Chapter 7 worked solutions — The trigonometric functions

Solutions to Exercise 7A

1la

angle 1 0.5 0.2 0.1 0.08

size in

radians

sin x 0.841471 0.479 426 0.198 669 | 0.099 833 | 0.079 915

sin x 0.841 471 0.958 851 0.993 347 | 0.998 334 | 0.998 934
X

tan x 1.557 408 0.546 302 0.20271 | 0.100335 | 0.080171

tanx 1.557 408 1.092 605 1.013 55| 1.003 347 | 1.002 139
X

CcoS X 0.540 302 0.877 583 0.980 067 | 0.995 004 | 0.996 802
angle 0.05 0.02 0.01 0.005 0.002

size in

radians

sin x 0.049 979 0.019 999 0.01 0.005 0.002

sin x 0.999 583 0.999 933 0.999 983 | 0.999 996 | 0.999 999
X

tanx 0.050 042 0.020 003 0.01 0.005 0.002

tan x 1.000 834 1.000 133 1.000 033 | 1.000 008 | 1.000 001
X

CcoS X 0.998 75 0.9998 0.99995 | 0.999988 | 0.999 998

sinx

tanx

1b By observation of the table, we see thatas x — 0, " 1and — — 1.

Refer to page 312 of the textbook for a more rigorous proof of these results.

2 Answers will vary. An example of the graph that could be produced is shown
below.
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—@—sin(x) —@—sin(x)/x —®—tan(x)

3a 2° = X 2° radians = — radlans

180°

tan(x)/x —@— cos(x)

3b Since we know thatasx — 0, % — 1, we also know that as x — 0, sinx — x and

hence it follows that for small values of x, sinx = x.

Vs . . . T . s
When x = - radians, x is small so sings =

We know from above that 2° = %

3c From above we know that sin 2° = %.

Substituting in T = 3.142 gives

a . . T
radians, hence sin 2° = v

090 = 3.142  0.3142 0.0349
sin2°= o= =—5 =0
4a
angle size 60° 30° 10° 5° 2° 1°
in degrees
angle size T i L L L T
in radians 3 6 18 36 90 180
sinx 0.8660 0.5 0.1736 | 0.087 16 0.03490 | 0.017 45
sinx
x 0.8270 0.9549 0.9949 0.9987 0.9998 0.9999
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D EMATHS

tan x 1.732 0.5774 0.1763 0.087 49 0.034 92 0.017 46
tan x
X 1.654 1.103 1.010 1.003 1.000 1.000
cos X 0.5000 0.8660 0.9848 0.9962 0.9994 0.9998
angle size 20’ 5' 1’ 30" 1”
in degrees
angle size T T i T T
in radians 540 2160 10800 21 600 648 000
sin x 0.005 818 0.001 454 | 0.0002909 0.000 1454 | 0.000 004 848
sin x
X 1.000 1.000 1.000 1.000 1.000
tan x 0.005 818 0.001 454 0.000 2909 0.0001454 | 0.000004 848
tan x
X 1.000 1.000 1.000 1.000 1.000
cos X 1.000 1.000 1.000 1.000 1.000

4b sinx < x < tanx

4ci  From the table, we can see that:

. Sinx
lim =1
x->0 X

4cii From the table, we can see that:

_ tanx
lim =
x-0 X

4d x < 0.0774 (correct to four decimal places) or x < 4°26’

5 An example of the values one may obtain from a spreadsheet are shown. Note
that the sheet will round some values to 1 when the angle becomes very small.
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angle
size in
radians 0.1 0.01 0.001 | 0.0001 | 0.00001 | 0.000001| o0.0000001
sin x
0.998 334 | 0.999 983 1 1 1 1 1
tan x
1.003 347 | 1.000 033 1 1 1 1 1
cosx | 0995004 | 0.99995 1 1 1 1 1
6a lirré Sizx =1 (One of the Fundamental Limits)
X—
. sin2x
6b }Clir(l) ~
— 1 sin 2x % Z
N xl—r>r(l) x 2
. sin2x
= }CI_I)T(I) P X 2
Let,y = 2x
As,x - 0,2x = 0 and hence,y = 0
Then, lim 2x = limy =0
x—0 y—-0
Therefore, by substituting, y = 2x
. sin2x
}Cl_r}(l) P X 2
= lim Sy o 2
y-0 Y
We know that, lim sinx _ 1, hence,
x—-0 X
lir%S“f" =1x2=2
X—
6c  lim 32X
x—0 2Xx
1 . Sinx
==X lim
2 x-0 X
We know that, lim sinx _ 1, hence,
x-0 X
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6d

6e

© Cambridge University Press 2019

. sin3x
1

x-0 2x
. sin3x _ 3
= lim =
x—0 2x 3
. sin3x 3
= lim =

x—0 3x 2

Let,y = 3x

As,x - 0,3x - 0 and hence,y = 0

Then, 11m 3x=1limy =0
y—0

Therefore, by substituting, y = 3x

. sin3x 3
lim X =
x—0 3x 2

We know that, lim X
x—>0 X

. sin3x 3
lim——==1 XE

x—0 2x

5x
x—0 Sin 3x

=5 X lim—
x—0 Sin3x

=5 X lim
x—0 sin3x

. 3x
X lim —
x—0 Sin 3x

wlun

Let,y = 3x

As,x = 0,3x = 0 and hence,y =0
Then, lim3x =limy =0
x—0 y—0

Therefore, by substituting, y = 3x

3

3

= 1, hence,



We know that, lirr(l) % =1, hence,
X—

5x

5
- =—)(1=
x—0 Sin 3x 3

sin 3x+sin 5x

6f lim
x—0
sin 3x sin 5x
= lim + lim
x—0 X x—0 X
~ sin3x ~ sinbx
= 3lim 5lim
x-0 X x-0 5x
=3(1)+5(1)
=8
7
) vertical distance
sinx =
hypotenuse
) vertical distance
sin 5° =

1

vertical distance = sin 5°

. . . T 10001 .
vertical distance = sin ; — k =, M= 87 m

som [ower 60

4km (4000m)

30

As can be seen from the diagram, tan 8 = 000"

Hence, as this is a small angle,

30

0 = 2000 radians
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30 180°

= 2000 X x
= 0.4297°

= 26’

9 Zoomed out

| | & | |

[$]

Zoomed in

0.015

0.01

0:005

-0.015 -0.01 -0.005 0.005 0.01 0.015

0.005
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sinx

10 Fory =

Zoomed out

0:5

N4 ° N/

Zoomed in

10001

0:9999

© Cambridge University Press 2019 8



Chapter 7 worked solutions — The trigonometric functions

tanx
Fory = —

Zoomed out

Zoomed in

10001

0:9999
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400 000km [

Firstly, converting 0°31' to radians gives 0°31’ x % = 0.009 017 534 46 ...

11

12

13a

13b

Using the formula [ = r8, as the diameter of the moon is approximately equal to
the arc of a circle whose centre is the point of observation, gives

[ =400 000 x 0.009 017 534 46 ... = 3607.013 ... km which is 3600 km to the
nearest 100 km.

The total side length of a polygon with 300 sides will be approximately equal to
that of a circle with radius 60 cm.

The circumference of a circle with radius 60 cm is
2nr = 2w X 60 = 120w = 376.99 cm.

Hence, as the polygon is regular and all its sides are of the same length, in order

to have the total side length approximately 376.99 cm long, each individual side

376.99

must be —— = 1.26 cm long.
300

AB =+a? + b? — 2ab cos C

= Jr2+7r2—-2(r)(r) cosx

= /2r2(1 — cos x)
Hence AB? = 2r2(1 — cos x).

The formula for arc length is | = r8, hence applying this for AB gives AB = rx.

If the chord and arc are approximately equal for small angles then
ABchord = ABarc
ABczhord = ABazrc

2r%2(1 — cosx) = (rx)?
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2r%(1 — cosx) = r2x?
2(1 —cosx) = x?
1—cosx =

x
2
x

cosx=1-—

The arc is longer than the chord, so

ABchora = ABarc
ABGora = ABZ:c
2r2(1 — cosx) < (rx)?
2r2(1 — cosx) < r2x?

2(1 —cosx) < x?

1 < i
—cosx < —
2

>1 i

Cos x -
2

Hence cos x is larger than the approximation.

13c

1° 10° 20° 30°
cosx |0.999847695 | 0.984808 | 0.939693 | 0.866 025
1
1- Exz 0.999 847691 | 0.984769 | 0.939077 | 0.862 922
Error 3.8662 x 1077 | 3.86 x 10~* | 0.000 616 | 0.003 103

The approximation is highly accurate at 1° and becomes less accurate as the size

of the angle increases.
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14

15a

15b

r

o

As discussed in the previous question the arc is longer than the chord, so cos x is
larger than the approximation. We can also see this as we zoom in on the curve.

Note that in the graph above we can see that the red graphof y = 1 — %xz is

always below the black graph of y = cos x and hence y = cos x is larger.

Using compound angle formula:

sin(A — B) = sinA cos B — cosAsin B

sin(8 — x)

= sin 6 cos x — cos 6 sin x (using compound angle formula)
x is a small angle, hence

sinx = xandcosx =1

Therefore,

sin(8 — x)

= sin 6 cos x — cos 6 sin x

=sinfd X1—cosf Xx

= sinf — x cos 6@

as required
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15c¢

15d

15e

5991

o I ﬂ o — ﬁo -
29°57" = (29 + 60) =25 = 3600 radians
This i is = away from = - ﬁ is a very small angle.
Letx =——and @ ==
3600

sin (g—ﬁ) = sin (g) —%cos (g)
LT T 1 T V3
sin (5~ 3500) =3~ 7606 % 7

599m _3600 V3
3600 T 7200 ~ 7200

3600 — /37
7200

sin 29°57' =

Using a calculator the left hand side evaluates to sin 29°57' = 0.49924406 ...

whilst the right hand side evaluates to % = 0.4992442503 ... from this we

see that the approximation is accurate to 6 decimal places.

In radians, 29° = >< 29 = X
180°
Note that— _2r_ T
180 180
Hence, using the formula from part b with 6 = g and x = %
/MmN (T T 0
Sin (g—m) = sm(6) —@COS (6)
29m m T T
sin (180) = Sin (g) — @COS (6)
1 m/3
29°) = = — —
sin(29°) = 360
_ , 180—-nV§
sm(29 ) = T
The left hand side evaluates to sin(29°) = 0.484 809 620 2 ... and the right hand
side evaluates to 18(;67;\/— = 0.484 885 005 3 ... so this approximation is accurate

to four decimal places.
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cos 31°

= sin(90° — 31°)
= sin 59°

B (5977.')
= Sln 180
L (607‘[ T )
— S\ 180 ~ 180

Using the formula from part b with 8 = S Zandx ==
180 3 180

cos 31°

= sing — (17{;0) cos%
V3 on

2 360
_180V3 -7

360

180v3-1

cos31° = 0.857 167 300 7 ... and = 0.857 298 757 5 ... so this is accurate

to three decimal places.

tan 61°

_ sin 61°

"~ cos61°
sin61°

sin90° — 61°

sin 61°

sin 29°

sin ()

sin 29°
_ sin (6077,' T )

180 T 180
sin 29°

601 b T

Using the formula from partbwith = — =-and x = ——
180 3 180

tan 61°

_sin(3) -~ 1m0 (3)
sin 29°

_ sin (%) + % cos (%)
sin 29°
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V3 T 1
_72 "180%2
sin 29°

Now using the result obtained for sin 29°

tan 61°

\/§ T 1
.2 t180%2
180 — V3
— 360

V3 T 1
(2 +180 > X 360

180 — /3
360
180V3 +m

180 — /3

X 360

18‘”_*” = 1.804 040 217 ..

tan61° = 1.804 047 755 ... an d -

five decimal places.
cot59°

_ cos 59°
"~ sin59°
sin(90° — 59°)
sin 59°
sin 31°

E

wlF|oq =
+
(SN
oo|=|
o

S— |NN— 0

n
. 2L
=
—~—~|—~ —~|—~ —~
m|
(e]
I
[N
S
(@)
~—

(oe] = Nae
':]oo
(=)

=R
o
(@]
)
%]

2.1 2
5| B
Sl
+
S
(=]
(@]
=]
%]
SN

N =
+
53
B

E

NS
W
(o))
(o)
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_ 180 +7v3
C180V3 -7

cot 59° = 0.600 860 619 ...

four decimal places.

461

46° = sin——
sin sin 180

L (4-577.'+ n)
~ SM\180 T 180

= sin (T[ 1;[0)

T T T

= sin— +@COS—

1 T

= 4
V2 180V2
180+

T 180v2

and

sin46° = 0.719 339800 3 ...an

three decimal places.
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(multiplying by 360 on top and bottom)

= 0.600 858 207 5 ... so this is accurate to

= 0.719 448 122 7 so this is accurate to

16
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Solutions to Exercise 7B

1la

1b

1c

1d

le

1f

y =sinx
dy
i cos x

COoS Xx

Q. <
<o

= —sinx

&

y = tan x

=L —sec? x
dx

y =2sinx

y
=2
I Cos x

y = sin 2x

y =sinu whereu = 2x

dy dyxdu

dx  du’ dx
=cosu X 2
=cos2x X 2
= 2 cos2x

y =3cosx

d

£=—35inx

© Cambridge University Press 2019
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1g y = cos 3x

y =cosu whereu = 3x

dy dy du
dx du dx
= —sinu X 3
= —sin3x X 3
= —3sin 3x

1h y = tan 4x

y =tanu whereu = 4x

dy dy du
dx du dx
=sec’u X 4
= 4sec? 4x
1i y =4tanx
d
d—y = 4sec’x

1j y = 2sin3x

y = 2sinu whereu = 3x

dy dy du

dx du dx
=2cosu X3
=2cos3x X3
= 6cos 3x

1k y = 2tan2x

y =2tanu whereu = 2x

dy dy du
dx du dx
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= 2sec’u X2
= 2sec?2x X 2

= 4sec? 2x

11 y = 4cos 2x

y =4cosu whereu = 2x

dy dyxdu
dx du’ dx
= —4sinu X 2
= —4sin2x X 2
= —8sin 2x
Im y=—sin2x
y = —sinu whereu = 2x
dy dy du
dx du dx
= —cosu X 2
= —C0oS2x X 2
= —2cos 2x
1n Yy = —CO0S 2x
y = —cosu whereu = 2x
dy dy du
dx duxdx
=sinu X 2
=sin2x X 2
= 2sin2x

© Cambridge University Press 2019
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1o y = —tan 2x

y = —tanu whereu = 2x
dy dy du
dx du dx

= —sec?u x 2

= —sec? 2x X 2

= —2sec? 2x

1p y = tan%x

1
y =tanu whereu = 5%

dy dyxdu
dx  du’ dx
1

= 2 X —
seccu >

1 1
e
—zsec 2x

1q y=cos§x

1
y =cosu whereu = 5%

dy dy du
dx du dx
1

= —sinu X —
2

R S
= sm2x 5

1. 1

= —ESIHEX

© Cambridge University Press 2019
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. X

1r y =sinz
. X
y =sinu whereu = >

dy dy du
dx du dx

1s y = 5tan§x

1
y =5tanu whereu =X

dy dyxdu

dx  du’ dx
1
= 2 X —
5sec®u z

1

=sec2§x

1t
y = cos3

X
y =6cosu whereuzg

dy dyxdu
dx du’ dx

1
=6><(—sinu)><§
Cox. 1
=6><(—sm§)><—

3

— Z'x
= SlIl3

© Cambridge University Press 2019
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1u y=12 sin%

y =12sinu where u =§

dy dy du
dx du dx
1
=12cosuxz
x 1
_12COSZXZ
X
=3COSZ

2a y = sin 2mx

y d
T CoS 2mx X e (2mx)

= coS 2Ttx X 2T

= 21 CcOS 21X

2b

——sec =X X —

dy , T d m
dx 2 dx ( )

, T s
=sec‘-x X =
2 2

T T
= =sec’=-x
2 2

2c y = 3sinx + cos 5x

dy d . d
T 3cosxxE(x)—sm5xxa(5x)

=3cosx X1—sinbx x5

= 3 cosx — 5sin5x
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22



Chapter 7 worked solutions — The trigonometric functions

2d y = 4sinnx + 3 cos mx

dy _ a e a
= 4 cosx X - (mx) + 3 X (—sinmx) X — (mx)

=4cosmx Xm+ 3 X (—sinmx) Xm

= 4w cosmx — 3msinmx

2e y =sin(2x — 1)

dy d
T cos(2x — 1) x E(Zx -1

=cos(2x — 1) x 2
=2cos(2x — 1)

2f y = tan(1 + 3x)

d d
& sec?(1+ 3x) x — (1 + 3x)
dx dx

=sec?(1+3x)x3

= 3sec?(1 + 3x)

2g y = 2cos(1 —x)
d d
—y= 2X(—sin(l=x))x—(1—-x)
dx dx

=2 X (—sin(1—x)) x (—1)
= 2sin(1 — x)

2h y = cos(5x + 4)

D in(sx +4) x-= (5x + 4)
dx_ Sin(ox dx X

= —sin(5x +4) X 5
= —5sin(5x + 4)

© Cambridge University Press 2019
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2i

2j

2k

21

y = 7sin(2 — 3x)

d d
_ 7 cos(2 —3x) x — (2 — 3x)
dx dx

= 7 cos(2 — 3x) X (—3)
= —21cos(2 — 3x)

y = 10tan(10 — x)

dy 5 d
T 10sec“(10 — x) xa(lo—x)

= 10sec?(10 — x) x (—=1)
= —10sec?(10 — x)

/N
=
+
[En

N'R + N
+ NIR
_ N RN RN —

N N N

|Q..

<
I
(=)
(@)
o
wn

VS
N xR
+
N =
——

+

N———
X X
N =&
=& =

Il
w
(@)
o
7
+

AN N

R NIRDN|IR

+

Il

w

(@)

o

7
—
N
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3a
y =sin 2x
ﬂ =2C0S2X
dx
2
d_z/ =2x-2sin2Xx
dx
=-4sin 2X
3
d—Z =-4x2Cc0s2X
dx
=-8c0s 2x
4
M =-8x-2sin2x
dx
=16sin2x
The amplitude for each of these expressions is given by the coefficient of each
trigonometric term and hence are: 2, 4, 8 and 16.
3b

y =c0s10x
dy =-10sin10x
dx

2
% =-10x10c0s10x
X
=-100cos10x
3
% — —100x ~10sin10x
X
=1000sin10x
4
a’y _ 1000x10c0s10x
dx*
=10000c0s10x

© Cambridge University Press 2019

25



Chapter 7 worked solutions — The trigonometric functions

3c
y—ﬁnlx
2
ﬂ=1coslx
dx 2 2
d’y 1 1 .1
— =—x—=sin=X
ax“ 2 2 2
1.1
=—-=sin=Xx
4 2
3
d—Z:—ixECOSZX
dx 2
1 1
=—=-C0S—X
8 2
dy 1 1.1
—=——x—=sin=x
dx 8 2 2
1 .1
=—sin=X
16 2
3d
y =C0S=X
d—y=—£sinlx
dx 3 3
d’y 1
—5 =——X=00S=X
dx 33 3
1
=—=C0S=X
d’y 1 1.
— =——x==sin=X
dx 9 3 3
1 .
=—sin=X
27 3
dy 1
— =——X=C0S=X
dx* 27 3 3
1 1
=—C0S= X
81 3

The amplitude for each of these expressions is given by the coefficient of each

trigonometric term and hence are:
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4

43

4b

4c

4d

© Cambridge University Press 2019

f'(x) = —2sin2x

=-2x1

Il
|
N

f (x)=sinu, where u :(£x+£j
4 2

1
f, = —
(x) cosu><4

1 1 T
=C0s| = Xx+=
4 (4 2)



5a

5b
f (2%)21C05(2+£]
4 2 2
=%cos(7r)
_ 1
5c
1 T
f'(—p)== _x
(-) 4cos[ 4+ j
(5)
==cos| =
4 4
1
==42
SJ_
5d

f'(;r)=%005(%+%}

1 (3#)
=—C0S| —
4 4
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6a
y = Xsinx
u= xd—uzl
dx
. dv
V =Sin X,— = C0S X
dx
ﬂ:sinXx1+x><cosx
dx
= XCOS X +Sin X
6b
y = 2xtan2x
u=2x, d—u:2
dx
dv 2
v = tan 2x,— = 2sec” 2X
dx
%ztanZXx2+2x><Zsec22x
X
= 2tan 2x + 4xsec? 2x
=2(tan2x+2xsec22x)
6c
y = X* C0S 2X
u:xz,d—u 2X
dx
v:c032x,ﬂ=—23in2x
dx
%=c052x><2x+x2><—25in2x
X

= 2XC0S2X — 2x%sin 2x
= 2x(cos 2X — Xsin 2x)
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6d

7a

7b

y = x*sin3x
u —x3,0|—u=3x2
dx

V =Sin3x,— dv =3c0s3X
dx

%:SinSXx3X2+X3x3COS3X
X
=3x?sin 3x + 3x° cos 3x
=3x*(sin3x+ xcos 3x)
sin x
X
_u
Ify = - then

. du
U =SInx,— =Cosx
dx

v=x—=1
’dx
pau_, av
d_y= dx dx
dx v2
x Xcosx —sinx X1
= x?
X cosx — sinx
= —
_ COS X
X
u
Ify =;then
du .
U =cosx,— = —sinx
dx
dv
v=x—=1
dx

© Cambridge University Press 2019
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p_av
dy __dx dx
dx v?
x X (—sinx) —cosx X 1
- "
_ —XsinXx—cos X
XZ
7c
X2
y
COS X
Ify = %then
u = x? U _ oy
dx
dv .
v =cosx,—= —sinx
pau_ ., av
dy __dx dx
dx V2
(cosx) X (2x) — x? x (—sinx)
(cos?x)
2x cosx + x? sinx
B cos? x
x(2cosx + x sinx)
B cos? x
7d
X
1+sinx
Ify = %then

du
u=x—=1
dx

. dv
v=1+4sinx,— = cosx
dx

du dv
dy _ Vax " “ax
dx v?
_ (1+4sinx) X1 —xXcosx
B (1 + sin x)?

© Cambridge University Press 2019
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8a

8b

8c

8d

_ 1+ sinx —xcosx
(1 + sinx)?

y = sin(x?)

Ay _ oy L2
a—cos(x)xa(x)
= cos(x?) x 2x

= 2x cos(x?)

y = sin(1 — x?2)

dy _ 2y 5 & 2
a—cos(l—x )xa(l—x)

= cos(1 — x?) x (—2x)

= —2x cos(1 — x?)

y = cos(x3 + 1)

d d

& (—sin(® + 1) X — (2% + 1)
dx dx

= (—sin(x3® + 1)) x 3x?

= —3x%sin(x3 + 1)

y = sini = sin(x~1)

dy 1 1
i cos;xa(x )

_ cos—x (—x2)
—COSx X

1 1
= ——Cos—
x x
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8e

8f

8h

y = cos? x = (cos x)?

dy d
T 2cosx x§(cosx)

= 2cosx X (—sinx)
= —sinx X 2cosx

= —2cosxsinx

y = sin® x = (sinx)3

dy . d .
T (3sin“ x) X a(smx)
= (3sin?x) X cosx

= 3sin® x cos x

y n?x = (tanx)?
dy d
T (2tanx) x a(tanx)

= (2tanx) X sec? x

= 2tanx sec? x

y = tan+v/x = tan (x%)
d—— (SeCZ\/_) x—( l)
= (sec?vx) x Ex_%
1

= ——sec?x
2v/x
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9a Drawing the tangents where x = 0,0.5,1, 1.5, 2, 2.5,3

9b
T 3
x |0|05 1 [15 0 2 25 | 3 | m | 35 4 4.5 > 5 |55 21
f'(x))1/09/05|01|{0|—-04|-08|—-1|-1|-09|-07|-02] 0 |0.3]0.7 1
9c Plotting each of the points found in part b gives:
15
10 4 o0
([ J
0.5 ®
°
0 L 3 °
0 1 3 4 ® 5
-0.5 & 3
1 ® e
-1.5
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9d  We can see that if we fit a continuous curve to the points plotted (in part c) it
appears as below.

< T
S paes

1 /

By inspection, this is the graph of y = cos x.

10 y = sinx

y' =cosx
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11a

11b

11c

11d

nr

y"" = —cosx

IHRN

-2

f(x) = etanx
f'(x) = etanx x %(tanx)

tanx

= et ¥gec2 x

f(x) = eSin2x
f'(x) = eSin2x X — (sm 2x)

= eSIN2X % 2cos 2x
= 2e5M2X cos5 2x

f(x) = sin(e?¥)
f'(@) = cos(e?) x5 (e*)
= cos(e?*) x 2e?*

= 2e%** cos(e?)

f&x) = loge (cosx)

f'(x) = X —(cosx)
1 .
= osx X (—sinx)
sinx
~ " Cosx
= —tanx
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11le f(x) = loge(sin x)
f') =

el b (sm x)

1
= ——XCOoSX
sinx

cos x
sin x

= cotx

11f  f(x) = loge(cos 4x)

f'(x) =

d
X — (cos4x)

cos4x

X (—4 sin 4x)

cos 4x

4. sin 4x

cos 4x

= —4tan4x

12a y =sinxcosx

% — 05X X = (sinx) +sin ¥ (c05 )
dx—cosx dx Sin x Slnxdx COS X

= cos x cos x + sinx (—sin x)
= COSX COSX — Sinx sinx

= cos?x — sin?x

12b  y = sin? 7x = (sin 7x)?
dy : a .
T 2sin 7x X P (sin 7x)

= 2sin7x X 7cos 7x

= 14 sin7x cos 7x
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12c¢  y = cos® 3x = (cos 3x)°

d d
Y 5(cos 3x)* x — (cos 3x)
dx dx

= 5cos*3x x (=3 sin 3x)

= —15cos* 3x sin 3x

12d  y = (1 — cos 3x)3

d d
@y = 3(1 — cos 3x)? x — (1 — cos 3x)
dx dx

= 3(1 — cos 3x)? x (3 sin 3x)

= 9sin 3x (1 — cos 3x)?

12e y = sin2xsin4x

dy—'4xd('2)+'2xd('4)
dx—Sll'l X dx SIn 2Xx SIn 2Zx dx Sin 4x

= sin4x X 2 cos 2x + sin 2x X 4 cos 4x
= 2sin4x cos2x + 4 sin 2x cos 4x

= 2(cos 2x sin 4x + 2 sin 2x cos 4x)

12f  y = tan3(5x — 4) = (tan(5x — 4))3

dy d
= 3(tan(5x — 4))? x P (tan(5x — 4))

= 3tan?(5x — 4) X 5sec?(5x — 4)
= 15tan?(5x — 4) sec?(5x — 4)

13a

fx) = = (1 +sinx)™?!

1+ sinx

f'(x) = —1(1 +sinx)™2 x ;—x(l + sin x)

= —(1+sinx)™? X cos x
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_ —cosx
(1 + sinx)?
13b
sin x
f@) = 1+ cosx
Iff(x) = %then
u =sinx
du _
I cos x
v=1+4cosx
v
I sin x
Using the quotient rule:
,du_ dv
f,(X) — dxvz dx
_ (14 cosx) xXcosx —sinx X (—sinx)
B (1 + cosx)?
_cosx + cos? x + sin% x
(1 + cosx)?
_ cosx +1
(1 + cosx)?
_ 1+ cosx
(1 + cosx)?
_ 1
" 14 cosx
13c
() = 1—sinx
fx) = cos x

Iff(x) = %then

u=1-sinx

du

— = —COoSXx
dx

vV =CoSX
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13d

dv )
— = —sinx
dx
Using the quotient rule:
du v
' dx dx
£ = B
cosx (—cosx) — (1 —sinx)(—sinx)
B cos? x
_ —cos?x +sinx —sin®x
(1 —sin?x)

_sinx — (cos? x + sin’ x)
(1 —sinx)(1 + sinx)

_ sinx — 1
(1 -sinx)(1 +sinx)
B —(1 —sinx)
~ (1 -sinx)(1 +sinx)
_ -1
~ 1+sinx

cos x

flx) =

cosx + sinx

Iff(x) = %then

U = COSX

du )

— = —sinx

dx

v =cosx + sinx
dv ]

— = —sinx + cosx
dx

Using the quotient rule:

pdu_, dv
F1x) = dx dx

2

(cosx + sinx)(—sinx) — (cos x)(—sin x + cos x)

(cos x + sin x)?

— sinx cos x — sin? x + sin x cos x — cos? x

(cos x + sinx)?
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—(sin? x + cos? x)

- (cosx + sinx)?
-1

~ (cosx + sinx)?2

14a y=cosx for—3n <x <3m

0 ‘/ﬁ\

y' = -—cosx
™0 TN TN P

14ci The graphs are reflections of each other in the x-axis.

14cii The graphs are identical.

© Cambridge University Press 2019 41



Chapter 7 worked solutions — The trigonometric functions

15 See question 14a, b.

The graphs of the successive differentiation of sin x are shown on page 321 of the

textbook.

16a y=-e*sinx

d d
"=sinx X —(e*) + e* x — (sinx
y () + e* X o (sin®)

=sinx X e* + e* X cos x

=e*sinx + e* cosx

d d d d
" — gj X — x xX— i X — x xX—
y sinx X — (e +e Tx (sinx) + cosx I (e®) +e Tx (cosx)

=sinx X e* + e* X cosx + cosx X e* + e* X (—sinx)
=e*sinx +e*cosx +e*cosx —e*sinx
= 2e* cos x

yll_zyl_l_zy

= 2e*cosx — 2(e*sinx + e* cosx) + 2(e* sinx)
= 2e* cosx — 2e*sinx — 2e* cosx + 2e* sinx
=0 as required

16b y=e*cosx

d d
I —-X —-X
y =cosx X P (e™)+e™x P (cosx)
=cosx X (—e™*) + e™* X (—sinx)

= —e¥*cosx —e *sinx
& x L (e7) + e x = (cosx)
y' = cos x Ix e e P cos x

d d
_ 3 - —-X —-X - 3
<smx X P (e™)+e™x P (sin x))

= —(—e ™ cosx —e *sinx) — (—e *sinx + e * cosx)
=e ¥*cosx+e *sinx+e *sinx —e *cosx
= 2e *sinx
143 1A
y'+ 2y + 2y

=2e *sinx + 2(—e ¥ cosx —e¥sinx) + 2(e * cosx)
= 2e ¥sinx —2e *cosx —2e *sinx + 2e ¥ cosx
=0 asrequired
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17a y= %tan3x—tanx+x

dy dm1 d d
g—a%tan x)—a(tanx)+a(x)
d d
= ——(tan3x) ——(tanx) +—(x)
3dx d
1
—§x3xtan xxa(tanx)—sec x+1

=§><3xtan2xxsec2x—sec2x+1

= tan®xsec?x —sec?x + 1 as required

17b

d
& tan® xsec?x —sec®x + 1
dx

Using the identity sec? x = 1 + tan?® x:

d
%=tan2x(1+tan2x)—(1+tan2x)+1

=tan’x +tan*x —1—tan’x + 1

= tan*x as required

18a log, (g) = log, P — log, Q

18b
1+ sinx )
f(x)=loge< Y )=loge(1+smx)—loge(cosx)
"(x) = X d 1 + si
filx " 1+ sinx dx( sin x) COS X dx
1 1
=—X — —— X (—si
1+ sinx cosx CcoS X (=sinx)
CoS X sin x

1+sinx cosx
2 . .
cos“ x sinx (1 + sinx)

cosx (1 +sinx) cosx(1+ sinx)
cos? x sinx + sin? x

+
cosx (1 +sinx) cosx(1+sinx)
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cos? x + sin? x + sinx

cosx (1 + sinx)

_ 1+ sinx
~ cosx (1 + sinx)
_ 1
 cosX
= secx
19a
d
a(secx)
d
— -1
Ix ((cosx)™)
d
= —1(cosx)™2 x — (cos x)
dx
= — X (— i
P (—sinx)

_ 1 sinx

" cosx cosx

= secxtanx

19b

d
P (cosecx)

da .
= -~ ((sinx) D

d
— : -2 :
= —1(sinx)™* X Ix (sinx)

1
= ———=—XC0osX
sin‘ x
1 coSs x
= —— X —
sinx sinx

= —cosecx cotx
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19c
d
—_— t
P (cotx)
d
= —((tanx)™")
dx
d
=-—1(t 2 x —(t
(tan x) dx( anx)
1 2
= ————Xxsec’x
tan? x
cos? x 1
= —— X
sin?x  cos?x
_ 1
© sin%x
= —cosec?x
20

d( 5 1 )
7 5sm x 7sm x

5 d 7 d
= (E sin? x) X (sinx) — (; sin® x) X = (sinx)
= sin* x X cos x — sin® x X cos x

= sin* x cos x — sin® x cos x

= sin* x cos x — sin* x cos x sin? x

= sin* x cos x — sin* x cos x (1 — cos? x)

= sin* x cos x — sin* x cos x + sin* x cos® x
4

= sin* x cos3 x
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2l1ai

21aii

y =sinx

d , .
Then, = (sinx) = cosx

\ -3n

3n

3r

3r

=31

=T

—T

2r

3n

It shows the first four derivatives of y = sinx

-

In

3m

Each application of differentiation shifts the wave left % which is the quarter of

2m. Thus, the differentiation advances the phase by g hence, the first derivative is

d . . T
a(sm x) = cosx = sin(x + )

Each application of differentiation shifts the wave left g which is the quarter of

2m. Thus, the differentiation advances the phase by g hence, the second

derivative will shift by 2 times of g, which is advances the phase by

d%y
dx?
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21aiii Each application of differentiation shifts the wave left g which is the quarter of
2m. Thus, the differentiation advances the phase by g hence, the second

derivative will shift by 3 times of g, which is advances the phase by 3?”

d3y
dx3

3
= % (sinx) = sin(x + 377:)
21b By observation of the results in question 21a, the expression is

ay

. nm
o = sin(x + )

22a LHS
= %(sin((m + n)x) + sin((m — n)x))

= %(sin(mx + nx) + sin(mx — nx))

1
=5 (sinmx cos nx + cos mx sinnx + sin mx cos(—nx) + cos(mx) sin(—nx))

1
= > (sinmx cos nx + cos mx sin nx + sinmx cos nx — cos mx sin nx)

1
=5 (2 sinmx cosnx)

= sin mx cos nx

22b :—x (sinmx X cos nx)

d (1 _ . .
= — |5 [(sin(m +m)x + sin(m —n)x)]

= % [(m + n) cos((m + n)x) + (m — n) cos((m — n)x)]

22c¢  LHS

= %(cos(m +n)x + cos(m — n)x)
= %(cos(mx + nx) + cos(mx — nx))
1

= — (cos mx cos nx — sinmx sinnx + cos mx cos(—nx) — sin mx sin(—nx))

[cos mx cos nx — sin mx sinnx + cos mx cos nx — — sin mx sin nx|

NI HNI _ N

[cos mx cos nx — sin mx sinnx + cos mx cos nx + sin mx sin nx|
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=3 [2 cos mx cos nx]
= COS MX COS NX

d
— (cos mx cos nx)
dx

= E (cos(m + n)x + cos(m — n)x)]

=5 (=(m + n) sin(m + n)x — (m — n) sin(m — n)x)

> [(m + n) sin(m + n)x + (m — n) sin(m — n)x]

23 y = e *(cos 2x + sin 2x)
"= 2x + sin 2 xd(‘x)+‘x><d( 2x + sin 2x)
y' = (cos 2x + sin 2x) I e e I cos 2x + sin 2x

d d
= (cos 2x + sin2x) X (—e™*) + e™* X | — (cos 2x) + — (sin 2x)
dx dx

= (cos 2x + sin 2x) X (—e™*) + e™*(—2sin 2x + 2 cos 2x)
= —e *cos2x —e *sin2x — 2e *sin2x + 2e ¥ cos 2x

= e *cos2x — 3e ¥ sin 2x

d d
y" = <cos 2x X P (e™)+e™x Tx (cos Zx))

dx

= (—e ¥ cos2x — 2e7*sin 2x) — 3(—e ¥ sin 2x + 2e* cos 2x)
= —e ¥ cos2x —2e *sin2x + 3e ¥ sin 2x — 6e ¥ cos 2x
= —7e *cos2x + e *sin2x

d d
-3 (sin 2x X o (e™) 4+ e * x —(sin 2x)>

y" +2y"+ 5y

= —7e *cos2x + e *sin2x + 2(e *cos 2x — 3e ¥ sin 2x)
+5(e™ cos 2x + e™*sin 2x)

= —7e *cos2x + e *sin2x + 2e *cos2x — 6e ¥ sin 2x
+5e7* cos 2x + 5e *sin 2x

=0 asrequired
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24a

24b

= In(tan 2x)
LHS = iln(tan 2x)
dx

Let,u = tan 2x

Hence, % In(tan 2x) and using chain rule

= (iln u) X itan 2x
du dx

1
=;><Zsec22x

1
= X 2 sec? 2x
tan2x

1
= X 2sec2x X sec2x

sin 2x
Ccos2x

CcoS 2x
== X 2sec2x X

sin 2x CcoS 2x

1
=— X 2sec2x
sin 2x

1
=2 X ——Xsec2x

sin 2x
= 2 X sec2x X cosec 2x
= RHS

Hence, proved.

y=1In (\/_ cosx)

VZ2+cosx

LHS = L1 (Y1)

V2+cosx

V2-cosx

VZ+cosx

Hence, % In (ﬁ_cos x)

V2+cosx

Letu =

T JZ-cosx
\V2+cosx

V2+4cosx

" V2Z-cosx
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and,
du _ (\/_—cos x)
dx  dx \V2+cosx

_ (V2+cosx) x%(\/i—cos x)—-(2—-cos x) x%(\/f+cos x)

(W2+cos x)?2

_ (V2+cosx)x—(-sinx)—(V2—cos x) X (- sin x)
- (vV2+cos x)?2

_ (V2+cos x)xsin x—(v2—cos x)x (- sin x)
- (V2+cos x)2

__V2sinx+sinx cosx +V2 sinx—sinx cosx
(V2+cos x)?2

_ 2vZsinx
"~ (W2+cosx)?

Thus, by the chain rule

a (\/E—cosx)
dx V2+cosx

_ (d 1 )du
~\au %) ax

__ V2+cosx 2VZsinx
V2-cosx = (V2+cosx)?

_ 2v2sinx
T (VZ-cos x)X(VZ+cos x)

_ 2vV2sinx
T 2-cosZx
_ 2y/2sinx
T 1+1-cosZx
_ 2v2sinx

1+sin2 x

= RHS

Hence, proved.

25 Differentiation by first principles formula is:

f(x+h) f()
fle) = -

Applying this formula to the function f(x) = cos x gives:

cos(x+h)—cosx
— (cos x) =lim bl 2
h—0 h
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Using the difference of cosines identity:
cosP —cosQ = -2 sin%(P + Q) sin%(P -Q)

Then, lettingP = x+ hand Q =xwehaveP+Q =2x+handP—-Q =h

cos(x+h)—cosx

d .
™ (cosx) = }ll_r)r(l) .

—Zsin%(2x+h) sin%h

= lim
h—0 h

. . 1 sin%h
= lim —2sin (x + —h)
h—0 2 h

1
sm—h

= 11m —sin (x + - h) _h

. 1 . sin%h 3
= (— sin (x + > (0))) lim %h =1)

= —sinx
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Solutions to Exercise 7C

1la

1b

1c

1d

le

y =sinx
dy
i cos x

When x = O,d—y=cosO= 1
dx

Gradient of the tangentto y = sinx atx = 0 is 1.

Yy = COSX
dy

— = —sinx
dx

T d . T
Whenx=—,—y= —sin== -1
2" dx 2

Gradient of the tangentto y = cosx at x = g is —1.

y = sinx

dy B
T CcoS X

Juy

w d T
Whenx=—,—y=cos—=—
3" dx 3

. ' .1
Gradient of the tangentto y = sinx atx = g is .

N

Yy = Ccosx

dy |
dx = Sin x

T d . T 1
Whenx=—,—y= —sin=-=—=
6" dx 6 2

: .1
Gradient of the tangenttoy = cosx at x = % is —=.

y = sinx
dy
Ix Cos x

T d T 1
Whenx=—,—y=cos—=—
4’ dx 4 A2

1

Gradient of the tangentto y = sinx atx = % is—.

=

© Cambridge University Press 2019 52



Chapter 7 worked solutions — The trigonometric functions

1f

1g

1h

1i

y =tanx
d_y =sec?x
dx

Whenx = 0,% = sec20 = 1
dx

Gradient of the tangentto y = tanx atx = 0 is 1.

y =tanx
d_y: sec? x
dx
d
When x = 5, & = seczgz 2

Gradient of the tangenttoy = tanx at x = % is 2.

Yy = cosS 2x

d
% = —2sin2x

When x = Ty _ —Zsin§=—2><1=—2

T _
4" dx
Gradient of the tangent to y = cos2x atx = % is —2.

= —cos=x
Y= 2
dy 1 1
—=—sin-x
dx 2 2
Whenx—z—”d—y—lsinz=1><£=E

dx 2 3 2 2 4

1 2n . V3
Gradient of the tangent to y = —cos Sxatx = ?n is g.
= sin=
y =siny
dy 1 «x
——=—-C0S%
dx 2 2
_mdy 1w 111
Whenx—3,dx—2cos3—2><2—4
2, 1

Gradient of the tangent to y = sing atx = — is "
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1k

11

2a

2b

y = tan 2x

Yy
— = 2sec?2
o, = 2sec’2x

Whenx =% % = 2sec?Z=2x4 =8
6" dx 3

Gradient of the tangentto y = tan2x at x = % is 8.

y = sin 2x

—=2 2
e cos 2x

Whenle,d—yz 2cosZ = ZXE=\/§
12" dx 6 2
Gradient of the tangent to y = sin2x at x = 1—”2 is V3.

Fory = sinx

dy B
T CcoS X

When x = 0, the gradient of sin x is % =cos0 =1.

Thus the equation of the tangent at (0, 0) is
y =y =mx—x)

y—0=1(x—-0)

y=x

Hence y = x is a tangent to y = sinx at (0, 0).

Fory = tanx

ﬂ =sec’x
dx

. . d
When x = 0, the gradient of tan x is ﬁ =sec’0=1.
Thus, the equation of the tangent is

y—y1 =m(x —xq)
y—0=1(x —0)

y=x
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Hence y = x is a tangent to y = tan x at (0, 0).

2c Fory = cosx
dy |
T sinx
When x = E, the gradient of cos x is ¥ _ _ sin (E) = —1.
2 dx 2

Thus the equation of the tangent at (g, 0)is

y—y1 =m(x —x;)

y—0=—1(x—g)
T
y=—x+§

Hencey = g — x isatangenttoy = cosx at (g, 0).

3a Fory =sinx

dy B
T CcoS X

dy

When x = m, the gradient of sin x is -, = ¢cosm=—1.

Thus, the equation of the tangent at (7, 0) is
y —y1=m(x —x)
y—0=-1(x —m)

y=—x+m

3b Fory =tanx

ﬂ =sec’x
dx

T . . d T
When x = " the gradient of tan x is é = sec? 7=

Thus, the equation of the tangent at (%, 1) is

y—y1 =m(x —x;)
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y—1=2(x—%)

=2 7T+1
y =4 5
2 =z 1
X y—2
3c Fory = cosx
dy |
i sin x
When x = E, the gradient of cos x is ay _ —sin= = —l.
6 dx 6 2

Thus, the equation of the tangent at (% , ?) is

x+ _n+\/§
2TV T2

T
x+2y=g+\/§

3d For y = cos 2x

d_ic] = —2sin2x

When x = %, the gradient of cos 2x is Z—z =-2 sing =—-2X1=-2.

Thus, the equation of the tangent at G O) is

y—y1 =m(x —xq)

y—0=—2@—%)

= —2x+=
y=-2x+3
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3e

3f

4a

For y = sin 2x

y
—=2co0s2
I cos 2x
When x = g, the gradient of sin 2x is —Zz = 2cos —2: =2X —% =-1.

Thus, the equation of the tangent at (g, \/2_§) is

y—y1 =m(x —x;)

V3 T
y-5=-1(x-3)
_ +7r+ 3
y=TxT3Ts
+ —7T+\/§
XTYE3TY

Fory = xsinx

y d a .
I Sinx X dx(x) +x X e (sinx)

=sinx + xcosx

dy

When x = n,thegradientofxsinxisa= sinm+mcosmt =0+nmX—-1=-m.

Thus, the equation of the tangent at (7, 0) is
y—y1=m(x =x)
y—0=—-m(x—m)

y = —mx + m?

Fory = 2sinx

—~ =2
dx COS X

o d
The gradient is zero when é = 0.

2cosx =0
cosx =0

3w

_T[
Y=
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4b Fory = 2sinx — x
d

y
dx COS x

S d
The gradient is zero when ﬁ = 0.

2cosx—1=0
_1
cosx—2
T 5m
*=373
4c Fory =2cosx + x
d
—y=—Zsinx+1
dx

S d
The gradient is zero when ﬁ =0.

—2sinx+1=0

2sinx =1

4d Fory = 2sinx + /3x

d

—y=ZCosx+\/§
dx

b . d
The gradient is zero when é = 0.

2cosx+vV3=0

2cosx = —V3
V3
cosx = >
_577.' 7
*=6 6
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5a

5b

Fory = 2sinx — cos 2x

dy .
— =2cosx + 2sin2x
dx

When x = %, the gradient of 2 sin x — cos 2x is

dy T 2w 2V3 243
a—ZCOSg‘FZSIDF—Tﬁ‘T—Zﬁ

Thus, the equation of the tangent at (g, %) is
y—y1=mx—x)

1 T
y - E = 2\/§ (X — g)

1 /3
y=g=23x——=

1 1
2\/§x—y=§n\/§—§

The gradient of the normal is my -y, = — ( .

Thus, the equation of the normal at (%, %) is

y—y1 =m(x —x;)

1 1 T
y=3= "7 * 3
1 1 N T
—_—_—— - X
) 2V3°  12V3

Multiplying by 2+/3 gives:

VA
2\/§y—\/§=—x+g

T
x+2\/§y=g+\/§
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6a

6b

6cC

y = sin?x
d
y' = o (sin? x)

d
= 2sinx X — (sinx)
dx

= 2sinx X cosx

= 2sinx cos x
Vs
When x = -
! . ﬂ
Mtiangent =Y =~ 2 SanCOS— =2
! 1
Mporm = — ;= —
y

Note that when x = %, y =sin?==

Tangent:

y—y1 =m(x —x;)

T 1
y=x—Z+§

T 1
X-Y=373
Normal

2 4
m 1
y=—x+z+§
m 1
x+y=z+§
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6d For the tangent:

When y =0,
O_n 1
XTVTET2
m 1
T4 2

T 1
Hence P(Z — 7 0).
For the normal:

When x = 0,

0+y=

+
> N - —PI:I

Hence Q (0

Thus the triangle has base length G & %) and height G +

G
D)

1
=3—2(7T—2)(7T+2)

=31—2(7T2—4)u2

7a y esinx
d
r__ sinx
Y= dx (e )

. d
= eS"* x o (sinx)

= eSINX % cosx

= cos x eSinx
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7b

8a

8b

9a

9b

The tangent is horizontal when y' = 0. This is when
cos x eSin* = (

As eS™"* = ( for all x, we conclude that we must have
cosx =0

T forx € [0, 2m]

s
X==,—
272

CosXx

y=e
d

’= CosXx

y —dx(e )

d
= g®OS¥ x T (cosx)

= e®%5¥ X (—sinx)

= —sin x e€°S¥

The tangent is horizontal when y’ = 0. This is when
—sinxes*¥ =0

As e€%5* = 0, we conclude that we must have
sinx =0

x =0,m, 2r forx € [0,2m]

y = cos x + V3 sinx
y' = —sinx 4+ V3 cos x

y'" = —cosx —V/3sinx

Stationary points occur when y’ = 0. This is when
—sinx ++v3cosx =0
sinx = V3 cosx

tanx = V3

41

x=2,Z forx € [0,2n]
3’3

© Cambridge University Press 2019

62



Chapter 7 worked solutions — The trigonometric functions

9c

When x = g, y = 2and y" = —2 < 0. Hence the curve is concave down at this

point and thus there is a maximum turning point at (g, 2).

When x = 4?”, y = —2and y"" = 2 > 0. Hence the curve is concave up at this point

and thus there is a minimum turning point at (4?”, -2).

Points of inflection occur when y'* = 0. This is when

—cosx —V3sinx =0

V3sinx = —cosx
sinx 1
cos x \3
1
tanx = _ﬁ
X = 5?”,11?” for x € [0, 2m]

Whenx=5?”,y= 0andwhenx=1lTn,y= 0.

Thus, there are possible points of inflection at (%n, 0) and (11_n 0).

Furthermore, we test y"’ on either side of these points to confirm that the
concavity changes.

X 0 51 o | 11w 21T
6 6
y' =1 0 [1] 0 | -1

As we can see the concavity changes on either side of these points and hence they
must both be points of inflection.
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9d

10a

10b

A sketch of y = cos x + /3 sin x is shown below.

y=x+sinx

y'=1+4cosx
y" =0—sinx
Hence

14

y'" = —sinx asrequired

Stationary points occur when y" = 0. This is when

1+cosx=0

cosx = —1

x=-m,mn  forx € (—2m, 2m)

Whenx =m,y =mandy"” = —sinm = 0.
Whenx = —rr,y = —wand y" = —sin(—m) = 0.

So (—m, —m) and (m, ) are possible horizontal points of inflection.

Testing the derivative to confirm this

X —27 —T 0 T 2T

y' 2 0 2 0 2

Thus the derivative is positive either side of the stationary points and hence the
stationary points are points of inflection.
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10c

10d

11

Points of inflection occur when y"" = 0. This is when
—sinx =0

sinx =0

x=-mn,0,r forx € (—2m, 2m)

We have already seen that there are horizontal points of inflection at (—m, —m)
and (r, 7).

When x = 0,y = 0 and y"’ = 0. Hence a possible point of inflection at (0, 0).

We can test y'' on either side of these three points to confirm that the concavity
changes.

X 3 [ _ z 0 E T 3n
) 2 2 B3
y" -1 0 1 0 1 0 -1

As we can see the concavity changes on either side of these points and hence,
they must be points of inflection.

A sketch of y = x + sin x is shown below.

Ay
21 +

y=2sinx+x
y'=2cosx+1

14

y" =—-2sinx
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y' = 0 for stationary points:

2cosx+1=0
2cosx = —1
cosx = —3

2T 4

X = —,—n for x € [0, 2m]
3’3

When x = 2?”, y = %n ++/3, and y'" < 0. Hence the curve is concave down and this

is a maximum turning point.

4 4 : .
When x = ?n, y = ?n —+/3,and y” > 0. Hence the curve is concave up and this is

a minimum turning point.

Hence there is a maximum turning point at (2?77:, 2?” + /3) and a minimum turning
point at (—n = —3).

y" = 0 for points of inflection:

—2sinx =0

x=0,m2r forx € [0,2m]

Whenx =0,y =0

Whenx =m,y=mn

Whenx = 2,y = 21

Possible points of inflection at (0, 0), (7, 7) and (27, 21).

We can test y'' on either side of these three points to see if the concavity changes.

X N 0 T T 3n 21 5
2 2 7 7
y" 2 0 -2 0 2 0 -2
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12

As we can see the concavity changes on either side of these points and hence,
they must be points of inflection.

The area of the triangle is given by A = %ab sinC = %(10)(10) sinf = 50sin6

dA
Thus i 50 cos @

3 g . dé T
The angle is increasing at 3° = 3 X — = — radians per minute. Hence — = —.
180 60 dt 60
dA _dA _ df
Now, E = E E
=50cosf X —
60

When 8 = 30° = 30 X — = Zradians
180 6

dA fLs m 53w
— = (50 cos —) X — = —— cm? per minute
dt 6/ " 60 12

© Cambridge University Press 2019 67



Chapter 7 worked solutions — The trigonometric functions

13

14a

180m

X

Let S be a point along the shore xm from P where the light from the lighthouse is
shining. We aim to find % when x = 300. From the diagram it follows that

tanf = 1% and hence x = 180 tan 6. Thus Z—Z = 180 sec? 8. Note that one

. . . . 2m W dae b4
revolution is 2r radians. Hence the light rotates at i rad/sec so ol

Henced—x—d—x ——180sec 9x——36rtsec 6 m/s
dat ~ de

300 2
When x = 300, tanQ——andsec 6 =1+ tan? 9—1+(180).

2
Thus, it follows that % = 361 (1 + (300) ) = 136w m/s at a point 300 m along

the shore from the point.
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14b

==QR xPM
ZQ

= %(ZQM)(PO + OM)

1
=EZSin0(1+c059)

=sinf (1 + cosB)

14c A =sin0 (1 + cosB)

= sinf + sin O cos 6
1
=sinf +§sin29

dA

— = 2
70 cos 8 + cos 20

=cosfO +2cos?8 —1
= (2cosf —1)(cosb + 1)

. . daA
For maxima/minima, i 0.

(2cos8 —1)(cosf+1)=0

2cos@ —1=0o0rcosf+1=0

For our angles to be acute, cos 8 > 0.

So cos @ = —1 or 8 = m is not a solution. Hence:
2cos8—1=0

2cosf =1

9_1
COS —2
9_7T
3
d2A

W= —sinf@ — 2sin 20

When 6 = ; ﬁ < 0, hence the curve is concave down and this is a maximum.
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15a

15b

do

Hence the maximum area occurs when 6 = g
Note that the triangle is equilateral as:

21 1 1 2T 2T
£QOR =26 == and £P0Q = £POR =3 (2m — LQOR) = E(Zn - ?) =z

Hence all vertices of the triangle are evenly spaced from one another around the
unit circle and hence they must be the vertices of an equilateral triangle.

d (2 — sin 9)
cos @

d . . d
cos 6@ x@(Z—sme) —(2 —sm@)d—g(cosB)

cos? 6
cos O X (—cos @) — (2 —sinB)(—sin )

cos2 0
—cos? 8 + 2sinf —sin? 6

cos? 6
—(cos? 6 + sin? ) + 2sin b

cos? @
—1+4+ 2sin@

cos? @
_ 2sinf —1

cos? @

Local maximum and minimum values occur when:

d (2 —sinf
)

do\ cos6

25in9—1_

cos? @

31

cos O # 0, thatis, 0 i— or —

However, we are considering the interval 0 < 6 < %, so cos 8 # 0. Hence:
2sinf—-—1=0

sinf ==
2

9_7T
6
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16a

16b

16¢

Now we find the values of local maxima/minima and the endpoints:

2-sin0 2-0

When 6 = 0, =—=2
cosO0 1
. 1
_n—Z—smg_Z—E_g 2
When 6 = -, 7 \E—ZX 3—\/§

bis 1
_m 2-sing 2= 1) _
Wheno =% —t = 2 =2(2-%)=2v2 -1

Hence the maximum value is 2 when 6 = 0 and the minimum value is V3 when
=21,

6
y = 2sinx + cos 2x
y' = 2cosx — 2sin2x

y'' = —2sinx — 4 cos 2x

. 1
When sinx = > and cosx =0

Then,
y' = 2cosx — 2sin2x

y' = 2cosx — 2 X 2sinx cos x, using the formula, sin 2x = 2 sin x cos x
y' = 2cosx — 4sinx cosx

y'=2cosx(1l—2sinx)

Therefore if cosx = 0 orsinx = %, theny’ = 0.

Hence, proved

Stationary points occur when y' = 0. This is when:
2cosx —2sin2x =0

—2sin2x = —2cosx

2sin2x = 2cosx

sin 2x = cosx

Using the formula, sin 2x = 2 sin x cos x,

2sinx cosx = cosx
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2sinxcosx —cosx =0
cosx(2sinx—1) =0
2sinx =1orcosx =0
For sin x =%

51

X = E,— for x € [—m, 7]
6’ 6

3 : :
When x = %, y=3 and y"" = —3 < 0. Hence the curve is concave down at this

. . . . . 3
point and thus there is a maximum turning point at (%, E)'

5 3 . .
When x = ?n, y=3 and y"" = —1 < 0. Hence the curve is concave down at this

: : : : : 5m 3
point and thus there is a maximum turning point at (?n, 5).

Forcosx =0

T T
x=-=,- for x € [—m, ]

When x = —g,y = —3and y"” = 6 > 0. Hence the curve is concave up at this

point and thus there is a minimum turning point at (— g, -3).

When x = g,y = land y" = 2 > 0. Hence the curve is concave up at this point

and thus there is a minimum turning point at (g, 1).

16d Sketch of the curve is shown as below

oM

K

n x "-'_"':ﬂl'}i

i) 2 2
.............. -3
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17a

17b

17c

y=e*cosx

d d
y' = e‘xa(cos x) + cosxa(e_x)

=e *X —sinx +cosx X —e™*

= —e*sinx —cosxe™*

= —e *(sinx + cos x)

14

y" = —e‘x% (sinx + cos x) + (sinx + cos x)% (—e™)

— —o—% % [ & (g 4 : 4 _ox
= —e ><<dx(smx)+dx(cosx))+(smx+cosx)dx( e ™)

—-X

—e* X (cosx —sinx) + (sinx + cosx) X e
= —e*cosx+e *sinx+e *sinx + e *cosx

= 2e *sinx

Stationary points occur when y’ = 0. This is when
—e *(sinx + cosx) =0

sin x + cos x = 0 since —e ™" is always less than 0.

sinx = —cosx
sinx
cosX
tanx = —1
x = —E,B—n for x € [—m, 7]
4’ 4
T 1 I r .

When x = — vy =5e and y"" = —/2e < 0. Hence the curve is concave down

. . . . . . 1 I
at this point and thus there is a maximum turning point at (— %, 5 e4).

3TL’ _3_77.'

Whenx == y = —Te % and y"' =+/2e”+ > 0. Hence the curve is concave up

. . . .. . . 3 3
at this point and thus there is a minimum turning point at (T" —5e ¢ )

Points of inflection occur when y'* = 0. This is when
2e *sinx =0

sinx = 0 (since e ™ > 0 for all x)
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x=-m0,nr forx € [—mm]
Whenx = -,y = —e” ,whenx =0,y = landwhenx =m,y = —e™"
Thus, there are possible points of inflection at (—m, —e™), (0,1) and (r, —e™™).

Confirming that these are points of inflection

X —TT 0 T

y' e -1 e ™

Since these points are not stationary points, and hence not local maxima or
minima, they must be points of inflection.

17d  Sketch of the curve is shown as below

[aaf)y ]
LA S
14T \,1,
[ T~ .
- iz E X
fo2 2
f
/ /
| T
in -1 -
II,"II ST ]
v
18a  The angle of inclination is # — a and so m = tan(r —a) = —tana
18b  Theline is of form y = mx + b, sincem = —tana,y = —x tana + b. Substituting

in (2,1),

1=-2tana+b

b=1+2tana

Thusy = —xtana + 1+ 2tana
The x-intercept occurs wheny = 0

0=—xtana+ 1+ 2tana
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xtana =1+ 2tana

1
X = + 2
tan a

Thus the x-interceptis P = (L + 2, 0)
tana

The y-interceptis whenx = 0

y=0+1+2tana=1+2tana

Thus the y-intercept is
Q=(0,2tana + 1)

18c
A—lbh

2
_Llon +1)( 1 )
2 ana tan
—1(2t +1)<1+2tana)
T pletana tan a
—1(2t +1)<1+2tana)
T pletana tan a
_ (Qtana +1)?
B 2tana

18d

Lettana = x

dA 3 2x—-1)2x+1)
dx 2x2

For maximum area, a4 _ 0

dx
Therefore 2x — 1) =0or(2x+1) =0
Therefore x = % orx = — %

Sincex =tana,x >0as0 <a<§

. 1
Therefore maximum when tan a = P
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19a Fory =tanx
dy

— =sec?x

dx

When x = 0, the gradient of tan x is Z—z =sec’0=1.
Thus, the equation of the tangent at (0, 0) is

y =y =mx —x)

y—0=1(x—0)

y=x

Hence y = x is a tangent to y = tan x at (0, 0).

19b  Sketch of y = tanx and y = x is given below

10 1

B = o oo

0.

For the given domain, 0 < x < g, the graph of y = tan x is above the graph of
y=x

Hence, tanx > x
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19¢ f(x) = Si;lx

x X %(sinx) —sinx X ;—x(x)

f'(x) =

x2

x Xcosx —sinx X1

x2

X CcoSx — sinx

x2

Since tan x > x for the given domain, it follows that % < x. For the given
domain cosx > 0, hence sinx > x cos x and in turn x cos x — sin x < 0. Since
x? > 0 for x # 0, we have thatM < 0 and hence f'(x) < 0.

sinx

19d Sketchof f(x) =

0:3

0:6

0:4

0-2

/N [\

/o -5 0

1

2 . . . 2x
As we can see, f(x) > —at the given domain hence, sin x > —.
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20a y = sin®x + cosx
y' = 2sinxcosx —sinx

y' =sinx(2cosx — 1)

12} d . . d
y"=(2cosx—1) xa(smx)+smx><a(2cosx— 1)

= (2cosx —1) X cosx + sinx X (—2sinx)
= 2cos?x —cosx — 2sin?x
= 2 (cos? x — sin? x) — cos x
Stationary points occur when y’ = 0. This is when:
sinx(2cosx—1) =0
sinx =0 and2cosx—1=0
sinx =0 and cosx = %

51

x=0-,—
3

wls

,m,2m forx € [0, 2m]

)

Whenx =0,y = 1and y” = 1 > 0. Hence the curve is concave up at this point
and thus there is a minimum turning point at (0, 1).

5 3 . :
When x = g, y=; and y" = =5 < 0. Hence the curve is concave down at this

: : : : : 5
point and thus there is a maximum turning point at (g, Z)'

5 5 3 : :
When x = ?n, y=3 andy" = — 2 < 0. Hence the curve is concave down at this

: \ : : : 5m 5
point and thus there is a maximum turning point at (?”, Z)'

When x =7,y = —1and y"’ = 1 > 0. Hence the curve is concave up at this point
and thus there is a minimum turning point at (r, —1).

When x = 2w,y = 1and y"" = 1 > 0. Hence the curve is concave up at this point
and thus there is a minimum turning point at (2m, 1).

The x-intercepts occur when y = 0, this is when sin? x + cos x = 0
1—cos?x +cosx =0
cos?x—cosx—1=0

Using the quadratic formula

_ D VD2 - 4D
2

CoS x
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1445

20b

2

Hence
x =cos™ ! ( 2\/_) due to domain [—1, 1].

Note: cos(—x + 2m) = cos(x)

Therefore another solution is

"(1:/3) +2.

Yk

%
4 -

- |
1

y = sin3x cos x

= xd('3)+'3><d
y' = cosx I sin®x) + sin°x dx(cosx)

y' = cos x(3sin?x cos x) + sin®x(— sin x)
= 3sin?xcos?x — sin*x
y" = 3[cos? x X O (sin?x) + sin?x X 4 (cos?x)] — 4 (sin*x)
dx dx dx
= 3(cos?x X 2 sinx cos x + sin?x X —2 sin x cos x) — 4sin3x cos x

= 3(2cos3x sin x — 2sin3x cos x) — 4sin3x cos x

= 6 cos3 xsinx — 10sin3 x cos x

Stationary points occur when y’ = 0. This is when
3sin®xcos?x — sin*x = 0
sin?x(3cos?x — sin?x) = 0

sin?x = 0 and (3cos?x — sin?x) = 0
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sin’x = 0 and tan?x = 3

sinx =0 andtanx = +V3

2w 4m 5T

T
x=03.757

,m,2n  forx € [0, 2m]
When x = 0,y = 0 and y"’ = 0. Hence the curve is a stationary point of inflection
at this point (0, 0).

3\/3 3\/3
When x = E, y=— and y'" = ——= < 0. Hence the curve is concave down at this

3v3
point and thus there is a maximum turning point at (n 1\{3 —).

2 3\/3 3\/3
When x = —” VY = —— and y' =— > 0. Hence the curve is concave up at this

3v3
point and thus there is a minimum turning point at (— 4 —)

V3 V]
Whenx ==,y = 3— andy" = — 2 < 0. Hence the curve is concave down at

3V3

this point and thus there is a maximum turning point at (—, 1—6)

5 V V.
When x = —” VY = — 2 and y" = 2 > 0. Hence the curve is concave up at this

3v3
point and thus there is a minimum turning point at (— — —)

When x =,y = 0 and y"" = 0. Hence the curve is a stationary point of inflection
at this point (m, 0).

When x = 2,y = 0 and y"' = 0. Hence the curve is a stationary point of
inflection at this point (2, 0).

Yy
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20c

y = tan?x —2tan x

d d
I __ 2 _
y' = Tx (tan“x) T (2tanx)

d
y' = 2tanx -a(tanx) — 2sec?x
y' = 2tan x sec? x — 2sec?x

y' = 2sec?x|(tanx — 1)

Stationary points occur when y’ = 0, that is when:

2sec’x(tanx —1) =0

secx =0ortanx =1

However, secx # 0 for all x, thus the only stationary points are at x = % and

5T
X = Twhere tanx = 1.

14

d d
y'"' = a(Z sec?x)(tanx — 1) + ZSeczxa(tanx -1)

d
= ((2cos x)™?)(tanx — 1) + 2sec*x

= —4(—sinx)(cosx) 3(tanx — 1) + 2sec* x
= 4sinxsec3 xtanx — 4sinx sec® x + 2sec* x

sin? x sin x 2

— +
cos* x cos3x cos*x
= sec* x (4sin® x — 4 sinx cos x + 2)

When x = g, y = —1,y" = 8 > 0 hence the curve is concave up and this is a

minimum turning point.

5 . _
When x = T”, y = —1,y" = 8 > 0 hence the curve is concave up and this is a

minimum turning point.

Thus, there are minima at (— —1) and (%T, —1).

Since tan x is undefined at x = g and 3771, the curve is also undefined at these
values of x.

The x-intercepts occur when y = 0, this is when tan?x —2tanx = 0

tanx (tanx —2) =0
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tanx = O0ortanx = 2

Hence the x-intercepts are when x = 0, i, 2r (for tanx = 0) and
x =tan"12,7 + tan"! 2 for (tanx = 2).

Drawing the graph gives

}rl\

tan=1 2 7+ tan~1 2

PR

A _i\7 (I

2la  f(x) = Sizx

As one cannot divide by zero, the domain is x # 0

sin(—x)

f(=x) =

—sinx

—X
sin x

x
=f()

Hence the function is even.

lim |£ ()

Hence, lim |f(x)| < 0 and since absolute values are non-negative lim |f(x)| = 0.
X—00 X—00
Thus it follows that lim |f(x)| = 0 and thus lim f(x) = +0 = 0.
X—00 X—>00

The zeroes of f(x) occur when f(x) = 0, this is when % = 0 and is thus when

sinx = 0 for x # 0. This is all values x = Amw where A1 is a nonzero integer.
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21b

sin x

f&x) =

d , .
x X a(smx)

f'(x) =

—sinx X d_x
dx

x2

x Xcosx —sinx X1

x2

X CcoSx — sinx

x2

The tangent is horizontal when y’ = 0. This is when:

X cosx —sinx

x2

As x # 0, we conclude that we must have:

xcosx —sinx =0
sinx = xcosx

tanx = x

21c

when the two graphs (as drawn below) intersect.

Since the stationary points occur when tan x = x, the stationary points occur

v

10

1/

(m/2,0) T /(TE O‘P

© Cambridge University Press 2019

83



Chapter 7 worked solutions — The trigonometric functions

By observation, the graph of y = x crosses the graph of y = tan x just to the left
ofx = 371:’ ofx = 571: and of x = 72—n Using the calculator, the three turning points of

y = f(x) are approximately (1.43m,—0.217), (2.46m,0.128) and (3.47m, —0.091).

21d Note that since division by zero is undefined, there is an open circle when x = 0.
Also note that since —1 < sinx < 1 it must be the case that:
1 sinx 1
—_—<

X X X

-
-
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Solutions to Exercise 7D

1la

1b

1c

1d

le

f sec? x dx

=tanx + C

f cosx dx

=sinx+C

f sinx dx

=—cosx+C

f—sinxdx

=cosx+C

f2cosxdx

=2fcosxdx

=2sinx+C
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1f

f cos 2x dx

1
= —sin2 C
2sm X+

1g

[eosxa
2COSX X

_1f d
—2 cosx dx

= =sinx +C
2Sll’l.X'

1h

[ongea
COSZX X

1
= Zsinix +C

1i

f sin 2x dx

1
= ——cos2x+C
> COS 42X

1j

f sec? 5x dx

1
=§tan5x+C
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1k

f cos 3x dx

1
= —sin3 C
3sm x +

11
sec“—xdx
3

1
= 3tan§x+ C

1m

[z
Sll’l2 X

= -2 x+C
= cos -

1n

! d
f—cosEx X

— 1 d
——J-COSEX X

1
=-5 singx +C

1o

j —4 sin 2x dx
= —4] sin 2x dx

1
= —4X —Ec052x+C

=2cos2x +C
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1p

1r

jl 1
4SID4XX

_1{_1 4
—4 sm4xx

—1>< 4 ! +C
—4 cos4x

=—cos—x +C
COS4X

1
f 12 sec? 3X dx

1
= 12fsec2§xdx

1
= 12><3tan§x+C

1
= 36tan§x +C

) X

f cos§dx
X

=2fcos§dx

X
=2><3sin§+C

= 6 i x+C
= sm3
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2a

2b

2C

T
2
cos x dx
0

B

= [sinx]§

= 71- = 0
= sin — sin
2

f cosx dx
0

s
= [sinx]§

- 7T - 0
= sin— — sin
6

f sinx dx

T
= [—cosx]2
4
T
= —[cos x]2
4

(cos —cos)

= —(cos= — cos—

2 4
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2d

2e

2f

j sec? x dx
0

= [tan x]

Swia

t z tan 0
= tan— — tan
3

=v3-0
=3

NE

f 2 cos 2x dx
0

T

4
= ZJ cos 2x dx
0

1 n

=2x > [sin 2x]3
L

= [sin 2x]}

i
= sinE —sin0
=1-0
=1

s
3
f sin 2x dx
0

T
1 3
= [— E cos Zx]O

T

1 ™
=3 [cos 2x]}
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_ ( 2T O)
= cos 3 cos

2h

T 1
J;T cos (E x) dx

< oon ),

=2 (sing - sing)

-2(1-)

=1
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2i

3a

3b

s
j (2sinx — sin 2x)dx
0

A

1
= [—2 cosx — (— —Cos 2x>]
2 0

1 3
= _2 —_
[ C05x+2

1 1
= (—2 COST +§cos Zn) — <—2 cos 0 + Ecos O)

= (_z(—1) + %(1)) - (—2(1) +%(1))

cos Zx]
0

—2+1+2 !

) 2

=4

Since Z—z = sin x, it follows from integration, that y = —cosx + C.

Substituting (0, 0) into the equation then gives
0=-cos0+C

0=-1+C

c=1

Hence if the curve passes through the origin,

y=—cosx+1=1-cosx

. d . . . .
Since ﬁ = cos x — 2 sin 2x, it follows from integration, that

y =sinx +cos2x + C

Substituting (0, 0) into the equation then gives
0=sin0+cos0+C

0=0+1+C

C=-1

Hence if the curve passes through the origin,

y =sinx+cos2x —1
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3c

43

4b i

4b ii

4b iii

dy

Since = sin x + cos x, it follows from integration that, y = — cos x + sinx + C.

Substituting (7, —2) into the equation then gives

—2=—cosmt+sint+C
—-2=—(-1)+0+C
C=-3

Hence if the curve passes through the point (7, —2),

y =—cosx +sinx —3

There are 200 squares measuring 0.1 units X 0.1 units in the region under the

curve between 0 and .

Hence the total area is 200 X 0.01 = 2 square units and thus

T . -
fo sinx dx = 2 as required

T
4 .
sin x dx
0

f sin x dx
0

1 T
=Ef0 sin x dx

X 2

1
2
1

3T

4 -
sin x dx
0
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Vs T

2 4
=2f sinxdx—f sin x dx
0 0

=2x1-0.3
=1.7
4b iv

51

4

f sin x dx

0

51

m 4

=f sinxdx+f sin x dx
0 T
n 7

=f sinxdx—f sin x dx
0 0

=2-0.3

=1.7

4bv

3n

2

f sinx dx

0

=J sinxdx+f sin x dx
0 T
n 7

=f sinxdx—f sin x dx
0 0

=2-1

=1

© Cambridge University Press 2019 94



Chapter 7 worked solutions — The trigonometric functions

4b vi

4ci

4cii

7T

T -
sin x dx
0

7T

T 4
=.[ sinxdx+.[ sin x dx
0 T

3
T 4
=.[ sinxdx—.[ sin x dx
0 0

=2-17
=03

A
Z .
sin x dx
0
T
— 4
= —[cosx];

= — (cos% — cos 0)

- L1
V2

=0.3

B

f sin x dx
0

T
—[cosx]2

- (cos% — Ccos 0)

=0+1
=1
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4ciii

4civ

4cv

3n
4 -
sin x dx
0

3
—[cosx]}

( 3w O)
cos 2 cos

()
=17

51
4 .
sinx dx
0

51
—[cosx]}

5w )
— (cosT — CosS )

(-3
=17

3T

2
f sin x dx
0

3
= —[cos x] /

( 3w O)
cos > cos

=—-(0-1)
=1
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4cvi

6a

6b

6c

7T

4 -
sin x dx
0

7
—[cosx]}!

( 71 O)
cos 2 cos

(51
=0.3

Answers will vary.

f cos(x + 2) dx

=sin(x+2)+C

f cos(2x + 1) dx

1
= Esin(Zx +1)+C

f sin(x + 2) dx

=—cos(x+2)+C
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6d

6e

6f

6h

fsin(Zx +1) dx

1
= —Ecos(2x+ H+C

fcos(Bx —2) dx

1
= gsin(Bx —-2)+C

fsin(7 — 5x) dx

1
=—=Xx—cos(7—5x)+C

5

1
= gcos(7 —5x)+C

fsec2(4 —x) dx

=—tan(4—x)+C

1—x
=—3tan( 3 >+C
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61

folt5)
=fsin<%—g)dx

—axeos(-Z) 4
= COS 3 3

=3 (1_x)+c
= COS 3

7a

1
f (6 cos 3x — 4sin§x) dx

= | (6cos3x)dx — 4sinlx dx
J J (4332

1 1

=6 xgsin?,x — (4 X —2COSEX) +C
1

= 2sin3x — (—8cos§x) +C

1
= Zsin3x+8cos§x+C

7b

1 1
f (8 sec?2x — 10 cos 7.x +12 sin§x) dx

1 1
= j(85ec2 2x) dx+j(—10coszx) dx+f(125in§x) dx

1 1 1
= 8><§tan2x+ (—10 ><4sinzx) + 12X 3 X —cos§x+C

1 1
= 4tan2x—4OSian— 36cos§x+C

8a f'(x) = mcosmx

f(x) = [ mwcosmx dx
1
=m X—sinnx +C
s

=sinnx+ C
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8b

As £(0) = 0,
sin0+C =0
C=0

Hence f(x) = sinmx and

()-3-2

f'(x) = cosmx

f(x) = [ cosmx dx

=—sinnx + C
T

1
Asf(0)=§1
1 1
—sin0+C =—
T 2T
_ 1
27
Hence

1
f(x) =;sinnx+—

2T
(1)_1 ) n+ 1
"\e) =256 2x

1+1
2 27

1
T
11
2n ' 2m
2
2
1
™
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8c

9a

f"(x) = 18 cos 3x
f'(x) = [ 18 cos 3x dx

1
= 18x§sin3x+C

=6sin3x+C
As f'(0) =1,
6sin0+C=1
C=1
Hence
f'(x) =6sin3x +1
f(x) = [(6sin3x + 1) dx

1
=6><—§cos3x+x+C
=—-2cos3x+x+C

asf(z)=1,

2 37T+7T+C—1
cos—-+- =

T
C=1+2><0—§

c=1 i
B 2
Hence

I
f(x)=—2c053x+x+1—§

j asin(ax + b) dx

1
=ax —Ecos(ax+b) +C

= —cos(ax+b) +C
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9b
fﬂ'z cosmx dx
2 1
=m° X—sinnx + C
s
=msinmtx +C
9c
1
fasecz(v+ux) dx
1 1
=—X—tan(v+ux) +C
u u
1
=ﬁtan(v+ux)+C
9d

a
> dx
cos? ax

= Jasec2 ax dx

1
=a><atanax+C

=tanax + C

10a 1+ tan?x = sec?x

j tan® x dx

= j(seczx —1)dx

=fsec2xdx— fldx

=tanx —x+C
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10b 1 —sin®x = cos?x
Vs
f? 2 d
o 1—sin?x X

T

3 2
= de

o COs?x

T

3
=.[ 2sec?x dx
0

e}

= 2[tanx]]

= Z(tan%—tan 0)
=2(vV3-0)
=23

11a ]; ((x)) dx = In|f(x)| + ¢ (from the table of standard integrals)

11b  Note thatif f(x) = 1 + sinx then f'(x) = cos x hence

Vs

6 cosx
f - dx

o 1+sinx

E
= [In|1 + sin x|]§
. n -

=In (1 + sin E) —In(1 + sin 0)

N\ (1 + %) —In(1)

-n(d)-o

=04
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12a

12b

Note that if f(x) = cos x then f'(x) = —sin x hence

T

4
jtanxdx
0
T
z sinx
= dx
o COSX
T .
z—sinx
= — dx
o COSx

3
—[lnlcosxl]4

=— (ln (cos 4) In(cos 0))

= —ln(\/—li>+1n1
= —ln(Z_%>+0
(Y

—112

Note that if f(x) = sinx then f'(x) = cos x hence

T

2
f cotx dx
T

6

7
2 COSX
= - dx
m sinx
6
T

= [In|sin x|]2
6

=In (sin %) —In (sin g)

=1n1—1n§

=Iln1-1In(27Y)
=0—-(-1)XIn2
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13a

13b

=0+1In2
=In2

—(<in®
Ix (sin” x)

d
= 5sin*x x — (sinx)
dx

= 5sin* x X cosx

= 5sin* x cos x

fsin“xcosxdx
1
=§]551n4xcosxdx
1rd
_ 2% 5
= 5fd,x(sm x) dx

= Lsinsx+c
—SSIHX

4 (tan® )
dx an- x

3 tan? xd(t )
= 3tan?x X — (tanx
dx

= 3tan? x sec? x

jtanzxseczxdx

1
=§j3tan2xseczxdx
_1f d t 3 )d
=3 | g (tan*x) dx

= Ltanixtc
—3anx
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14a
sinx
(es)
d
= eSI"* x —(sinx)
dx
= eSIN¥ x cosx
= cos x eSInx
T
2 in
cos x eSInX dx
0
U
_]2 d ( smx)dx
dx
. T
— [esmx]z
0
. T .
— esmf _ esmo
— el — 0
=e—1
14b
d
_(etanx)

dx

d
= e¥¥ x — (tanx)
dx

= etaNX y gac2 x

= sec? x etan¥

NE

j sec? x e ¥ dx
0

s
2d

= j‘l’a(etanx) dx
0

T
— [etanx]Z

tanE tan 0
=e 4—ean
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= el — g0

=e—1

15a

d
— (sinx — x cos x)
dx

= (sinx) — P (x cosx)

dx

= cosx — (cosx — x sinx)
= xsinx

B d d d
= —(sinx) — cosxxa(x)+xa(cosx)

i

f x sin x dx
0

2d

= d—(smx —xcosx) dx

s
= [sinx — x cos x]2

T M T
(smz—zcos )—(smO 0)

=1-0-0+0
=1

15b

i (geost = cosx)
dx 3COS X —COSX

d /1 d
_ Zcody) — —
= (3 cos x) P (cosx)

= <lx 3cos? x) X i(cos x) — (—sinx)
3 dx

= cos? x X (—sinx) + sinx

= —sinx cos? x + sinx

= —sinx (1 —sin® x) + sinx

= —sinx + sin®x + sinx

=sindx
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- 56 )a
= . dx 3COS X —COSX X

_[1 3 ]
= 3COS X —COSXx

0

1 . A
=(=cos°=—cos=]— =

(
~(5%5-2)- G~
(

11)(11
24 2/ \3

T
f sin x cos® x dx
0

Let, f(x) = cosx
f'(x) = —sinx
Then,

T
f sin xcos®x dx
0

Wl

cos30 — cos O)
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16b

16¢

A

z g
sin x cos® x dx
0

Let, f(x) = cosx
f'(x) = —sinx

Then,

T

2
j sin x cos™x dx
0

T

2
cos™*1 x]
0

=[_n+1

1 1
=(- xo)-(- x
n+1 n+1

1
T n+1

A

[2zcosxsin” x dx
2

Let, f(x) = sinx
f'(x) =cosx

Then,

T

2 .,
cos x sin’x dx
T
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16d

T

6
j cos x sin™ x dx
0

Let, f(x) = sinx
f'(x) = cosx

Then,

T

6
f cos x sin™x dx
0

n

6
sin®*1 x]
0

=[n+1

1 1 n+1l 1
= x (= — X
n+1 (2) (n+1

1
- 2ntl(n + 1)

16e

A

3 2 7
sec” xtan’ x dx
0

Let, f(x) = tanx
f'(x) =sec®x

Then,

T

3 2 7
sec” xtan’ x dx
0

Wl

1
N [§ tan® x]o

(o))

81
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16f

17a

T

4
j sec? x tan™ x dx
0

Let, f(x) = tanx
f'(x) =sec?x

Then,

T

4
j sec? x tan™ x dx
0

T
=[ tan""lx]4
n+1 0
(317 ) - ()
= X —_ X
n+1 n+1
B 1
Tn+1

f sin x cos x dx
First, let, f(x) = sinx
f'(x) =cosx
Then, as per the reverse chain rule,
f sin x cos x dx
=—sin’x +C
2
Again,

j sin x cos x dx

= f%sin 2x dx as per the identity, sin 2x = 2 sinx cos x

=%fsin2xdx

==X ! 2
—2 2COS)C
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17b

18

1
= —=— 2 D
4cos x +

N =

sin? x =%(1—c052x) =%—
So,%sin2x+C

1,1 1
—E(E—ECOSZx) +C

=l—%c052x+C

IS

= —Zcos2x + (C+l)
4 4

= —ic052x+D

d .
= (x sin 2x)

. d d
= sin Zxa(x) + xa(sm 2x)

=sin2x X1+ x X 2cos2x
= sin2x + 2x cos 2x

As sin 2x + 2x cos 2x = :—x (x sin 2x)

2X CoS 2x = % (x sin 2x) + sin 2x

xcos2x =L (x sin 2x) + 2 sin 2x
2dx 2

Hence,

s

2
f x cos 2x dx
0

21d 1
f (—— (xsin2x) + = sm 2x)dx

T

- [ sz [Fnzxa
—OzdxXSII’lXXZOSIDXX
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1%
f —(x51n2x)dx+2f sin 2x dx
0

T

T 4

1, T oar1
= E[xsm 2x]; +E[—§cos Zx]

T T

= % [x sin 2x]g — % [cos 2x];

0

=%(%x1—0)—%(1—0)

19a

d
3
Ix (tan x)

d
= 3tan® x X — (tanx)
dx

= 3tan® x sec® x
= 3[(sec? x — 1) sec? x] using the identity, sec? x —tan®x = 1

= 3(sec* x — sec?x)

19b  As3(sec*x —sec?x) = ;—x (tan3x)
3sec*x —3sec’x = % (tan® x)
3sectx = ;—x (tan3 x) + 3sec?x
sect x = 2L (tan3 x) + sec? x
3 dx

Hence,

T

4 4
sec* x dx
0

j (= (tan x) + sec? x)dx
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T

21 d 2
=f ——(tan® x)dx+f sec? x dx
0 0

3dx
4 d %
=—| —(tan® x)dx+f sec? x dx
o dx 0
T T

= %(tan3 x)g + (tan x)g
1
=-(1-0+(1-0

+1

1
3
4
3
20a  sin(A + B) +sin(4 — B)

Using the identity sin(A + B) = sin A cos B * sin B cos A

sin(4 + B) +sin(4 — B)

=sinAcosB +sinBcosA+ sinAcosB —sinB cos A

=sinAcosB +sinAcosB

= 2sinAcosB

Hence, proved

20bi Using the proof from part a and letting A = 3x and B = 2x:

A

z
f 2 sin 3x cos 2x dx
0
E
2
= j (sin(3x + 2x) + sin(3x — 2x))dx
0

2
= f (sin 5x +sin x)dx
0

T T

=f02

2
sin5xdx+f sin x dx
0
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s
s

1 2 n
= [— —Cos Sx] + [—cos x]?
5 0

z i
= [—lcos Sx]2 — [cosx]}
5 0

=<0_(_1)> 1)

20bii Using the proof from part a and letting A = 3x and B = 4x:

Vs
f sin 3x cos 4x dx
0
™1
= f 5 (sin(3x + 4x) + sin(3x — 4x))dx
0
™1
= f > (sin7x + sin(—x)) dx
0
™1
= f = (sin 7x —sin x)dx
0 2
1" 1 ("
= Ef sin 7x dx —ZL sinx dx

1
=3 [——cos 7x] ~3 [—cosx]T

1
=5 [——cos 7x] + > [cos x]T

1/1 1
-3(5+7)+z1-D
1 2 1
=§X7+§X—2

1
=7_1

6
=77
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20ci

20cii

21

The primitive is
F(x) = f sin mx cos nx dx

= f%sin((m —n)x) + %sin((m +n)x) dx

1 1
= — meos((m —n)x) — mcos((m +n)x)+C
Hence
fn sin mx cos nx dx
= F(n) — F(—m)
1 1
- (_ mcos((m —nn) - WCOS((Tn + n)n))
1 1
_ (_ mcos((m —n)(-n)) - TCET ————cos((m +n)(— n)))
1
- (_ mcos((m —n)m) — WCOS((TYL + n)n))
1 1
_ (_ mcos((m — ) — 2(T+n—)cos((m + n)n))

Let f(x) = sin mx cos nx. It follows that

f(—x) = sinm(—x) cos n(—x)
= sinm(—x) cosnx
= —sinmx cos nx

==f(x)
This function is odd. For any odd function f (x), f_aaf(x) dx = 0. Hence

Y o
J, sinmx cosnx dx = 0.

A(2sinx 4+ cosx) + B(2cosx —sinx) = 7sinx + 11 cosx
(2A—B)sinx + (A+ 2B)cosx = 7sinx + 11 cosx
Equating coefficients gives:

2A—B=7 (1)

A+2B=11 (2)

54 = 25 2)+2x (1)
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21b

22a

A=5

5B = 15 2% (2) - (1)

B =3

A
f77sinx+ 11cosx
_ dx
o 2sinx+cosx

B f%S(Z sinx + cosx) + 3(2 cosx — sin x) q
A (2 sin x + cos x)

3 I%S(Z sinx + cosx) + 3(2 cosx — sinx) p
- 0 (2sinx + cos x)

T

2 2cosx —sinx
=f 5+3( - dx
0 2sinx + cos x

= [5x + 3In(2sinx + cos x)]g

= [5 (g) + 3In (2 sin (g) + cos (—

=[5 (g) +31n(2)] - [5(0) + 31In(1)]

= 32
_7 n

1
=E(5n+6ln2)

cost<1

X X
f costdtsf 1dt
0 0

[sint]y < [1]}
sinx —sin0<x-0

sinx <x

© Cambridge University Press 2019
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22b

22¢c

sint <t

x x
f SintdtSf tdt
0 0

2]
_ x < |
[—cost]y < T
L= 1o

[cost]y = — =

cosx—cos0 > ——+—

>1——
cosx =1 o0

X X t2
f costdtzf 1——dt
0 2!

0

N
[smt]o_t—y

3

X
sinx—sinOZx—a—(O—O)

3

> X
sin x x—y
X X t3
fsintdtzf t——dt
0 o 3!
t2 4"
N x -
[cost]OZIZ! 0
Jo
2 44
x — —
[cost]y < T + vy
Jo
x? x*
cosx —cos0 < _?-I_E
x? x*
cosx—1<—7+z
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22d

We have shown this is true in the case where n = 1 above.

Assume true forn = k.

x3 x5 x7 x4k+1 x4k+3
51nx<x——+§—ﬁ+ m smx+(4k—+3)!
This implies that:

£3 5 7 pak+1 pak+3
smt<t—§+5 ﬁ+"'+mﬁsint+m

Integrating from 0 to x gives:

X X t3 t5 t7 t4—k+1 X t4k+3
j;)sintdtsfot—§+5 ﬁ+---+mdtsﬁsint+mdt

t2  t* 6 ¢8 Ak+2 LA I
[—cost]§ < ?_E+§_§+ (4k+2)'] l COSt+(4k+4)'l

x2 x* x6 8 xAk+2
—[cosx — 1] < 7_Z+5_§+ m

S hket4

S—cosx+m—[—1+0]

X2  x%* x6 48 k2 KAk+4
1—cosx<7—— E—§+---+m31—cosx+m

Substituting in ¢t for x
t2 t4 t6 t8 t4k+2 t4k+4—
1—cost< ———+———+---+—S 1—cost+———
2 6! 8! (4k + 2)! (4k + 4)!

Integrating again gives

X xt2 t4— t6 t8 t4k+2
l1—costdt< | ———4———F o dt—qdt
fo o8 , 2 46l 8l (4k + 2)!
X t4k+4
<| 1-cost+———dt
fo COSET Gk + a1
3. 45 47 phk+1 t4k+3 x
t—sinth <|———+4+—+ . —
[t=sintlo <|g51—g;+77+ (4k+1)!+(4k+3)!L
t4k+5 x
< |t —sint+—
l - (4k+5)!L
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x3 x5 x7 xAk+1 x4k+3 x4k+5
x —sinx < §—§+ —(4k+1)!+(4k+3)!Sx—sinx+m
x3 x5 x7 k1 x4k+3 x4k+5
—smx<—x+§—§+ —(4k+1)!+(4k+3)!s—sinx+m
This implies that
3 5 47 pak+1 {Ak+3 {Ak+5
—sint < _t+§_§+ﬁ_ _(4k+1)!+(4k+3)! Ssint+m
Integrating from 0 to x gives
fx—sintdt < fx—t+£—i+i— - e + N dt
0 A 31 51 7! (4k +1)! * (4k + 3)!
x {Ak+5
S-fo sint —mdt
t2 4+ 6 8 t4k+2 phkt+a ¥
[cost]p < l_7+5_5+§_ T Gk+ 2 Gk .
ttkte ¥
= [cos t+ (4k_+6—)!L
x2  x* x6 48 hke+2 k4
lcosx =A< =+ -Gt e "k T Gk )
k6
Scosx+(4k+6)'—[1+0]
x2  x* x6 48 x4k+2 hkt4 x4k+6
cosx <l -t e T e T T Gkr o T Gk = Y T T ey
Substituting in ¢ for x
£2 ¢+ 46 48 {Ak+2 fAk+a {Ak+6
cost=l-ot T ate T T @k T ks - Gy ey
Integrating again gives
x £2 4 46 48 pak+2 pak+a
JO costdt<l-o+ =gt TGkt @kra ¢
X t4k+6
< -[0 cost + m dt
t3 5 7 t4k+3 t4k+5 tA+7 ¥
sintlo < |51 =51 v 1t "Gk o T Gk y 5)!] Ismt T @kt 5)'l
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x3 x5 x7 x4k+5 x4—k+7
smx<x——+§—ﬁ+ m smx+(4k—+7)!

3 x5 7 K AR+ (A(R+D)+3
Sinx < x =t Tttt G D+ D s S Y G D+ 3!

Hence we have shown that the statement holds when n = k + 1 and thus by the
principle of mathematical induction must be true for all positive values of n.

xAk+3

Now lim = 0, this can be argued for positive x as follows, since x > 0,
n—oo (4-k+3)'
4k+3 i x4-x+3 x x
4x + 3 > x, and—<1hence11m = ( X X X ... X
n-oo (4k+3)!  nooo \(4x+3)!  4x+4  4x+5
X
4n+3)

4x+3 x x
| X X ..
nggo<(4x+3)' 4x+3 4x+3 )
x4x+3 x 4(n-x)
= li X
o ((4x + 3)! (4x + 3) )

x4x+3 x  \4n-x)
((4)( + 3)') n—>oo <(4x + 3) )

)(0)(a50<ﬁ<1)

((4x+3)'
0

This means that

y i X3 +x5 X7 s xAn+1 . . x4n+3
imsinx<lmx—-——+——-—+:4+————< lim (sinx + ———
e now 31 51 7l (4n+ D! = now (4n + 3)!
y [ X3 x5 57 xAn+1 1
nl_r)gosmx n%x—§+§—ﬁ+---+ﬁ nl_r)rgo(smx+0)

N X3 N X5 %7 s xin+1 .
sinx<limx—-—+——-——++-+———<sinx

n-oo 351 71 (4n +1)!

- X3 x5
sin x x—§+§+ < sinx

And hence it must be the case that

x3 x5 1 Te .
x — 7+t converges with limit to sin x
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22e

Firstly, we show by induction that

x2 x4 65 x4n x4—n+2
cosx < 1—§+Z—a+ +(4n)! Scosx+m

Holds for all values of n

In the case wheren =0
xZ
cosx <1<cosx +;

This can be observed to be true graphically

\ . /

N
D% N

Now we assume that this statement is true in the case wheren = k

x2 x*  x6 x4k x4k+2
cosx<1—§+ﬂ—a+ +(4k)!Scosx+4k+2
Substituteint = x

£2 4 46 ¢4k ak+2
cost < 1_E+I_a+”.+(4k)!SCOSt+4k+2

Now integrating from 0 to x gives

tdt < 1-——+——— dt < t dt
jo COR- 4t = jo atan et T a; s jo cost+ o T2

x3 x5 x7 x4k+1 x
L TRt TR vy o
SIX = X s Tt T s S S Y Gy e

4k+3

We have already shown in part d that this then gives that

X2 x4 X6 x8 x4k+2 x4k+4— x4k+6

<S1-S -t R —
cosx 2 "4 6 8l @kt TGkt = O Y G ren
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22f

x2 x* x6 48 x4k+2 x4(k+1)
e s +
o 2 4 68l (4k+2)! " (4k + 1))!
x4 k+1)+2

<cosx +
4k+1)+2)!
Hence, we have shown that this statement is true in the case wheren =k + 1
and thus must be true for all positive n by the principle of mathematical
induction.

o . xA(k+1)+2
Similarly, to part 22d, 111_{{)10 @kt 0
Thus
2 44 46 8 xAk+2 x4(k+1)
I <liml-——t 4 ..
lim cosx < lim 2 + 4! 6! + 8! (4k + 2)! 1 (4(k + 1))!
x4(k+1)+2
<l
) s 2 . R N x8 xtk+2 .\ xAk+1)
am cosx < Hm L —— 47—t g (4k +2)' " (4(k +1))!
< lim cosx + 0
n—-oco
2 44 46 B xAk+2 xAk+1)
y < liml-—— =y ..
Jim cosx < lim 2 + 4! 6! + 3! (4k + 2)! * (4(k + 1))!
< lim cosx
n—-oo
< lim1 % + ANE + © L + e =
cosx < liml——-+ 7= +3 (4k+2)! (4k+D) cos x
<1 X + X +-
cos x >t < cosx

2 4
Thus 1 — 52— + % + -+ converges with limit to cos x.

2 4
Let f(x) = 1—%+%+---andg(x) = Ccos X

(—x)*  (—x)*
fex) = 1=t
x? x*
Slootpte

g(—x) = cos(—x) = cosx = g(x)
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Now since f(x) converges with limit to g(x),

f (—x) converges with limit to g(—x) which implies that the result holds for
negative values.

2 4
This means that 1 — x? + i—' + --- converges with limit to cos x for both positive

and negative values of x.

3 5
Let f(x) = x—’;—!+z—!+ --and g(x) = sinx

(XP (—x)°
Tt

fl=x)=(=x) -
=—@—%+E+m)
=—f(x)

g(—x) = sin(—x)
= —sinx
=—g(x)

Now since g(x) converges with limit to f(x), —g(x) converges with limit to
—f(x), and thus g(—x) converges with limit to f(—x).

3 5
This means that the result x — % + ’;—' + -+ converges with limit to sin x for

negative values of x.
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Solutions to Exercise 7E

la Area between the curve and the x-axis

T

2
=.[ cosx dx
0

B

= [sinx]§
= sin%—sinO
=1-0

= 1 square unit

1b Area between the curve and the x-axis
T

6
=f cosx dx
0

s
= [sinx]§

= 7T = 0
= sin— — sin
6

=--0
2

1 .
= 7 square unit

2a Area between the curve and the x-axis

Vs

v,
= sec®x dx
0

T
= [tanx]]

T
=tan——tan0

=1-0

= 1 square unit
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2b Area between the curve and the x-axis

T

3
= sec®x dx
0

Swia

= [tan x]

t z tan 0
= tan< — tan
3

=vV3-0

= /3 square units

3a Area between the curve and the x-axis
T

4 .
= sinx dx
0

T
= —[cos x];

- (cos% — cos 0)

(-1

= (1 - %) square units

3b Area between the curve and the x-axis

T

6
=f sinx dx
0

T
—[cos x]$§

- (cos% — cos 0)

(2

= (1 - g) square units
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4a Area between the curve and the x-axis

T

2
= .[ sinx dx
T

6

T
= —[cosx]2
6

= - cosz— cosE
( 2 6

-5

V3 .
= - square units

4b Area between the curve and the x-axis

T

= f cosx dx
2n
3

= ([sin x]5x
3

2T

= |sinm — sm—
_ 0__‘

V3 )
=~ square units

Note that we must take the absolute value of the integral as the curve is below
the x-axis.

5a Required region is above the x-axis.

Area between the curve and the x-axis

T

2
= f sinx dx
T

T
= —[cos x]2
3
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= - (COS% - COSE)

3

)

1 .
= 7 square unit

5b Required region is above the x-axis.

Area between the curve and the x-axis

T

2
=f sin 2x dx
T

4

T

1 7
=-3 [cos 2x]7
4

= —%(COST[—COS%)

110
—5(-1-0)

1 .
= 7 square unit

5c Required region is above the x-axis.

Area between the curve and the x-axis
T

2
=j cosx dx
T

= [sin x]

NS E

= ﬂ = 7T
=sin- —sinz
2 3

3
_, 3
2

= %(2 —+/3) square units
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5d Required region is above the x-axis.

Area between the curve and the x-axis
T
6
= cos 3x dx
T
2

— [sin 3x]

SECh

~3
%(sin%—sin%)
-3
(-5

= %(2 —+/2) square units

S5e Required region is above the x-axis.

Area between the curve and the x-axis

T

3 2
= sec” x dx
s

=1<3\/§—%>
=2 (333

1
=3(2v3)

2 :
= 5\/5 square units
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5f

6a

6b

Required region is above the x-axis.

Area between the curve and the x-axis

=2 (tan%—tan (— %))
=2(1-(-1)

= 4 square units

Area of shaded region
2
= fn (sinx — cos x)dx
4

s
= [- cosx — sinx]2
4

= (— cosE - smz) - ( cosz = sinﬂ)
2 2 4 4
- (0-1) ( L )
B 2 2
=-1+ 2
V2
V2
= (\/f - 1) square units
Area of shaded region
s
3
= j (sin 2x — sin x)dx
0
VA
1 3
= [——cos 2x + cos x]
2 0
_ ( 1 21 4 n) ( 1 0+ 0
= > cos 3 cos 3 > cos cos

© Cambridge University Press 2019



Chapter 7 worked solutions — The trigonometric functions
= ( ! X ! + 1) ( ! X1+ 1)
U 27 272 2

=(+3)-(-2+1)

1 .
= square units

6C Area of shaded region

T
2

=f (x — sinx)dx
0

B

_x+
=13 cosx
0

T\ 2
() (%o
= > cos > > +cos

2

=% Lo0-0-1
8

2

= (% - 1) square units

6d Area of shaded region

s

2
=f (1 — cosx)dx

_r

2

ik
= [x —sinx]*,
2

< (g—sing) - (—%—sin (_g))
=G-1)-(+)

= (m — 2) square units
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7a

7b

Note that between 0 and % the area is bounded by the curve y = sin x and the
x-axis and then between g and g the curve is bounded by y = cos x and the
X-axis.

Area of shaded region

T T

4 2
=.[ sinxdx+f cos x dx
0 VA

VA
= [~cosx]5 + [sinx]

= (— cos% + cos O) + (sing - sinz)

Ch)eD)

SENE)

I
\S}
Nl

Il
N
(V)

—/2) square units

Note that between —1 and 0 the area is bounded by the curve y = x + 1 and the
x-axis and then between 0 and g the curve is bounded by y = cos x and the

X-axis.
Area of shaded region

V3

0 -
=j (x+1)dx+jzcosxdx

-1 0

SR

0
= I— + x] + [sinx]§
-1

_1)2
= O+0—<( ;) +(—1)> +(sin%—sin0)

=(—%+1)+(1—0)

1 .
=1 5 Square units
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8a

8b

Graph of y = sin x is shown below.

.(n; ())

Based on the graph, the required area
T
= ] sinx dx
0

= [—cosx]§

= —cosm — (—cos0)
=—-(-1)+1

= 2 square units

Graph of y = cos 2x is shown below.

Based on the graph, the required area
T

4
= f cos 2x dx
0

1 T
=5 [sin 2x]3

=%(sing—0)
1
=§(1—0)

1 .
= - square unit
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9a

9b

Graph of y = cos x is shown below.

. .
Using symmetry, the area fromx = 0tox = S is the same as the area from
v oy . T .
x=-tox=m. We can use the positive signed area from x = Otox = 5 inour

calculation.

Area of required region
T

2
= ZXf cosx dx
0

ol

= 2[sin x]3
. 77: .

= 2(51n5—51n O)

=2(1-0)

= 2 square units

Graph of y = sin x is shown below.

(. 0)
BK‘
Since the required area is above the x-axis, we can calculate the area from x = %

3
to x = —.
4

(2,0) % (3w,

Area of required region

31

4
= j sin x dx
4

4
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= —Ccos— + cos—
4 4

(3
2

V2

2 square units

9¢ Graph of y = cos 2x is shown below.

Using symmetry, the area from x = 0 to x = % is the same as the area from
3
x = % tox = gand the area from x = g tox = Tﬂ and the area from

3n s . T,
x=—_—tox=m. We can use the positive signed area from x = 0tox = 5 inour

calculation.

Area of required region
v

2z
=4><f cos 2x dx
0

T

11z
=4x—j 2 cos 2x dx
2J,

T

= 2[sin 2x]?

- n -
=2 (smi — sin 0)
=2(1-0)

= 2 square units
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9d

9e

Graph of y = sin 2x is shown below.

(’.III:'?_. D] , U}

(n/3.0) N (27/3/0)

4

. Y T .
Using symmetry, the area from x = Jtox=-1is the same as the area from
b4 21 fps . 4 T,
Xx=-tox=—. We can use the positive signed area from x = 5 tox = inour

calculation.

Area of required region
n

2
= 2] sin 2x dx
T

1
=2X —E[COSZX]

NENE)

_ ( 211)
= COS TT — COS 3

~(-3)

1 .
= 7 square units

Graph of y = sin x is shown below.

. 5
Using symmetry, the area from x = — ?n to x = 0 plus the area from

71T .
x=mtox = — s the same as the area from x = 0 to x = . We can use the

positive signed area from x = 0 to x = m in our calculation.
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Area of required region
T
=2 .[ sin x dx
0

= —2[cos x|}
= —2(cosm — cos0)
= -2(-1-1)

= 4 square units

of Graph of y = cos 3x is shown below.

Using symmetry, the area from x =

o1l

.
tox = 3 is the same as the area from
T

T T 21 s .
x=stox == and the area from x = S tox =—. We can use the positive signed

T 27T . .
area from x = 3 tox = ~ inour calculation.

Area of required region

21

3
= 3><f cos3x dx
T
2

1 2n
= 3 x =[sin3x];2
3 2

3

= sin2m — sin7

=0-(=1)

= 1 square unit

© Cambridge University Press 2019 137



Chapter 7 worked solutions — The trigonometric functions

10a  Graph of y = 2 cos mx is shown below.

10b By observation of the graph, the total area between the two intercepts will be
equal to two times that of the area shaded in green.

Area of required region
1
2
=2X f 2 cos tx dx
0

N[ =

2
=2[—sin7tx]
T 0
4, mw
= E(Smi — sin 0)
4
=—(1-0)
T

4 :
=~ square units
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11 Area of window

s
6 T 6 T
= Esm (E) — Esm (— E)
= ° x1 —Ex (-1
T T
12

T

= 3.8 m?

12 Area of enclosed region

= an(x — (x —sinx)) dx
0

T
= Zf sinx dx
0

= 2[—cosx]§
= 2(—cosm — (—cos0))
=2(1+1)

= 4 square units

13 Area of region R

T

3
=j tan x dx
0

T,
3 sinx
= dx
o COSX
T
3
———(cosx
i )

= —=——dx
cos x

0
T

—[In|cos xl]g
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- (ln |cosg| — In|cos OI)

|3 ~n1
~(infg[-1m1)

=—(—In2)
= In 2 square units

14a  Graph of y = sinx (red line) and y = cos x (blue line) is shown below. Vertical
linex = — g is shown in green and vertical line x = % is shown in purple.

14b  Area of required region

Vs
6
= Jﬂ(cosx — sinx)dx

T
= [sinx + cosx]®,

= (sn cosT)  sn (- 3)  os ()

1 V3

(2 2)_< 140)
3 V3
22
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15

= %(3 ++/3) square units

When x = —g
y = sin(—g) =-1

Yy = cos 2 (— g) = cos(—m) = —

Hence the two curves meet at (— g, —1).

When x = %

y=sin(%)=%

y=c032(%)=cos%=%

1
Hence the two curves meet at (g 5)

Hence we have shown by substitution that the curves meetat x = — g and x = %

as they have the same values of y for each of the values of x and hence must pass
through the same point.

15b  Graph of y = cos 2x (top curve) and y = sin x (bottom curve) shown below.

(n/6,0.5)

05
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15¢c  Area of required region

1
[ sin 2x + cos x] T
2

1 = 1 s
> sin— 3 + cos ) (E sin(—m) + cos (— E)>

- (z

() o
B
2
2V3
4

SRR

+

3 .
=3 3 square units

16a  LHS=vZsin(x +7)

Use the identity, sin(A + B) = sin A cos B + cos Asin B
V2 sin(x + %)

. T . T
= \/f(smx X cos 7 + cosx X smz)

—\/_(smxx\/_+cosxx\/_)

—\/_( sinx +

\/_COS X)

=w/§x%sinx+\/7x%cosx
=sinx + cosx

= RHS

Hence, proved.
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M\ 1 5/\,

. . b3 31
Area under one arc is clearly seen between the x-coordinate — " and e

16b

Area

3T

%
= fn (sinx + cos x) dx
1

3
= [—cosx +sinx] %,

4

= (— cos?an + sin %Tn) - (— cos (— %) + sin (_ %))

( 1

73

—_

NS

1
b —+—

) 2 2

4

V2

= 2+/2 square units
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17ai

17aii

17bi

For positive integers n:

2T
j sinnx dx
0

= ——(cos 2nm — cos 0)
n
1

=—-(1-1
~(1-1)

=0

For positive integers n:
2n

f cosnx dx

0

== [sin nx]3"

= —(sin 2nm — sin 0)
n
1

=—(0-0
~(0-0)

=0

Graph of y = sin x is shown below.

—1

Using symmetry:

Area of required region

T
=2 xj sin x dx
0
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= 2[—cosx]|§

= —2[cos x|}

= —2(cosm — cos0)
=-2(-1-1)

= 4 square units

17bii Graph of y = sin 2x is shown below.

1 o \

Using symmetry:

Area of required region

T

2
=4><f sin 2x dx
0

T
1 2
=4 [—Ecos Zx]0

L
= —2[cos 2x]?

= —2(cosm — cos0)
=—2(-1-1)

= 4 square units
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17b iii Graph of y = sin 3x is shown below.

4
1

(n/2,0)| [ (x.0 \

Using symmetry:

Area of required region
T

3
= 6><f sin 3x dx
0

s
6 ! 3 :
= [—gcos x]o

= —2[cos 3x]g
= —2(cosm — cos0)
=-2(-1-1)

= 4 square units

17biv

Dl o fLfL )

o
o)
=
=
SSECE
=

VUVVY ]

4
1

Using symmetry and pattern observed from parts i, ii and iii:

Area of required region

T

n
= an.f sinnx dx
0
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T
= —2[cosnx]}
= —2[cosm — cos 0]
= —2[-1-1]
= 4 square units

17bv

(pi/2n.0 \//\\“}A /\ZUALW QQ\J//\VA (2. U!)

Using symmetry:

Area of required region
T
2n
= 4n X cosnx dx
0

s
1 2n
=4n [— sin nx]
n
s
= 4[sinnx]3"
=4 [sinE — sin 0]
2
= 4[1 - 0]
= 4 square units

0

18a  Asnis a positive integer, we know that cos 2nn = 1, so

n

j (1 + sin 2mx) dx
0

n

1
= [x — —CoS 27Tx]
21 0

= (n= ggeos2m) = (0~ z7cos0)
= (n =5 -cos2nn 5. COS

T
~(n= k1)~ (0- 2 x1)
-\" 2T 2T

_ 1+1

" 2w 21
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=n
18b
/\/\ | [\
-6 -4 -2 0 4 6
| i t | |
The curve is below y = 1 just as much as it is above y = 1, so the area is equal to
the area of a rectangle n units long and 1 unit high.
19

02

Since each arc is the same over the 6w distance, we only need to calculate the integral

from x = 0 to x = m and multiply by 6.
T
6 f sinx dx
0

= 6[— cos x]|g
=6[1—(-1)]
=12
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20a Giventhe fact,sinx < x < tanxfor0 < x < g

We understand that, x? > 0,

Hence, x?sinx < x3 < x%tanx for 0 < x <g

20b  x?sinx < x3 < x%tanx

For0 <x < g, and hence it must be true for 0 < x < % so integrating over this

interval gives

T s

T

P 4 5 4,
x“sinxdx < x?dx < x“tan x dx

0 0 0

T T

. z
x“sinxdx < < x“tanx dx

0 0

21a

y:1+sinx

e terry
Y " dx\1+sinx

e +sinx);—x(1) _ 1%(1 + sinx)

y'=

(1 +sinx)?
,  0—1x(0+cosx)
Y =TT 1+ sinx)?
, —COS X
Y = aeonz
(1 + sinx)

Hence, proved
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21b

21c

22a

22b

In the given domain for 0 < x < g, cos x and (1 + sin x)? both are positive

hence, y' is negative which is why, y = is decreasing.

1+sinx

(0,1)

_—
=
I_-...J
=
&

e

) ¢ Trens dx represents the area underneath the curve. The rectangle of width %

L1 ) ) . . .
and height > underestimates this area, whilst the rectangle of witdh g and height
1 overestimates this area. Thus it follows that

A

1<F "~y <Zx1
X = — = X
2 Jy 1+sinx =2

N[ X

r
2

T
< | —/———dx <<
,I;) 1+sinx x<2

N

4 .
[ sin3xdx
—41
sin 3x is an odd integrand in the domain, hence

fj:n sin3xdx =0

2T .
[ cos?xsin3xdx
—27
cos2xsin3x is an odd integrand in the domain, hence

21 .
J 7, cos?xsin*xdx = 0
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sm

22c¢ 2.cosxdx
2

cos x is an even integrand in the domain, hence

5T

2.cosxdx
2

sm
— 2
=2 [ cosxdx

5T

= 2(sin x)oT
= 2(sin57n —sin0)

=2(1-0)=2

22d f_nn sec? %xdx
sec? ix is an even integrand in the domain, hence
ffn sec? gxdx
=2 fon sec? %xdx
=2 X 3(tan§x)g
= 6(tan§ —tan0)
=6(v/3-0)
= 6V3

22e ffn(S + 2x + sinx) dx

In the given domain, 3 is an even integrand while 2x and sin x are odd integrand

Hence,

f_nn(3 + 2x + sinx) dx, is written as
f_nn 3 dx

=2/ 3dx

=2 x 3[x]§
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=6(r —0)

= 61

22f  [2(sin 2x + cos 3x + 3x?) dx
2
In the given domain, sin 2x is an odd integrand while cos 3x and 3x? are even
integrand

Hence,

T

f_EE(sin 2x + cos 3x + 3x?) dx, is written as
2

f_EE(cos 3x + 3x%) dx
2
=2 [Z (cos 3x + 3x?) dx
= 2 2 (cos 3x)dx) + 2 [2(3x*)dx
1 > 3
_ [(g sin 3x)g] 42 [(x3)g]
= 2(§sin37” — gsin 0)+2 (%3 X O)

3

=2(3x-1-0)+=

3

2 s
= ——-4—
3 4

23a
d 1 X (sinx + )
Tz \ T5e (sinx + cosx
=\ 73 sinx + cos x 5e" )7, ((sinx + cosx
1 1
= Ee‘x(sinx + cosx) + <—§e‘x) (cosx — sinx)

1
= Ee‘x(sinx + cosx + sinx — cos x)

= e *sinx

© Cambridge University Press 2019 152



Chapter 7 worked solutions — The trigonometric functions

23b

N
j e *sinxdx
0

_de e (sinx + cosx) ) d
—de 28 SInX + COS X X

1
= —Ee""(sinx + cos x)]

1

e ~N(sin N + cos N)] [ (1)]
1

- Ee‘”(sinN + cos N)

N

o)

e *sinxdx

=

N

lim e *sinxdx
N—->oo 0

1 1
_ __,-N
Al’l_r)rolo (2 € (sinN + cos N))

1 1
= lim <§—§(O)(sinN + cos N))

N| = =

23c

T
f e *sinxdx
0

1
= —Ee‘x(sinx+cosx)]
1 1, .
=|-3e ”(smn+cosn)] [——e (Sln0+0050)]
2 :
=|-5e "(smn+cosn)] [—56_0(1)]
1 1
— _ _ _p T (_
77 2¢ D
=S +e™
=5 e
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23d

3T
f e *sinxdx
2

T
1
= —Ee‘x(sinx + cosx)]
SN 1
= —Ee"3n(sm 3m + cos 311)] - [— Ee"zn(sm 21 + cos 2m)

=[-ger )= [gea)

1
— E(e—2n + e—31r)

Thus the limiting sum is
1 -7 1 —27 -3 1 —41 —-5m
§(1+e )+§(e +e )+§(e +e7") + -
1 1 1
= [5 1+ e‘”)] +e % [E 1+ e‘”)] + e 4 [E 1+ e‘”)] +
This is a GP with a = E 1+ e‘”)] and r = e~2" so the limiting sum is

¢ 2d+e™  2(14e™ : o
1—-r 1—-e28  (1—-e™(1+e ™ 1-—eT 2e®™-1)

21
f e *sinx dx
s

1
= —Ee‘x(sinx+cosx)]
NN 1
= —Ee‘z”(sm 21 + cos 211)] - [—Ee‘”(smn + cos T[)]
-1 1
e 4 —|——p T (—
- 2°¢ (1)] [ 2° (1)]
1
= —E(e‘” + e~2™m)

41
j e *sinxdx
3

T
4T

1
= [——e‘x(sinx + cosx)
2 3m
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1 1
= [—Ee“‘"(sin 41 + cos 411)] — [— Ee"”(sin 31 + cos 3m)

[——e-‘*”(l)] [——e-3”( D]
=27

== (e7™ 4 e~27M)

Thus the limiting sum is

[——(e‘” +e 2")] +e2" [——(e‘” + e‘Z")] +e" [—%(e"” + e"Z”)] +

This is a GP with a = [— % (e™+ e‘Z”)] and r = e %" so the limiting sum is

a
1—r

—%(e‘” + e~ %7)

1—e™2m

-7

| _ 1
2(1-em)| ~ 2(e™-1)

Hence the area underneath the curve is |

e™ 1 _ €T
2(e™-1) = 2(e™-1)  2(e™-1)

Hence the total area contained is

Now, the integral in part b is given by the area above the curve minus the area
below the curve, that is

o0
f e *sinxdx
0

e™ 1
T2 -1 2(e"-1)
(e™—1)
T2 -1
1
2

Thus confirming the result from part b.
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Solutions to Chapter review
la

d _ .

a(Ssmx)

=5 Xi(sinx)

dx

=5Xcosx

=5cosx

1b
d |
T (sin 5x)
=5 X cos bx

= 5cos5x

1c
d
T (5 cos 5x)

d
=5 X —(cos 5x)
dx

=5 X (—5sin 5x)

= —25sin5x

1d

d
Tx (tan(5x — 4))

d
— enp2 _ _
= sec“(5x — 4) X P (5x —4)

=sec?(5x —4) X 5
= 5sec?(5x — 4)
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le

1f

1g

T (x sin 5x)
. d d
= sin5x X — (x) + x X — (sin 5x)
dx dx

=sin5x X 1+ x X 5cos5x
= sin 5x + 5x cos 5x

Using the quotient rule, if y = % then

U = cos 5x
du_ £ sin S
I sin 5x
vV=x
dv_1
dx

du dv
dy _Vax ~“dx
dx v2

x X (=5sin5x) — cos 5x X (1)

x2
—5x sin 5x — cos 5x

x2

d
.5
P (sin” x)

d

= 5sin* x x — (sinx)
dx

= 5sin*x X cos x

= 5sin* x cos x
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1h
d
5
Ix (tanx>)

d

= sec? x®> x — (x°)
dx

= sec? x® x 5x*

= 5x*sec? x°

1i

. COS5x
Tx (e0%>%)

d
= @C085% x = (cos 5x)

= 055X x _5sin 5x

= —5sin 5x €S>

d .
T (In(sin 5x))

= ! xd in5
" sinbx  dx (sin5x)

1
= — X 5cos 5x
sin 5x

5 cos 5x

sin 5x

= 5cot5x

2 For y = cos 2x

d
% = —2sin2x

b4 . . . 2T
Hence when x = p the gradient of cos 2x is —2 sin 5
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3a

3b

Fory =tanx

Whenx=§,y=tan§=\/§

d
& sec? x

dx

Hence when x = g, the gradient of tan x is sec? g =4

Thus, the equation of the tangent at (g, \/§) is

y—y1=mx —x)
y—\/§=4(x—g)

a1
y=4x—?+\/§

Fory = xcosx

Vs
Whenx—;,y > >

dy
dx

= Ccosx — xsSinx

T p .
Hence when x = > the gradient of x cos x is

T T . T
COS——-—SIn—
2 2 2
0-Zx1
=0—=X
2

& ¥

Thus, the equation of the tangent at (g, O) is

y =y =mx—x)

© Cambridge University Press 2019
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43

4b

5a

5b

y =x+cosx

dy 1 _si
dx_ Sinx

. : d
The stationary points occur when ﬁ =0
1—-sinx=0
sinx =1

Thus the solution is x = gfor 0<x<2m.

y = sinx — cosx

& (—sinx)
— =cosx — (—sinx
dx
= cosx + sinx
) . d
The stationary points occur when ﬁ =0

cosx +sinx =0

sinx = —cosx
sinx _

cosx
tanx = —1

) 3m 7
Thus the solutions are x = T”’ Tn for0 <x <2m

[ 4cosx dx

=4sinx+C

[ sin4x dx

1
_Zf (—4 sin 4x) dx

1
= ——X 4
2 cos4x + C
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5c

6a

6b

1
= —=— 4 C
4cos X +

1
[ sec? 7~ dx

1 1
=4f Zseczzxdx
1
= 4xtan1x+C

1
= 4tan— C
an4x+

Wiy

f sec? x dx
™

4

= [tan x]

L EINE]

t z t z
= tan- — tan—
3 4

=V3-1

NE!

f cos 2x dx
0

1 T
= [sin 2x]}

=%km%—mnq
—Z[i-o]

2
1
2
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6cC

—[cosmx]3

- (cos% — cos 0)

-1

1
4
f sin 3x dx
0

1
=-3 [cos 3x];

=~ 3{cos3 - c0s0)
= 3COS4 Ccos

=~ 3{es3 1)
= 3COS4

= 0.089
i W
y' =cos>x

1
y=251n§x+C

Substituting (7, 1) into the equation for y gives

s
1=2sin=+C

2
1=24C
C=-1
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9a

9b

10

Hence the equation of the functionis y = 2 sin%x -1

Graph of y = 2 sin 2x is shown below. (Take graph of y = sin x and then dilate it
by a factor of 2 from the x-axis and a factor of % from the y-axis.)

yh
21

INER
(3]
=V

The area between the curve and x-axis from x = %to x = g is equal to that
. 3
between the curve and x-axis from x = gto X = Tn. We can calculate the total
area using twice the positive signed area from x = %to X = g
T

2
A =2><L 2sin 2x dx

4

T
= 2 X [— cos 2x]2
4
T
=-2 (cosn — COS E)
=-2(-1-0)

=2u?

The required area is equal to the area between the line y = cos x and the x-axis
fromx =0tox = gless the area between the line y = cos 2x and the x-axis from

T
x=0andx=z.

Area of required region
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E VA
fz
0 0
VA V3

= [sin x]g -3 [sin 2x]g

4
cosxdx — f cos 2x dx

= (sing— sinO) —l[sin%— sin 0

2
=1-0 1><1+0
N 2
N 2
=l

2

10b  Area of required region
21
3
= f (cosx — cos 2x) dx
21

1 3
= [sin X — —=sin Zx]
0

2t 1 41 1
= (sm— — —sm—) — (sinO — Esin O)

3 2 3
—\E 1>< v3 0+0
2 2 2
_V§+J§
T2 4
_n3 V3
T4 4

33
= —, square units

sinx

11la tanx =
COosSXx

11b  Note that ;—x (cosx) = —sinx.

Area of required region

T

4
= tan x dx
0
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12a

T
Z sinx
dx
o COSX
s
4
—a(cosx)
= —=—dx
Cos x
0
T
— 4
= —[In|cos x|];

=— (ln |cos%| — In|cos OI)

1
=—In—+1Inl

V2
= —In (2_%) +0

( 1)1 240
2 n

1 .
= Eln 2 square units

To find the x-intercepts, puty = 0

Then, 2cosx + sin2x =0

Use the identity, sin 2x = 2 sin x cos x
2cosx + 2sinxcosx =0

2cosx (1+sinx) =0
2cosx=0and1+sinx =0

cosx = 0andsinx = —1

According to the given domain, -t < x <m
cosx = 0 and sinx = —1

_m
x—;,—

ISE ]

Thus the x-intercepts are (g, 0) and (— g, 0).

The y-intercept occurs when, x = 0
y = 2cosx + sin2x

=2cos0+sin0
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12b

=2x1=2

Thus the y-intercept is (0, 2).

Stationary points occur when y’ = 0. This is when
y'=—2sinx+2cos2x =0

Solving this gives

2cos2x = 2sinx

2(cos? x — sin®x) = 2sinx

2(1 —sin®? x — sin® x) = 2sinx

(1 —sin? x — sin® x) = sinx

1—2sin?x =sinx

2sin?x +sinx—1=0

(2sinx —1)(sinx+1) =0

7tn'51t

sinx = 3 orsinx =—1sox =— S Substltutlng this back into the equation

for y gives the stationary points to be (— =,0), (" 3;/_) and (5?", - %_)

Now we find the nature of these stationary points, y'’ = —2 cos x — 4 sin 2x.
Wheny = — g, y" = 0 (possible point of inflection)

Wheny = %, y" — 34/3 < 0 (maximum)

Wheny = 565, y" = 3v/3 > 0 (minimum)
Confirming that there is a point of inflectionat y = — %
x _3= _r _r
4 2 4
Y V2 0 NG

So the gradient does not change and it is indeed a point of inflection, hence we

obtain that (— E, 0) is a point of inflection (E, ?) is a maximum turning point

5T 3V3
and —,—=-) is aminimum turning point.
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12c

13a  y=-e*sinx

d d
[ X : 3 X
= e¥—(sinx) + sinx— (e
y' = ¥ —(sinx) + sin ¥ - (%)
=e* X cosx + sinx X e*
= e*cosx + sinx e”*

= e*(sinx + cos x)

d d
y" =e*—(sinx + cosx) + (sinx + cos x) — (e¥)
dx dx

d d d
=e* x| —(sinx) + —(cosx) | + (sinx + cosx) — (e*
(dx( ) +—( )) ( )= (@)
= e* X (cosx —sinx) + (sinx + cosx) X e*

=e*cosx —e*sinx +e*sinx + e* cos x

= 2e* cos x

13b  Stationary points occur when y' = 0. This is when
e*(sinx + cosx) =0

sinx+cosx =0

sinx = —cosx
sin x _

cosx
tanx = —1
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13c

13d

14a

T 31
X=—="2," forx € [—m, 7]

1 _T _r .
When x = —%, y=-ge+andy’ = v/2e”% > 0. Hence the curve is concave up

T
at this point and thus there is a minimum turning point at (— %, — % e 4).

31'[ 3

When x = %n, y = Te % and y” = —/2e+ < 0. Hence the curve is concave down

o . . . 3 EL
at this point and thus there is a maximum turning point at (Tn,% es).

Points of inflection occur when y’’ = 0. This is when

2e*cosx =0

cosx =20
T T
x=—-,—- forx €[—mm]|
22
T _r T T
Whenxz—z,yz—e 2,andwhenx=5,y=ez

T T
Thus, there are possible points of inflection at (— g, —e_f), and (g, ez).

Sketch of the curve is shown as below

_'_l,.-'ﬂ

{_%:_f@_E_q’} II\
|
= { E

= — ___'_T_'.l_ I ll:“:r

=TT T l X
d9_01
dt

1

A=ET29

1
— g2

26 0

© Cambridge University Press 2019 168



14b

14c

= 7¢9
=186
dA _ 18
de
dA B dA o de
dt  de = dt
=18 x 0.1
= 1.8 cm?/min
A= Erz sin @
1
= 562 sin
= 18sin 8
A =18 6
0 cos
dA dA d9
dt d9 dt
= 18cos 8 x 0.1
= 1.8cos @
When 6 =Z
4
dA Q). T
- =L cos4
= icmz/mm

10

1
A= Erz(e —sin @)

1
A =§62(9 —sin )
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15a

A =18(0 —sin9)

dA
— =18(1 —cos h)

do
Q=0.1

dt

dA dA d9
dt d9 dt

= 18(1 — cos 6)0.1
= 1.8(1 — cos 9)

2

d?A
Maximum rate of increase when Z2-0

= 1.8sinf@ X —
> Sin dt

d

dt?

d?A )

Tz = 1.8sin6 x 0.1
d

dt?

2A .
> = 0.18sin 6

Therefore 0.18sin@ = 0
6=0

sPSP
cosa =E=7henceSP =dcosa

Thus the area of ASPT is

1
A =§SP><STsina
1
=ESP><SP><sina

1
=§dcosaxdcosa><sina

1
= Edz cos? asina
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15b Z_:: = %dz(—z sina cos a) sina + %dz cos? a (cos a)

=—d? cosa (—2sin® a + cos? a)

2
1

= Edz cos a (—2(1 — cos? a) + cos? a)
1

= Edz cosa (3cos?a —2)

For stationary points

A
da

1
—d?cosa(3cos?a—2)=0

2

2
cosa =0orcosa = i\/;

: 1 2. \ L
Noting that 0 < a < g, a =cos™! \/; is the only stationary point in the range. The

. : e 1 |2
endpoints in this range both give an area of zero. Substituting in @ = cos™?! \/;

gives

1 2 2
_ 2 2 -1 |2 ) -1 |~
A—zd cos“| cos j; sin| cos 3
_1d2(2> " 2
2 \3 3

d2
33

1
=—d?*V3

5 V3

16a
[ e?* cos e**dx

d d

Let,u = 2x, = = = (2x) = 2 hence, dx = Ldu
dx dx 2

Now using substitution,

[ e%* cos e?*dx

1
= [e* cose”Edu
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1
=Efeucoseudu

dv d
Let,v =e%, — = - (e*) = e* hence, dv = e*du

du

=%fe”cose”du
=%f cos v dv
=%sinv+C
=%sine” +C

1.
= Esmezx +C

: —-2Xx
16b [ = —dx
du d 1
Let u = —2x, — = a(—Zx) = —2 hence, dx = —>du

Now using substitution,

2x

sine™
J ——adx
sine¥%
=] - du
f 2e"U

1  sine®*

=—= du
Zf e~ u
1 :

= —Efe”sme”du

dv

d
Let,v = e¥%, — = — (e*) = e* hence, dv = e*du

du

1 .
= —Efe“sme“du
10
= _Ef sin v dv
1
=Ecosv+C
1
=Ecose“ +C

1 _
=-cose x4
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16¢

f sec?x do

3tanx+1

_f cosZx

3tanx+1
=J

coszx(3 tanx+1)

Letu = 3tanx + 1, Z—Z = ;_x(?’ tanx + 1) = 3sec?x hence, dx = %seczx du

1
dx = §sec2x du

_ 1
~ 3cos2x

1
—f@du
1 1
=3 L du
1
=§logeu+C

= ilogeIBtanx +1|+C

16d [ =2RX gy

4+5cosx
du d . 1,
Let,u = 4 + 5cosx, =N 5(4 + 5cosx) = —5sinx hence, dx = —Esmxdu
f 3sinx
4+5cosx

3
=] —qdu
301
= _Ef ;du
3
= —Elogeu+C

= —gloge|4+ 5cosx|+ C

1—cos3x

16e |

1-sin2x

3
cos3x

= dx

f (1 sin2x  1— sinzx)
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_J‘ J‘ COSX

1- sm2x 1-sin2x
3
cos3x

= f > f —dx
cos x cos2x

= [ sec?x dx — [ cosxdx

=tanx —sinx + C

16f fon sin x cos?x
Let f(x) = cosx
f'(x) = —sinx
Then,

T .,
J, sinxcos®x dx
1 Y
= [——cos3x]
3 0

1 1
=—Ix-1-(-1x1)

17a  LHS
= tan3x
= tan x X tan%x
= tan x(sec?x — 1)
= tanx sec’x — tanx
= RHS

Hence, proved.
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17bi [ tan®xdx

= [ tanx (sec? x — 1)dx
= [ tanxsec?xdx — [ tanx dx

Letu = tanx, du = sec? x dx

[ tanx dx
smx
= [udu- f
1
=Eu ——loge(cosx)+C

1
= Etan2 x + log,(cosx) + C

17bii [ tan®xdx

= [ tan® x tan® x dx
= [ tan®x (sec?x — 1) dx
= [ tan®x sec? x dx — [ tan®x dx

1
= [ tan® x sec? x dx — (—

> tan? x + log, (cos x))

Letu = tanx, du = sec® x dx

[ tan® x dx

1
= [uldu — (5 tan? x + log, (cos x))

ut 1

=7 Etan x —log,(cosx) + C
tan*x 1

= =2\ Etan2 x —log,(cosx) + C
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18a

18b

19a

y=1—tanx
\ 5

N

The curve intersects the axis when y = 0, that is when 1 — tan x = 0 and hence

when tan x = 1 and thus when x = %

T .
4 Sin x

fl—tanxdx=f 1- dx
o 0 Ccos X

= [x + In(cos x)]f;

NE

_ __ +1n (cosZ)] [0 + In(cos 0)]
= |7+ (cos )| - [0+ In(D)]

= [3+1n(cos3)] = [0 +0]

= :%+ln(%)] — [0+ 0]

= (% & %ln 2) square units

LHS
= cos(A + B) + cos(A — B)

=cosAcosB —sinAsinB + cosAcosB + sinAsinB

(using the identity cos(A + B) = cos A cos B + sin A sin B)

=cosAcosB + cosAcosB
= 2cosAcosB

= RHS
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19bi

19bii

Hence, proved.

JZ 2 cos 3x cos 2x dx

Let, A = 3x and B = 2x, using the formula from 19a

i

f 2 cos 3x cos2x dx
0

n

2
= f cos(3x + 2x) +cos(3x — 2x) dx
0

= fz(cos 5x +cos x)dx
0

T T

f 2
0
L

1
= [gsm x]0+[smx]0

2
cos bx dx + f cosx dx
0

1
=§><1—0+1—0

T
j cos 3x cos 4x dx
0

Let, A = 3x and B = 4x, Putting in the above section 20a proof

!
= f (E cos(3x + 4x) + cos(3x — 4x)) dx
0

T
1
= f > (cos 7x +cos(—x)) dx
0
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™1
=f E(cos7x+cosx)dx
0

1 (" 1 ("
=—f cos7xdx+—f cos x dx
2Jo 2Jo

T o1
=3 [; sin 7x]0 + > [sin x]g

=0

19ci

[ cosmxcosnxdx = [ % [cos((m — n)x) + cos((m + n)x)]dx

- sin((m — n)x) + — i_ - sin((m + n)x)] +c

" 2lm—

19cii Whenm =n

[ cosnx cosnx dx

=[ %[cos((n —n)x) + cos((n + n)x)|dx
=f %[COS(O) + cos((n + n)x)]dx

1+1 (2nx) d
fz 5 cos(2nx) dx

1 1
=5 + Esm(an) +C

19d

Whenm # n

T
f cos mx cos nx dx

-
-2
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1
2

1 sm((m n)(— n)) + sin((m+n)(—7T))]

1 1 1 1
== + 0]—— 0+ 0]
2lm—n m+n 2lm—n m+n

=0

Whenm =n

T
f cos nx cosnx dx
=TT

T
=f cos? nx dx
=TT

T1
=f —[1 + cos2nx] dx
-y

A

= B (x + % sin an)]_n
= B (n + % sin 2n7r)] — E ((—ﬂ) + % sin 2"(‘”))]
[+ 0]~ [+ 0)

=T
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