1

H.__.

4a) y=4z+17 () 3z+2y=19
5(a) yes (b) yes (c) no
6(a) v = 71— bk + A( 41—61-&—91@)

T —6
e[ 2 ]
z -8
7a) r=3i—2j — 4k + A(51— 3] — k)
(b) r_—z—g+2k+>\(N+23+3k)

o (2] 1) = 21131
o [1]= (4]

(e 7 =4i+3j + A(24 — 31)

(b) 7= —Ti+ 5] + A(62 + 137)

Note that there are many possible answers.
12(a) 7= —i+ 3] +k+ ABi+ j+4k)

(b) = Ti— 115 + 14k + A(10¢+ 205 — 30k)

x 1 4
= <A<1
13(a) L/] [—2}”{6 , 0<A<

|
}, 0<A<1
)

20(d) 11Y5 ynits
21 % units

22(a) v1 and ve have the same direction vector.

b i-2+k (© V5
23b) For LBAD: 1 = (—i—2j) + AL+ j),
for LABC: 7 =21+ p(—i+J)
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(b) The
ray with endpoint B in the direction of b — g.

25(a) The interval or line segment AB.

(¢) The ray with endpoint A in the direction of
a—2b.

26(a) V2)A2 —8A+ 10 (b) V2

Exercise 5G (Page 210)
1@) (z —6)%+ (y+9)> =28

“)f“{iJ =2v7

© z=06+2VTcosb, y= —9 +2V7sinf

20) (z+2)2+@y—T7)>2+(z+4)>=81
—2

(b) | — [ 7} =9
—4

3@ (z+45)%+ (y+10)> =45

b) (z—3)2+ (y+1)>%+(z—8)> =121

L= [_53”:2\/5, (x—5°+@+3)°=

!
2

z—[s] =5 (b) z—[l} = ¥30
—4 5
3

7 inside

8 centre (2,1, —1), radius 2/5

9a) z = 2cost+ 1,y =2sint —1 (b) (z — 1)+
(y+1)?=4

0@ y = (z+2°-2 (@ Y “/

4

5(a)

b

—24+\2
_'/k E;
-2
1@ |r| = V10 (b) The radius and tangent are
perpendicular. (¢) y =3z — 10
120) =32+1,y=2\—-1
(b) (—2) _3) and (47 1)
14(a) Both spheres have centres on the z-axis.

(b) centre (0,0,2), radius 2
15 (4,4,—6) and (11, —8, —3)

(a) T=3A—2,y=4XA+3,2=5\A+4
b) (7,15, 19)

2
(a)x ——y =1 (b)yzi 4312:2
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1 1 2
=1 +X|4|4+ul 5

18(a) r = is a possible
0 1 -2
equation. (b) 13z — 4y + 32z =17
20(a) It
-3-2-1

t < 0:blue, t > 0: black

Review Exercise 5H (Page 213)
1lal=7,a=%—-%+2k

2) —5i—4j + 7k () 5i+4j— Tk (9 3V10
5@ 50 () 44 () 8 () 110

|2

15 (0,7,-3),(—14,0,11), (-3, 0)

16(a) no (b) yes
17 r=i+j—k+Ai—2j+3k)
18a) (2,3,-5) () (—3,5,—1)
19a) (z—3)°+ (y+4)>2+(2-2)2=7
- g -
b) r— | —4||=V7
L 2
2
21 [r— | b =2V6
—6

22 (4,-5,1) and (6,8, —10)
23(@) y = 4;% b) z2 +1? =1, where y # —1.

© y==+22y/1— 22

Chapter Six

Exercise 6A (Page 223)

la) t=3(x—1),z=6t+1

=tan"'2 — I, z = tan(t + 9]
=tanz —tanl, z = tan"*(¢ + tan1)
2@) 2=0 (b) &=-722"° (¢ #=1082°
(d) &= —-2e* (9 &=22(1+a?

& =—-2cos’rsinz

3 v = 423 2
In|2z +1] (d) v* =tan™? iz
Ma) t=2% ) t=2-1

() t =1In|2L2|
5(a) ¢ =41n|v|
© z :U+2ln{—2—§3
6(a) 16 (b) 4 (0 4 (d) 9

7 17m/s? at an angle of tan~! 2

5 above the hori-
zontal
—

8(a) OA = (20 cos32°)i + (20sin32°)j,

.
OB = (—15c0854°)i + (15sin 54°)j

(b) 24N (c) 70° above the positive horizontal di-
rection or 020° T

%) (6 —2v2)i+ (20 — 2v2); (b) 175N, 79-5°
above the horizontal

11(a) 20 metres

the stone is rising its velocity is positive.
(0 t =2 — Y020z " _ 504 — 542,

(b} Upwards is positive, so while

10
2 seconds |
12(a) = 150 — 5 n|v|, z = 150 metres
In10
1000 /1 1
L R T
®t="59 (v 1000)’ Orys

1302 = 6— 277,
positive, and the velocity is initially 2.

The acceleration is always
Hence
the velocity is always increasing with minimum 2.
The particle continues to accelerate, but with lim-
iting velocity v/6.

14a) & =—-12 ) z=3(1—e %) () Ast— oo,
the particle moves to the limiting position z = 3.

15(a) 1-52s (b) 8-48m
16(a) 7+ (b)) 2ku (i) kIn3
17(a) v* = 2(z — 5)(z +4). v? cannot be negative.

(b) x = 6m (z = —b is impossible, because the



particle can never pass through the origin). The
particle moves forwards with increasing velocity.

18(@) v> =223 (b) z = The particle

2
(t+v2)*
starts at £ = 1 and moves backwards towards the
origin, its speed having limit zero, and position
having limit the origin.

19(a) v® = 6z — 22> + 16  (b) Yes. (Sketch the
graph of v* against z.)

21(b) v* = V2 +29R*(1/x — 1/R),

H =2gR%*/(2gR - V?) (¢ 11-2km/s

22(b) 12In2 — 3-5=4-82m

Exercise 6B (Page 232)

1(a) 12cm, 4 seconds

b) v = —6msin 5t, & = —37? cos 7t (@ 12cm,
Ocm/s (d) After 1 second (e) 2 seconds

2@ 2m, 38 b)  xa

(c) v = 8mcosdrt,

i = —32n? sin 47t %

@ & = —167%z s /\% .

@ &= —32n% at t =
and & = 3272 at t =

00jw 00|
|
[\ &)
%
]
-

® 8mm/s
3(b) v =4cosnt, T = —4wsinnt
(€ a=2,T=2seconds (d) 2m,4m/s
(e) XA
. x4
T~ . PV
-] 2 t
P
4 /‘ 1 2 t
| 7
_al 1 2
At

ft =1 (when v = —4m/s) and ¢t = 2 (when
v=4m/s) (g t=73 (when & = —47m/s?) and
=3 (when & = 4x m/s?)

(a) x = 2sin 2t

b) & = 6sin 3t

5(a) v = bn cosnt — cnsinnt,
2

= &

# = —bn?sinnt — cn?cosnt = —n’z

(b)i) ¢c=3 and b =0, so x = 3cosnt.
(i) = =5cos2xt, ;s

6b) a=4 (0 35, 25
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7 XA (a) v = 65sin3t,
14 I = 18 cos 3t
| G e b) a=2,
10y [ \\'./1 T = 2= seconds,
i centre z = 12
© 10<z <14,

z! % seconds

(d) t = 2F and t = 4Z. At both times, |v| = 0 and
#=18cm/s% () t— and t = 5

At both times, |v| = 6cm/s and & = Ocm/sz.

8(a) amplitude: 6, period: 7, initial phase: §

(b) & =12cos(2t + %), & = —24sin(2t + 3),

= —4x,s0n = 2.

(¢ t =7 when v = —12, 75--37T when v = 12

d) t = 3” and ¢t = 7I,whenx—0

(e) t-—7randt—?w,whenv—Oanda’éz—Qél
9(a) © = 120sin l’er v = 107 cos {5t, 10mm/s

b)i) 2sin' L = 0-9652 seconds

(i) 12 + 12 sm—1 % = 12-97 seconds (c) 4 seconds
and 8 seconds

10(@) x = 4cos4dt, v = —16sin4t (b)i) {5s (i)

w3

S

o3

(c) 37 seconds and 2 37 seconds

11 :c—§ 200521‘,,:130-—2, 2,0§:v_<_1,7r
12@) € =2 —cosdt (b) zp=2,1lcm, 1 <z <3,
Zs (o 4cm/s when t = ¢

13b) 2 =2 (o) 27s (d) 6cos(t—F) (o) 6, —F
H —4<zx<8

14 v = bncosnt — cnsinnt

(@) n= 2,0 6,b=6, 3’“5 and 7

b) n=7%,c= 2,b—;, about05825

and 3-582s

15 v =ancos(nt+a) @n=% a=0a= 1775
Wn=%a=%%0a=5 (@n=1a=73,

a=+2
16(a) a = 3,
b) a=2,a=

__ 322 _r
17 o=, a=7

18 a =5, o =2-248
19(a) = = 4sindt + 3cosdt (b) z = Hcos(4t — €),

where e =tan"'§ (9 5m, 20m/s

@t=2%—1ltan"'2 t=Z+2tan"" 3
20(a) 10:00am (b) 7:33am (c) 12:27pm

21 11:45am to 8:15pm

23(b) 24/5 + 2v/3

wiy ”
[NIE
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Exercise 6C (Page 238)
@) v = —6sin2t, & = —12cos2t, & = —4x
v =4(9 —2%) (b) +2v/5m/s, —8m/s?
2a) v2 =9(25 — z?)

(b) v==+12m/s, ¥ = —27m/s? (¢ 15m/s
3a) v = 16(36 — *) (b) 6cm, % seconds
(© |v| = 16v2cm/s, & = —32 cm/s?

4a) v* = 4(36 — x?), 7 seconds, 12m/s

b)) z =6cos2t (i) z = —6cos2t

i) =106sin2t (v) z = —6sin2¢t

5@) 32cm/s  (b) 8cm

6@ a=1 metre (b) & Zm/s

(

7

7(@) 2 cm/s, S cm/s

(b) i27rcm/s, :I: z cm/s

8 5v2m/s, 3v2m/s

9 4, 2v/7m/s

10 0% = —%(azQ —162), so the amplitude = 16.
11 15cm/s

13(b)i} When z =0, |v| = an.

(i) When z = Za, |v| = 1v/3an and & = —lan?.
14(a) & = —9(z — 1), centre: x = 1, period: 2&

amplitude: 2 (b)) & = —16(z —2), centre: z = 2,
%, amplitude: 3 (i) & = —9(x — 6),
centre: x = 6, period: %", amplitude: 4

(i) & = —2(z +2), centre: z = —2, period: T2,
amplitude: 1 (iv) & = —3(z+ 3), centre: z = —3,
period: 27/+/3, amplitude: 2%

15(a)(i) & = 50 cos 10t = —100(z — 1)

(i) & =—50(2sin®5¢ — 1) = —100(z — 1)

i range: 0 <z <1,

period:

(b) centre: x =
period: ¥ minutes, t =

16(a) centre: z = 7. Since the amplitude is 7, the
extremes of motion are x = 0 and x = 14, and the
particle is stationary there.

b) v* = 9(49 —(z—7)?), 2Lem/s

() Although the particle is stationary for an in-
stant, its acceleration at that time is positive (it
is actually 63m/s?), and so the velocity immedi-
ately changes and the particle moves away.

17(a) & = —9z (b) period: 2%, amplitude: 2v/13,
maximum speed 6113, |#| = 9\/_

18@) z=3,% (b) z=23+2sin(4t+ %)

( t=2%,52,2% |v| =8

19(a) & = —4(xz — 10), centre: x = 10, period: ,
amplitude: 10

b) 27 — Ltan™' 2 (=7 —tan"'2 = 2.034)

20(b) & = —167sin 27t, y = 167 cos 2,

%= —3272 cos 27t § = —327% sin 27t
(@) For I ) T or i i) 2 or T
2 2 2 2
V2T — U1 T
21(b) a = i%z_z_
V19 — Vg

(9 5cm, 7 seconds, 10 cm/s

2 v= %V\/g or v = —%V\/§,
z=1%av3orz=-1aV3

23(b) When o« =7, A = 3 and z = 3sint.
When a =0, A=1and z = —sint.

(c) twice (d) When a = %, x =3 cost.
When o = 5;’, x = —v3cost.

Exercise 6D (Page 245)
1(b) 360 metres

2(c) 80%

4(a) The force of the spring is directed towards

the origin.The resistive force is in the opposite
direction to the velocity. b J+3y+2y=20
@ A=-1,B=1

2 Q2 . .
6(b) v = Tronem—gz © tl}—glov = 0. Since
(d) tan~1Q
(e) Yes. Since @ and v have the same sign,
an~tQ — tan™? Q

v =tan~? i +_Q’; . In contrast,
evaluate each side when Q = v/3 and v = —/3.
7a) A=B ==

v # 0, it can never change sign.

B 1 ) = 5755 log (££22)

8(c) 878 metres (d) 1190 metres
9a) F = mP — mkv ve

10(@) At z = 1 the acceleration is positive.
(c) The velocity approaches 1 from above.

1) 0 <o < 2% and v = 0 when 2 = 2%

" _ 2W 2
o @ = 28 (1 )
(i) hm = 2\/_, and hm v=0.



Exercise 6E (Page 254)

1(b) 1-9 seconds (c) 25 metres
dv 400 —wv

4(b)(i) ’U@ = T (i) 10\/§m/s
5(d) 40 metres
9@)i) 0 i) f'(z) > 0 for z > g. That is, f is

increasing for z > g. (b)) T = +1n (Q_Hﬂ/_q )

g
10b)i) & =10— 5v* i) 10m/s (v) t=1-446

1) y = 45(2+V2)(1 —e7¥/3) =30t (d) R=44

e . x=45\2

2.5 no reSlS:th}l:l_(z?\

1551

20 40\ 60 80 X

Here is the trajectory for 0 <t < 4. The dotted
line is the trajectory for no air resistance.
13(a)(i) z(t + 0t) = x(t) + ot u(t)

y(t + dt) = y(t) + oto(t)

u(t + 6t) = v(t) (1 — kot (u(t)? + v(t)z)%> — gét
(b)) u(0-1) = 20-51
i) v(0-1) = 19-51, £(0-1) = 2.12, y(0-1) = 2-12
(© u(0-2) = 1986, v(0-2) = 17-89, z(0-2) = 4-17,
y(0-2) =4-07 ) R=54
y!\
22.5 __.--..no resistance
172 - -

C

\,
\
\
\
y

20 40 60 80

=V

Exercise 6F (Page 259)
1a) = 20t, y = —5t% + 20v/3t  (b) 4V/3 seconds,
80v/3 metres () 2V/3 seconds, 60 metres

(d) It is false. The horizontal range would not have
changed, although the flight time would have been
4 seconds and the maximum height would have
been 20 metres.

2a) & = 15,9 = —10t+36,x = 15t,y = —5t>+ 36t
(b) 52m (¢) 21.9m/s (d) after

3(a) z = 10V3t, y = —5¢2 + 10t

(b) 5s, 501/3 metres (c) 80 metres

(d) 44m/s, 67° (o) y = —&z* + %x

Answers to Chapter Six 299

4a) 101m/s (b) = 101,y = —5t* (d) 149m/s,
tan™! 22‘0/1_ 47°19’ below the horizontal
(e) 1-106 km
6(c) V =36, 0 =41°49" (d) 129 metres
7(c)i) a = 15° or 75°
i) It will if o = 75°, but not if o = 15°.
8(b) range: 38-4 metres, height: 12-8 metres
()i 33-3 metres
9(d) 60°15’ or 72°54’
10(b) 0-36s () 12° (d) No, it lands 4-72 metres
in front of him.
11(b)ii} 16 metres (i) 112°
12(d) 27m

3(d) 15 metres (e) 10m/s, 63°26" -

14(c) T = 4, 0 = 30°
15(b)(ii) Yes. The vertical components of their ini-
tial velocities are equal, and they are both subject
to the same force (gravity) acting in the vertical
direction.
18(c) For 0° < a < 45°, 0 < tana < 1. Hence if
o1 and ag are both less than 45°, then the two
roots of the quadratic both lie between 0 and 1.
But the product of these roots is greater than 1,
so o; and g cannot both be less than 45°.
19(a) (dcos 3, dsin )
20(b)(iv) 52°

Exercise 6G (Page 269)

1(b) 6-05m
2(a) 1%8, 12%m (© 24—:1,; m/s
3a) B—Mg=—-Md, B—(M—m)g=(M-m)a

2gR?
a@) v* =V + —gr —29R
(b) Vo = \/gR = 1680m/s
d*9 _ gsinf
Tdt2 T L
6 5: O9am to 9:36 am

5() T = mgcosf

2
gz~ gz
7(b) o2 tan? 3 — ztan 5 + <y+ 2V2> =0
V2
(c)(iii) tan G = ghoota
8(c) =2 = —%( — g—;) with focal length ‘2/—; and

vertex (0, %5—)

9 centre = (0, —%gtz), radius = Vit
10(b)(iii) 2¢
11(a) The acceleration is downwards.

b) h= s (g 12524m

12b) C =112 () B = 4(16 + 14e~7Ft/4)
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(d) 78°C (e) 64°C

13(b) 2100 () 3000 (d) 10%
2 2 2
14(b)i) |4 312120 , Vv 31;1 o

2 .
Wy =Y, 5= (Lgpze -
Notice that the directrix is independent of a.
15(b) 15(2 + v/2) s, which is about 51-2s.
16(a) %mg (©) 7% = 3¢, and since y is decreasing

—v/3g. & = 0.

o V2 cos?
(ii) —CZZS &

V2 cos2a
29

to that point on the curve, y =

(d) 2‘\//_— (sm‘l 11— ‘/_>
(e) The integral is improper.

Review Exercise 6H (Page 274)
la) t=3In|2z — 1], z = (e** +1)
b t=2%(z"'-1),z=(1+6t)""
2(a) x—2( z—1) () i=T722"
( ) =12z
= 3(1 — cos6z)

4 t = iln%
5 z=0v3—1
6@ 8 () 2v5 (9 12 (@) In3
7 41-8m/s?, 035 3°
8(a) I = ——m/s 12 =10000 — 5z
b)) v = 50fm/s (i) = 1500 metres
{0 The plane is still moving forwards while it is
braking. (d) x = 100t — %t2, 40 seconds
9@a) v =500 — 5z, z =100 (1 — ™)
(b} The torpedo moves to a limiting position of
« = 100 as the velocity decreases to zero.
10@) v2 = e® (b) v is initially positive, and is
z = 2Ilni(t+2)
z — oo (slowly) and v — 0.
12b) V2 (0 z =+v2cos (4t+ I)
13(b) 2sin (3t — %) (¢ the amplitude is 2, the
centreisr =5 d) t==

never zero. (€ As t — oo,

18
14 %m, %’is
15(a) 18-8m/s (b) 3553 N
6(c) 0-34s
18(b) 12 -1m/s
19@) £ =10 —20v (d) 0-035s
20(b) ¥ In?2

g
220@) @ = 48,9 = —10t + 36,2 = 48,y = —5t% +

36t (b) 64-8m () 345-6m (d) 48¢+ 207

23(b) R = 21-6 metres, H = 4-05 metres

(© tan '3 (d) 15m/s

(e) t =0-8, when z = 9-6, and t = 1, when z = 12

24(a) Initially, # = V5 and § = 2v5. (o) & =
V5,2 =tV5, 9 =—10t+2V5, y = —5¢> + 2t/5
() 1 metre (d) 2 metres (e d::\/g,y:—Q\/g,
v:5m/s,9:—tan_12 My =2z — x>

5@ = = 200, y =0 (b) £ = 200, x = 200t,
y:—l()t y=—5t%, y= 501709[:2 (c) 600 metres
(d) 8°32
26(b) y =z — g5z°
7bm (d) 0-8<m<12o0r28<m<32
29(c %ln(l-l-k—“sma) (d) ¥ cosa



IndeXx

acceleration, 221 de Moivre’s theorem, 99
AM/GM inequality, 75, 86 powers of complex numbers, 98
Argand diagram, 18 roots of complex numbers, 107
circle geometry, 42 roots of unity, 105
circles, 39 trigonometric identities, 101
curves, 20 de Moivre and Euler, 115
curves, 37 direction cosine, 185
parabolas, 39 direction vector, 195
rays, 39 and general form, 195
regions, 41 and gradient, 195
straight lines, 38 divisibility, 67
arithmetic mean, 75 dot product, 179
chain rule, 129 component form, 181
column vector, 174 equation
complex number plane, 18 of a circle, 204
complex numbers, 4 of a line, 193
argument, 22 of a plane, 209
arithmetic, 1 of a sphere, 206
conjugates, 4 equivalent, 62
conjugates, 7 Euler’s formula — exponential form, 113
division, 5 Euler’s identity, 115
Euler’s identity, 115 Euler and de Moivre, 115
imaginary numbers, 4 exponential form, 113
i, 3 roots of complex numbers, 120
exponential identities, 119

imaginary part, 6
mod-arg form, 22
modulus, 22
polar form, 22
polynomials, 45
powers of i, 3

for all, 60
force, 219

resolution, 220
fundamental theorem of algebra, 49
fundamental theorem of arithmetic, 72, 95
geometric mean, 75

s, 98
power geometry and complex numbers, 19
real part, 6 iti
P ) addition, 32
realising the denominator, 5 coniugates. 19
vectors, 30 15 ,

multiplication by 4, 20
multiplication, 26
opposites, 19
subtraction, 32
geometry in three dimensions, 215
gravity, 265
imaginary axis, 19
implication, 59
inconsistent equations, 201

complex square roots, 12
general case, 14
Pythagoras, 13

contrapositive, 63

converse, 62

coordinate axes, 167

coordinate planes, 169

coordinates of a point, 169

counterexample, 57
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induction, 80
inequalities, 81
recursive formulae, 82
review, 80
inequality, 74
AM/GM, 75, 86
calculus, 87
geometry, 86
integration, 125
algebraic manipulation, 127
chain rule, 129
denominators with quadratics, 141
partial fractions, 134
powers of cos and sin, 150
powers of sec and tan, 151
products to sums, 153
rationalising the numerator, 143
reduction formulae, 156
standard integrals, 125
substitution, 129
t-substitution, 153
integration by parts, 145
irreducible, 50
line, 196
segment, 198
through a given point, 196
through two given points, 197
lines, 193
parallel and perpendicular, 199
skew, 201
logical value, 57
midpoint formula, 170
mod-arg form, 23
product, 25
necessary, 61
negation, 58
Newton — laws of motion, 219
parallel and perpendicular lines, 199
parametric equations, 194, 206, 208
partial fractions, 134
cover-up rule, 136
finding constants, 135
linear factors, 135
quadratic factors, 138
repeated factors, 138
perpendicular distance, 188
perpendicular vector, 200
polar form, 23
polynomials, 45
complex numbers, 45
integer coefficients, 45
remainders, 47
projectile motion, 257, 267
projection, 186
proof by contradiction, 71

proof by contraposition, 70
Pythagoras, 169
quadratic equations, 10
complex coefficients, 14
complex roots, 11
real coeflicients, 10
quadratic method, 12
quantifiers, 60
ratio division, 176
rationalising the numerator, 143
real axis, 19
reduction formulae, 156
regions, 41
resisted motion, 242
downward journey, 250
horizontal, 242
upward journey, 249
vertical, 248
resolution of forces, 220
right-handed, 167
roots of complex numbers, 107, 120
roots of unity, 105
scalar product, 179
set, 58
complement, 58
equal, 63
intersection, 60
subset, 60
shifting — in the complex plane, 27
simple harmonic motion, 226
acceleration, 229
differential equation, 231, 236
displacement, 235
pendulum, 267
speed, 229
time, 226
transformation, 228
standard integrals, 125
statement, 56
proven, 57
substitution, 129
sufficient, 61
sum of two squares, 4
t-substitution, 153
terminal velocity, 252
there exists, 60
triangle inequality, 32, 76
vector form, 180
trigonometric identities, 101, 119
trigonometric integrals, 150
powers of cos and sin, 150
powers of sec and tan, 151
products to sums, 153
variable gravity, 265
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vectors, 173
column vector, 174
component form, 173
direction cosine, 185
dot product, 179
equation of a circle, 204
equation of a line, 193
equation of a plane, 209
equation of a sphere, 206
magnitude, 175
parametric equations, 194, 206, 208
perpendicular, 200
projection, 186
proof, 191
review, 173
scalar product, 179

vectors and complex numbers, 30
addition, 31
equal vectors, 31
subtraction, 31

velocity — function of displacement, 237

z-plane, 18

zeroes, 47
degree and number, 49
multiple, 48
real coefficients, 47






