Chapter 8 worked solutions — Vectors

Solutions to Exercise 8A

Solutions for Enrichment questions are in preparation.
1la Magnitude of AC = 4B + BC = 100 km - 40 km = 60 km

BC is towards west direction which means the magnitude to be considered
negative as per the quadrant rule.

Direction of AC is 90° towards east direction as west to east is 90° in the
quadrants.

1b Magnitude of AC = AB + BC
In this case, using Pythagoras theorem of triangles,
AC? = AB? + BC?
= 6% + 42
=36+ 16
=52
AC=+52=721=7
Direction of AC is
tan@ = A5 = :
BC 6
6 =tan"1Z=33.69 = 34
The tangent is in fourth quadrant where it is negative,
therefore, bearing from A to C is 180° — 34° = 146°

Direction of AC is 146°.
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1c

45°

A§

459
15 km

vy

According to Pythagoras’ Theorem
BC? = BD? + D(*?

152 = x? + x?
2x?% = 152
V2

x—15——10606—106

Magnitude of AC = AD + CD
In this case, using Pythagoras’ Theorem,
AC? = AD? + CD?
= (25+ 10.6)% + 10.62
= 1267.36 + 112.36
= 1379.72
AC = V1379.72 = 37.14 = 37

Direction of AC is

AD 356
 DC  10.6

356
6 = tan™! T = 73.42 = 73

A 25 km B X

The tangent is in first quadrant where it is positive.

Direction of AC is 73°.
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19 km

2a Q
28 km 12 km

2b According to the picture, QR is parallel to OS which means
QR =0S =19 km
Similarly, OQ is parallel to RS, therefore
0Q = RS =12km
Hence, OP = PQ — 0Q =28 — 12 = 16 km
Using Pythagoras theorem
PS? = OP? + 0S?
= 16% + 192
= 256 + 361
=617
=617 = 24.8

Magnitude of PS = 24.8 km

Direction of PS is

tang =L =2
OP 16
6 =tan"'= =49.90 = 50°
The tangent is in first quadrant where it is positive,

Direction of AC is 50°

© Cambridge University Press 2019



Chapter 8 worked solutions — Vectors

3

5a

5b

The opposite sides WX and ZY are parallel and equal hence WXYZ is a
parallelogram.

The opposite sides BA and CD are parallel and equal, and ZBAD = 90°. Hence,
ABCD is a parallelogram with an angle being 90°, therefore, it is a rectangle.

All the sides of the quadrilateral are equal therefore it is a rhombus.

The opposite sides of a rhombus are parallel, so ﬁa and RS have opposite
directions.

I
=
N

As per the above diagram, OBSA is a parallelogram where OB || AS and BS || OA
Hence, OB =AS =u andBS = 0A=v

u+v=0A+0B= 04A+A4S=0S
Andy +u = 0B + 0A=0B + BS = 0S

So,u + v =v + u asrequired

_—— —

UV + VW + WU

_  —

=UW + WU

[t gives a zero vector.
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9a AC + AD = AD

9 BC+CA=BA

_— = — > —  —

9c AD —AB = AD + BA=BA +AD = BD

_— s — —  —

9d AC—BC=AC+(CB=AB

10
2a+3_!3/’
B
/1
5T/ a
"H-h__h_hh-.
3al- b
—2jla -p b
11a i
11b d
11c  h
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11d

11e

11f

11g

11h

12a

12b

13a

13b
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I}

IS}

I3

S

AB = AC + CB

AM and MB have the same length and direction. Similarly, PN and NQ have the
same length and direction.

AN=AP+PN=a+v

and AN = AM + MN =

Hence,a + v =

a=p+

=<
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Similarly, MQ = MB + BQ = u+b

—_—

andMQ=MN+NQ=p+v

Hence,u+b=p+v

Sy
[
S

=

14a

BC = BA + AC
— —AB + AC

—4-P
Given, BP: PC = 1:2
Hence,_B—ﬁzéﬁz %(q—p)

Hence, proved.
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As M is the mid-point of BC

So, BM = %R‘) =%(g+y—g)
MB is in opposite direction of BM

—_— 1 1
Hence, MB = —S(v+w-u)=-(u-v—w)
15b MA = MB +BA
= (u—v-w)+v
2— — — —

=~ (u+v-w

16a WX = WR + RX

16b RP = RX + XP
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=~ (x+w)

16c YZ =YR+RZ

=RZ-QZ

16d wH+x+y+z

A

The magnitude of AP is more than 4B as given AP = kAB and k > 1.
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17aii

A

=

The magnitude of AP isless than AB but more than zero vector as given AP = kAB

and 0 < k < 1.

17aiii

F

The magnitude of AP is less than 4B as given AP = kAB and k < 0.

17bi ﬁzgﬁﬁ
PB = 247
3
And,ﬁ=ﬁ+P_B)
=ﬁ+§ﬁ
Y
3
— 33—
AP=§AB
Given, AP = kAB

3
Hence, k = z
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17bii AP = —%ﬁ

PB = - 24P

And,ﬁ = AP + PB
—_— 22—
-—AP-F(—EAP)
—_— 22—
=AP _EAP
=1ap
3
AP = 3AB
Given, AP = kAB
Hence, k = 3
1ﬂnn2ﬁ=—§ﬁ§
— 33—
PB =-324p
2
And,ﬁ = AP + PB
—_— 3—)
-—AP—F(—EAP)
— AP - 24P
2

—

— 24P
2

AP = —2AB
Given, AP = kAB
Hence, k = -2

_ s s ——— ——

17c AB=A0+0B=0B-0A=b—-a

_— s ——

And, AP = AO + OP = OP — 0OA =
Given, AP = kAB
p—a=k(b-a

p—a=kb—ka
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p=a—ka+kb=(0-k)a+kb

18 The triangles are similar by the SAS similarity test — the angles between a and b,
and between Aa and Ab are equal, and the matching sides are in ratiol:A. It now
follows that the head of the vector Ab is the head of the vector A(a + b).

19a Two zero vectors each have zero length and no direction, and so are equal.

19b Rome for administration (in the distant past), Greenwich UK for longitude,
Jerusalem and Mecca for religious ceremonies, the North and South Poles for
maps. The obelisk in Macquarie Place, Sydney, remains the origin for road
distances in NSW. It is inscribed on the front,

‘This Obelisk was erected in Macquarie Place A.D. 1818, to Record that all the
public roads leading to the interior of the colony are measured from it. L.
Macquarie Esq Governor’.

Solutions for Enrichment questions 20 and 21 are in preparation.
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Solutions to Exercise 8B

Solutions for Enrichment questions are in preparation.

1la

1b

1c

1d

le

a=8i+6j

x=8andy =6

Hence,|g|=m
N
=64 + 36
=+/100 = 10

2a =2 x (8i+6j) =161 +12j

2a =161 +12j

x=16andy =12

Hence, |Zg| = m
—VIET iz
= /256 + 144
= V400 = 20

—5a = =5 x (8i + 6) = —40i — 30j

—5a = —40i — 30j

x=—40andy = —30

Hence, |-5a| = Jx2+y?
= \/(=40)? + (=30)?
= /1600 + 900
= /2500 = 50
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+b= (21+3]; +(i-4))

=Q+1Di+(3-4)

IQ

=3i—j
2b  a+b=3i—-j
x=3andy=-1
Hence, |Q+Q| =m
=v9+1
=10
2c a=2i+3jandb=i—4f
a=b=(2+3])-(i-4)
=(2-Di+ G- (4)]
=2-Di+B+4)j
=i+7j
2d  a-b=i+7j
x=1landy =7
Hence, |a — b| = \/x% + 2
=12+ 72
=V1+49
= /50
=52
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2f

3a

3b

~3a - 2b = (=60~ 9j) — (~2i +8))

= (=64 (—2))i + (-9 + 8)j

= (-6 -2)i+ (-9 +8)j

_85._]_.

—3a—2b=-8i—j

x=—-8andy = -1

Hence, |-3a — 2b| = m
= /(=82 + (-1)?
- VG
=65

- [_1??] b= [—511] £= [—_173]

—17 45— (=7)
| 34 (~11) - (-13)

[ —17+5+7
L 3-11+13

- :_55]

IS}

IS}

th-c=

_+Q—£=[_55]

x=-5andy=5
la+b—c|=1x?+y?
_ 5+
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=V25+125
= /50
= 5V2
3¢ a= [ 17] [ 11] [ ;;]
—3a = [_591 ]
sp= [—5255
2= T3 ]

“a-she2e= 27T

(20

3 -3a-Sh+2c=| 3¢
x=12andy = 20
|~3a - 5b+ 2¢| = F ¥ 77
=122 + 202
= V144 + 400
=544

= 4/34

4a u=2i+jandv=—i+2j
_[2 _[-1
H_[1 2_[2]
_[2+(CD
SR R
_[ 2—1]
L 1+2
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=151

4b

5a

5b

IS}

=[§] b=}

+2j and b = 4i+j

IQ

g—g=(3g+2]_')—(4g+]_')

=@B-4i+2-1j

:—£-|-]_

u=i+2j
x=1landy =2
Hence, |g| =/x? +y?

—VTT1 %

~ VT4

= V5
~_ouw 2 1. 2.
e A L
v=—4i+3j

x=—4andy =3
Hence, |y| =./x?+y?
- [T R

—Vi6+9
=25
=5
s _ v THH3] 4. 3
v=u="5 - Lo
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5c

6a

w=u+v

g+y=(5’+2]_) ( 4l+3])
(
(

—4)£'+(2+3)]_'
==3i—5j

w=-=3i+5]

x=-3andy =5

Hence, |y| =\/m

G

= /102 + (—24)?
= V100 + 576
=676
=26

laf = Va2 +y?
=25+ 144
= V169
=13

© Cambridge University Press 2019
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LHS: |2a| = 26
RHS: 2|a| =2 x 13 = 26

Hence, LHS = RHS.

6b  b=|

=289 =17

|b| = Jx? +y2
= /(152 + (-8)?
=225 1 64
=/289

=17
LHS: |-b| = 17
RHS: |b| = 17
Hence, LHS = RHS.

7 5 _[-15
6¢ g_[_12] Q‘[_s
[ 5+ (-15)
a+tb= [(—12) +(-8)
[ 5-15
1l -12-38
[—10
la+ bl = AT+

© Cambridge University Press 2019
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= /(=10)2 + (-20)?
= /100 + 400
= /500
= 5V10
laf = Vx* +y2
= V25 + 144

=v169
=13

bl = Vx> +y2
=J(-15)? + (-8)
= V225 + 64
= V289

=17
LHS: |a + b| = 5V10
RHS: |a| + || = 13 + 17 = 30

Hence, LHS < RHS

6d  LHS:|a+b| =5V10
RHS: || — |p| =13 -17 = -4

Hence, LHS > RHS

7a 0P = [1]0Q [ | and OF = [

PQ =0Q0 - 0P
_[3—( D

=[—44]
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7b

8a

Gradient=z=_—4= -1
X 4
QR =0R-00Q
_[ 8—-3
1(=3)-2
I 5
_[_5]
Gradient=z=_—5= -1
X 5

P, Q and R are collinear as the gradient is —1

0A=3i+8j OB=-i+3jand0C =—4i—j
AB = 0F — 04
= (-i+3)) - (3i+8;)

=((-D-3)i+(3-8)j

= —4i —5j
Gradient = 2 = g
X —4 4
BC =0C — OB

= (-41-7) = (-i+3)
= (-4 - (-D)i+ (D -3)j
=—3i—4j

: -3 3
Gradient=2==2=="23
X —4 4

A, B and C are not collinear as the gradient is not same.

a=04=4i-7j

Consider O to be the origin and 04 represented as the position vector.

© Cambridge University Press 2019
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8b b=0F=6i+3j

Consider O to be the origin and OB represented as the position vector.

8c M = OM is the mid-point of AB

AB

IG‘

s 3+ (e)

L
=(6+4i+B-7)
=10i — 4j
M =0M = >AB
=~ (10i — 4j)

=5i-2j
9%a  0P=[_"]

9b  20P = [ ]
- [

20p-00= "7V =[ 1]

9¢ PG =0Q-0P

[ -3-4
~|5- (-1

=[5
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9d QP =0P-0Q

-5

=6

—

10a a=0A=i—j

Consider O to be the origin and 04 represented as the position vector.

b =0B = 7i +3j

Consider O to be the origin and OB represented as the position vector.

AB = 0B — 04

= (7i+3j) - (i~4)

=7 -Di+B~- (D)

= 6i + 4/

10b  |AB| = [x2 +y?
=V6? + 42
=36+ 16
= /52
=2V13
7B

10c AB =—
|AB|

6i+4]

2v13

=5 i+
BN

3 . 2 .
RGELR
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11b

x and y are both positive in 1st quadrant hence

T
0=1

- [_\}3 ]

b
bl = Vx* +y?

= f12 + (—V/3)?

=V1+3
=+4=2

tanf =2
X

—V3
1

tand = —/3
x is positive and y is negative hence 6 in 4th quadrant

s
0=-3

c=-3V3i+3j

|c| = Vx% + y?

© Cambridge University Press 2019
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11d

12a

= \/(—3@)2 + 32

=27 +9
=/36=6

tanf =2
X

3
T —3v/3

1
tan g = ~5

x is negative and y is positive hence 8 in 2nd quadrant

51
6=
6

1-| 7 |
|d] = Va2 +y?
= J (—V6)? + (—V6)?

6+6
=12
=23

tand =2
X

'
G

tanf =1

x is negative and y is negative hence 6 in 3rd quadrant

3
6 =—=
4

Let a be the vector

© Cambridge University Press 2019
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12b

x2+y?=16 (1)

6 in 4th quadrant so x is positive and y is negative.

Y- _1
X

y=-x
Substituting the value of y in equation (1)
x2+y?=16

x2+ (—x)2 =16

x2+x?=16
2x% =16

x2 =8

x =22
y=-—x=-2V2
g=2\/§£—2\/§]_'

Let a be the vector
la| = 2v6
Jx2+y2 =26

x*+y*=24 (1)

tanf = tanz?” = —/3

0 in 2nd quadrant so x is negative and y is positive.

Y3
X
y = —V3x

Substituting the value of y in equation (1)

x%+y? =24

© Cambridge University Press 2019
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12c

x? 4+ (—V/3x)? = 24

x% +3x% =24

4x? =24

x> =6

x=—-V6
y=—V3x = B x —3=3V2
=—\/—l+3\/—]

Let a be the vector

y=5*

Substituting the value of y in equation (1)
x> +y*=4

2 1 N2 _
x“+( ﬁx) =4

1
x2+§x2 =4

-x2 =4
x2=3
x =—/3

© Cambridge University Press 2019
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a=—V3i-

12d

13

Let a be the vector

laf = 2v2

JET =22
x+y?=8 (1)
6=

12

tan @ =tani—:= 2++3

0 in 1st quadrant so x is positive and y is positive.

§=2+\/§
y=2+V3)x

Substituting the value of y in equation (1)

x2+y2=28

x?+(2+V3)x)? =8

x=+3-1

y=2+V3)x=02+V3)x(¥3-1)=v3+1
a=-(3-Di+( 3+1)j

a=[5] =[5 =[]

=Aa+ Ab
[24] 2 -3
5 1=2] 5 |+ 2]
[24] _ 244 ] + [—3/12]
g1~ —24 —-51,
(241 241 — 34, ]
L 8 i - _211 - 5/12
Hence:
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14a

14b

—24, =54, =8 (2)

Add the equations (1) and (2) we get,
-84, =32

Ay =—4

Substituting the value of 1, in equation (1) we get,

21, — 31, = 24
21, —3X —4 =24
20, + 12 = 24
21, = 12

L =6

Let O be the origin.

04 = |23
| 3 |
0B = [3V3
| 4 |
oc = [2V3

R Sy

e -0 -0 P2 [

|[4B| = \[x? + y?

3+1
- Vi
=2

© Cambridge University Press 2019
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14c AC=0C—04= [2‘/_ 2‘/_] [ |

15

© Cambridge University Press 2019

|CB| = /x? + y?
= \/(\E)Z + (—1)2
=V3+1
=+/4
=2

|AC| = JxZ + 2
N

+ 4

Il
Nilo

|4B| = [CB]| = |4c|

Hence, ABC is a triangle.

Let O be the origin.

=[]
=15
=[]
=[]

AD =0D — 04 = [6(

_ —

BC =0C — 0B = [9

Hence, AD = BC

Therefore, ABCD is a parallelogram as opposite sides are equal and parallel.
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16a Let O be the origin.

oF =[]
00=[2]
ﬁ:"‘]
0s=7]

rg=06-07 =53 |- [5]
SR =OR —05 = [43_(11)]=[25]
Hence,PQ=SR

160 PG| = X757
= /52 + 22
=+25+4
=29

[SR| = V2 57
VT
- V7574
N

Hence, 7G| = [5]

16c  PQRS is arhombus as adjacent sides are equa1|P_Q)| = |S_R)|

17a 0A=[3 |

© Cambridge University Press 2019
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17b

18

o= (2]
e <ot-0i=[, 235, I
§R=[‘zl
5
LHs:ﬁ+§ﬁ
_3
1311

:[5+(—§)
—3+5

H

=| 2

2

RHS:O_B’=[Z]
7

lﬁzlzl
2 2

Hence, LHS = RHS.
OABC is a parallelogram as diagonals bisect each other.

Let O be the origin hence,
ow =[]
— [ 6 ]

7a[*]

0z =]

a+6

W=57_0—W=[a_(_6) =[b—4

b—4

xv =0y -0k =[5 7 |- [7]

As WXYZ is a parallelogram, opposite sides are equal hence,

© Cambridge University Press 2019
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WZ=XY
a+6] [ 2]

a+6=-2

Solutions for Enrichment question 19 are in preparation.
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Solutions to Exercise 8C

Solutions for Enrichment questions are in preparation.

ta a=[} o=}

a*b=3xXx2+1%x4=6+4=10

_[-81,_ 6
1b g_[—5]2_ _14]
a-b=(—8)X6+(—5)x (—14) = —48 + 70 = 22
_[6u _[3v
Le g_[—217 b= 9u]
a*b=6ux3v+(—2v) X 9u = 18uv — 18uv =0
x—1 x—1
da={ _, [x+2
ab=x-Dxx-D+x-2)x(x+2)
=(x—-1)2+x*-4
=x2+1—-2x+x*—4
=2x? —2x -3
2a  |a|=6 |b| =5 6 = 60°
a'b= | |><|Q|cost9
a'b=6x5cos60°
gg=6x5x—
abh=6x2
= = 2
ab=15

© Cambridge University Press 2019
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2 laj=4  |p|=3
Q-Q=|Q|X|Q|cose
a-b=4x3cos45°

a-b=4x3x+

I
|
Il
[
N
X
Nl"‘

3a |u| =4 |y| =5

20cos8 = —10
cosf = —=
6 =120°

3b uf = vl =5
w = u| x |y cos 0

12 =3 X 5cos@

15cosf = 12

cos @ =i=0.8
5

0 =37°

4a  4i-2j=8xXi-j=8x0=

4b  —5i-3j=-15xi-j=—-15%0

4c  4i-2i=8xi-i=8x1=
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4d  —5j-3j=-15%j-j=-15x1=-15
S5a  (4i+2))- (4i+2))
= 4040 +4i-2j+2j-4i+2j-2)
=16i-i+8i-j+8j-i+4jj
=16x1+8x0+8x0+4x1

=16+4
=20

5b  (=5i+3))-(=5i+3))
= (=5)i- (=5)i+ (=5)i-3j +3j - (=5)i+3j3j
=25i-i—15i-j—15j-i+9j-j
=25%x1-15x0—-15x0+9x1

=25+9
= 34

5c  (4i+2)) (=5i+3))
= 4i-(=5)i+4i-3j+2j-(-5)i+2j-3j
=—20i-i+12i-j—10j-i+6j-j
=—20x1+12X0—10x0+6x1

=-20+6
=-14

6 u=[e=[
u-v=_(—4)x7+5%x6
= —28+ 30

=2
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uand v are not perpendicularasu - v # 0.

6b u= [2]17— 1182
u-v=_(—4)x18+ (—6) x (—12)
=-72+72
=0

uand v are perpendicularasu-v = 0.

o u=[A e[

uv=(-1xal+a?xa

uand v are perpendicularasu-v = 0.

7a Consider O to be the origin and 04, OB and OC represent position vectors.

Hence,
0A=2i+5j OB =5i+14j and 0C = —2i + 13
AB = 0B — 04
= (51 +14j) — (20 +5) )

=(5-2)i+(14-5)j

=3i+9j
AC =0C — 04

= (—21+13j) - (20 +5))

=((=2)-2)i+ (13 -5)j

= —4i + 8j

© Cambridge University Press 2019
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7b  AB-AC =3 x(—4)+9x8
=—12+72
=60

7c  [aB| = ¥y?
=+/32+92
=9 +81
=90
=310

[ac| = JZ 17

— A
= V16 + 64
= /80
= 445

AB - AC = |E| X |E|cos@
AB - AC = 3V10 x 4/5 cos 45°

—_— — 1
AB-AC_3\/10><4\/5><TE

—_— — 1
AB-AC—60\/§><\/—E—60

Hence, it is confirmed with part b above.

8a Consider O to be the origin and 0P, O_Q) and OR represent position vectors.

Hence,

OP =+/3i +8j 0Q = 3V3i+ 14j and OR = 5v3i + 12j

PQ = 0Q — OP
= (3v3i+14j) - (V3i+8j )

© Cambridge University Press 2019
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= (3V3-+3)i + (14 - 8)j

= 2V3i+6j

8b PQ-PR=2V3x4V/3+6x4

= (5v3i+12)) - (V3i + 8))
= (5vV3-V3)i+ (12 -8)j

= 4/3i +4j

=24 +24
= 48

8c  |PQ|=+/x%+y2

|PR|

PG PR =
70

PR = 43 x 8 cos 30°

PQ

= /(z\/§)2 + 62
V 6

=12 +3
= 48
= 4+/3

SRS

= /(4x/§)2 + 42

=48 + 16

|P@| x |PR| cos 6

V3
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% a=4i+3 b=5
a-b=(4i+3))-(5)
=4i-0+4i-5/+3j-0+3j-5)
=0+20i-j+0+15j-j
=0+20x0+0+15x1
=15
o] = ¥+ 57
=42 +32
=vV16+9
=25
=5
bl =+

N

- V25

=5
a-b=|a|x|b|cos@
15=5X%X5cos@
25cos 8 =15
cos@=§—§

9b

© Cambridge University Press 2019
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b = Vx? +y?
=3+ (12
=vV9+1
= V10

a-b=|a|x|b|lcos@
4 = 242 x /10 cos 0

4+/S5cos O = 4
4 1
cos @ = E-F

9c

IS}

:[_46]2:[:21

b=(—6) X (—8) + 4 X (—2)
=488

= 40

laf = Vx* +y2

= J(=6)? + 42

=V36+16

=52

=213
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bl = Vx* +y2

=J(=8)> +(-2)?
= Vo +4

= V68

=2V17

a'b=|a|x|blcos@
40 = 2v13 x 2v17 cos @
4+/221cos 8 = 40

cos§ = 20 _ 10
T 4y221 V221

10 u=2i+2 v=3i—(2+21)j
u and v are perpendicular
Hence,
u-v=0
(22i+2j)-(3i- 2+ 20)) =0
AZQ-BL'—AZL'-(2+2/1)]_'+2]_'-3§—2]_'-(2+2/1)]_'=0
3)&'-;—(2+ZA)AZL'-]_'+6]_'-£'—(2+2/1)2]_'-]_'=O
32 X1+ 24222 %x0+6x0—-(2+20)2x1=0
A—24+21)2=0
32—4—-42=0
32—614+21—-4=0
3A(A—=2)+2(A—-2)=0
BA+2)1-2)=0
BA+2)=00r(1—-2)=0

A==20ra1=2
3
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11ai |a| =6 |b| = 2 g="=
3
ab=|a| x |b| cos6
Q-Q=6x2cos§
a-b=12x=
- = 2
ab=6
11aii |a| =6 |b| = 2 g="=
3

2a-(=5)b = —10|a| x |b| cos @

a'h=-10x6x2cos;
1
a'b=-120x-
a'b=-60
11aiii [a| = 6 |b| =2 ==

4a-0b = 0la] x [b] cos 0

g-Q=0x6x2cosg
ab=0
11aiv |a| =6 |b| =2 6==
3

a-(a+b)y=a-a+a-b

‘(@+b) = |a|’ +|a| x |b] cos 6

12

g-(g+g)=62+6x2cos§

(@a+b)=36+6x2x-

18]

a(a+b)=36+6=42

© Cambridge University Press 2019

43



Chapter 8 worked solutions — Vectors

1lav |a|=6 |b| = 2 ="
3

b-(a+b)=b-a+b-b

b-(a+b)=|b|" +|b| x |a| cos 6
Q'(E+Q)=22+2x6cos§
Q-(g+g)=4+2x6x%

b-(a+b)=4+6=10

11avi |a| = 6 |b| =2 g="C
3

(a-b)(@+h)=a

I8
B
+
I
IS5
I
1S3
I
[
IS5
1S3

(a—b)-(a+b)= |a| — ||
(a-b)-(a+b)=6"~22

(a—b)-(a+b)=36—4=32

11bi |a| =6 |b| =2 g ==
3

E'Q=|Q|><|Q|cose
a-b=6x2cos—
a Q=12><—%
ab=-6

11bii |a| = |b| = 2 g =2
- - 3

2a-(—5)b = —10|a| x |b| cos @
a'b= —10><6><2c052?n

a-b

120 x — =
2

a- 60

|
Il
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11biii |a| = 6 |b| =2 g =2
3
4a-0b = 0|a| x |b| cos @
Q-Q=Ox6x2cosz?n
ab=0
11biv |a| =6 |b| =2 g==
3

a-(@t+b)=a-a+a-b

-(a+b) =|a|* +|a| x |b| cos 6

a
Q'(Q+Q)=62+6x2cosz?”
a - (a+b)=36+6x2x—1
2
a-(a+b)=36—-6=30
11bv |a| =6 |b| =2 g =2"
3

b-(a+b)=b-a+b-b

b-(a+b) = |Q|2+|Q|X|g|cose
Q'(Q+Q)=22+2x6cosz?"
Q-(g+g)=4+2x6x—%

b-(a+b)=4-6=-2

27T

11bvi |a| =6 |b| = 2 g ="
- - 3
(a—b)-(a+b)=a-a+a'b—-b-a-b-b
(a-b) - (a+b)=la’ - b
(a—b)-(a+b)=62—2?

(a—b)-(a+b)=36—4=32
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11ci |a| =6 |b| = 2 6 ==
Q-Q=|Q|X|Q|cose
g-_=6x2cos§
ab=12x0
ab=0
11cii |a| = |b| = 2 g="=
2

2a- (—=5)b = —10|a| x |b| cos 6
a'h=-10x6x2cos>

a*b=-120x0

a-b=0
11ciii |a| = 6 |b| = 2 g="1
2
4a-0b = 0la| x |b cos 8
Q-Q=Ox6x2cos§
ab=0
11civ |g| = |b| = g==C
, 2

E'(2+Q)=|E|2+|g|x|g|cost9
E'(Q+Q)=62+6x2cos§
a-(a+b)=36+6x2x0

a(a+b)=36+0=36
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11cv |a| =6 |b| =2 ="
2

b-(a+b)=b-a+b-b

Q'(E+Q)=|Q|2+|Q|X|g|cose
Q-(g+g)=22+2x6cos§
b-(a+b)=4+2%x6X%0
b-(a+bh)=4+0=4

11cvi |a| =6 |b| =2 g="C

(a-b)-(a+b)=a-a+

12
I
I
ISy
IR
[
IS5
ISy

(a=b)-(a+b)=a-a-b-b
(a-b)-(a+b)=la’ - b
(a—b)-(a+b)=6*—22

(a—b)-(a+b)=36—4=32

12a  Consider O to be the origin and 04, OB, 0C and 0D represent position vectors.

Hence,

0A=-3i—6j OB=i—4j OC=—2i+2jand 0D = —6i

AB = 0B — 04

= (i~4j) - (-3i-¢j)
=A=-CE3Ni+H (D - (=6))
=(1+3)i+(-4+6)j

=((=2) = (=6))i +2j
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= (-2+6)i +2j
= 4i +2j

Hence, AB =DC

12b  AB = 4i +2j
AD = 0D — 04
= (-61) - (-3i-¢])
= ((=6) = (=3))i - (-6)j
=(—6+3)i+ 6j
=-3i+6j
By using the method, u v = x; X x, + y; Xy,
AB-AD =4x(-3)+2x%6

AB-AD = —12+12=0

12c¢  From parta, AB =DC
From part b,ﬁ ‘AD =0

This means two sides of the quadrilateral are equal and parallel and two sides
are perpendicular to each other hence, a right-angled parallelogram or rectangle.

13a  Consider O to be the origin and ﬁ, w, OR and 0S represent position vectors.
Hence,
OP =—8i+3j 0¢=3i+7j OR=7i+18jand 0S = —4i + 14/

0Q — 0P

(3i+7)—(-8i+3))

=B - (=8)i+(7-3)j

=(3+8)i+(7-3)j

PQ
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= 11i + 4j
PR =OR - OP

- (7; + 18]_') - (—85' + 3]_')
=(7-(-8))i+(18-3)j

= (7+8)i + (18 — 3)j

= 15i + 15§
155 1 . ) =15, .15
PR =3(15i+15)) = Zi+7)
QS =05S-0Q

= (—41+14j) - (31 + 7))
= (—4-3)i+(14-7)j

=—7i+7j

12 1 . . 7. 7 .
208 =3(-7i+7j) = ~Ji+3

LHS =1PR =2+ 3;
2 2 - 2 =

RHS = PQ +50S

= (11i+4) + (-2i+2))

=(11-D)i+@+D;

Hence, LHS = RHS.

13b PR = 15i + 15
QS=-7i+7j

By using the method, u-v = x; X x, + y; Xy,
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PR-QS=15x(-7)+15x 7

PR-QS =—-105+105=0

13c¢  From part a,%ﬁ?) = P_Q) + %Q_S)

From part b, PR - Q_S) =0

This means the diagonals of the quadrilateral bisect each other at 90° hence, a
rhombus.

s B-[)07- (252 )

AP = 0P — 04
_[2—( 3)
:[6]

AQ =0Q - 04
=[100—_(;3)]
=[]

b [4F| = [y
BN
=25+ 36
=61
46| = V57
~ V16959
=4/178

By using the method, u-v = x; X x, + y; X y,
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15

AP-A0 =5x 13+ 6 x (—3)

AP-AQ = 65— 18 = 47

|ﬁ|x|@|cos€=ﬁ-m
V61 x /178 cos 8 = 47

47

cosf =

V61x/178
47 47X47
cosf = = cos 63°
V6Ixvi7z8 _ 61x178
6 =63°

Consider O to be the origin and 0P, 56, OR and 0S represent position vectors.

Hence,
OP=i+2j, 0G =8i+3j,0R = 6i+13jand 0S = 4i + 9]
PR = OR — OP

= (6;4—13{)——(;4-2{)

=(6-1i+(13-2)j

=5i+11j
QS =0S-0q

= (41+9]) = (8:+3))
=(4—-8)i+(9-3)
=—5i+6j

[PR] = V37 ¥
= VETFIT
=+25+121

146

L ENEESE
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- e
=25+ 36
=61

By using the method, u-v = x; X x, + y; X y,

PR-QS=5x(-5)+11x6

PR-QS = —25+ 66 = 41

|ﬁ2>|>< |Q_S)|cosl9 =ﬁfQ_S)
V146 x V61 cos 0 = 41

41

co0sf = ——
V146xv61
cos = — 2 _ 41x41
T V146xV61  146x61
6 = 58°8'

16 Consider O to be the centre of the circle, OP = r cos 6 i+7rsinfj

ﬁz—ri@):rg

Hence,
PA =04 - 0P

= (i) — (rcos0i +rsing))
= ((-r)=rcosB)i—rsinfj
= (~r —rcosf)i—rsind
PB = 0B — OP
= (ri) = (rcos@i+7sing))

=(r—rcosf)i—rsinfj

|ﬁ| = /(=1 — 1 cos0)% + (-7 sin §)?

= Vr2 4+ r2cos26 + 2r2 cos 0 + r?sin20
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= V72 + r2c0s260 + r2sin20 + 2r2 cos 6

= /72 + 12(cos20 + sin%0) + 212 cos 6

=vVr24+1r2x1+2r2cosf

=/2r2 4+ 2r2cosé

= \/2r2(1 + cos 0)

= /27"2 X 2coszg

0
= [4rZcos? 2

=2 -
T'COS2

|ﬁ| =/(r —rcos0)2 + (—rsin )2

=12 + r2cos?6 — 2r2 cos 6 + r2sin?0

=12 + r2cos20 + r2sin26 — 2r2 cos 6

= /72 + 12(cos20 + sin26) — 212 cos f

=Vr2+7r2x1—2r2cosf

=/2r2 — 2r2cos 6

= /2r2(1 — cos 0)
= /21‘2 X ZSinzg
-5 /4rzsin22

2

= 2rsin—
rsm2

By using the method, u v = x; X x, + y; Xy,

PA-PB = (=r—=rcosf) X (r—rcosf)+ (—rsinf) X (—rsinf)
PA - PB = —(r? — r2c0s%0) + r2sin26

PA - PB = —r?% 4+ r2cos26 + r2sin%6

PA - PB = —r% 4+ 1r2(cos26 + sin?6)
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17a

PA-PB=—-12+1r2x1=0

The dot product is 0, hence angle between PA and PB i.e. ,2APB is 90°.

Consider O to be the origin hence, 04 = 2i+j

OB = 10i + 4j
0C = 5i + 13j
BA =04 - 0B

=(@+1)—(uu+40
= (2-10)i + (1-4)j
= —8i—3j

BC =0C — 0B

= (51+13) — (10 + 4))

= (5-10)i + (13— 4)j

= —5i+9j

[BA| = Jx? + y2
=J(=8)” + (=3)’
= V64 +9
=73

[BE| =/x7+y?
=/(=52+9?
= V25 +81

106

By using the method, u-v = x; X x, + y; Xy,
BA-BC = (—8) X (—=5) + (—3) x 9

BA-BC =40 —27 =13
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17b

17c

18a

|E4>|><|R’>|cost9=ﬁ4>-ﬁ‘>
V73 x /106 cos 8 = 13

cosf = ——
~ V73x/106
13
cos = —
V7738

sin® = V1 — cos?0

sinf = 1‘(«%)2

sing = |1 69 7569 87
- 7738|7738 ¥7738

Area of triangle
A =E|E4)| X |ﬁf|sin9
2

1 87
A—E\/73x 106xm

87 87
J7738 2 43.5

A=%>< 7738 x

Area of triangle is 43.5 square units

7= [f] 7= 1

b
|PB| = 45
[PA| = <7+ 57
=32 +12
9+1
=10

Area of triangle is 10 square units.
%|ﬁ| X |ﬁ§|sin9 =A

3\/10 X 44/5sin6 = 10
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18b

19a

%XZO\/EsinH =10
g = L
sin @ =5
cos O =+V1 —sin%8

cosf = |1— (%)2

-5

PA - |PA| |PB| cos 6
PA-PB =10 ><4\/§\/—§=
By using the method, u v = x; X x, + y; X y,

PA-PB=3Xa+1xb
20=3a+b

All the possibilities can be

=514 (). [

OA=u=x1+y,j,0B =v =x,i+7y,jand LAOB = 0

AB = OB — 0A
AB=u-y

|E|2 =x" +y,?
lv|” = x22 + ,

U V=X XX+ Y1 XY
Using the cosine rule,

2 2
|AB|? = |u|” + |v|" —2u-v

|AB|? = |u| +|v| — 2|u| % |v| cos 6
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19b

19c

|AB|? = (%1 — x3)* + (y1 — ¥2)?

(= %)% + 01 = ¥2)% = [u|* + [v]" - 2[u x |v| cos @

(= 2% + 1 = ¥2)% = [u|* + [w]° — 2[u x || cos @

02+ 2% = 2001 X X3) + Y12 + 52 — 2(v1 X ¥2) = |u|” + |v|” - 2[u| x |v| cos 6
12+ 312 + 2,7 4 ¥5% — 2000 X x5) — 2001 X ) = [u|* + [v|° = 2|u| x |v| cos 6
lul” + [o|” = 2Ge % 2, + y1 x ) = [u]* + [v]" = 2[u| x |v] cos 6

~2(x1 X X, + 1 X ;) = —2[u| x [v| cos 8

X3 XXy + Y1 Xy, = |u| x |v| cos @

Hence, proved.

Solutions for Enrichment questions 20-23 are in preparation.
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Solutions to Exercise 8D

Solutions for Enrichment questions are in preparation.

1la

AC = a and CB = b

P is the mid-point of AC and Q is the mid-point of BC
Hence, AP = PC and QC = QB

AB =CB—CA

AB = CB — (—AC)

E=?§+TC=Q+Q=Q+Q

b PC=_(AC)=-a

PQ=CQ+PC=3a+;b=;(a+b)

1c P—Q>=%(Q+Q)=%E

Hence, PQ Il AB and PQ = %AB
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2a

2b

2C

0o
——d e C
) ¢
4B
A

P is the mid-point of AB and Q is the mid-point of BC.

Hence, AP = PB and BQ = QC.

PB = (4B) = ;a

Q=-(Bc)_—
PQ = BQ — BP
PQ = BQ — (-PB)
g 1

S is the mid-point of CD and R is the mid-point of DA.

Hence, AS = SD and DR = RC
—_ —_ 1
DR =3(DC) =-¢

1

R - 1
SD =_(AD)=-d

SR =DR - DS

SR = DR — (-SD)
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SR=DR+SD =

2d From 2a, AC= +b=d
== 1
PO =1(a+p) =140

Hence, ﬁ = 57

2e As,ﬁjzﬁ

This means, line joining mid-points adjacent sides of the quadrilateral are
parallel and equal to each other, hence, ABCD is a parallelogram.

3a
D c
¥
A X B
Ezgandﬁzg CD =
AC=BC-BA

BD =CD — CB

BD = CD — (—BC)

BD=CD+BC=c+b=b+c
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3b

3c

3d

3e

a-b = al[b|cos6
0 is the angle between a and b

ABCD is a rectangle hence, 6 = 90°

la| = x |b| =
a-b=xXyxcos90°=xxyx0=0
|2 2

ra=la|" =x

IS}

la+bf" = [AC|" = 2 + 7
[A€| = 7 +y?
(@+b)-(a+b)

= |a+ blla -+ b| cos &

=/x% +y2 X /x% + y2 X cos 0°

=(x?2+y?)x1=x2%+y?

b+ c|” = |BD| = x*+y?

As ABCD is a rectangle, |AB| = [CD|
B3| = 3Ty

b+o-(b+o

= |b+¢||b+¢c|cosb

= /x2 +y2 X {/x2 + yZ X cos 0°

=(x?2+y?)x1=x2%+7y?

The diagonals of a rectangle have equal length.
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43

4b

4c

4d

BD = AD — AB
BD=b-a

a-b = |a||b|cos6

6 is the angle between a and b
ABCD is a square hence, 8 = 90°
la| =1]b] =1

I
I
I

N
|

N

la+ b =[AC|" = 2+ 12 =202
[4C| = V22 = V2
b—af*=[BD]" =2+ 12

[BD| = V2T = I

© Cambridge University Press 2019
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(@a+b)-(b-9)

~ la-+b]lb - a] cos
= /21 x V21 X c0s 90°
=212x0=0

4e The diagonals of the square meet at right angles.

5a
B c
b
0o 4 A
0—A)=gand5§=g
|a| = |b| because the sides of rhombus are equal.
50 a-a=|a|
b-b=b|" = a| as |a] = |b]
Hence,a-a=b"b
5c  0C=0B+04
OC=b+a=a+b
BA=0A-0B
BA=a-b
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5d

5e

6a

6b

6cC

6d

6e

6f

0C-BA=(a+Db) (a—b)

= |a +b||b—a|cos 6

= |a + b||b — a|cos90° as diagonals of the rhombus meet at right angles

=la+b|lb—al|x0=0

Diagonals of a rhombus are perpendicular.

s

=]
S

0

The opposite sides of a parallelogram are equal.

OB = 0C + OA
OB=c+a
AC =0C — 04
AC=c—a

|c + a| = |c — a| because OB = AC (diagonals of the parallelogram are equal).

<Solution to come>

Itisarectangleasa-c =0
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7a

76 AP =0P— 04

7c ﬁ-ﬁé(y@-@—@

04 = 0P as radius of the circle.

Hence,

4P BP = [p|  |af’

- -l o

Therefore, ZAPB = 90°.

7d An angle in a semi-circle is a right angle.
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8a
¢
E/
' AD
3
A B
ﬁzg ﬁzgng andm’)zg
(p-a)-(c-b)=

(OP — 04) - (0C - 0B) =0
AP-BC =0

P lies on the altitude from 4 to BC.

8b (p-b)-(a—c)=0
(OP—0B)-(04—-0C) =0
AP-AC =0

P lies on the altitude from B to CA.

8¢ (B—g)( —b) =0and (p b)-(g—c)=0
(p-a)-(c-b)=(p-b) (a—c)
pc—pb-—actab=pra-pc—ba+tb-c
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p(@a—b)—c(a—b)=0

(p-c)-(a-p)=0

From 8c, we conclude that P lies on the altitude from C to BA.

Hence, three altitudes are concurrent.

Let ABCD be a parallelogram.
And a,b,c and d be the respective position vectors of 4, B,C and D.

As ABCD is a parallelogram, then opposite sides of the parallelogram are equal.

We can also write,
~(b+d) =5(a+0)

~(0B + 0D) = > (04 + 0C)

This shows that the diagonals of the parallelogram bisect each other.
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10

Let ABCD be a parallelogram.
And a,b,c and d be the respective position vectors of 4, B, C and D.
AC and BD are the two diagonals that intersect at P.

Hence,

AC = AB + BCand BD = BC — 4B

Now,

—,2 —— 2 —_ —,2 —_— — 2
|AC|" +|BD| = |AB + BC| + |BC — AB|
We know that,a-a = |g |2

— 2 ——,2 —_— —_— B —_— —_— —_— —_— P —

|AC|” + |BD| = |AB + BC|-|AB + BC| + |BC — AB| - |BC — 4B|

— 2 — 2 — 2 — 2 — — —2 | —,2 —_— —
|AC|” + |BD| =|A4B| + |BC| +2A4B-BC + |BC| +|AB| —24B-BC
—,2 —— 2 —=2 —,2 — 2 —,2

|AC| + |BD| = |AB| + |BC| + |BC| +|AB]|

ABCD be a parallelogram. So, |R| = |ﬁ| and |E| = |ﬁ))|

Therefore, we can write

— 2 —— 2 — 2 — 2 — 2 | ——2

|AC|” + |BD|” = |AB| +|cD| +|BC| +|AD]|

Hence, proved.

11 <Solution to come>

Solutions for Enrichment question 12 are in preparation.
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Solutions to Exercise 8E

Solutions for Enrichment questions are in preparation.

1la

2a

a=i+j,b=1i
ab
Proj,a===Xb
Jp Q& bb 2
1X1+1%X0
Projya =
1x140x0 ~ =

a-b
Proj,a===Xb
/b b2
. 1X0+2X1
Proj,a =
0x0+1x1 L

ab
Proj,a===X0b>b
Jp Q& bb 2
; —3X1+2X0
Projyba =———=X1i
1x1+0x0 ~ =
Proj,a =—Xi = —3i

2X1+3%0

Projpya =
bl = e

Projpa = % =2
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2b  a=-2i-4j,b=]

Length of Proj %Ql

Proj.q = —2X0-4x1
T0Ibe = "

Proj,a = 2=

2c  a=-6V2i+8V2j,b=1i

Length of Proj,a = %Ql
—6vV2X1+8V2X0

Proj,a = ———
Jp2 V12+02

2 a=[2.0=[}

Projya = : X b
Projpa iiiiéiﬁ *[o]
Projpa = [4]

proa=4x[{] =2

3b  a=3i+3j,b=2j
a

b
Proj,a ===Xb
Jpe =5 %2
_ 3X0+3x2
Pro;b
T 0x0+2x2 ]

© Cambridge University Press 2019 70



5X(-6)+(=3)X0 [—6]

Projya = (=6)%(—6)+0%0

0
Projpa = _3—360 X [_06]

s =5[]

4a  |04|=6, 2AOB =30°
Proj;504 = |04 cos 30°

PTO]—'OA = 6 X cos 30°

Proj@»@= 6 x\/2—§= 3v/3

4b  |0A| =6V6 LAOB =45°
Pr0]—40A |0A| cos 45°
PrOjﬁ'% = 6v6 X cos 45°

Projgz04 = 6V6 X = = 6V3

PTO]b 10><1+( 2)X(— 7) [ 17]

1X1+(=7)X(=7)

Projpa =5 | 7] 33

Length of Projpa =75 =% =—
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6a

6b

6c

Projya = o < b
1x242X2

Projpa = e * ]

Projya == X [g]

NjwN|Ww
e ——

. 1X3+1x(=1) .
Projpa = oo * 3i=J

.2 .
Projya = —x (3i —j)

Projya = % X (3i—J)

Projya = o < b
. (=5)x(-6)+5x8 _ [—6
Projpa (=6)%(—6)+8%8 [ 8 ]

_ —6
Projpa = ﬁ X

N
_2
Projya = 1—70 X [_86] = I ES ]
5
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7b

8b

Projya == (3i + )

Projya = % X (3i+))

Projgg=§§+—j

a=4i—3j,b=6i+2j

12
|

Projyba===Xb
Jbe =5 %2
. 4X6+(—3)%2
= 6X6+2X2

Projpa = g X (60 + 2j)

Projya = —x (61 + 2j)

27,42

Proj,a =
Jp@ = 751 T 1ol

Length of Projpya =5

(=2)%(=3)+0x(-2)

X 61 +2j

Prole = ey

)
Projya = NeE]
a=6i—4j,b=-3i+6
Length of Proj,a = %Ql

. _ 6X(=3)+(-4)x6
Proja == =ve
Proi.q — —18-24

LN
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. 42
Projya = NG

9 Let O be the origin and 04 = —3i —7j and OB = i + 5j be the position vectors

Leth = —6i + 4j

., == _ ABb
PTO]QAB—E b

4x(—6)+12x4

Projpa = (—6)X(—6)+4x4

X —6i + 4j
. 24 . .

Projya = — X (—6i +4j)

Projya = =X (61 + 4j)

36 24
Projpa = ——l + 13]

10 LetO be the originand let 04 = i + 3j, 0B = 6i + 18/, 0C = 9i + 4j and
0D = 19i + 24 be the position vectors.
AB = OB — 04
AB = (61 +18)) — (i +3))
6i +

18]—1—3]

© Cambridge University Press 2019

74



Chapter 8 worked solutions — Vectors

11

12

—

CD == 19i + 24j — 9i — 4j

CD = = 10i + 20j

AB- CD
Length of PT‘O]—*AB =
|cD|
. 5X10+15%20
ProjepdB = —roeee
. e 50+300
ProjesAB = rmeraes

50 _ 350
PTO]*AB = m = ToE 7V5

Leta = Ai + 4jand b = 12i - 5]

b
Length of Proj,a = %—'
ab _ 140
o] 13

AX12+4X(=5) _ 140

J122+(-5)2 13

12A-20 _ 140

V144+25 13

121-20 _ 140
V169 13

121-20 _ 140
+13 13

12A-20 _ 140 4 124-20 _ 140

13 13 -13 13

121 — 20 = 140 or —(121 — 20) = 140

124 - 20 =140 or =124 + 20 = 140
124 =160 or —121 =120

_ 160 _ 40 120

=—ord=—=-10

Proj,u ==Xx
Jx xx =
_1X1+1x0
Proj,u
T 1x140x0 ~ =

© Cambridge University Press 2019

75



Chapter 8 worked solutions — Vectors

. 1 .
Proj,u = PRl
Proju =i

Let, A =2

Proj,2u === Xx

xcU xx =

. 2X1+1x0
Proj,2u

X 1x1+0x0 ~ =
Proj,2u =-Xxi

Proj2u = 2i = 2(Proj,u)

Hence, proved.

Proj,u ==X x
Jx xx =
. 1X1+1%0
Proj,u =
1X140x0 ~ =

Proj,u =1
vXx
Proj,v ==Xx
JxV xx
. 2X1+3X0
Proj,v =
1x1+0x0 ~ =

Projy(u+v) = '(u+_) =xx
_ 3X1+4%0
Projy(u+v) = 1X140%0 =
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Projy(u +v) = 3i = i + 2i = Proj,u + Proj,v

Hence, proved.

Solutions for Enrichment questions 13 and 14 are in preparation.
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Solutions to Exercise 8F

Solutions for Enrichment questions are in preparation.

1 N

A

30°

0 i E

Using trigonometry,

Let 04 = 4i + 5j be the position vector and AP = 3i — 2j be the velocity vector.
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Let’s say, in t seconds, it moves from AP hence,
OP = 04+t x AP

OP = 4i +5j +7 x (3i — 2j)

OP = 4i +5j +21i — 14/

OP = 25i —9j

Hence, position vector after 7 seconds is 25 — 9j.

3 Letu=(2i-3j )N, v=(4i+j)N andw = (-3 +3j)N
Resultant vector a = (g + g) +w

a=((2i-3j)+ i +))+(-3i+3))

a=(2i-3] +4i+j)+(-3i+3))
a=(6i-2j)+(-3i+3))
a=(61-2j —3i+3j)

= (3i+))

The magnitude of resultant vector is

la| = V3T 12
la] =v9+1=+v10 N
4 The resultant force is

F=(30i+16j )

The magnitude of resultant force is
F| = V3P T 16

|F| = V900 + 256 = 34 N

The direction of resultant force, if 6 is the angle between i and F
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and using simple trigonometry:

16
tanfg = —
30

6 = 28.07 = 28°

The resultant force is about 34 N at 28° to the 30 N force.

5a
winch
12008
WD Girection
of motion

Magnitude of the component of the force in the direction of motion
= 2000 cos 15°
= 2000 x 0.966 = 1932 N

5b Magnitude of the component of the force in the perpendicular direction of
motion

= 2000sin 15°
= 2000 x 0.259 =518 N

6 Ceiling

60° 6
T
60°

5Kg

Regard resultant vector to be the Tension T and weight W to be normal to plane
making angle of 60° with each other.

[7] = W] cos 60°

© Cambridge University Press 2019 80



Chapter 8 worked solutions — Vectors

7| =5x-=25

In newtons, T = 2.5 X 9.8? = 24.5

7a

Component of the weight down the plane

= 24 sin 30°

=24><§=12N

7b Component of the weight perpendicular to the plane
= 24 cos 30°

=24><§=12\/§N

8a

-

0

Letiandj be the unit vectors of horizontal and vertical plane respectively.

For OP, horizontal position vector is i 20 cos 25° while vertical vector is j
20 sin 25°
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Hence, OP = 20 cos 25° + 20 sin 25°

The angle between Wj and plane will be 25° + 25° = 50°.

For 0_Q>, horizontal position vector be i 16 cos 50° while vertical vector be j
16 sin 50°

Hence, 0Q = 16 cos 50°i + 16 sin 50° j

8b The resultant vector of two forces is
PG =07 +00
PQ = 20 cos 25°0 + 20sin 25° j + 16 cos 50°( + 16 sin 50° j
PQ =20 x 0.906i + 20 x 0.423j + 16 x 0.643i + 16 X 0.766]
PQ = 18i+9j +10i + 12j
PQ = 28i +21j
The magnitude of resultant force is
Fa| = Voo
|PQ| = V784 + 441 = 35N
Let 0 be the angle between i and PQ.
The direction of resultant force is
Projl-_ﬁﬁ = 28i
(35cos )i = 28i
cosf = g = 36°

The resultant force is 35 N in a horizontal direction of 36°.
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an®

Magnitude of the component of the force F acting parallel to the plane

— 10 sin 30°
—10xi=5
2

F=mxXxa=5%x98=49N

10 B
j|2

A 15j

cosf = 15
2.5
6 =53°

Sam should row in the direction of N37°E.

11 B
12N_ 45 ]/'
< i 4
00
16N
Using trigonometry,
cos30° =2
16
V3 _ o4
2 16
0A =83
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Similarly,

OB
cos 45° = —
16

1 OB

vz 12
OB = 62
The resultant force is F = 8V3i + 6V2j

The magnitude of the resultant force is

|F| = J(Bﬁ)z + (6v2)2
|F| = V192 +72 = 16N

Direction of the resultant force is
(16cos@)i = 8V3i

8vV3 3
cosf =—=—
16 2

6 = 30°

12 Let the vectorsbea =9i = 2j, b= -3i+10j andc = 18i —j .
and the resultant forcebe F = (a + b) + ¢
= (91— 2j) + (=30 +10)) ) + (18i — ))
= (9i—2j — 3i+10j) + (18i - ))
F=(6i+8] )+ (18— ))
F=(6i+8] +18i )
F=(24i+7))
The direction of acceleration of the object is in direction of the resultant force i.e.,

tan g = Z
24

6 =tan~?! % above the horizontal
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13a

13b

The magnitude of resultant force is

|F| =242 +72 =576 + 49 = 25

The magnitude of acceleration of the object is

E| _ 25

la| = =?=5m/s

=
At 12 noon, the position vector is 04 = 40i + 16j
After 5 minutes, the position vector is 0B =33 i+40j
The resultant vector be AB which is

AB = 0B — 04

AB = (33i + 40j) — (40i + 16)

AB = 33i + 40j — 40i — 16;

AB = —7i + 24j

At 12.15 pm, the resultant vector of the plane be

34 =3 (=7i+24j) = ~21i + 72

Hence, the position vector will be

3AB + 0A = —21i + 72j + 40i + 16j = 19i + 88j

After 1 hour i. e. 60 minutes, the velocity of the plane will be

1248 = 12 (~7i + 24j) = —84i + 288}

14-19 <Solutions to come>

Solutions for Enrichment question 20 are in preparation.

Solutions to Chapter review
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1

2a

2b

2C

2d

|E| = 133 km and angle is 68°

|B_C)| = 98 km and angle is 116°

Hence,

AC = AB + BC

The magnitude of the vectors can be

[A€| x |AC| = |45 - BC| x 4 - BC|

— 2 — 2 [—1 _———

|AC|" =|AB| x|BC| x 2|AB||BC|cos®
Let 6 be the angle of AC which is

0 =116° — 48° = 48°

|ﬁ|2 = 1332 x 682 X 2 X 133 X 68 X cos 48°
— 2

|AC|” = 44733

|AC| = V44733 = 211.5 km

The direction of AC is
(90° — 68°) + (180° — 116°) = 22° + 64° = 86°

AE + ED = AD
AD +DC = AC
DA +AC =DC

AB+BC+CD+DE +EA
—AC+CE+EA

= AE + EA

—
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2e

2f

3a

3b

© Cambridge University Press 2019

AD — AC = CD
EB —ED = DB

B

M
) A
AB = 0B — 04
AB=b-a
AM =>4B
1

AM =-(b—a)

OM = 0A + AM

OM=a+>(b—a)
OM=a+-b—-a
OM=-a+:b=-

2= 2= 2

—~
2
+
|
N/
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3c

43

4b

OP = 2PA

OP = 2(04 — 0P)
0P =204=2qa

PM = OM — OP
= 1 1 2
PM=-a+-b—--a
PM=-b--a
2— 6—

1

PM ==(3b— a)

B (.
] A
o _1
PA 3
PA = 30P

PA = 3(04 — P4)

PA=3204=2a
4 4

AB =0B — 04
AB=b-a
49 _3

o

A =3B

0 =350
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4c

4d

4e

AG == (AB - 4Q)

AQ=;AB=>(b-0)

g 3 3 3
PQ=ta+37b—7
= 9 3
PQ=—a+-b
QC =4AC - AQ

OABC is a parallelogram, hence, AC = 0B = b

QC
QC=2a+b
PC = PA + AC
ﬁ=§a+b
4— —

and
PQ +0QC
=2a+2b+3a+2p

28— 7— 7— 7—
=344bp="PC

4— —
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5a Let O be the origin hence, 04 = —4i+2jand OB = 20 +10j
AB = 0B — 04
AB = (2i +10j) — (—4i + 2))
AB = 2i +10j + 4i — 2]

AB = 6i + 8]

5b |AB| = /x? + y?
|[AB| = V62 + 82
|[AB| = V100 = 10

5c @zg
|45
— 6i+8j 3 4
AB === =5i+5)
_ [2a
o =[]
|v| = Va2 +y?
lv| = V(2a)? + (a)?
|y|=\/5a =+/5a
6b ==
= vl
2
~ 1 [2a] _ |v5
b=l =1
V5

6 vrv=[T]+ [T =[x
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6d

7a

7b

v-v =y

<

<

I
~
S

Q
—

N
|
Ul

Q

N

a=[{7 Jande=[11}]

a b =x1x; +y1y,

IS]

b=(x-1Dx+1D)+A—-x)(1+x)

h=x*—1+1-x*=0

IS}

As,a - b = 0, vectors are perpendicular.

* Jandb=|

_ [5x5_ . 1-— 2x]

2x

IN]

b =x1% + Y1)
b =5x(1—-2x)+ (5x—1)2x

IS}

a-b=>5x—10x%+ 10x* — 2x = 3x

As, a - b # 0, vectors are not perpendicular.

o= [FJnan=[]

a-b=xx+y1y;
ab=-5x10+3x2
a-b=-50+6=—-44

Also, where 6 is the angle between a and b
a-b= |a|p| cos6

la| = VxZ+y2

o] = JC5EF T

la| = V2579 = V34

b = Vx? +y?
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b = NI+ 2

|b| = V100 + 4 = V104

a-b=+34x+v104cosb
V34 X V104 cos 6 = —44

g = — 11
coso = V3536 15
6 = 137°44'

9a Let O be the origin hence, OP = —4i — 5j, w =10i + 5,

0S = —9i +2].
PG =0Q —0P

PQ = (10i +5)) — (=4i - 5))
PQ =10i+5j+4i+5]

PQ = 14i + 10j

SR = OR — 0S

SR = (5i + 12j) = (=9i + 2))
SR = 5i +12j +9i - 2j

SR = 14i + 10j

Hence, ﬁj = SR

9b PS=0S5-0P
PS = (=9i+2j) — (—4i - 5))
PS = —9i 4 2j + 4i + 5]

PS = —5i + 7j
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9c

10a

10b

11

PQ-PS=-70+70=0

w=57 andw-P_S)=0

- PS = (14i + 10j) - (=5i + 7))

PS=14x(-5)+10 % 7

This means opposite sides are equal and adjacent sides are 90° with each other.

Hence, PQRS is a rectangle.

a= [—52] andb ="
Projpa = %x b

5%(=3)+(—2)x(-3)

Proj,a = —%x [:g] = I

Proj,a= ==Xb
Jpd = 1,72
, 4X6+(—1)X2
b= 6X6+2X2

. 11 L 33, , 11,
Projpa = —=x(6i+2)) = (Gi+ )

a= [_98] and b = [132]
T.

Proi.a = (—8)x3+9x12

b = e
84

V153

[~y

Length of Proj,a =

IS

Projpa =
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12

Let O be the origin hence 04 = =3i+]J, 0B = 4i + 8j and OC = 20 —

AB = OB — 04
AB = (4i +8)) — (—3i +))

AB=4i+8j+3i—]

AB = 7i + 7j
BC =0C - 0B

BC = (2i — 5)) — (4i + 8))
BC = 2i—5j—4i—8j

BC = —2i —13j

AB -BC = (7i+ 7)) (=2i — 13))
AB-BC =7 x(=2)+7x (=13) = —105

Also, AB - BC = |_A_§||B_C)| cos 6

Let @ be 2ABC.
(4B| = [ 577
|AB| = V7T 72

|AB| =49 + 49 = 72

|BC| = \/x% + y?

|BC| = J(=2)? + (-13)?

|BC| = V4 +169 = V173

|A_B)||R:|COSG =Eﬁ
7v2 x V173 cos 6 = —105
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13a

13b

13c

13d

© Cambridge University Press 2019

—105

c050=7ﬁxm=
6 = 36°
F

0O M A
— 1
MA=50A
MA=1a

2_

MN = MA + AN

1

-15

18.6

—_ 1
MN=la+l-0

1

2
MN =1b

2—
e 1 P—
MN =:b = PB

This means a pair of opposite sides are equal and parallel. Hence, MNBP is a

parallelogram.
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14b  LHS: |B|2 + 4|m|”

=b-0-b-0+4(0+a) 50 +0)

=b-b-b-a-a-b+a-a+4(;h-b+3b-a+ia-b+ia-a)
=b'b-b-a-a-b+a-atb-b+bh-atab+a-a
=b-b+a-a+b-b+a-a

=2(b-b+a-a)

=2(|p|" +al)

15a

12
]

I
I}
I}
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la|* = ||

Adjacent sides of a kite (rhombus) are equal.

5b b-a)-b-a)=0b-9 (b-9

48| = |cB|’

Adjacent sides of a kite (rhombus) are equal.

15c  AC =04 —-0C
AC=a—-c¢
0B=0C+CB
OB=c+b-c=b
AC-0B=(a—0)b

Hence, diagonals of a kite are perpendicular.

16a a x
B
b
D C
X
AC = AB + BC
ZE=Q+Q
BD = BC — CD
BD=b-a
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As, ABCD is a parallelogram, AC=CD =

16b (a+b)-(a+
b

16¢c  if the parallelogram is a rectangle, then a - b = 0, so the diagonals are equal.
Conversely, if the diagonals are equal, then a - b = 0, so the parallelogram is a
rectangle.

17a

23NQ

OP = 37 cos 50° + 37 sin 50°

00 = 23 cos 25° — 23 sin 25°
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17b  OP = 37cos50° + 37sin50° = 23.78i + 28.34j

00 = 23 cos 25° — 23 sin 25° = 20.84i — 9.72j

PG = 0P - 00

P—Q> = 23.78i + 28.34j + 20.84i — 9.72] = 44.62i + 18.62j

[PQ| = V% +y2
|PG| = V44.62% + 18.622
|PQ| = V2337.64 = 484N

(|PQ| cos 0)i = 44.62i

cos f = 162
48.4
0 =22.7°

18-20 <Solutions to come>
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