Chapter 6 worked solutions — The exponential and logarithmic functions

Solutions to Exercise 6A

1la

1b

1c

1d

le

1f

2a

2b

2C

2d

2e

2f

3a

3b

23X27 =23+7=210

(23)4 — 23><4- — 212

(€5)6 = e5%6 = 30

(er)S = e2XX5 — p10x

e2X x 77X = p2x+(-7X) — o

eX = e—4x — ex—(—4x) — eSx

(e—3x)4 — e—3x><4 — e—12x

2 =7.389

~3 = 0.04979
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Chapter 6 worked solutions — The exponential and logarithmic functions

3c

3d

3e

3f

43

4b

5a

5b

e=el =2.718

=e~ 1 =0.3679

Q|-

1
Ve = ez = 1.649

1

Tlg = e72 = 0.6065
y=e’

y'=e”

yn — ex

The curve y = e* is always concave up, and is always increasing at an increasing

rate.

Gradientat P(1,e) = ;—xex, wherex =1

=e* wherex =1

=e
Tangent at P(1, e):
y—e=e(x—1)

y =ex

x-intercept wheny = 0
0=ex
x=0

Gradientat Q(0,1) = % e*, wherex =0

=e*, wherex =0

=1
Tangent at Q(0, 1):
y—1=1(x—-0)
y=x+1
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Chapter 6 worked solutions — The exponential and logarithmic functions

5c

6a

6b

6cC

x-intercept wheny = 0
0=x+1
x=-1

Gradient at Q (—1, i) = ix

d
e
1
e

1
Tangent at Q (—1, E) :

y o=~ (-1)

e
1 1 +1
YT e
1 +2
Y=t e
_1 + 2
y=-k+2)
x — intercept wheny = 0
1
0=—-(x+2
~(x+2)
x=-2

x=1y=el-1

P=(1,e—-1)
W _ ox
dx
dy
Whenx =1,—=c¢e¢
dx

Tangent at P(1,e — 1):
y—(e—-1=e(x—-1)
y=ex—e+e—1
y=ex—1
ex—y—1=0

1
Normal at P(1,e — 1) has gradient = — "

1
y—(e-D=-—G-1)
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Chapter 6 worked solutions — The exponential and logarithmic functions

ey—e’+e=-x+1
x+tey—el+e—1=0

7a

Shifte* up 1

7b

Shift e* down 2

7c

1]

1
Stretch e* vertically with factor 3
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Chapter 6 worked solutions — The exponential and logarithmic functions

7d
Stretch e* horizontally with factor 2
8a
T v b
e=1
_________ L S x
-1
Shift e ™ down 1
8b
y
-1
P x
' -1
v

Reflect e in x-axis
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8c

Bl

Stretch e™ horizontally with factor%

: : I . 1 - 1
9 Itis a vertical dilation of y = e* with factor — 3 Its equationisy = — gex .

10a (e*+1)(e*—1)=e*t*+eX—e*—1
=e?* -1

10b (e +3)(e?* +3) = e +2%¥ 4 3e** + 322X + 9

=% 4 3e* +3e%2¥ 4+ 9

10c (e—3x _ 2)e3x — e—3x+ 3x __ zeBx

=1-—2e3%

10d (e—Zx + er)Z = (e—Zx + er)(e—Zx + er)

=e—2x—2x+e—2x+2x+32x—2x+82x+2x

=e ™ +1+1+e*™

=e ™42+
P4 3K p4x o3
11a peT ﬁ-l_ﬁ

— e4x—2x+63x—2x

= e + e
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11b

11c

11d

12a

12b

12c

edx T e4x e4x
— p2X —4x 3x —4x
=e —e
— p—2X x
e —e
10X 4 520X _ e10x 5e20x
e—10x T p-10x | p-10x

— ele —(—10x) + 5620x —(—10x)

= 20x + 5e30x

6e ¥+9e72%¥ e *  9e™%X
363x - 363x 3e3x

— Ze—x—3x + 36—2x—3x
=2e " 4 375

y-intercept when x = 0
y=e’
=1

Tangent at (0,1) = % e*,wherex =0

Reflection in y-axis

y-intercept when x = 0
y=e"
=1

Gradient at (0,1) = % e *
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Chapter 6 worked solutions — The exponential and logarithmic functions

12d

N

12e  Horizontal dilation with factor —1

13a

13b y=e*+x3

y' =e*+3x
y'' = e*+6x
y'"=e*+6
y'"=e*
13c  y =4e*

y' = 4e*

y' = 4e*
y'"' = 4e*
y'"" = 4e*

Here, the gradient equals the height.
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Chapter 6 worked solutions — The exponential and logarithmic functions

13d  y = 5e* + 5x?

14a

14b

14c

14d

y—e “=e “x+2

v—e = ex— de

B RN RO RN

y' =5e* + 10x
y" = 5e*+10
y 5e*

ynn _ 58

v _ x

dx €

Atx = 0, gradient=¢e° =1

Angle of inclination = tan™1 1 = 45°

Atx = 1, gradient=e! = ¢
Angle of inclination = tan™! e = 69° 48’
Atx = —2, gradient = e 72

Angle of inclination = tan~1 e ™2 = 7° 42’

Atx = 5, gradient = e®

Angle of inclination = tan™! e® = 89° 37’

2 —2 —2 -

5 L 3

__~
A
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Chapter 6 worked solutions — The exponential and logarithmic functions

152 x=1,y=el—-1=e—-1

15b =¥
dx
X = Q=el=e
"dx

15¢ Tangentat P(1,e — 1):
y—(e—1)=e(x—-1)
y=ex—e+e—1
y=ex—1

16a  Stretch horizontally with factor of % .

VA

& 1—

1

]

—

T
=y

16b  Shift right 1 unit.

L

tfes
=y
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Chapter 6 worked solutions — The exponential and logarithmic functions

16¢

¥

L]

Stretch vertically with factor of 1 .

[ LY

[ .

J

16d

L4

Shift down 2 units.

(X1

=W

T

17a

As a translation, the transformation is shift left 2 units

Alternatively, y = e%e” so itis a vertical dilation with factor of e

17b  As adilation, the transformation is dilate vertically with factor of 2

Alternatively, y = g'%:2eX =g
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Solutions to Exercise 6B

1la

1b

1c

1d

le

1f

1h

2a

2b

2C

2d

d
2 = 7e7x
dx

Y =3 x 4¢3 = 12¢%
dx

d 1 1 1

2 =2 x 6es* = 2e3"

dx 3

Yo _gx—Lle2x=g2x
dx 2

d
&Y _ 3p3x+4
dx

dy

— 4e4x—3

v _ _3p—3x+4

d_y — _Ze—Zx—7

4y _ 2p2% 4 3¢73%

dy e*+e™*
dx 2

dy _e*—e™*
dx 3
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Chapter 6 worked solutions — The exponential and logarithmic functions

dy 2e?*  3e3% 2 3
2e —=—+—=e"+e
dx 2 + 3 +

d 4e**  5e5¥
2f =t —=e"te™
3a y = eXt2x — o3x

W _ 3¢3x

dx

3b  y=e3¥ ¥ =X

dy 2
= 2e“*
dx
3c y = ex><2 — er
dy 2
—= = 2e%¥
dx

3d y = erXB — er

dy — 6e6x
dx
3e y = e4x—x — e3x
dy 3
— = 3e°*
dx
3 y=e¥ =¥
ay _ _ ,-x
dx

Y _ _3p-3x
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3h y = 0-5x _— e—5x

4ai  f'(x) =—e™*

fll(x) — e—x
flu(x) = —e X
fRE) =e™

4aii  Successive derivatives alternate in signs. More precisely,
) _ e, ifnis even,
f00) {—e‘x, if nis odd
4bi  f'(x) = 2e**
f(x) = 4e**
f/r/(x) — 8€2x
f®(x) = 16e2*

4bii Each derivative is twice the previous one. More precisely

f(n) (x) = QN2x

d d
5a E(ex(ex +1)) = E(e’”x + e%)
— i 2x X
=— (e“* +e%)
= 2e%* + e*
5b i(e‘x(Ze‘x — 1)) = i(Ze‘x‘x —e™)
dx dx
d
=— e % —e7¥)

dx
= —4e ¥ f 7%
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5c

5d

5e

5f

5h

i x Z_i x\2 x X
dx(e +1) —dx((e) +e¥+e¥+1)

d
= a(ezx +2e* + 1)

= 2e%¥ 4 2¢*

i X 2_1 x\2 X X
dx(e +3) —dx((e) + 3e* + 3e* +9)

d
= a(ezx + 6e* +9)

= 2e%* + 6e*

(e e o) = (e e e

2x
=—(e —_
2 (

= 2e%* 4+ 2e™%

d _ — —
a((eSx_l_e Sx)(eSx_e eSx 5x+e 5x +5x __ e
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6a

6b

6c

6d

6e

Letu=ax+b
Theny = e*

du d
Hence = = gand = = e*
dx du

dx

d
Y — g X e®*th = gpax+b

Letu = x?
Theny = e*
du d
HenceZ =2xandZ =e
dx du

d 2 2
Y = 2x x e* = 2xe*
dx

1
Letu = —=x?
2

Theny = e*

du d
Hence = = —xand 2 = e*

dx du
d _1.2 15
D= xxe ™ =—xe
dx
Letu =x%+1
Theny = e*

du d
Hence = = 2x and 22 = e*
dx du

d 2 2
ﬁ=2x><ex 1 = 2xeX t1
Letu =1 — x?
Theny = e*

du d
Hence == = —2x and &£ = e%
dx du
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Chapter 6 worked solutions — The exponential and logarithmic functions

d 42 _ .2
D= 2xxel™ = —2xel™x
dx

6f Letu = x2 + 2x
Theny = e*

du d
Hence = = 2x + 2and =X = e*
dx du

Z_z = (2x 4 2) X X2 = 2(x + 1)e¥ ¥

6g Letu=6+x—x?
Theny = e*
Henced—u =1-2x andd—y = el
dx du
Z—z = (1 —2x) X 5T %" = (1 — 2x)eb+***
6h Letu =3x%2—-2x+1
Theny = %e“
Henced—u =6x—2 andd—y —Leu
dx du 2
3_3; = (6x — 2) X %63x2—2x+1 = (3x — 1)e3x2—2x+1
7a Letu = xandv = e*
Thend—u =1 and@ = e*
dx dx
Z—z=(exx1)+(x><ex)

=e*(1+x)

7b Letu =xandv =e™*
Thend—u =1 andﬂ =—e*
dx dx

W _ (p-x —e~ X
dx—(e X1)+ (xx—e™)
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Chapter 6 worked solutions — The exponential and logarithmic functions

—-X —-X

— Xe

=e *(1—x)

7c Letu =x—1andv = e*
Thenﬂ=1andﬂ=ex
dx dx
d_y_ X _ X
—=(e x1) + ((x—1) xe¥)
=e*(1+x—-1)
= xe*
7d Letu=x+1landv =e3* %
Then & = 1 and & = 3e3x—4
dx dx
d _ _
T= (et x D+ ((x +1) x 3e%7)
= e *(1+3(x+1))

= e3**(3x + 4)

7e Letu=x?andv =e7*

ThenZ—Z = 2x and% =—e*
Y — (7% x 2x) + (x% X —e~)

dx

= e *(2x — x?)

7f Letu =2x —1land v = e?*
Then & = 2 and & = 2¢2*
dx dx
d
ﬁ = (e?* x 2) + ((2x — 1) x 2¢%)

=2e?*(1+4+2x—-1)

= 4xe?*
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7¢  Letu=x*-5andv = e*
Then & = 2x and & = e*
dx dx
d_y_ X 2 _ X
—=(e x 2x) + ((x? = 5) x e%)

=e*(2x + x?> —5)

7h Letu =x3andv = e?*
Then 2 = 3x2 and & = 2e2%
dx dx
ay _ - 2x 2 3 2x
E—(e X 3x%) + (x° X 2e4%)

= x2e?*(3 + 2x)

8a Letu = e*andv = x
d d
ThenZ =e*and < =1
dx dx

dy _(xxe¥)—(e*x1)
dx x2

8b Letu = xandv = e*
du w_ x
Thendx— 1anddx—e

dy _ (e*¥*x1)— (x xe*)
dx (ex)2

e* —xe*

er

e*(1—-x)

er

1-x

eXx

© Cambridge University Press 2019
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Chapter 6 worked solutions — The exponential and logarithmic functions

8c

8d

8e

8f

Letu = e* and v = x?

du dv
Then — = e* and — = 2x
dx dx

dy _ (x% xe*) - (e¥ x 2x)

dx (x2)2

x2e¥ — 2xe*

x4
_ xe*(x—-2)
= =

_ e*(x-2)

x3

Letu =x?and v = e*

du dv
Then — = 2x and — = e”*
dx dx

dy _ (e*x2x) - (x? x e¥)

dx (e%)2

2xe* — x%e¥

er

_e*(2x —x?)

ezx

2x — x2

eXx

Letu =e*andv =x+1
du _ av _
Thendx—e anddx— 1

dy _ ((x+ 1D xe¥)—(e*x1)
dx (x+1)2

_efx+1-1)
T (x+1)2

xe*

T r1)?

Letu=x+1andv = e”*

du dv
Then— = 1and — = e*
dx dx

dy _ (e* x 1) = ((x + 1) x %)
dx (eX)2
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Chapter 6 worked solutions — The exponential and logarithmic functions

_e¥(1-(x+1)
- e2x

8¢ Letu=x-—3andv =e?*

du dv
Then— =1and — =
dx dx

zeZX

dy (e?*x1) - ((x -3)x Zez")

dx (er)z

_e*(1-(2x-6))
- edx

7-2x

er

8h Letu=1—x?andv = e*

du dv
Then — = —2x and — = e”*
dx dx

dy (e* x —2x) — ((1—x2) X ex)
E - (eX)2

ex(—Zx -(1- xz))

er

x2-2x-1
eX
d d
9a a((ex +1D(e*+2)) = —((eM)? +2e* +e* +2)
_i 2x X
—dx(e + 3e* + 2)

= 2e%* + 3e*

d d
9b E((ezx +3)(e** —2)) = a((ez")2 — 2e%* + 3e?* —

= %(94" + e?* — 6)

= 4e** + 2¢%*
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Chapter 6 worked solutions — The exponential and logarithmic functions

9c

9d

9e

of

10a

10b

;—x((e‘x +2)(e™*+4)) = C:l—x((e"‘)2 +4e ¥ +2e7* +8)
= %(e—u + 6e7* + 8)

= —2e ¥ —6e™*

A ((p—3x _ -3x _ — 4 ((p-3%)2 _£,-3%x _ ,-3
dx((e X _1)(e3* 5))—dx((e )2 —5e73% — 73X 1 5)
_4d . —6x _z,-3
—dx(e ¥ —6e7°*+5)

= —6e %" + 18e3¥

:—x((ezx +D(e*+ 1) = :—x(ezx” +eX* +e*+1)
= %(e“ +e?* 4+ e* + 1)

= 3e3* + 2e%* 4 ¥

:—x((e3x —D(e™*+4)) = :—x(e3x‘x +4e3% — o™X — 4)
= %(er + 4e3% —e™* —4)

= 2e?* + 12e3* + e

Letu=1-—¢*

Then y = u®

Hence‘;—z = —e* and Z—Z = 5u*

% = —e¥ X 5(1 —e*)* = —5e*(1 —e*)*
Letu =e** —9

Theny = u*

HenceZ—Z = 4e** andZ—z = 4u3

Z—z = 4e™ x 4(e* - 9)° = 16e**(e** - 9)*

© Cambridge University Press 2019



10c

10d

11a

11b

12a

Theny = -
d 1
HenceZ = e*and 2L = ——
du u?
d 1 eX
_y — ex X J—
dx (ex —1)2 (ex —1)2
Letu =e3* + 4
Theny == =u"2
du d 2
HenceZ = 3e3*and 2L = — =
dx du u3
dy _ 3e3% % 2 _ 6e3%
dx (e3% +4)3 (e3% + 4)3

Letu = 2x
Then y = 3e*

du d
Hence Z = 2 and & = 3e*
dx du

d_y_ 2x —
dx—2><3e =2y

Letu = —4x

Then y = 5e*

Henced—u = —4 and 4y _ S5e%
dx du

v__ —4x _ _
D = 4 X 5e = —4y

f(x) = 2p2x+1

£(0) = 2e
f”(X) =2 X 282x+1 — 4_er+1
£7(0) = 4e

© Cambridge University Press 2019
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12b  f'(x) = —3e73*

f'(1) =-3e73
f"(x) = =3 x —3e73%¥ = 9eg~3%
f'(1) =9e73

12¢ Letu=xandv =e7*
au_ D _ox
Then ol 1 and il
ff)=(*xD+xx——e*)=10—-x)e*

/(2 =—e

Letu=1—xandv =e*
d d

ThenZ = —1and & = —¢~*
dx dx

f'(x) = (™ x-1)+((1—x) x —e™)

=(-1-(1-x))e™*
=(x—2)e*
f@2)=0

12d Letu = —x?
Theny = e*
Henced—u = —2x and ay _ e%
dx du

f'(x) = =2xx e~ = —2xe~*’

f'(0)=0

Letu = —2xand v = e ¥’

Thend—u = -2 andﬂ = —2xe™*
dx dx

f(x) = (e x =2) + (—2x x —2xe™")
= —2¢7" + (4x% x e™")
= e %" (4x% - 2)

£7(0) = —2¢°(1 - 0) = —

© Cambridge University Press 2019
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13a

13b

13c

13d

13e

13f

13g

13h

14a

14b

day ax

— =aqae

dx

d _
2= ke kx
dx

d

2 = Akekx

d

d —
2 = _Ble~
dx

ay X+
L — pebx+q
dx p

d

2 = Cpepxta
dx

E—e
Letu =e*+1
Theny = u3

du d
Hence = = e* and & = 3u?
dx du

2 = ¥ x 3(e* + 1)% = 3e¥(e* + 1)?

Letu=e*+e™*
Theny = u*
X

du _ d
Hence == = ¢* — e * and =X = 443
dx du

dx

© Cambridge University Press 2019
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Chapter 6 worked solutions — The exponential and logarithmic functions

14c Letu=1+x*andv =el**

du dv
Then— = 2xand — = el *t~*
dx dx

ay _ 1+x 2 1+x
—=(e X 2x) + ((1 +x?) x el %)

=elt*2x+1+x?)

— el+x(1 +x)2

14d Letu=x?—-xandv =e?*"1

ThenZ—Zz 2x — 1and%= 2e%x 1
ay _ (_2x-1 _ 2 _ 2x-1
= (e X (2x — 1)) + ((x? — x) x 2e2*~1)

=e?* " 1(2x — 1+ 2x?% — 2x)
— er—1(2x2 _ 1)

14e Letu=e*andv=e*+1

du dv
Then — = e* and — = e*
dx dx

dy _ ((e* + 1) x e¥) — (e* x %)

dx (e%)2

_ e2X 4 gX _ 2%
(e* +1)?

ex
(eX +1)2

14f Letu=e*+landv=e*-1

du dv
Then — = e* and — = e”*
dx dx

dy _ ((e*-1) x e¥) — ((e* + 1) x &%)
dx (e* —1)2

. ex(e" —-1-(e*+ 1))
B (e* - 1)2
_ —2e*

T (eX - 1)2
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yed(e)

_i 0 -X
—dx(e +e™¥)

15b

15c¢

15d

15e

15f

16ai

= —e¢ X

I_i 2x—x X=X
y' =@+ et

_i X 0
—dx(e +eY)

:ex

’—1(2 —2x _ gx = 2X)
y'=—(2e e

= %(Ze‘zx —e™)

= —4e ¥ 4 ¥

y' ::_x(3e—4x+ex—4x)
_4a —4x —3x
= E(Se +e™°%)

= —12e™* — 3e73%

yr — ;_x(ex—x 4 e2x-—x _ 3e4x—x)
d 0 x 3x
=a(e + e* — 3e°%)
= e¥ — 9e3*
yl — i(er—Zx + Zex—Zx + eO—Zx)
dx
= %(e0 + 2e7* + e7%¥)

= —2e™* —2e7 %

Given Yy = 2e*
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LHS: y' = 6>
RHS:3y =3x 2e* = 6e*

LHS=RHS and so y =2e* is a solution of y’ =3y

16aii Given y = 2e>
y'=6e” and y" =18e>
LHS:

y"—9y =18e* —9x 2e*
=18e* —18e*
=0
=RHS

LHS=RHS and so y =2e* is a solution of y"—9y =0

16b y=%e‘3x+4

LHs:ﬂz—ﬁe*x
dx 2

RHS:-3(y-4)= —3(%{3* +4—4j = —ge‘sx

LHS=RHS andso y = %e‘sx +4 is a solution of % =-3(y-4)
X

16ci y=e3*+x—-1

Substitutingy = e 3* +x—1,y' = -3e3* + landy" =
3y = 5 — 3x we obtain:

LHS=9e™3* + 2(-3e™3* + 1) —3(e™3* + x — 1)
=9¢ 3 —6e3¥ +2—-3e3* —-3x+3
=5-—3x
= RHS

© Cambridge University Press 2019
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Chapter 6 worked solutions — The exponential and logarithmic functions

LHS=RHS andsoy = e 3* + x — 1 isasolution of y"" + 2y’ — 3y =5 — 3x

l6di y=¢"
Substituting y=€™*, y'=—€ " and y"=e " into y"+2y'+y =0 we obtain:
LHS=e*-2e"+e"

=0
=RHS

LHS=RHS andso y =€ " is a solution of y"+2y'+y=0

16dii y=xe™*
Applying the product rule on y = xe™*

LetU=X and v=e"*
Then u’'=1and V' =—e7*.
y' =wu'+uv’

=g x1+xx—e*

=e X —xe™*

Differentiating again (including use of the product rule) we obtain:
y'=—e"—(e*=xe™)
=-2e " +xe*
Substituting y=xe™, y'=e*—xe “ and y"=-2¢" +xe " into y"+2y'+y=0 we
obtain:
LHS =2 +xe " +2(e™ —xe ™" )+xe™*
=(-2+2)e +(x—2x+x)e”"

=0
=RHS

LHS=RHS and so y=xe " is a solution of y"+2y +y=0

17a y=\/e_x
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1
r=_e2
y 2

1 =
y=§\/e_
17b  y=R/¢e*
1y
y=e?
1 L«
r=_e3
y 3
yl=§3ex
17¢  y= 1
Je*

L
y=e?

1 -k
y¢:-§€2
y'=- -

2\Je*

17d  y= L
Sex

1
y=e?

1 -k
y¢:—§e
y'=- -

33/e*

© Cambridge University Press 2019
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17e

17f

17g

17h

17i

y=el

1
Using %ef(x) :ef(x)f'(x) with f(X)=\/; and f’(x):%x 2 :% we obtain:

,_1eﬁ

y_2\/;

y=e"

Using dief(x) =ef(x)f'(x) with f(x)=
X

—Jx and f'(x)=

obtain:

Using %ef(x) =e"™f'(x) with f(X)=—% and f'(X)=% we obtain:

Using %ef(x) =e'™f'(x) with f(x):x—% and f’(x):1+% we obtain:
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X —X X —X

18a coshx:eJre andsinhx:e

X —-X

LHS:icosh x=2 "% _sinhx
dx

RHS =sinh x

LHS =RHS and so dicosh X =sinh X
X

X —X

LHS:isinhx: € +€ = cosh x
dx

RHS = cosh x

LHS =RHS and so %sinh X = cosh X

X

e’ +e

X

18b Let y=coshx=

e —e e +e7*
4 and y" =

2

e +e™* e*

LHS:y"= and RHS:y =

X

LHS = RHS and so Y = cosh x = —°

© Cambridge University Press 2019
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satisfies y" =y
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X —X

Let y:sinhx:e

X —X X

and y"'= ¢

—X

, €
y:

+€

2

X =X X

LHS:y" = and RHS:y:e

X —X

LHS = RHS and so Y =sinhx = &~—

18c  Given cosh? x—sinh® x =1.

LHS = (e +e \ (e —Ze"‘}

=%((62x+2+e_2x)—(ezx _2+e—2x))

=1
=RHS

LHS = RHS and so cosh? x—sinh?x =1

19ai y = Aek*
LHS =y’
= Ake**
= k(4e™®)
= ky
= RHS

19aii y = Ae**

Substituting y = Ae**, y' = kAe** and y"
obtain:

LHS = k%4e** — k?(Ae*™)

© Cambridge University Press 2019
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= k?Ae** intoy"” — k?y = 0 we
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= k?Ae"* — k?4e"*
=0
= RHS

19b y=Ae* +C

Substituting y = Ae** + C, and Z—z

LHS = kAek*
=k(4e®™ +C - 0)

=k(y—0)
= RHS

19¢  y = (Ax — B)e3*

.. d
= kAe®* into 2
dx

Applying the product rule on y = (Ax — B)e3*:

Letu = Ax —Band v = e3*

Thenu' = Aand v’ = 3e3*.

y' =e3* x A+ (Ax — B) X 3e3*
= Ae3* + (Ax — B)3e3*

= k(y — C) we obtain:

Differentiating again (including use of the product rule) we obtain:

Letu = Ax — B and v = 3e3*.

Thenu’ = A and v’ = 9¢e3*.

y" = 34e3* + (3e3* x A + (Ax — B) x 9¢e3¥)

= 34e3* + 34e3* + (Ax — B)9e3*

= 64e3* + (Ax — B)9e3*

Substituting y = (Ax — B)e3*,y' = Ae3* + (Ax — B)3e3*and y" = 64e3* +

(Ax — B)9e3* into y"' + vy’ — y = 0 we obtain:

LHS = 64e3* + (Ax — B)9¢e3*

— Ae3* + (Ax — B)3e3* — (Ax — B)e3*

= (6A+9(Ax — B) — A+ 3(Ax — B) — (Ax — B))e**

= (54 + 11(Ax — B))e®*
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20a  Given y =" isa solution of y”"+3y'—10y =0.

Substituting y' = Ae™ and y" = A%e™ into y”"+3y’—10y =0 we obtain:

A% +32e™ -10e™ =0

Taking out € as a common factor we obtain:
e”(4*+31-10)=0

e” %0 andso 1*+31-10=0
(A+5)(1-2)=0

So A=-5or A=2.

20b  Given y=e" isasolution of y"+y —y=0.
Substituting y' = 1" and y" = 1%e™ into y"+ Yy’ —y =0 we obtain:
A%eM + e —e™ =0
Taking out € as a common factor we obtain:
e” (A7 +4-1)=0
e #0andso A°+1-1=0

- 14 2 —4x1x(-1) —1+45
- 2

- —

So 2==2(1+45) or 2=-~{1-6).

© Cambridge University Press 2019
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Solutions to Exercise 6C

1a Whenx=%,y=ez(§)‘1

=1

b Z=e¥ !
dx

Gradient of tangent at A G, 1) = 2e2(5)_1 =2

1c y—1=2(x—%)
y=2x—-1+1
y = 2x
When x =0,y =2x0=0
Hence, it passes through O.
2a Whenx=—§,y=e3(‘§)+1
=0

=1

d
2b & = 33+l
dx

Gradient of tangent at R (— %, 1) = 393(_5)_1 =3

2C Gradient of normal at R (— g 1) = —
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9y -9 =-3x-1

3x+9x—-8=0

3a = _ex
dx
Gradient of tangent at P(—=1,e) = —e~ D = —¢

Gradient of normal at P(—1,e) = é

1
y—e=-(x—(-1)
ey—e?*=x+1
x—ey+e’+1=0

3b Wheny =0,
x—0+e’+1=0
x=-e?-1
When x = 0,
0O—ey+e?+1=0
ey=e?+1

1
y=e+-

3c Area B
2

(0—(=e?= 1) x (e+ ))

© Cambridge University Press 2019
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d
4a L= ex
dx

Gradient of tangentat B(0,1) = e® =1
y—1=1(x—-0)

y=x+1
4b L _x
dx

I
I
—_

Gradient of tangent at B(0,1) = —e®
y—1=-1(x-0)

y=—x+1

4c For part a,
At x-axis,y =0
0=x+1
x=-1

Hence, tangent meets x-axis at F(—1,0)

For part b,

At x-axis,y =0
0=—x+1
x=1

Hence, tangent meets x-axis at G(1, 0)

4d

© Cambridge University Press 2019
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4e [sosceles right triangle
1
Area = E((l —(-1) x 1)
=lox1
T2
=1
5a L gmx
ax

Gradient of tangent at origin (0,0) = e %=1
y—0=1(x—-0)

y=x

5b y=—X

5c Asymptote of y = —e ™ isy =0

Hence, asymptoteof y =1 —e*isy =1

5d

Se  Area= %((1 —(-1)) x 1)
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6a

6b e* will always be positive for all x

So y" = —e* will always be negative for all x

6C Stationary points when:

y' =0
1—-e*=0

Whenx =0,y =0—-¢e°= -1
Whenx =0,y = —% = -1

Maximum turning point at (0, —1)

6d

y

-1

N

Range: y < —1

NV

6e

© Cambridge University Press 2019
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7a

7b

7c

8a

8b

dy x
— =e
dx

Gradient of tangent at T (¢, et) = et

y—et=et(x—1t)
y=el(x—t+1)

At x-intercept, y = 0,
0O=el(x—t+1)
x—t+1=0

x=t—1

The x-intercept of each tangent to y = e* is 1 unit left of the x-value of the point

of contact.
X -1 0 1
y —e! 0 e
sign a 0 +

There is a zero at x = 0, it is positive for x > 0 and negative for x < 0.

f(x) = xe*
f(=x) = =xe™ # f(x) # —f(x)

Therefore, it is neither even nor odd.

Letu =xandv = e*
Thenj—z= 1and%= e*
y' =(e*x1)+ (x xe*)
=e*(1+x)
Letu=e*andv=1+x

du dv
Then—=e*and— =1
dx dx

© Cambridge University Press 2019
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y'" = ((1 + x) Xex) + (e* x 1)
=1+x+1)e*
=2+ x)e*

8c Stationary point is when y’ = 0
0=e*(1+x)
1+x=0
x=-1
Therefore, only one stationary point.
When x = -1
y' =2+ (-1)e!
=e1>0

Minimum turning pointatx = —1

8d Point of inflection is when y” = 0

0=(2+x)e*
24+x=0
x=-2

When x = =2,y = —2e 2,

8e
X 2 5 10 20 40
e* 7.3891 148.4132 22026.4658 485165195.4 | 2.3539 x 107

Asx > o, e¥ >

Hence, their product xe* — oo.

Since (1 + x)e* > xe* and (2 + x)e* > xe*, these must also tend towards co.

Hence y, y' and y"' must all tend towards co.

© Cambridge University Press 2019
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8f
(-2,-2¢7
\{—].—r“') ;

( i
<ot ¥ 10X
Range:y > —e!

8g

(2.-2¢7)

(l.—e)

d

9a Wheny =0,

0=(1-x)e*
1-x=0
X =
X 0 1 2
y 1 0 —e?
sign + 0 -

9b Letu=1—xandv = e*
Thend—u= -1 andﬂ= e*
dx dx
& _ (e*x—-1)+ ((1—x) x e¥)
dx
=e*(-1+1-x)

= —xe*
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Letu = —x and v = e*

du dv
Then— = —1 and — = e*
dx dx

y' =(e*x—-1)+ (—x x e¥)

=e*(-1—x)
=—(x+ 1e*
9¢ When y' = 0,
—xe* =0
x = 0, which is the y-intercept.
When x = 0,
y" =—(0+1)e°
=-1<0
Therefore, there is a maximum turning point at the y-intercept.
Inflection point is when y"’ = 0,
0=—(x+1e*
x+1=0
x=-1
Whenx = -1,y = (1—(-=1))e ! =2¢7!
Therefore, point of inflection at (—1, 2e™1).
9d
x 2 5 10 20 40
—xe* | —14.7781 | —742.0658 | —220264.6579 | —9703303908 | —9.4154 x 108

© Cambridge University Press 2019

Asx » oo, —xe* » —o0

Hence y' tends towards —oo. To show that y tends towards —co

Letu =x — 1.

By substitution, y = —ue

=e X —ue4

u+1
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As x tends to oo, so does u.

Hence —ue* —» —oo.

Since y is a constant positive multiple of —ue"

To show that y"’ also tends towards —oo

Letv =x + 1.

By substitution, y"' = —ve?~

= —peve?!

As x tends to oo, so does v.

Hence —veV —» —oo.

Since y is a constant positive multiple of —ve"

9e
vl
1
J ]\
_I:I
Range:y <1
10a y=x%e"

Applying the product rule on y = X’

Letu=x*>and v=e*
Then u’'=2x and V' =-¢
y'=w'+uv

=2xe * —x%™*

=xe* (2—x)

So y'=x(2—x)e™*

© Cambridge University Press 2019
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10b

10ci

Differentiating again (including use of the product rule) we obtain:

Letu=xe" and v=2—X.

“and V' =—1.

Then u'=e™ —xe~
y"=wu'+uv’
=(e"-xe™)(2-x)-
=27 —xe ¥ —-2xe* + X’ —xe~
=e’x(x2 —4x+2)

So y"=(2-4x+x*)e”

X

There are stationary points where y'=0.
x(2—x)e™ =0= x=0,2 noting that & >0 for all real values of X

So there are stationary points at x=0 and x=2.

X -1 0 1 2 3
y' —3e 0 et 0 —3e°
slope \ - / - \

When x=0, y=0 andwhen x=2, y=4e”

Hence (0,0) is a minimum turning point and (2, 4e‘2) is a maximum turning

point.

So y" = (2—4x+ xz)e‘X
y"=0= x* —4x+2=0 noting that € * > 0 for all real values of X_

X* —4x+2=0

4+ (-4) —4x1x2
2

X =

_4x2\2
2

=242

So there are inflection points at X=2— V2 and x=2+4/2.
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10cii
X 0 2-2 1 2+42 4
f"(x) 2 0 et 0 2e™
concavity up down up

10d Therangeis y>0.

¥4

x=2+42

11a  y-interceptis when x =0,
y=(1+0)2%e°
=1

x-interceptis when y = 0,
0=(1+x)%e*

Since e~ can never be 0,
0=(1+x)?

x=-1

11b  Applying the product rule:
Letu=(1+x)?andv = e,
Thenu' =2(1+x)and v’ = —e™.
y =e*x2(1+x)+(1+x)>x —e™
=2(1+x)e™ —(1+x)%e*

© Cambridge University Press 2019
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=2A+x)—A+x)P)e™™
=(2+2x—(x*+2x+1))e™
=(1-—x%)e™™*

Turning point when y’ = 0:
0=(1-—x%)e™™

Since e™* can never be 0,

0=1-—x?
x? =
x ==+1

Applying the product rule again:

Letu=1-—x%andv =e™*.

Thenu' = —2xand v’ = —e™*.

y'=e*x-2x+(1—x?)x—e*
= —2xe™* — (1 —x%)e™*

=(x?*-2x—1)e™*

When x = —1,

y' = ((-D*-2(=1) - 1)e Y
=(1+2-1)e
=2>0

Hence, it is a minimum turning point

Whenx =1,
y"=(1%2-2(1)—-1De?
B 1-2-1
B e
=-2<0
e

Hence, it is a maximum turning point

© Cambridge University Press 2019
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11c

x -2 -1 1 5 10 20
y| 7.389056 0 1.471518 0.242566 0.005493 | 9.089687 x 1077

Hencey — 0 as x - oo.

Soy" = (x? —2x — 1e™™.
y"" =0 = x? — 2x — 1 = 0 noting that e > 0 for all real values of x.
x2=2x—-1=0

_ 2£/(-2)2 - axix-1

=142

So there are inflection pointsatx = 1 + V2 and x = 1 — /2.

11d Range= y >0

W5

S
mI
[y
o
(]

+-/2

}«/\Q

-1 1 X

(/bf\ [— o>
Il
[—

12 y-intercept is when x = 0,
y=(0+0+2)e°
=2
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x-interceptis wheny = 0,
0=(x?+3x+2)e"
Since e* can never be 0,
0=x%+3x+2

_ —3+V37-axix2

Hence, x-interceptat x = —2 and x = —1.

Applying the product rule:
Letu = x? 4+ 3x + 2and v = e*.

Thenu' = 2x + 3 and v’ = e”*.

y ' =e*x (2x+3)+ (x? +3x +2) x ¥

= (2x+3+x%+3x+2)e*

= (x? +5x + 5)e*

Turning point when y’ = 0:
0=(x%+5x+5)e*

Since e* can never be 0,
0=x2+5x+5

—54V52— 4x1xX5

.X =
2
_ =5+
-2
. . —5+5
Hence, turning points at x =

Applying the product rule again:
Letu = x? + 5x + 5and v = e*.

Thenu' = 2x + 5and v’ = e”*.

and x = —

y"'=e*x (2x+5) + (x?+5x+5) x e*

© Cambridge University Press 2019
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= (2x+5+x?+5x +5)e*
= (x2 4+ 7x + 10)e”*

Whenx=_5+\/§,
—5+ 5\’ -5++5 ~5+V5
y = —=) +7(—=—)+10])e 2
2 2
—5+\/_
=V5e" 2z

Hence, it is a minimum turning point.

Whenx=_5;/§,
—5-v5\" _(-5-45 —5-
y = ==22) +7(—=="2)+10e 2
2 2
-5—/5
=52 <0

Hence, it is a maximum turning point.

Inflection points when y"" =0,
0=(x%+7x +10)e*

Since e* can never be 0,
0=x%+7x+10

_ Z72V72- 4x1x10

X
2
_ =743
T2
Hence, turning points at x = =5 and x = —2.
From before, we know that x = —2 is the x-intercept.
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yA
(-5, 12¢79)

5.5
16

_ =5+-/5

X =

ae L

-2 -1

132 x#0

13b By the quotient rule,

A oxy_ px 4
xdx(e) e dx(x)

x2

[

_ (xe*—e*¥)
=
_ (x=1)e*

=

Turning point when y’ = 0:

(x—1)e*
P2

0=

Since x? and e* can never be 0,

0=x-1
x=1
Whenx =1,
e
y=I=e

Applying the quotient rule again:

© Cambridge University Press 2019

=V



Chapter 6 worked solutions — The exponential and logarithmic functions

x2 c;l_x ((x—1)e*)-(x— 1)ex;—x (x?)
(x2)2

n

Applying the product rule:

Letu =x —1andv = e*.

Thenu’' = 1and v’ = e*.

%((x—l)ex) =e*xX1+(x—1) xe*
=1+x—-1)e*

= xe”*

y” _ (xz (xe*)—(x— 1)e"(2x))

x4

_ (x®-2x%+2x)e*

o
Since x* and e* can never be 0,
0=2x3—2x%+2x
= x(x%—2x +2)
VbZ —4dac = (-2)2 =4 x 1x 2
=—4<0

Therefore, no solutions. Hence, no inflection points

13c Range=y<Qory=>e
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1
14a Letu = —Exz
Theny = e*
du d
Hence = = —x and 2 = e
dx du
~2x2 ~2x2
y'=—xXe 2 =—xe 2
_1l.2
Letu = —xandv =e 2
du dv _1.2
Then — = —1 and — = —xe 2*
dx dx

y'" = (e_%x2 X —1) + (—x X —xe_%xz)

14b  Turning point is when

y' =0

—xe_%x2 =0

Since e_%xz > 0 for all x,
x=0

Hence, turning point at the y-intercept.

© Cambridge University Press 2019
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When x = 0,
y"=(0-1)e°
=-1<0

Hence, it is a maximum turning point

Inflection point is when
yll — 0

2 _ —2x?
(x*=1)e 2

_1.2
Since e 2¥ > 0 forall x,

x2—-1=0
x==1

1
Whenx =1,y = e_f(lz) =e 2

Whenx =-1,y=¢ 2 1))—e 2

l4c
x 2 5 10 20 40
y 0.1353 0.00000373 | —1.929 x 10722 1.3839 x 10787 0
Hencey — 0 as x - oo.
Since y is an even function, thatis f(x) = f(—x),y - 0asx - —oo.
14d

Range=0<y <1
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15a

By product rule,
d d
y' = = (e ™" + X (e_xz)
Consider -+ (e‘xz), letu = —x2, % = _2x
dx dx
By chain rule,
d d du
P (e™") = - (e¥) i et (—2x) = —2xe~*"
d 2 d 2
r_ —-x — (p—=x
y —dx(x)e +xdx(e )
=e* + x(—2xe‘x2)
= e’ (1 — 2x2)
There are stationary points where y'=0.
e~ (1—2x2) =0
Since e™** > 0 for all X,
0=1-2x2
2x2 =1
x? =1
2
1
X = iﬁ
So there are stationary points at x = — 717 and x = %
X 1 ! 0 ! 1
V2 V2
y —e ! 0 0 —e !
slope \ — / — \
1 1 1 1
When x = 5V "5 and when x = Y=
Hence ( 5 \/_) is a minimum turning point and ( 5T

turning point.
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15b By product rule,

yll -

d 2 d
— (1 — 2x2)p— % — D2y
dx(l 2x%)e +(1—2x )d e

= —4xe™ + (1 — 2x%)(—2xe™*")

= —2xe™" (24 (1 - 2x?))

= —2xe~**(3 — 2x2)

Inflection points when y"' = 0,

0 = —2xe *"(3 — 2x2)

Since e* can never be 0,

0=(-2x)(3—2x?%)

0=-2x,0=3—2x?

Hence, inflection pointsat x = 0,x = —\E and x =

YA

- T2e)

—_——
ok
[

=

N[

|

W

=
B[

Range = —

Q|H
Q
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16ai

x —2 -5 —10 —20 —40
y | —0.0677 | —0.0013 | —4.540 X 107°® | —1.0306 X 1071° | —1.0621 x 10~*°

Hencey — 0 as x —» —oo.

16aii
x 2 5 10 20 40
y 3.6945 29.6826 2202.6466 24258259.77 | 5.8846 x 10'°
Hencey —» o as x — oo.
16b i
x =2 -5 —10 —20 —40
y —3.6945 —29.6826 | —2202.6466 | —24258259.77 | —5.8846 x 1015
Hencey - —oo as x - —oo.
16b ii
x 2 5 10 20 40

y 0.0677 0.0013 4.540 x 10 1.0306 x 10710 1.0621 x 1071

Hencey — 0 as x — oo.

16c  Lety = x¥e*

X Tk -20 -15 -10 5 2 -1 1 2 5 10 20 40
-40 187461E-41 -2.849E-31 4.32967E-21 -6.58E-11 8.4585E-05 -0.009197 -108.73127 118224898 -1.52E+10 2.3096E+20 5.3344E+40 2.8456E+81
20 196567E-35 -9.335E-27 4.43359E-18 -2.106E-09 0.00033834 -0.018394 -54.365637 2955.62244 -474922109 2.2555E+17 5.0873E+34 2.5881E+69
-10 2.06115E-29 -3.059E-22 4.53999E-15 -6.738E-08 0.00135335 -0.0367879 -27.182818 738.90561 -14841316 2.2026E+14 4.8517E+28 2.3539E+57
-5 2.16128E-23 -1.002E-17 4.64895E-12 -2.156E-06 0.00541341 -0.0735759 -13.591409 184.726402 -463791.12 2.151E+11 4.6269E+22 2.1408E+45
-2 1.96567E-15 -9.335E-12 4.43350E-08 -0.0002106 0.03383382 -0.1839397 -5.4365637 29.5562244 -4749.2211 22555101 5.0873E+14 2.5881E+29
2 1.96567E-15 9.3354E-12 4.43359E-08 0.00021056 0.03383382 0.18393972 5.43656366 29.5562244 4749.22109 22555101 5.0873E+14 2.5881E+29
5 2.16128E-23 1.0024E-17 4.64895E-12 2.1561E-06 0.00541341 0.07357589 13.5914091 184726402 463791122 2.151E+11 4.6269E+22 2.1408E+45
10 2.061156-29 3.059E-22 4.53999E-15 6.7379E-08 0.00135335 0.03678794 27.1828183 738.90561 14841315.9 2.2026E+14 4.8517E+28 2.3539E+57
20 196567E-35 9.3354E-27 4.43359E-18 2.1056E-09 0.00033834 0.01839397 543656366 2955.62244 474922109 2.2555E+17 5.0873E+34 2.5881E+69
40 1.87461E-41 2.8489E-31 4.32967E-21  6.58E-11 8.4585E-05 0.00919699 108.731273 11822.4898 1.5198E+10 2.3096E+20 5.3344E+40 2.8456E+81

Ask —» —o0,e* > 0and x* - 0. Hence,y - 0
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17

Ask — oo, ek

x| = +x
Case when x is positive,
Applying the product rule:

Letu = xandv = e™*.

Thenu' = 1and v’ = —e™*,
y=e*x14+xx—e7*

=(1—-x)e™*

Stationary point when y’ = 0,

0=(0-x)e ™
Since e™* > 0 for all real x,
0=1—x

x=1

Case when x is negative,

Applying the product rule:

Letu = xandv = e~ %) = e*,

Thenu' = 1and v’ = e”*.
y' =e*x1+xxe*

=1+ x)e*

Stationary point when y’ = 0,

0=(1+x)e*
Since e™* > 0 for all real x,
0=1+x

x=-1
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18a x#0
18b Letu =-
X
Theny = e*
Hence & = —izandd—y = e
dx x du
! 1 l
y = —x—z)(ex = ——Zex
X -2 -5 —10 —20 —40
y | 0.6065 0.8187 0.9048 0.9512 0.9753
y' | —0.1516 | —0.0327 —0.0090 —0.0024 —0.0006
Hencey - landy' - 0 asx - —oo.
x -1 1 1 1 1
2 5 10 20
y | 0.3679 0.1353 0.0067 0.0000454 2.0612 x 10~°
y' | —0.3679 | —0.5413 —0.1684 —0.0045 —8.2446 x 1077
X 1 1 1 1 1
2 5 10 20
y | 2.7183 7.3891 148.4132 22026.4658 4.8517 x 108
y' | —2.7183 | —29.5562 | —3710.3290 —2.2026 x 10° —1.9407 x 101
Hencey —» 0and y' - 0 as x — 0 from the left, andy » cocand y’ - —c0asx - 0
from the right.
X 2 5 10 20 40
y | 1.6487 1.2214 1.1052 1.0513 1.0253
y' | —0.4122 | —0.04886 —0.0111 —0.0026 —0.0006

Hencey - land y' - 0 as x — oo.

© Cambridge University Press 2019

60



Chapter 6 worked solutions — The exponential and logarithmic functions

1 . . .
18c  y’ decreased from when x went from 1 to > and continued increasing after, so

there must be an inflection point.

Applying the product rule:

1

1 1
Letu = ——andv = ex.
X
2
Thenu’—;andv’=——ex
- 1
y —exXx—3 —;X——ex

Inflection points when y"' =

x3  x*

0=ea_1c(i+i)

1
Since ex can never be 0,

2 1
0= e + s
1
X =—=
2
. . . 1
Hence, inflection points at x = — >

18d

Range=y >0,y # 1
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18¢e x#0
Applying the product rule:
1
Letu = x and v = ex.
1 1
Thenu’' = landv' = —=ex.
X
, 1 1 1
y =ex><1+x><—x—zex
1 1
=ex(1-3)
X -2 -5 -10 —-20 —40
y | —1.2131 | —4.0937 —9.0484 —19.0246 —39.0124
y' 0.9098 0.9825 0.9953 0.9988 0.9997
Hencey » —coandy’ - 1lasx — —oo.
x -1 1 1 1 1
2 5 10 20
y | —0.3679 | —0.0677 —0.0013 —4.5400 x 107° —1.0306 x 10710
y' 0.7358 0.4060 0.0404 0.0005 43284 x 1078
x 1 1 1 1 1
2 5 10 20
y 2.7183 3.6945 29.6826 2202.6466 2.4258 x 107
y' 0 —7.3891 —593.6526 —198238.1922 —9.2181 x 10°
Hencey - 0and y' - 0 as x — 0 from the left,and y - coand y’ - —c0asx = 0
from the right.
X 2 5 10 20 40
y 3.2974 6.1070 11.0517 21.0254 41.0126
y' 0.8244 0.9771 0.9947 0.9988 0.9997

Hencey » coandy’ — lasx — oo.
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Applying the product rule:
1

Letu =1 —%andv = ex,

1 1 1
Thenu' = < andv' = —ex.
X X

Inflection points when y"' = 0,

1

1
O—x—3€x

. 1 1
Since both o and ex can never be 0,

There are no inflection points.

Ny

[—
=V

Range=y <0,y >e
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Solutions to Exercise 6D

Let C be a constant.

1la

1b

1c

1d

le

1f

1h

1i

1k

fezxdx—— x4
fe3xdx=§e3x+C

1, 11 1,
Je¥dx=1e +C =3¢ +C

3

1
[e*dx =1 e 4+ C = 27 +C

NIHl

[10e?* dx = ?ezx +C=5e*+C
f12e3de—— ¥ 4 C=4e%* +C
J'e4x+5 dx = %e4x+5 +C

[e*2dx = ie‘““z +C

[ 6e3¥+2 dx = §e3x+2 +C =2e3*t2 4 C

[ 4e***3 dx = %e(4x +3)+C=e¥*3+C

[e72Xdx = —%e7‘2x +C
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1
11 f%e1_3xdx=—l 3x_|_C__613x+C

w

2a f01 e* dx = [e*]}
— ol _ g0

=e—1

2b flz e* dx = [e*]3

=e?—e
2c f_sle‘x dx = [—e™™]3;
— _e_(s) —_ (_e_(_l))
=e—e3

2d f_oze‘x dx = [-e7¥]2,

2e fozezx dx = Eezx]z

=102 _1,0
=;(e"~1)

2
2f f_2120e‘5x dx = [—?9‘5"]

-1
= —4e75@ — (—4¢75CD)

— 4(6’5 — e—10)

© Cambridge University Press 2019 65



2g f_13 8e™* dx = [—%e"‘“‘]l

= —2e~4W — (—2¢749)
— _Z(e—4 _ 6'12)

=2(e'? —e™)

3
2h f_31 9e%* dx = Ee“‘]
-1
— 3,603 _3,6(-1)

— 2(618 —e79)

: 1 2x+1 1 oaxs1]t
2i [ e dx =|-e

1 19—
= lp20+1 _ Eez( 1+1

_1.3 -1
=l -e)

0
2j f_oz o3y — Eez}x—s]_z

1 _ 1 4(=2)-
= 2p4(0)-3 _ 2 54(-2)-3
4 4

| i(e—a — e 1)

2k f—l 3x+2 _[ 3x+2] -1

-2

1 3(- 1
=§e3( 1)+2 __63( 2)+2

=-(el—e™

1 1

2 ,3-2 _|_1 3-2x|2
21 f_Z%e xdx—[ ~e x]l

_ 1) (L1

2 2
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1

1
1 1 :
2m  [3,e%+3% dx = [ge“?’x]
3

= l(32"'36) — l(5'2"'3(_9
3 3
=(e*~e)

=-(e*-1

2
2 6
m f1 63+ dy = [563x+1]
1

= 232)+1 _ 9,3(1)+1
=2(e” —e*)
= 2e*(e3 — 1)

3
20 []12e%75 dx = [Zet 5|

- 364(3)_5 _ 364(2)_5
=3(e” —e?)
=3e3(e*—-1)

2
2> [712e% dx = [~ et

— 4832 _ (_488—3(1))

= —4(e? —e)
= —4e%(1-e3)
= 4e?%(e® - 1)
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3b

3c

3d

3e

3f

43

4b

eXx

JeXdx=—-e*+C

6

2 —2X
e2x 6e

[ 6e 2*dx = —ge‘zx =—-3e ¥ +C

8

— 2x
e—2x 8e

[ 8e?*dx = gez" =4e** + (C

f'(x) =e*

fl) = J f'(x) dx
= [e?* dx
=%e2x+C

f(0)=-2

~e2© 4 ¢ = -2

© Cambridge University Press 2019
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1

+C=-2
2
C=-2-
2

_1 2x 51
Fl) =ler -2}

4 f(D) =3e2<1) —2%=%ez —22

f(2) =e?@ —2-=2e*—2-

5a  f(x)=[1+2e*dx

=x+2e*+C
f0)=1
0+2e°+C=1
2+C=1
C=-1

f(x)=x+2e*—-1
f()=1+2e—-1=2e

56 f(x)=[1-3e*dx

=x—3e*+C
f(0)=-1
0-3e’+C=-1
C-3=-1
C=2

f(x)=x—3e*+2
F(1)=1-3e+2=3-3e

5c f(x)=[2+e¥dx

=2x—e*+C

© Cambridge University Press 2019
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5d

5e

f0)=0

200)—e®+C =0

C—-1=0

c=1

fx)=2x—e™*+1
f(H)=2-et1+1=3-¢"1

f(x)=[4—edx

=4x+e ¥+ C
f(0) =2
400)+e’+Cc=2
1+C=72
c=1

f(x)=4x+e™*+1
f)=44+e1'+1=5+e""

flx) = [e** tdx

=%e2x‘1+C
£(3)=3
1234 ¢ =3
e+ C=

© Cambridge University Press 2019
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St £ = [ el dx

1 q-
=—§€1 3x+C

—le04c=2

3 3
c=1
fO)=1-3el3

f=1-e3W=1-

5g f(0) =[ e dx

1 1 1
=T€32x+ +C
2

yc

_ 2e%x+
f(=2)=-
203 4 ¢ = —4
2+ C=—4

= -6
Ix+1
f(x) =2e2*"" -6

1 3
F(1) =2e2Y* _g=2e2—6

5h F(x) = [ e**2 dx

1
=xX+2

= %es +C
3
1
=3e**2 4+ (¢
f(=6) =2

1
3309+ =2
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6a

6b

6c

6d

6e

6f

[e*(e*+1)dx = [ e?* +e* dx

=%e2x+ex+C

[e*(e* —1)dx = [ e?* —e* dx
=le2X _eX 4 (
2
[e™*e™—1)dx = [2e % — e *dx
— _%e—Zx — (—e7¥)

e ¥ —e ¥4

[(e*+1D%dx=[(e¥)*+e*+e* +1dx
= [e? +2e* +1dx

=%e2x+Zex+x+C

[(e*+3)%dx = [ (e¥)? +3e* + 3e* + 9 dx
= [e? +6e* +9dx

=%ezx+6ex+9x+C

[(e*—=1D%dx=[(e¥)?—e*—e* +1dx
= [e?* —2e* +1dx

=%ezx—26x+x+C
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6g [(e*+e™)(e*—eX)dx=[(e¥)?—e* ¥ +e ¥ — (e7¥)? dx

= [e?* —e P (dx
1 1
— er (__e Zx)
2

= %(ezx +e %) +C

6h f (eSX + e—SX)(eSx _ e—Sx) dx = f (eSx)z _ eSx—Sx + e—5x+5x _ (e—Sx)Z dx

— J‘elox _ e—le dx
_ L ptox _ (_ ie—wx)
10 10
— 110( 10x 4 o=10x) 4 ¢
7a  [e™*tidx = %e”*q +C
7b  [e¥*Kdx = §e3x"‘ +C
7c J'esx+1 dx = %esx+1 +C
7d  [el*ldx = %ek"‘l +C
7e [ peP*tidx = Sep’”q +C=eP*14(C
7f [ me™ K dx = %em’”k +C=e™tk 4+

7g  [AeS*tdx = %esx‘t +C

7h [ Be!tdx = %e"x‘[ +C
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1

8a = e~ (1) = pl-x
[el™ dx=—-e'"*+C
8b v — e—(3x—1) — el—3x
[el=3* dx = —%el_” +C
8¢ 32i+5 — o~ (2x+5) — p—2x-5
[ =25 gy = _%e—Zx—S +C
8d —ezi_l = 4o~ (%1 = gel-2x
[ 4e1-2% gy = _%el—Zx = 2l 2x 4 (¢
8e  —om=10e”(?75%) = 10¢5%2
[10e5*2 dx = ?e”‘z =2e 24 (C
8f g = 12e7C%75) = 12¢57%
[12e53% dx = —§e5‘3x = —4e>3* 4+ ¢

9a fezzldx=f1+eixdx

=[1+e ™ dx

=x—e *+C

2x+1 2x—x
9b f dx=[e +—dx
= [e*+e¥dx

=e*—e*+C
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9c

9d

9e

of

10a

fe:_l dx = [e*™%* e%xdx
=[e™* —edx

=—e " — (—%e"zx) +C

1 -
=-e M —e+(

fex_g dx = [e*™3* —e% dx

23%

= [e™?* —3e 3 dx

— _le—zx_(_ge—wc)_l_c

_ 1
=e 3"—56 xycC

f262:_3e dx = [2e?*™% —3e* " dx
= [2e72* —3e 3 dx
__2 -2 3 -3
e (e

=e ¥ —e X4 (

X_ 2%
fzee S dx = [2e*73 — e2X73% gy
= [2e 2 —e ¥ dx
= —%e‘zx —(—e™)+C

=eX¥—e ¥4+ (

y=[e*tdx=e*1+C
When x = 1,

y=1

el l+Cc=1

e®+C=1
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C=0
y =ex1
At y-intercept,x = 0
y=e0l=¢!
10b y=[e?>*dx=—-e>*+C
When x = 0,
y=1
—e? %4+ (=1
—e’+C=1
C=1+¢e?
y=e?+1—e*™*

Horizontal asymptote: y = e? + 1

10c  f(x) = [e* +§ dx

=e*+Z+C
e
fD=-1
el—24+C=-1
e

C=-1
fO) =e*+>—-1
f0)=e®+2-1
=0
10d  f(x)=fe*—e*dx
=e*—(—e ™)+ C

=e*+e*+C
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f(0) =0
e®+e®+C=0
C=-2
f(x)=e*+e* -2

11a fol e*(2e* —1) dx = fol 2e%* —e* dx

— [Eer _ ex]l
2 0
=(e?™W —e)— (e’ —¢€%

=e?—e¢

11b f_ll(ex +2)? dx = f_ll(e")2 + 2e* + 2e* + 4 dx
= f_llezx + 4e* + 4 dx
[1 2x x .
=|-e“" +4e” + 4x]
2 -1

= Gez(l) + 4e + 4) - Gez(‘l) +4e”t — 4)

=%e2 +4€—%e‘2 —4e 148

11c fol(ex —1D(e™+1) dx = fol e¥ ¥ +e¥—e X —1dx
= f01e°+ex—e‘x—1dx
= folex —e¥dx
= " ~ (el
=(e+e)—(e"+¢%

=e+e1-2
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11d f_ll(ezx + e ) (e?* —

e™) dx = f_ll(er)Z _ @2X—X 4 pmx+2X _ (e—x)z dx

= f_ll et —e™2X dx
o= (3L
(ot 2e50)

1 1 _ 1 _ 1
=-et+ e ?—-et—-¢?
4 2 4 2

1e3%teX 1 _ -
11e | dx = [ €372 4+ e* % dx

0 e2x

=f01ex+e

™ dx

= [e"-e )l
=(e—e ) —(e?-¢9

=e—e!

11f f_11 1 gy = f_ll eX X —

et

er

~[-e -

de

er

—2X dx

S

1o-2(1) _ p-1) _ (1p-2¢-1) _ p-(-D)
e —e) = G- )
——e2—e¢l-_leZte

12ai Let y=¢¥",
Applying the chain rule:
Letu=x*+3 andso y=¢".
Hence g—u:ZX and ﬂ=e“.

X du
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dy dy du
dx du dx
— zxex 2,3

So dy =2xe¥ 3,
dx
i . i X% +3 _ X*+3
12aii From part (a) (i), e =2xe" 7.
dx

Reversing this to give a primitive we obtain:

jb@“”dx:eﬁﬁ+c

12bi Let y=e¥2x3,
Applying the chain rule:

Let u=x*—2x+3 andso y=¢".

Hence d—u=2(x—1) and ﬂ=e“.

dx du
dy _dy du
dx du dx

— Z(X_l)ex2—2x+3
So ay _ 2(x—1)ex2‘2”3.
dx
12bii Frompartbi, i(ex 2X+3) 2(x-1)e X3,
dx

Reversing this to give a primitive we obtain:

1

_IZ X — 1 X2 2x+3dx x 2x+3+C
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12ci Let y =¥+,
Applying the chain rule:

Let u=3x*+4x+1landso y=e".

Hence d—u=2(3x+2) and ﬂze”.

dx du
dy _dy du
dx du dx
— 2(3X + 2)e3X2+4X+1

so W = 2(3x+ 2)e st
dx

i : d 3x2+4x+1 3x +4x+1
12cii From partci, &(e ) 2(3x+2)e :

Reversing this to give a primitive we obtain:

%IZ(3X+2)€3X2+4X+1 dX =%e3x2+4x+1+c

12di Let y=¢e*.
Applying the chain rule:

Let u=x® andso y=e".
Hence d—u=3X2 and ﬂ=e”.
dx du

dy dy du
dx du dx
=3x%*

o ¥ _zyer,
dx
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12dii From partdi, —

13a

13b

(;jx (ex3 ) = 3x%" .

Reversing this to give a primitive we obtain:

—IBX e* dx_—[ ]:

Ie;

dx = je‘zxdx

. 1 .
Using I e**dx = —e*** +C for some constant C we obtain:
a

Ie‘zxdx— ; e +C

Given I :)I('

(¢")

dx.

3

—3de

(=)

Using _[ e***dx = =e**" +C for some constant C we obtain:
a

Ie‘“dx = —%e‘” +C
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Given I \/e_X dx.

13c

13d

13e

13f

j\/e_X dx=.|‘eixdx

: 1 .
Using I e**dx = =e*** +C for some constant C we obtain:
a

1 1
jez dx=2e?2 +C

Given J‘Q/e_X dx.
j%/e_x dx=J.e;de

1
Using jea“bdx = —e*"* 4+ C for some constant C we obtain:
a

1, 1
je3 dx=3e® +C

GivenI 1 dx

\/e_x

I

: 1 .
Using _[ e¥*dx = =e**" +C for some constant C we obtain:
a

1 1
je 2dx=-2e 2 +C

Given I— dx.

I

——x
3 dx

I

1
Using jea“bdx = —e**® +C for some constant C we obtain:
a
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14a

14b

1 1

je_gxdx —_3e3 4+C

Giveny = xe*

Applying the product rule on di(xex) :
X

Let U=X and v =¢".
Then u’=1 and V' =¢*.
y =e*xX1+xxe*

= xe* + e*

Reversing this to give a primitive we obtain:

foz xe* dx = foz(xex +e* —e*) dx

= foz(xex + e¥)dx — fozex dx
= ke* - e*13
=2e?—e?—-(0-1)

=e?+1

2
So jxexdx =e?+1.
0

Given y = xe™*.

Applying the product rule on i(Xe_x) :
dx

LetU=X and v=e7*

X

Then u’' =1 and V' = —e*.
y=e*Xx1+xx—e*

=e X —xe™*

Reversing this to give a primitive we obtain:

o _ o _ _ -
Jxe™dx=—[e*—xeF+e™* dx
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15a

15b

16a

= [-xe™* —e™¥]°,
=0—-1-(2e2—¢?)
=—1-—e?

0
So I xe *dx =—1—¢2.

-2

je e’ dx = Iez %de

Jer

. 1 .
Using _[ e**dx = —e*** +C for some constant C we obtain:
a

1 3 1 3
X —=x Zx 2 3x
jez ¢ 2 dx = 22 +2e 2 1C

3y
Soj'e — dx 2e2 +§e2 +C.

\/e_x

2

X -X 4
\ € +e N -—X
dx=(e* +e ® dx

e

: 1 .
Using _[ e**dx = =e*** +C for some constant C we obtain:
a

2 4 2 4
N1 --X e 3 i
ge’ te’ dx:Ee3 —Ze P +C

X —X gx —éx
SoJ'e e dx:Ee3 —Ee S +C.
2 4

g/e_x

Given f(x)=xe

If the function is odd, then f (—x)=—f(x).
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()
-1 ()

Hence the function is odd.

16b  The graph has point symmetry in the origin.

\/E 2 0 2
So jxe‘X dx+.[ xe X dx =0.
0 -2

2 2
Hence | xe™*dx=0.
)
2 du
17a Letu = x*,— = 2x

dx

2 1 du
[xeX"dx = [-e*— dx

2 dx

1 u au
== |e*— dx

zf dx

2

=leX 4 ¢
2

17b  Letu =x2—7% = 2x
dx
x%2-7 _ u du
J4xe* 7dx = [ 2e"— dx
— udu
=2 [e*— dx

=2e¥77 4+ ¢

17¢ Letu=3x2+4x+1,2—’;=6x+4
x2 _ (1 ydu
J(Bx +2)e¥dx = [-e"— dx

1 du
== [e*— dx
2 dx
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1 2
= Zp3x"t+ax+1 +C

2

17d Letu = x3 — 3x2,2—z = 3x?% — 6x

2 _ x? — (1 udu
JG? = 2x)e¥ dx = [ et — dx
_1(udu
=2 Je'—dx

= Le¥®

3 pC

17¢  Letu = x L% = _x-2

3

2 du 3 1 3
17f  Letu = —xvVx = —x2, — = —=x2 = —=+/x
dx 2 2

—xe~ X=|-e" —
/ x\/xd ; uzu
2 d
=§fe”—dz dx

=§exﬂ+6

X+1

ez*+e 2"
x/2 du _ (e¥/?)
Ydx 2

2
LHS = | [1;:;] x 2 du

u

= du =

x/2
Letu=-¢e (ez—) dx

= [ 2du

=2u+2C

=2e2+C
= RHS
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19a

19b

19ci

19c ii

19d

We have been given the series of ex and the inequality of 1 < et < eF
Integrating this inequality, we get:

X X t X R
= [, 1dt < [ etdt < [ eRdt

2 x<e¥—1<efx

Integrating the inequality in 19a again, we get:

= [otdt < [5(et —1)dt < [ eRedt

R,2

e’x

x2 x
2 =—<ert—-1—-x<
2 2

Hence proved

Integrating the inequality in 19b again, we get:

xet

= f dt<f(e —1-tdt< [,

R,3

x3 x?2  efx
2 =<e*—-1-x—-=<
3! 2 3!

Integrating the inequality in 19c i again, we get the final inequality as:

xet

= f dt<f(e —1—t——)dt<f

x* x2 _ eRx*
2 —=<ef-1-x—-—=<
4! 2 4!
. . y xM+1 x2 XM eRxn+1
The induction given as <eF—1l—-x—=—.—=<
(n+1)! 2 n! (n+1)!

Lets assume the value of n = 1. After substituting the value of n, we get the same
inequality as we had got in 19b, which is true.

Now, lets assume that for n = k, the above inequality holds true. Now to prove
n+1

that for n = k+1, the above inequality also holds true. Lets only c0n51der <

2
—1—-—x- x?— ---.—;For now. We substitute n with k+1

n+1)!

2 K k+1 xk+2
= RHS-LHS =e* — 1—x—7_""_E_(k+1)l_(k+2)!
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2 k+2
= RHS—LHS=e"—(1+x+"7+---..+"2 )

= RHS - LHS > 0, since the power series term of e* goes till infinity terms, but
we are only subtracting the first k+2 terms.

k+2 2 k+1
X X
.< ex _.1 — X —— — e, —

" 5 T Holds true.

Hence, our inequality holds true as the induction method works on the
inequality.

19e  For the left expression, assume that we increase n by 1 unit. We get the ratio of
the new term and old term as:

n+2 n+1

X
(n+2)! ~ (n+1)!

X

X

n+1

As n increases and becomes more than x, the ratio above will tend to 0 as n tends

to infinity. Hence, the left (same holds for right) expression will converge to 0 as

n approaches infinity.
xZ

Hence,e* -1 —-x———++.—=— 50
2 n!

2 n
D X =14x+

n!

19f  In 19e, the left and right expression will converge to 0 regardless of the value of
X.

= For x < 0, we will have to substitute the inequalities in 19e with ‘ — x’ instead

of ‘x’
= (=x)? ="
2 eF—1-(-x) - k- -5 50
2 3 1\,
= e_x=1_x+x__x_+..._+u

2 3! n!

= Which is the same as substituting with * — x’ in the power series provided in
the question.
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20a

20b

20c

20d

2 n
=l

n!

2 3 _1\,1n
Ande‘x=1—x+x7—’;—,+---.+ﬂ

n!

2 4 2n
ex+e_x=2X(1+x—+x—+'”.+x—+'”-)
2! 4! 2n!
X ,—X x2n
Hence, S22 = 1+ 2+ X o 424 .

After substituting x with 0.5, we get the answer as 1.1276.

u = e05

2 ul-2xu+l=el-2x11276 xe%> +1

D e+1—-2x%x11276 xe%> =0

u? — 2 «u + 1 = 0 is a quadratic equation. Hence its roots are:

[20<+V 4oxZ—4 m

Hence, u = 1.6486 or u = 0.6065

Hence, e%% = 1.64 and e %% = 0.60. These values match with the calculator

obtained values exactly.
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Solutions to Exercise 6E

lai folex dx = [e*]}
— el _ g0
=e—1

=1.72

laii f_olex dx = [e¥]°,
=el—e~
=1-—et

= 0.63

laiii [°,e* dx = [e¥]°,
— p0 — -2
=1—e?

= 0.86

laiv f_03 e* dx = [e*]%,

— o0 _ -3

=1-¢73

=095
b [le* dx =172
lci [0 e dx = 0.63
lcii [0, e dx =0.86
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lciii [0 e dx =0.95

1d The total area is exactly 1.

3
2a f03ezx dx = [ler]O
1 2013)

=ze ——e

1 1
=—36——
2 2

= 201.2
2b fole‘x dx = [—e™™]}
— (=€)

=1-—et

= 0.6321

0
o 1 1 L
2c C.es¥ dx = [Tesxl
3 -3

3a f_oz e *3 dx = [e**3]°,

_ p0+3 _ ,-2+3
=e3—e
=e(e?-1)
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1
3b foler—1 dx = Eez""l]

0
1 _ -
_1,2(-1_1 01
2
11
=ce—-e!
27 2
1 -1
=z(e—e™)
1 —2x-1 2x-1]""
3c [, e dx—[——e‘ x‘]
- -2

2 2
1
=Ze3—Z¢
2 2
=-e(e?-1)
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4b fole_x dx = [—e™™]}
—(—e”

=1-—e1

5a f_zz e*+e ™ dx = [e¥ —e™¥]2,
=(e?—e2)—(e2—e(2)

=e?—e 2 —e?%2+4¢?

= 2e% —2e7?
=2(e?—e7?)
= 14.51

3
5b f_33 x2+e* dx = Ex3 + ex] ,

= (337 +¢*) = G(=3* +e™)
=9+e3+9—-e73
=18+e3—e73

= 38.04

6a fozl—e‘x dx =[x +e™]3
=2+e?)—-(0+e%
=2+e?-0-1

=1+e?
6b fole—ex dx = [xe — e*]}

=(e—e)—(0-e"
=1
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6¢c f_ol e —1dx = [e* —x]°,
=(*-0)~ (e = (-D)
=1-e1-1
= —¢1
Area=e™!

6d foze‘x -2 dx = [-e™* — 2x]3

=(-e2-22))—(-e’-0)

=—e?—-4+1
=—e%-3
Area= 3 + e~ 2
6e f_ole‘x —e dx =[-e ™ —xe]?,
=(—e’=0) — (—e Y = (—1)e)
=—-1l4+e—e
= -1

Area=1

6f f_213 —e ¥ dx =[3x +e7¥]%;
=BR)+e ) -BED+e V)
=6+e?+3—e

=9+e?—¢

1
7a folex—l—x dx=[ex—x—%x2]0

=(e-1-3)-(e*~0-0)

—e—1---1
2
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1 1
7b foex—1+xdx=[ex—x+—x2]
0

—e—1+-—1

8a The region is symmetric, so the area is twice the area in the first quadrant.

8b Zfole‘x dx = 2[—e ]}

=2(—e"1 = (-e9)

=2(1-e™)
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9a

9b

10a

10b

10c

10d

11a

The region is symmetric, so the area is twice the area in the first quadrant.

Zfole —e* dx = 2[ex — e*]}
=2((e—e)—(0—e%)
= 201)
=2

To show that y is an odd function, we must show that f(—x) = —f(x)

f=x)=e™—e
— e X _ X

=—(e*—e™)
=—f(x)

The region is symmetric, so the area is twice the area in the first quadrant.

2f03 e*—e™* dx =2[e* +e7*]3
=2((e3+e ) —(e"+e9)
=2(e3+e3-1-1)
=2(e3+e3-2)

Fory =x%:whenx = -1,y =(-1)?2 =1

x+1. —1+1 — 0 — 1

Fory =e* " :whenx =—-1,y=e¢

So the two curves intersect at (—1,1).
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11b

L

0

0 1

1lc [ et —x? dx = [ex“ — §x3]
- -1

=(e—0)— (e‘1+1 —%(—1)3)

12a
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12b  y-intercept when x = 0,
y=8-20=7
x-intercept wheny = 0
0=8-2"
x=3

Area = f03 8 — 2% dx

[ X loge 21,
(24 o loge 2 ) - (O - logle 2)
- - lo;ez

13a folex dx = [e*]}
— ol _ g0
=e—1

= 1.7183

1 1
13b Area= 1 (e°+e2> + L (eHel)
2 2 2 2

13c  The trapezoidal rule approximation is greater. The curve is concave up, so all the
chords are above the curve.

14a Lety=e™
Applying the chain rule:

Let u=—x" andso y=e".
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Hence d_u =-2X and ﬂ =e".
dx du

dy dy du
dx du dx
= —2xe‘

So ﬂ —_2xe*

dx
d _y2 2
From above, —(e ) =-2Xe
dx

Reversing this to give a primitive we obtain:

2

—lj—2xe‘xzdx = —le‘X
2 2

2 2
14b Ixe‘*zdx:[—le‘xz} :—le“‘_(_ljzi_le“‘
) 2 2 2) 2 2

0

1 1
So from x=0 to x=2, the area is E —Ee"‘ square units.

The function is odd, so the area (not signed) from x=-2 to x=2 is 2(

square units i.e. 1—€™* square units.
¢ 0

15ai [e'dx=[e* | =1-¢"
N N

0
15aii As N — —o0,e™ — 0 and so nIirp (Iexdszl.
N N
15b i je‘xdx:[—e‘xl) =" —(-1)=1-¢™
0

n—oo

N
15bii As N > o,e ™™ -0 and so IimUedejzl.

© Cambridge University Press 2019
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15c¢

16a

16b

17a

du
Letu = —x?, o = —2x

=1—e M

AsN — oo, e

N—-oo

VE
As§ — 0%, eVd > landsof;%dx%Z(e—l)

Giveny = xe ~.

Applying the product rule on di(xe_x) :
X

LetU=Xand v=e*

X

Then u'=1 and V' =—€"*.
y=e*XxX14+xx—e*
—-X

=e ¥ —xe

Reversing this to give a primitive we obtain:

© Cambridge University Press 2019
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foNxe‘x dx = —fONe‘x —xeF 4+ e dx
ey
=—Ne N—eM-(0-1)
=1-(1+N)e™N

17b  AsN - o,e™™ > 1andso (1 + N)e ™ - 1. Hence hm (f xe xdx) 1

N—-oo

17c¢  Giveny = x%e™*.
Applying the product rule:
Letu =x%and v=e"
Thenu' = 2x and V' =—€".
y =e*x2x+x*x—e*

X _ y2p7X

= 2xe
Reversing this to give a primitive we obtain:
foooxze‘x dx = — fooo 2xe™™ —x%e ™ — 2xe™* dx
=[—x%e ¥+ 2(—xe™* —e™)|Y

_ [ GPr2x2))”
===,

K
As e* — 0,— - 0 given that k grows slower than e*, Hence, lim

xX—00

1

Therefore, [— W]: =0- (— 0+0+2) =2

[ee]
Hence, fO x%e ¥ dx =2

© Cambridge University Press 2019
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Solutions to Exercise 6F

1la

1b

1c

1d

le

1f

2a

2b

2c

3a

3b

3c

3d

3e

2.303

—2.303

11.72

—12.02

3.912

—3.912

In5+1In4 =In(5x%x4) =1n20

In30 — log, 6 =In(30 + 6) =In5

In12 —In15 + In 102 = In(12 = 15 X 100) = In 80

log. e3 =
logee t=-1

1 _ -2 _
logee—2 =log,e™* = -2

1
log, Ve = log, ez = %

eln5 — ploge5 — g
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3f

3g

3h

4a

4b

4c

4d

5a

5b

5c

5d

6a

6b

ean.OS — eloge0.0S = 0.05

1=¢°

log, 1 =1log,e’ =0
log.e =1

e=e

log,e =log, et =1

log.x =6

1
x= logeg

__loge7 .
log, 7 = og.2 © 2.807

loge25 . 1398

10g10 25 = log, 10 0
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loge 0.04

6¢ log; 0.04 = log. 3 = —2.930

7a Reflection in y = x, which reflects lines with gradient 1 to lines of gradient 1. The
tangent to y = e” atits y-intercept has gradient 1, so its reflection also has
gradient 1.

7b Reflection in the y-axis, which is also horizontal dilation with factor —1.

7c

8a Shift y = log, x up 1
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8b Shift y = log, x down 2

8c Stretch y = log, x horizontally with factor 2

© Cambridge University Press 2019 105



Chapter 6 worked solutions — The exponential and logarithmic functions

8d Stretch y = log, x vertically with factor %

(LIt
l
|
|
\
|
|
v

9a Shift y = log,(—x) down 1.

/
o
|
e
v
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9b Reflect y = log,(—x) in the x-axis.

yh

9c Stretch y = log,(—x) vertically with factor 3.

=V

10a elog.e=ce
10b lnz=3(-1)=-=
e n _e - e

10c 3log,e?=3%x2=6

© Cambridge University Press 2019
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10d

10e

10f

10g

10h

10i

11

12a

Inve =1Inez =%

elog, e —elog,e =3e—e =2e
logee+loge§= 1+(-1)=0
log,e® =e

log,(log, e€) =log,e =1

log.(log.(log. e®)) = log, 1 =0

It is a horizontal dilation of y = log,(—x) with factor %

Its equation is y = log, (—2x).

—9%x2¥4+14=0
(22)*—9x2¥*+14=0
(2¥)2—-9x2*+14=0
Letu = 2%,
u?—9u+14=0
u-2)u-7)=0
u=2,7
2% =27
For 2*¥ =2
x=1
For2* =7

x =log, 7

© Cambridge University Press 2019

108



Chapter 6 worked solutions — The exponential and logarithmic functions

12b

12ci

12cii 9* —

32 —-8x3*-9=0
(3*)> - 8x3*—9=0
Letu = 3%,
u?—8u—-9=0
u+1D)w—-9 =0
u=-1,9

3*=-1,9

For3* =9

x =2

For 3*¥ = —1 there are no solutions.

25% =26 x5 +25=0

(52)% — 26 X 5% + 25 = 0
(5%)2 — 26 x 2% + 25 = 0

Letu = 5%.
u?—26u+25=0
(u—1D(w—-25)=0
u=1,25
5*=1,25

For 5% =

x=0

For 5% = 25

x=2

5x3*4+4=0
(35)*-5x3*+4=0
(3%)2-5x3*+4=0
Letu = 3%,

u?—-5u+4=0
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(u—-1Du-4)=0
u=14

3*=1,4

For3* =1

x=0

For3* = 4

x =log; 4

12ciii 32* —3*—-20=0
(3%)2-3*-20=0
Letu = 3%,
u?—u—20=0
(u+4)(u—-5)=0
u=-4,5
3* = —4,5
For 3* = —4 there are no solutions.
For3* =5

x =logz 5

12civ 724+ 7*+1=0
(7% +7*+1=0
Letu = 7%,
u +u+1=0

The quadratic has no solutions because A=1—-4(1)(1) = -3 <0

12cv 35% = 9x+3
X — (32)x+3

35x — 32x+6
5x=2x4+6
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12cvi

13a

13b

4% —3x2*1 423 =90

(2)*—3x2*x2+8=0

(2%)2—6x2*+8=0
Letu = 2%,
u?—6u+8=0
u-2)u—-4)=0
u=214%

2 =2,4

For 2* =

x=1

For 2* = 4

X =

2 _2eX +1=0
(e’)*—2e*+1=0
(e¥)?—=2e*+1=0
Letu = e”*.
u?-2u+1=0
(u=-Dw-1)=0

u=1
e* =1
x=0

e +e*—6=0
(e’)*+e*—-6=0
(e¥)2+e*-6=0
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Letu = e”*.
ul+u—-6=0
(u+3)u—2)=0
u=-3,2
*=-3,2

For e* = —3 there are no solutions

Fore* = 2

x = log, 2

13c  e*™ —10e?* +9=0
(e?)?* —10e?* +9 =10
(e?*)?2 —10e?** +9 =10
Letu = e?*
u?—10u+9=0
u—1Dw-9) =0
u=19
e?* =1,9

Fore?* =1

x = log, 3 as e* = —3 has no solutions.

13d e* —e?* =0
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uu—1)=0
u=20,1
e?* =0,1

For e?* = 0 there are no solutions
Fore?* =1

x=0

14a 2% —-7x22*+12=0

Let u=2% andso u=4".

(22} ~7x2+12=0

u?-7u+12=0
(u-3)(u—4)=0
u=34

So 4" =3 or 4 =4.

Hence x=1og,3~0.792 or x=1.

14b 100" —10*-1=0
Let u=10".
2X X X 2 X
10* 10 —1:o:>(1o ) ~10*-1=0

u’-u-1=0

[ LI 4kl
2

RENG

N

1+

2

15

So 10" =

1-+/5 . . :
log,, —— does not exist because is negative.
10 2
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1+\/§

Hence x =log,, — 0.209.

2X X
14c (lj —7x(1] +10=0
5 5
Let u=(1j .
3)
X 2 X
[(Ejj —7x(1j +10=0
5 5

u?—=7u+10=0
(u-2)(u-5)=0
u=2,5

So (lJ =2 or (1) =5.
5 5
Hence x=-1 or x=1log, 2~ —-0.431.

5

15a  (log,x)* —5log,x +4 =0
Letu = log, x,
u?—5u+4=0
u—1Du-4)=0
u=14
log.x =1,4
Forlog,x =1
x=e
Forlog, x = 4

X =e
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15b

16a

16b

(log, x)? = 3log, x
Letu = log, x,

u? =3u
u?—3u=0
uu—-3)=0
u=20,3
log,x=0,3
Forlog,x =0
x=1

Forlog, x = 3

x=e3

In(x? + 5x) = 2In(x + 1)
=In((x + 1)?)
x?+5x = (x + 1)?
=x2+2x+1
3x=1

1
X ==
3

log,(7x — 12) = 2log, x
= log, x2
7x — 12 = x?
x2—7x+12=0
(x=-3)(x—-4)=0

x =3or4
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17a  Stretch horizontally with factor % .

17b  Shift right 1.

L

d

[
e
raky
3
L

17c  Stretch vertically with factor % .

_}'H
1 _..___..----'_'_-_-_-r
s >
3
1(% £+1 x
y
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17d

18

19a

19b

20

Shift down 2.

v

rafaa
[
L B

3
—3
-2

First, the base must be positive because powers of negative numbers are not well
defined when the index is a real number, so a negative number can't be used as a
base for logarithms. Secondly, the base cannot be 1 because all powers of 1 are 1,
and in any case, log, 1 = 0 and you can't divide by zero.

— . . . 1
As a dilation, the transformation is stretch horizontally with factor g .

Alternatively, y =log, x+log, 5, so it is a shiftup log,5.

As a translation, the transformation is shift up 2.

Alternatively, y =log, x+log, * = log, €°x so it is a horizontal dilation with factor

e,

The continued fraction gives an approximation ofe — 1 = 1 g

. .28
Hencee = 2—
39
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Solutions to Exercise 6G

d 1
la 2= —
dx x+2
d 1
b Z=—
dx x—-3
d 3
1c 2=
dx 3x+4
d 2
1d Z=-—"—
dx 2x—1
d 4
1e @ _ _
dx —4x+1
d 3
1f Z=-
dx —3x+4
d 2 2
1g A =
dx —2x-7 2x+7

1h d—y=3( 2 )

2x+4
_ 3
_-x+2
. d 3 15
1i —y=5( )=
dx 3x—-2 3x—2
d 2 1
2a 2Z=Z ==
dx 2x X
d 5 1
2b ===
dx 5x X
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d 1
2c ===
X

20 2=I-1
X

e g=4(7)=2

o H=3(3)=2

o 2ea(3)-

d 1
3a o _ 1
dx x+1
d 1 1
Atx =32 =—=-
dx 3+1
d 2
3p 2=
dx 2x—1
d 2 2
Atx =32 = z
dx 2(3)-1 s
d 2
3c o __2
dx 2x-5
dy 2
Atx =3,— =2
X = dx 2(3) 5
d 4
3d 2=
dx 4x+3
d 4 4
Atx =3,— Y-~ =

dx  4(3)+3 15
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3e d—y=5(1)=i

x+1

dx x+1
d 5 5
Atx=32=—="
dx 3+1 4

3f Z=6(-) =

dx 2x+9/) ~ 2x+9
dy 12
Atx =3,—=——
"dx  2(3)+9
12
~ 15
4
s

d 1
4a a(2+logex) ==

d 1
4b  — (5 —loge(x+1)) = ——

x+1

d 1 4
4c a(x+4logex)=1+4(;)=1+;

d 4 _ 3 1\ __q.,3,3
4d S (2x*+1+3log.x) = 2(4x*) +3(3) =823 +2

4 y 2y _2 -2
4e ™ (In(2x — 1) + 3x%) = 7t 3(2x) = ot 6x

A (3 _ — 7)) = 3x2 — 3 + ——
4f dx(x 3x+4+1In(5x — 7)) = 3x 3+5x_7

5 y=Inx3=3Inx

23()-2
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5b

5c

5d

5e

5f

6a

6b

6cC

y=Inx?=2Inx

22()-2

=Inx3=-3Inx

oo a()--2

y=Invx+1
1
=In(x + 1)z

= %ln(x +1)

dy_1(1)_ 1
dx 2 \x+1/) ~ 2(x+1)

1
dy 3 _ 1
—=F ==
dx -x X
1
dy 3 _ 1
dx_lx_x
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6d

6e

6f

7a

7b

7c

8a

8b

4 _ 2y _ 5 — 2_1
dx—4(3x) = 12x "

Letu =x%+1

IS

du d
Hence = = 2x and 2 =
dx du

Letu =2 — x?

Ir

Letu =1+ e*

|r

du d
Hence == = e* and =X =
dx du

d
Eloge(x2 +3x+2)=——

d
—loge(1+2x%) =T

© Cambridge University Press 2019



Chapter 6 worked solutions — The exponential and logarithmic functions

X

L in(e* —2) = £
8c - In(e* —2) = pra

2x+1
x2+x

8d ;—x(x+3—ln(x2+x))=1—

3x2-1
-X

8e —(x +In(x3 —x)) = 2x +=

2 (4x3 — 5x2 2 _ — 4(3x2) — _2@0-3
8f ™ (4x°> —5x“ +In(2x* —3x + 1)) = 4(3x*) — 5(2x) + Y
— 1227 — 10x + ——X =3
i X a2 —3x +1
dy __l
9a E; =3
Atx = 1, gradient = % =1
Angle of inclination = tan™1 1 = 45°
9b At x = 3, gradient = é
Angle of inclination = tan"% = 18" 26

=

9c Atx = %, gradient = T= 2
2

Angle of inclination = tan™! 2 = 63° 26’

9d At x = 4, gradient = %

Angle of inclination = tan™1 = = 14° 2’

&R

The graph of y = In x with the four tangentsat x = 1, 3,% and 4 is shown below.
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10a

10b

10c

10d

[
y

y |

/ (3, 1.099)

(1,0)

\\

(0.5, —0.693)

/

Letu = xand v = log, x

du dv 1
Then— =1and— =-
dx dx x

d 1
ﬁ=(logexx1)+(x><;)=logex+1

Letu = x and v = log,(2x + 1)

Then— =1 and— = a2
dx 2x+1

— = (log,(2x+ 1) x 1) + (x X —) log,

Letu = 2x + 1and v = log, x
1

du dv
Then— = 2 and — =
dx dx X

d 1 1
£=(logex><2)+((2x+1)x;)=210gex+2+;

Letu = x* and v = log, x
d d

Then 2 = 4x3 and & =2
dx dx

ay _ 3 441
dx—(logexx4x )+(x xx)

= 4x3log, x + x3
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= x3(4log, x + 1)

10e Letu =x+ 3 andv = log,(x + 3)

du dv 1
Then—=1and — = —
dx dx

x+3
Y (log,(x+3) x 1) + ((x+ 3) xxl:)

=log,(x+3)+1

10f Letu=x—1andv =log,(2x + 7)

Then—— 1an d—= 2
dx 2x+7

2x+7

— = (log.2x+7) x 1) + ((x —-1) % —)

2(x-1)

=log,(2x + 7) + e

10g Letu =e*andv =log, x
Thend—uze"andﬁzl
dx dx X
ay _ x x 1
dx—(logexxe)+(e xx)

= e* (loge X+ i)

10h Letu=e*andv = log, x

du _ dv 1
Then— = —e " and — = =

dx dx X
&y _ _e—X ( -x l)
dx—(logexx e )+ (e X~

=e™* G —log, x)
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11la Letu =log,xandv =x

du 1 dv
Then—==-and—=1
dx x dx

dy _ (x xi) — (logex x 1)

dx x2

__ 1-logex
==

11b  Letu =log, x and v = x?

du 1 dv
Then — = -and — = 2x
dx x dx

dy (xz X %) — (loge x X 2x)
dx (x2)2

__ x—2xlogex
=—

__1-2logex
=—0

11c Letu =xand v = log, x
du dv 1
Thena = 1anda = ;

dy _ (logex x 1) — (x x%)
dx (loge x)?

__logex—1
 (logex)?

11d Letu =x%andv = log, x

du dv 1
Then — = 2x and — = -
dx dx x

—(x2 xX
dy _ (loge x X 2x) (x xx)
dx (loge x)?

__ 2xlogex—x
~ (logex)?

_ x(2logex —1)
"~ (logx)?
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1le Letu =log,xandv =e*

du 1 dv
Then — = -and — = e*
dx X dx

dy _ (e" X %) — (loge x x %)

dx (e*)2

_ ex(;lc —loge x)

- (e)2

(3108, )

eXx

_ (@ -xlogex)
- xeX

11f Letu =e*andv =log, x

du dv 1
Then— =e*and — ==
dx dx x

dy _ (loge x x %) — (e" xl)

X.

dx (loge x)?

_ fogr-2)

(loge x)?
_ e*(xlogex —1)
- x(loge x)?
d d
12a ﬁ = —(log, 5 + log, x?)
d
=— (log. 5 + 3loge x)
— &
"4 X

12p % dx(logex;)
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d
12c dz (loge —log, x)

12d 24 ( 1n(2—x))

d d
12e ﬁ = a(loge 3 —log, x)

1

X

12 y= In1+—x

1+x

In T =In(1+x)—-In(1-x)

So d_y
dx

1 1
—
1 1
12g  y=log, 2"

y =xlog, 2

So y'=log, 2.
12h  y=log,e"

y=x
So y'=1.
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12i

13a

13b

y =log, x*

y =xlog, x

Applying the product rule on y = xlog, x

Let u=X and v =log, x

Then u’'=1and V' :%
y' =vu'+uv’
1
- (log, x)(1)+(x)(;j
=1+log, x

So y'=1+log, x.

1

f'(x) )

1

f"(x) = (x_1)2

1 1

f@=55=1

3-1 2

" _ _1
f (3)__(3 1)2_ 4

f'(x) =

2x+1

Letu=2andv=2x+1

Thend—u= Oandﬂz 2
dx dx

((2x+1) x 0) — (2 x2)

f@) = (2x+1)2
_
T (2x+1)?
fr==2=2
f'@3) = —m =—4
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13¢  f'(x) = C:l—leogx

fre=-%
f’(2)=5=1
f'@=-5=-;

13d Letu=xandv =logx

du dv
Then— =1and — =
dx dx

/‘\ R =

f'(x) =(logxx1)+(x )=logx+1

HOES
f'(e) =loge+1
=1+1

=2

MOES

14a Letu =xandv =log, x

du dv 1
Then— =1and— =-
dx dx x

d

1
ﬁz((logexx1)+(xx;))—1
=log,x+1-1

= log, x
log.x =0

x=1
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14b

14c

14d

Letu = x? and v = log, x

du dv 1
Then — = 2x and — = =
dx dx X

Z—z = (log, x X 2x) + (x2 X ;)
= 2xlog, x + x
=x(2log.x + 1)

x(2log.x+1) =0

x = 0 which is not a valid solution as log, 0 is undefined.

2logex+1=0
1
logex——z
1
xX=e 2

Letu =log,xandv =x
ThenZ =2and & =1
dx x dx

d_y _ (x x%)—(logexxl)

dx x2

__1-logex
==

1-logex
—== 0
1—-log,x=0
log.x =1

X =e

Letu = log, x

Theny = u*

du 1 d
Hence == = = and & = 443

dx X du
dy 1 3 _ 4(logex)3
— =X — ~ 5€7/
ol 4(log, x) "
4(logex)3

=0

X
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4(log, x)®* =0
log,x =0

x=1

14e Letu = 2log,x —3
Theny = u*

du 2 d
Hence < = Zand £ = 443
dx X du

@y _2 _ 3)3 — 8(2logex-3)°
dx_x><4(210gex 3)° = "

8(2loge x—3)3
x

8(2log,x—3)>=0

=0

2log,x—3=0

3
log, x = >

X = ez

14f  Letu =log, x

1
Theny ==
y u
du 1 d 1
HenceZ =-and 2 = ——
dx x du u?
dy 1 1 1 . .
— ==X - = — which is never zero.
dx x (loge x)2 x(loge x)2’
14g Letu =log, x
Theny =log, u
du 1 d 1
Hence = =-and & ==
dx X du u
d 1 1 1 Ly
=Zx = , which is never zero.

dx x logex xloge x
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14h Letu=xandv=Inx
Thend—u= 1andﬂ =1
dx dx X

Z—z=(lnxx1)+(xx§)=lnx+1

Inx+1=0
Inx =-1
x=e !
o4y 11
14i ol x2+x
1 1
a0
1_1
x  x2
1=1
X
x=1

Il
TN

15a Need to show that y = X is a solution of %

y
nx x (x

y=—-
In x

X
Applying the quotient rule on y = nx :
nx

Let U=X and v=Inx.

Then u'=1and v' ==.
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In x (Inx)
_Inx-1
- 2
(Inx)
=LHS
LHS=RHS and so y =— is a solution of Y
dx
15b Letu =log, x
Theny =log, u
du 1 d 1
Hence = = -and = = -
dx x du u
d 1 1 1
—y =—-X—=
dx x logex  xlogex
1
Letu = andv = x
loge x
du 1 dv
hen 2% = — ndZ =1
Lhen dx x(loge x)? and dx
1 1
dz_y _ (x X x(logex)z) - (logex X 1)
dx? x2
-t 1
_ _(ogex)? logex
=
_ —logex-1
~ x%(loge x)?2
LHS = x (5080 4 e (— )2 +—
- x2(loge x)? xloge x xloge x
—logex—1 ( 1 ) ( 1 logex)
= X —
x(loge x)? x x2(loge x)"2 + xlogex  logex
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__ —logex-1 1 loge x
T x(logex)2 | x(logex)"2 = x(loge x)?

__ —logex—1+1+logex

x(loge x)?
=0
= RHS
16 10g, X log, x, forx>0
0g, |X|=
a g log, (—x), forx<0

16b

16c  For x>0, log, |x| =log, x
So iIogex=l.
dx X

For x<0, log, |X =log, (—x).

Using the standard form, di log, (—x)=——=
X

16d  x=0 was excluded in this discussion because log, 0 is undefined.

In fact, log, X > —© as x —0, so x=0 is an asymptote.
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17a

17b

17ci

By differentiation with first principles, we have:

fx+h)—f(x)

= y' =lim
h—-0 h
o y, — lim log(x+h)—logx
h-0
(x+h)
log
= y' =lim =
Y h-0 h
. log(1+=
= y' =lim —( )
h—-0 h
1
T E)E
2 y' = 11_1;((1)10g(1+x

Hence proved.

Solving the limits equation obtained in 17a,

;L log(1+—)
¥ =m =
log(1+£)

log(1+k)

= Now, we have a property of limits which states that ’lcirr(l) =1

= Hence,y' ==

' = loglim(1 + 2y = 2

y' =loglim(1+2r =2

Now we are substituting h with % and i with u. Hence, as h tends to 0, n will tend
to infinity.

Hence,

= u = log lim (1 + )"

= et = llm (1 +—)"

n—0oo

17cii Substituting 1 for u in the equation obtained in 17c i, we get the desired result.

17di Whenn = 1,(1+%)n=2
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1 n
17dii Whenn = 10, (1 n ;) = 2.5937
1 n
17d iii When n = 100, (1 + ;) = 2.7048
n

17d iv When n = 1000, (1 + %) = 2.7169

1 n
17d v Whenn = 10 000, (1 + ;) = 2.7181
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Solutions to Exercise 6H

1la

1b

dy
a dx (lOge x)
1

X

The gradient of the tangent at point P(e, 1) is the derivative of the function
= log, x

Since Z = — (loge X) = the gradient of the tangent at point P(e, 1) is i

As the gradient of the tangent is constant, it is a straight line. By employing the
formula for a straightline: y = mx + ¢c,m = i

y=-x+tc

Since this line passes through point P(e, 1),
1

1=—(e) +
5 (e)+c

c=1-1=0

The equation for the gradientis y = éx

At=0,y = E(O) = 0. Therefore the tangent passes through the origin (0,0)

The gradient of the tangent at point Q(1,0) is the derivative of the function
y =log, x

Since Z = — (loge xX) = the gradient of the tangent at point Q(1,0) is % =1

As the gradient of the tangent is constant, it is a straight line. By employing the
formula for a straightline:y =mx+c,m=1

y=x+c

Since this line passes through point Q(1,0),
0=11)+c

c=0-1=-1

The equation for the gradientisy = x — 1
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1c

1d

Atx =0,y = (0) — 1 = —1. Therefore the tangent passes through the point
A(0,-1)

The gradient of the tangent at point R(i, —1) is the derivative of the function
y = log, x

. dy _ d 1 . : 1 o1
Since — = — (log, x) = > the gradient of the tangent at point R(Z' —Dist=e

dx dx
e

As the gradient of the tangent is constant, it is a straight line. By employing the
formula for a straightline:y =mx+c,m=e

y=ex+c

Since this line passes through point R(é, -1),

1
—1=e(—)+c

e
c=—-1-1=-2

The equation for the gradientis y = ex — 2

Atx =0,y = e(0) — 2 = —2. Therefore the tangent passes through the point
B(0,—-2)

The gradient of the tangent at point A(1,0) is the derivative of the function
y = loge x

Since Z_i’ = :_x (log, x) = %, the gradient of the tangent at point A(1,0) is % =1

=-1

As the gradient of the tangent is 1, the gradient of the normal is —
Mtangent

The equation of the normal is

y=mx+c,m=-1

and passes through the point A(1, 0).

~0=-11) +c¢

c=1

The equation of the normal is, therefore, y = —x + 1
Whenx =0,y=—-(0)+1=1

The y-interceptis 1.
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2a

2b

The diagram shows the tangenty = éx and the graph y = log, x

Letx = a for some 0 < a < e. As a traverses from 0 to e, the tangent becomes less
steep, and as the tangents are straight lines, they will intersect the y-axis at
various points where y < 0.

Letx = b for some e < b < o0. As b increases from e, the tangent becomes less
steep, and as the tangents are straight lines, they will intersect the y-axis at
various points where y > 0.

Therefore, only the tangent at (e, 1) passes through the origin.

2]

05

-05

-2:5

Observe the points below the curve. Because the curve is convex everywhere,
there are no tangents that can possibly intersect any point that lies below the
curve.

Observe the points above the curve, located within the domain x > 0. Any point
above the curve in this domain can be intersected by two tangents.

Any point located outside of the domain, that is, x < 0, is intersected by one
tangent.

Any point located on the curve is intersected by only one tangent.
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3a

3b

y =4log, x

The gradient of the tangent at any point is % (4log, x) = -
The gradient of the tangent at Q(1,0) is % =4

The equation of the tangentisy = mx +c,m =4
AtQ(1,0),0=4(1) +c

c=-4

The equation of the tangent is therefore y = 4x — 4

. . 1 1
The gradient of the normal to the tangent is — =—-

Mtangent 4
The equation of the normalisy = mx + ¢,m = —i

AtQ(1,0),0 = —%(1) +c

1
‘T3
The equation of the normal is therefore y = — %x + %.
y =log,x + 3

The gradient of the tangent at any point is % (logex +3) = i

The gradient of the tangent at R(1,3) is % =1
The equation of the tangentisy =mx+c,m =1
AtR(1,3),3=1(1) +c¢

c=2

The equation of the tangent is therefore y = x + 2.

The gradient of the normal to the tangent is — — =-1
tangent

The equation of the normalisy = mx +¢,m = -1

AtR(1,3),3=-1(1) +¢

c=4

The equation of the normal is therefore y = —x + 4.
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3c y=2log,x—2
The gradient of the tangent at any point is % (2log,x —2) = %
The gradient of the tangent at S(1, —2) is % =2

The equation of the tangentisy = mx +c,m = 2
AtS(1,-2),-2=2(1)+c¢
c=-4

The equation of the tangent is therefore y = 2x — 4

The gradient of the normal to the tangent is — -2
Mtangent 2

. ) 1

The equation of the normalisy = mx +c¢c,m = — >

AtS(1,-2),-2=—2(1) +c

‘T2
The equation of the normal is therefore y = — %x -1 %

3d y=1-3log.x
The gradient of the tangent at any point is ;—x (1-3log.x) = — %
The gradient of the tangentat T(1,1) is — % = -3

The equation of the tangentis y = mx + ¢,m = =3
AtT(1,1),1=-3(1)+c
c=4

The equation of the tangent is therefore y = —3x + 4

The gradient of the normal to the tangent is — §

Mtangent

The equation of the normalisy = mx +¢,m = §

AtT(1,1),1 = §(1) y
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43

4b

The equation of the normal is therefore y = %x + %

Letx =1

=log.(3(1)-2)=0

Therefore the point P(1,0) lies on the curve.

The gradient of the tangent at any point is % (log.(3x — 2))

: d
By chain rule, - (log.(3x —2)) = v za( x—2)=
AtP(1,0),x = 1
Therefore the gradient of the tangent at P(1,0) is 3 (1) o
The gradient of the normal at P(1,0) is — L
Mtangent 3

Let the equation of the tangentbe y = mx + ¢c,m = 3
AtP(1,0),0=3(1)+c

c=-3

The equation of the tangent is therefore y = 3x — 3
Whenx =0,y =3(0) =3 =-3

The y-intercept is —3

Let the equation of the normalbey = mx + ¢c,m = —é

AtP(1,0),0 = —%(1) +c

4
€73
The equation of the normal is therefore y = — gx + é

Whenx=0,y=—§x+§=%

The y-intercept is %
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4c

5a

A triangle is created with the points (0, —3), (0, %), and (1,0)

1

The base of the triangle is therefore (% — (—3)) =3-

w

The altitude of the triangle is therefore 1

The area of the triangle is therefore % (3 %) (1) = g square units

\

)

y =log.x,y = % y'" describes the gradient of any tangent to y.

~ify' = %, x = 2,and y = log, 2. The tangent of gradient% occurs at point
(2,lo0g, 2).

Let y = mx + c be the equation of the tangent, m = %

At (2,log, 2), log, 2 = %(2) +c

c=log,2—-1

The equation of the tangent is therefore y = %x +log,2 -1

The gradient of the normal to the tangent at (2, log, 2) is — LR

Mtangent
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5b

6a

6b

6C

Let y = mx + c be the equation of the normal, m = -2
At (2,1log. 2),log. 2 = -2(2) + ¢
c=log,2+4

The equation of the normal is therefore y = —2x + log, 2 + 4.

y=log.x,y = % y'" describes the gradient of any tangent to y.

~ify' =2,x = %, andy = loge% = —log, 2. The tangent of gradient 2 occurs at
point (%, —log, 2).

Let y = mx + c be the equation of the tangent, m = 2

At (%, —log, 2), —log,2 =2 G) +c

c=-log,2—-1

The equation of the tangent is therefore y = 2x —log, 2 — 1

The gradient of the normal to the tangent at G, —log, 2) js———=-2

Mtangent 2
Let y = mx + c be the equation of the normal, m = —%
1 1/(1
At (5, —log, 2), —log, 2 = —5(5) +c
=—1 2+ 1
¢ = —log, 7

The equation of the normal is therefore y = — %x —log, 2 + i.

The domain is x > 0. As the domain is not symmetric about the y-axis, the function
is neither odd or even.

!

— Ly — —1-1
y' = (x —log,x) = 1 -

144 d ! 1
y —E(}’)—x—z

As the domainis x > 0, xiz is necessarily positive. As y" is always positive, the

function is concave up for all values of x in its domain.
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6d The minimum turning point is when y’ = 0

1
1——=0
X

x=1

y = (1) —log(1) =1

The minimum turning point is therefore at (1, 1).

6e

Therange fory = x —log, xisy > 1
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6f Let f(y) = x —log, x and g(y) = log, x —

Since f(y) = —g(y), the transformation is a reflection about the x-axis.

>
X

7a  The domain of y =%+lnxisx >0

by =2(itinx)=-5fEax

dx \x x2 x x2 x2

m_ 4oy 4 (xz1\_d 1
y _dx(y)_dx(xz)_dx(x 1)Xx2+

" 1 x+2-— 2x
et (——)(x— D=""0

7c Minimum is located at y' = 0,

x—1
=0

xz

x=1
—1+1 1=1
)’—1 nl=

Therefore the minimum is at (1,1)

Inflection is located at y"' = 0,

© Cambridge University Press 2019
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x3 =0

x=2
—1+1 2

}’—2 n

Therefore the inflection point is located at (2,% + In 2).

7d  Therangeisy > 1.

8a y =xlog, Xx—X
The domain is x>0.

The X-intercept occurs when y=0.
x(log, x-1)=0
log, x-1=0=x=e

So the X-intercept s (e,0).
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8b

X 1 e e’
y -1 0 e’
sign - 0 +
8c y =xlog, x—x

Applying the product rule on y = xlog, x

Let U=X and v =log, x

Then u’'=1 and V' =£.
X

&(uv):vu’+uv’

1

~(log. )(1)+(x) 1

X
=1+log, X

d
"=1+log, x——(Xx
y 9, = (%)
=1+log, x-1

So y'=log, x

Andso y'=—

8d y'=log, x
There are stationary points where y'=0.
log, x=0=x=1

So there is a stationary pointat x=1.
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X 1 1 e

2
y' —-0.693... 0 1
slope \ - /

When x=1, y=-1.

Hence (1,—1) is a minimum turning point.

8e

8f

Ji'ﬁ

/.

'

R =

<f
L
=W

-1 4

The rangeis y>-1.

9a y= Ioge(1+ x2)

14 x* >0 for all real values of X

So the domain is all real values of X.

© Cambridge University Press 2019

y" == for x>0 tells us that the curve is concave up throughout its domain
X

Given that y — 0 as X — 0" and the tangent approaches vertical as X - 0".
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9b  Algebraically, a function f (x) is evenif f(—x)= f(x) forall X in the domain.

Replacing X with —X we obtain:
y =log, (1+(—x)2) =log, (1+ x2)

So y=log, (1+ XZ) is an even function.

9 log, (1+x*)=0=1+x" =1

Hence the function is zero at x =0, and is positive otherwise because the logs of

numbers greater than 1 are positive.

9d y:Ioge(1+ x2)
Applying the chain rule:

Let u=1+x* and so y = log, u

Henced—u:ZX andﬂzi.
dx du u
dy dy du
dx du dx
2%
1+ x?
So dy  2x _
dx 1+x2
Applying the quotient rule on ﬂ = 2X 5
dx 1+x

Let u=2x and v=1+ x°.

Then u’'=2 and v’ = 2x.
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, wu'—uv’

==
2(1+x2)—(2x)(2x)

(12
2+2x% —4x?

T (1Y

_2-2x?

(1+x)

So y'=

9e There are stationary points where y'=0.
2Xx=0=x=0

So there is a stationary point at x=0.

X -1 0 1
y' -1 0 1
slope \ N /

When x=0, y=0.

So (0,0) is a minimum turning point.

2(1—x2)
(1+ xz)2

There are points of inflection where y"=0.

9f yI! —

y'=0=>2(1-x*)=0

Solving 2(1— XZ) =0 for X we obtain x==+1.
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So there are points of inflection at x =+1.

X -2 -1 0 2
n 6 6
- 0 -
y 25 2 25
concavity | down up down

So the points of inflection are (+1,log, 2).

9g

In2

The range is y>0.

10a  y=(In x)2

The domainis x>0.

=

10b  Solving (In X)2 =0 for X we obtain x=1.

So the function is zero at x =1, and is positive otherwise because squares cannot

be negative.

10c  Applying the chain rule:
Let u=Inx and so y =Uu>.

1

Henced—uz— and ﬂzZU.

dx X du
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Applying the product rule on y' = % Inx:

2
Let u=— and v=Inx.
X

Then u'=—£2 and V'=1
X

y"=vu'+uv'
2 1
=——xInx+—x=
X X X
2
:7(1—Inx)
2(1-Inx
So y" ( v )
, 2(1-Inx
10d  y'= (xz )

There are points of inflection where y"=0.
y"=0=2(1-Inx)=0
Solving 2(1-Inx)=0 for X we obtain X=¢.

So there is a point of inflection at X=¢€.

X 2 e 3
y' 0.153... 0 —0.021...
concavity up down

So the point of inflection is (e,1).
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10e

11a

© Cambridge University Press 2019

, 2
y'=—=Inx
X

There are stationary points where y'=0.

2Inx=0=x=1

So there is a stationary point at x =1.

1
X - 1 e
€
' 2
y —2e 0 —
e
slope \ - /

When x=1, y=0.

So (1,0) is a minimum turning point.

¥

s

The range is y>0.

=y

Letu = x? and v = log, x

ThenZ—Z= 2xand%=x

Z—z = (log, x X 2x) + (x2 X
= 2xlog, x + x
=x(2log,x + 1)

x(2log,x+1) =0

x = 0 which is not a valid solution as log, 0 is undefined.
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11b

11c

2log,x+1=0
1
loge x = —~
-1
xX=e 2

1
When x = e 2,
1\ 2 1
y = (e_i) log,e z = —L

2e

Letu =xandv = 2log,x + 1
ThenZ =1and & =2
dx dx x

%=((210gex+1)x1)+(xx%)

=2log,x+1+2

= 2log,x + 3
1
When=¢e 2,
d*y _1
ﬁ=210gee 2+ 3

=2>0

Hence the point (\/ig

d?y
Inflection point when — = 0,
dx
0=2log,x+3
] —
08 X = =3
_3
xX=e 2

Asx - 0",y >0andy’ -0

© Cambridge University Press 2019
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11d
yA
3 _1
e 2e 2
O\i\—i/
1
1
Range=y2—;
122 y=l08.X
X

The domainis x>0.

lo
12b  Applying the quotient rule on y = ——"—
X

Let u=log, X and v=X.

1
Then u'== and v’ =1.
X

, ' —uv'

V2

Xxl—lx log, x
X

X2

1-log, X
R

1-1
So yr = 108X
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12c

© Cambridge University Press 2019

Applying the quotient rule on y' =
Let u=1-log, x and v = x°.

1
Then U'=-= and v’ = 2x.

X

v_ vu'—uv’

(xz)(—)l(j— 2x(1-log, x)

\Y

2

—x—2x+2xlog, x

(x)

X
x(2log, x—3)
X
_ 2log, x-3 (x>
X
So y" = 2|09e3X—3_
X
, 1-log, x
y -1l
X

There are stationary points where y'=0.

1-log,x=0=>x=¢

4

XZ

So there is a stationary point at X =¢€.

X 2 e 3
y' 0.076... 0 —0.010...
slope / - \

When X=¢, y=e™.

So (e,

e‘l) is a maximum turning point.

1-log, x
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2log, x—-3

12d  y"= 5
X

There are points of inflection where y"=0.

y"=0=2log, x-3=0

Solving 2log, x—3=0 for X we obtain X =g2,

So there is a point of inflection at X = ez,

2

X e g2 e
y’ - 0 e
concavity | down up

3

2 Ioge e2

When x=€2, y=
e2

. . . ) g0, ¥
So the point of inflection is (eZ, Se€ 2).

12e  Given y—0 as X >0 and that y — -0 as X —>0".

The rangeis y<e™.

© Cambridge University Press 2019

=—e 2.
2




Chapter 6 worked solutions — The exponential and logarithmic functions

13

Letu = x and v = log, x
ThenZ =1and ¥ =1
dx dx x

dy _ (logex x 1) — (x xi)
dx (loge x)?

__logex—1
"~ (logex)?

. . d
Turning points when é =0,

__logex -1
" (logex)?

x # 1 as the denominator cannot be zero,

Hence,
0=log,x—1
x=e

Letu = log, x — 1 and v = (log, x)?
du 1 d 12
Thenﬁz ;andd—z = Zlogexxgzzlogex

a2y ((loge x)? x %) - ((loge x—1) x%loge x)

dx? ((loge x)2)?

_ (loge x—21oge x+2) %loge x

(loge x)*
__ 2-logex
- x(loge x)3
d?y
Inflection points when — 7 = 0,
_ 2-logex
- x(loge x)3

x # 0 and x # 1 as the denominator cannot be zero,

Hence,
0=2-1log,x
x = e?
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Yy

1 e e2 X
14a x> -1
1y = o)
x2
= y/ xx+21 X d({f)

Letu= x?andv=x+1

o d(%) _ vdu—udv

dx v2
r_ 2x(x+1)—x? x+1
= Y o (x+1)2 x2
;. x+2
X Y= x(x+1)
x+2
14c Asy’ ( +1) , substituting x = -2, will yield y’ =D = 0
But, x = —2 is out of the domain, hence, x = —2 is not a stationary point.
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14d Inflection points occur when y"

First, we have to calculate y"

= yn — d(xgc:j-zl))

Letu=x+2v=x*+x

vdu—udv

Hence, y" = ~

(x +x)—(x+2)(2x+1) _ x%+4x+2

x2(x+1)2 T x2(x+1)2

As we can see, the numeration of the above equation has no real roots. Hence, this

curve has no inflection points

14e

en

=0

10

15a The domainis x > 1.

15b x-intercept meansy = 0.

= Inlnx=0
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2 x=e
; _ d(lnlnx)
15¢c y' = ™
A
= y = Inx X x
1
yn — d(xlnx)
dx

1 1
Letu ==andv = —
X Inx

y" =vdu + udv

"o_ 1 1
Yy = x2Inx  x(Inx)?

As we can see from equation of y’, there are no solutions to that equation. Hence,

there are no stationary points for the curve

15d Inflection points are those where y” = 0.

1 1
E> " —_— — = 0
y x2Ilnx  xInx?2
1 1

x2Inx  x(Inx)2

= (x+Inx)=0

Hence, x = 0.567

But since that point lies outside the domain, there are no inflection points for this

curve.

© Cambridge University Press 2019
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15e
__,...--""'--__
5 0 [ 5 10 15 2(
5
10
16
X 2 5 10 20 40 4000
log, x
X 0.347 0.322 0.230 0.150 0.092 0.002

Based on this trend, lim —=%= logex _ 0.

X—00 X

- 1 1 1 1 1 1
2 5 10 20 40 4000
xlog,x | —0347 | —0322 | —0.230 | —0.150 | —0.092 | —0.002

Based on this trend, lilrgl+ xlog, x = 0.
x—
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1

17 y = Xlnx

To show that this is a constant function, its derivative must be 0. Hence we must

calculate y’.

1
d(xm)
r__
= y = dx
1 d(lnxxli)
= y’ = xIlnx X ———0X
dx
_ aw _
= vy xlnxx ol 0

Hence, it is a constant function.

Its value is e and the domain is x > 0.

18a y= x*
Taking log of both sides and differentiating, we get:

= d(logy) = d(xlogx)
= %dy =1+logx

d
= d—z = x*(1 +logx)

As the value of x comes near 0, the value of the curve tends to 1.
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18b  Stationary points occur when y’ = 0

= x*(1+1logx) =0
= logx = —1
= x:l

e
1 1
Hence, stationary point is at (Z’ e e)

y'=1

= x*(1+logx) =1
2 x=1

Hence, the gradient of 1 occursat x = 1.

1
18c Domainisx > 0andrangeisy > e e

10

on

© Cambridge University Press 2019
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1

19a lim xx
x—-0+

1
= lim e!™x
x—0+

Inx
= lim e«
x—-0+

Inx

= e;%hx

[c<]

= e o+

= e *=0
1
As we change the limit to x = 0 +, the function xx — 0

1
Now, we calculate lim xx

X—00

1
= lim e™¥x

X—00

Inx

im
|:> ex—0 X

lim <
0 ex—oX

2 e0=1

19b  To find the turning point, we have to equate y’ = 0.
1
d (xx)
Y=g

1
ek d(lf;zxx)

Letu =Inxandv =x

Hence,

S |
y 2

1
xx(1—1Inx)
- xz

Hence, the stationary pointisaty’ = 0.
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1

xE(1x—Zlnx)=0
—lnx=0

Inx =1

x =el

x=e

1
19¢  As we had calculated the y,'for y; = x* in question 18a and y, for y, = xxin

question 19b, we have to show that they have a common tangent at y, 'for x = 1
This means that y; = y,’
1

xx(1-Inx)
xZ

x*(1+1Inx) =
1
x x

x 2 =
x*(1+1Inx) xXx x(l—lnx)

The solution of the above equation is x = 1.

19d The sketch is as follows:

)
£
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Solutions to Exercise 6l

Let C be a constant.

1la

1b

1
= glogelxl +C

1c

[ L
e

= glogelxl +C

1d

f—dx
=zf;dx

3
= Elogelxl +C

© Cambridge University Press 2019
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2a
[
ax+1

1
=Zloge|4x+1|+C

2b
d

5x -3 x

1
=§10ge|5x—3|+C

2c
[
3x+20"

6
=§loge|3x+2|+C
=2log, |3x + 2|+ C

2d
f 15 p

5x+1 x

15
=?loge|5x+1|+C
= 3log.|5x + 1|+ C

2e

[
4x +3

4
= Zloge|4x +3|+C

= log.l4x + 3|+ C
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2f

1
= _—110ge|3 —x|+C

= —log.|3 —x|+C

2g

f dx
7 —2x

1
= _—2108e|7 —2x|+C

1
= —Eloge|7— 2x| + C

2h

[
5x—1x

4
= glogeISx —-1]+C

2i

f 12 £
1-—3x R

12
= _—310ge|1 —3x|+C

= —4log.|1—3x|+C

3a

51
f —dx
1 X
= [logelxl]i

=log. 5 —log. 1
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3b

3c

3d

= loge 5

31
j—dx
1 X

= [logex|13
= loge 3 —loge 1
= log. 3

f —dx
_g X

= [logelxl]:§
= loge|—2| - loge|_8|
= loge 2 — log, 8
2
= 10ge§
1
= logez
= —log. 4
= —log, 22
= —2log. 2

21
f = dx = [loge|x[1%
3X

This definite integral is meaningless, as it passes over an asymptote at x = 0,
: .1, ,
over which the function ~is undefined.
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3e
[
2x x
4
= [Eloge|2x|]1
1 1
= Eloge 8 — Eloge 2

1
= E (1Oge 4’)

1
= log, 42
= log. 2

3f
f_sidx
15 OX
-5
= [gloge|5x|]_15

1 1
= §10g9|—25| _gloge|_75|

1
=z (loge 25 — log. 75)

B 1(1 25)
~5\'%e75

1 1
= 51083

1
= gloge 3-1

1
= —gloge 3
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jl dx
o x+1

43

4c

= [logelx + 11]5

Check for asymptote.

x+1=0

x = —1, outside of range of limits.
[logelx + 1[15

= log.|1+ 1| —loge|0 + 1|

= loge 2 — loge 1

= log. 2

= 0.6931

f‘z dx
s 2x+3

1 _2
= [—logeIZx + 3|]

2 -5

Check for asymptote.
2x+3=0

3 1 . .
X=—-= -1 > outside of range of limits.

1 -2
[—logeIZx + 3|]
2 -5
1 1
= Eloge|2(—2) + 3| - ElogeIZ(—S) + 3]

1
= E (loge 1- loge 7)

1 1

= 71087

1 -1
= Eloge 7
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= —Eloge 7

= —0.9730

4d

1 5—2x *
2
[——loge|5 2x|
Check for asymptote.
5-2x=0

5 1 . .
x=-= 2 > outside of range of limits.

[ —log.|5 — 2x|]

3 3
= —>l0g[5 — 2(2)] - (3 logel5 — 2(1))

3
=-3 (log. 1 —log. 3)

3
= Eloge 3

= 1.648

4e

[
7—3x
1
[——loge|7 3x|
-1

Check for asymptote.
7—3x=0

1 . .
X = % =2 e outside of range of limits.
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[ —log.|7 — 3x|]

= —loge|7 = 3(1)| — (—loge|7 —3(=1)])
= —(log. 4 — log. 10)

5 -1
= ~loge (z)

5
= log, E

= 0.9163

4f

11 5
d
fo 2x— 11"
11

5
= [—loge|2x — 11|
2 0

Check for asymptote.
2x—=11=0

11

1 . . : .
x=—= 5 p the integral is meaningless because it runs across an asymptote at

x=5=
2
5a

€dx

1 X
= [loge|x|]7
= logelel - logelll
= log, e
=1

© Cambridge University Press 2019
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5b

5c

5d

6a

© Cambridge University Press 2019

f"’z dx

;X

= [loge|x[]f’
= logc|e?| — log.|1|
= 2log. e

=2

fe4 dx

L X

= [loge|xl]¢’
= logele*| — log.|1|
= 4]og, e

=4

¢dx
J 5 = ogelx

1

= logele| —log, |e2
1
= 1log. e —Eloge e
1
2
x+1 x 1 1
=—+-—=1+-
X X X x

The primitive of the function above is
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6b

6¢C

6d

6e

1
f(l +;)dx=x+loge|x|+C

x+3_x+3_1+3
5¢ 5x b5x 5 G5x

The primitive of the function above is

f(1+3)d Ty
5 5x) ¥ T 5T 08er

1-8x 1 8 1 8

9  9x 9x 9x 9

The primitive of the function above is

f(l 8)d = Dlogelxl —Sx+C
9 x = glogelx| —5x

3x%2 —2x 3x%? 2x 2

x2 x2  xZ x

The primitive of the function above is

2
f3—;dx= 3x — 2log.|x| + C

2x>+x—4 2x* x 4 4
= i ok 4+1--
X X X x X

The primitive of the function above is

4
j(2x+1—;>dx=x2+x—4loge|x|+C
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6f

7a

7b

7c

x*—x+2 x* «x N 2 1 N 2

— T — — — — x — — —
x? T x?2 x2 x2 x  x?

The primitive of the function above is

1 2 x3 2
f(x ——+ )dx—?—logelxl——+C

d
B — 2 _ =
Ix (x*—=9) =2x

The numerator is a derivative of the denominator.

Let f(x) =x%-9

f'(x)
f(x)

dx =log,.|f(x)| +C

2x )
fxz_gdx=loge|x -9|+C

d(3 2+x)=6x+1
P x“ 4+ x) = 6x

The numerator is a derivative of the denominator.

Let f(x) =3x%2 + x

UNCON

o) ) =log.|f(x)[ +C

j6x+1d —log,|3x% + x| + C
32 4 x X T 08elSXT + X

d .
a(x +x—-3)=2x+1

The numerator is a derivative of the denominator.

Letf(x) =x*+x—3
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f'(x)

170) dx = loge|f(x)| + C

2x +1 )
fmdx=loge|x +x—3|+C

7d
d (2+5 3x2) =5-6
Ix X x%) = X
The numerator is a derivative of the denominator.
Let f(x) = 2 + 5x — 3x?
f'(x)
dx =log,|f(x)| +C
f S T OX k= log,|2 + 5x — 3x2| + C
2 + 5x — 3x2 X T %8 X ox
7e

d
@(x2+6x—1)=2x+6=2(x+3)

The numerator is a derivative of the denominator, subjected to a factor of %
Let f(x) =x?+6x—1

f'(x)
f(x)

f x+ 3 d
x24+6x—1 x

1j 2x + 6

2) x2+6x—1

dx =log,.|f(x)| +C

dx

1
= Elogelx2 +6x—1|+C
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7f
o
a(le—3—2x2) =12—4x=4(3—-x)

The numerator is a derivative of the denominator, subjected to a factor of %
Let f(x) =x%2+6x—1
f'x)
f(x)
f 3—x d
12x —3— 222

_1f 4(3 — x)
1) 12x—3—2:2Y

dx =log.|f(x)| +C

1
= Jlog[12x =3 = 2x?| +C

d

— (A +e¥)=¢*

Tx ( )

The numerator is a derivative of the denominator
Letf(x) =1+e*

f'(x)
f(x)

dx =loge|f(x)[ +C

ex
f1+exdx=loge|1+ex|+C

It is unnecessary to use absolute sign here as 1 + e* is always positive.

7h
d
—(+e™*)=—e"*
72 )
The numerator is a derivative of the denominator, subjected to a factor of —1

Letf(x) =1+e7*

f'(x)
f(x)

dx =log.|f(x)|+C
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e—x
f 1+e™> dx

71

8a

8b

8c

_e_x
- _j 1 +e‘xdx

—log |1+ e7*|+C

d

—(e*+e*)=e*¥—e7*

dx

The numerator is a derivative of the denominator.
Letf(x) =e*+e™*

f'(x)
f(x)

dx =log.|f(x)| +C
e¥ —e ™
fmdx = logelex +e xl +C

The absolute value signs are not required because the answers to part g-i are
always positive, therefore are not affected by the absolute value signs.

1 1
fo_kdx =§loge|3x—k| +C

1 1
fmx—de —Elogelmx—ZI +C

P p
dx = =1 +ql+C=1 +ql+C
fpx+q x=2 0g.lpx + q 0g.|px + ql
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8d

9a

9b

sx —t

A A
j dx=;10ge|sx—t|+C

2
flx) =1 t7
f(x) =x+2log.|x| +C
Since f(1) =1,
1+ 2log.|1|+C =1
C=0
f(x) =x+ 2log,|x|
f(2) =2+ 2log,|2]

f'(x) = 2x+%

f(x) = x? +%loge|x| +C
Since f(1) = 2,

(D2 + —loge|1| +C=2
Cc=1

1
f(x) = x? +§10ge|x| +1

1 1
f(2) = (2)? +§10ge|2| +1=5 +§loge2
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9c
=3+
5
f(x)=3x+§10ge|2x—1|+C
Since f(1) =0,
5
3(1) +3loge[2(1) ~ 1 + € =0
Cc=-3
5
f(x)=3x+§10ge|2x—1|—3
5 5
F(2) = 3(2) +510g[2(2) ~ 1] =3 = 3+ log, 3
9d
’ — 2
f@ =645
15
f(x)=2x3+?loge|3x+2|+6
Since f(1) = 5log, 5,
2(1)3 4+ 51log,|3(1) + 2| + C = 5log, 5
C=-2
f(x) =2x3 + 5log,|3x + 2| — 2
£(2) = 2(2)® +5log,|3(2) + 2| —2 = 14 + 5log, 8
10a
x2+x+1 x2 x 1 1
ff)=———=—+-+t-=x+1+-
x X X x x

1 x?
f(x)=fx+1+;dx=7+x+loge|x|+6

(1)? 1
f(].) = T-I_ (1) + IOge(l) +C = 15

© Cambridge University Press 2019 184



Chapter 6 worked solutions — The exponential and logarithmic functions

C=12-1-1=0
=15 =

X2
f(x) = 7+ x + log,|x|

10b
2x3 —3x—4
g'(x) = v
2x3 3x 4
~ X2 x2 x2
. 3.4
- X x x2

4
= x2 — 3log,|x| +;+C

4
g(2) = (2)* — 3log, 2| ot C = —3log, 2

C=-2-4=-6

4
g(x) = x? — 3log,|x| +;—6

1

11a y' = ™
1
y = Zlogelxl +C

Sincex =e?,y=1

1 2
1=Zlogee +C
1 1
C=1—Z(2)logee=§

1 1
y= Zlogelxl +E

Wheny =0,
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11b

11c

© Cambridge University Press 2019

1 1
Zlogelxl +E =0

1
Zlogelxl = -

logelxl = -

|x| = e?

The curve meets the x-axis on the right-hand side of the origin at x = e~

, 2
Yy =

x+1
y =2logelx+1|+C
Whenx =0,y =1
1=2log,(0+1)+C
C=1-2log,1=1

y =2log.lx+1|+1

; _ 2x+5
x2+5x+4

Letu=x?>+5x+4

u' =2x+5

The numerator for y' is the derivative of its denominator.
ul
= f;dx =log.|u| + C

y =log.|x? +5x + 4|+ C

Atx=1,y=1

1=log.|(1)2+5(1)+4|+C

C=1-log,10

y =loge|x?+5x+4|+1—

= log, 10

y(0)

x*>+5x+4
41
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11d

11e

= log,

(0)?2 +5(0) + 4

10

=] 4-+1
_OgelO

or loge§+ 1

x x
y =2log.|x|+x+C
Atx=1,y=1
1=2log,|1|+1+C
C=0

y = 2log.|x| + x

Letx = 2,

y = 2log.|2| +2 =log, 4 + 2

P = &

1
f)==2+G

Atx=1,f'(x)=0

0= 240
1
C, =1
Fe=-2+1
X

f(x) = —log.|x| + x + C,

Atx=1,f(x) =3
3=—-log,1+1+C,
C2=2

f(x) = —log.lx| +x + 2

f(e)=—logee+e+2=—-14+e+2=e+1

+1
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12a  Letu=x3-5

u' = 3x?

ju’d — log, |u| + C
—dx = log,|u

3x? s
jxg_sdx=loge|x —5|+C

12b Letu=x*+x-5
u =4x3+1

f“ld — log, |u| + C
—dx = log,|u

4x3 +1 .
fmdx=loge|x +x—5|+C

12c  Letu = x* — 6x?

f“ld — log, |u| + C
—dx = log,[u

fx3—3xd

x* — 6x2 x
1f4x3—12x
4 — 6x2

dx

1
= Zlogelx4 —6x%| +C

12d  Letu = 5x* — 7x%> + 8
u' =20x3 — 14x

j”,d — log,|u| + C
—dx = log,|u

10x3 — 7x
S5x*—7x2+8 x
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1 20x3 — 14x
5x*—7x2+8 x

1
= Eloge|5x4 —7x*2+8|+C

12e Letu=x3—x

u' =3x?-1
f”ld — log, |u| + C
—dx = log,|u
33x2 -1
f 3 dx
, x3—x
= [log|x® — x|13
=log,|33% — 3| —log,|23 — 2|

= log,.|24| — log,|6|

= log, 4
=2log, 2

12f  Letu = x% 4+ 2x

u =2x+2

f”ld — log,[u| + C
—dx = log,u

fze 2x +2 p
e X2+ 2x &

= [loge|x* + 2x|]2°

= log,|4e? + 4e| — log,|e? + 2e|
1 4e? + 4e
~ %8e\ ez 20
4(e+1)
%812
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13ai y=xlog, x—x
. d
Applying the product rule on d—(x log, X):
X
Let u=X and v =log, X

Then u'=1 and Vv’ :1.
X

—(uv)=wu'+uv’

dx
~(log. @)+ (1) 5

X
=log, x+1

d
"=log, x+1-—(x
y'=log, )
=log, x+1-1
=log, x

So y'=log, x

13aii From part (i), (xloge x—x) = log, x
dx

Reversing this to give a primitive we obtain:

Iloge x dx = xlog, Xx—x+C for some constant C

Reversing this to give a primitive we obtain:

I log, x dx =[xlog, x—x]
%

—e—e—|+Jexlo e%—\/E
(ot i)
e

So Ilogexdx:g.
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13bi

y =2x"log, X — X

Applying the product rule on di(Zx2 log, x) :
X

Let u=2x* and v = log, X

Then u’ =4x and v':l.
X

—(uv)=wu'+uv’

= (log, X)(4X)+(2X2)Gj

=4xlog, X+ 2x

, d
y' = 4xlog, x+2x—&(x2)

=4xlog, X+ 2Xx—2X
=4xlog, X

So y'=4xlog, X.

13bii From part (i), di(sz log, X—xz) =4xlog, x.
X

Reversing this to give a primitive we obtain:

%j4xloge X dx=%(2x2 log, x—x°)

1 1
So | xlog. x dx==x?log. x—=x*>+C
J‘ ge 2 ge 4

2

2
1 1
xlog. x dx =| =x%lo x——xz}
! g, {2 0. x—

e

=(2log, 2—1)—6e2 _lez)

4
1
=2log. 2-1-=¢°
g, 2

2

2
So J‘xloge X dx:2IogGZ—1—%.
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13c  Let y=(log, x)’.
Applying the chain rule:

Let u=log, x and so y =U®.

Hence d_u = i and ﬂ =
dx x du
dy _ dy du
dx du dx
2
=—log, x
X
So dy _2log, x
dx X

Reversing this to give a primitive we obtain:

Je e
{5 g1, ]
23 2

X Ve

13d  Let y=In(Inx).
Applying the chain rule:

Let u=Inx andso y=Inu.

Henced—u=£andﬂ=l.
dx x du u
dy _ dy du
dx du dx
1
xInx
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a
14a Given I
1

14b

o1

From above, i(In (In x)) =

Reversing this to give a primitive we obtain:

J

dx  xInx

dx

xIn x

< | =

£1 a

Jl‘;dx=[ln|x|]1
=Ina

Ina=5=a=¢

So a=¢’.

dx=5and a>0

< |~

I
|

dx=|:ln|x|]:1

X | =

=1-Ina

1-lna=5
Ina=-4
a=e*

So a=¢e".

© Cambridge University Press 2019

dx=5and a>0.

xInx

1 dx=1In (In x) +C for some constant C
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14c

14d

15a

© Cambridge University Press 2019

711
J.;dx=—2 and a<0

a

1 ]
!;dx =[In |x|]a

=—In|a]
—In|a]=-
In|a| =
la] =
a=+e?

So a=-e*as a<0.

j%dx:—Z and a<0

t1 a
:[;dx =[x ],

=In|aj—In|—e|
=Inlaj-1
In|a|-1=-2
In|a|=—
laj=¢"
a=zxe"

Soa=-e"as a<0.

If we observe the numeration and denominator of the above integral, we can say

that the integral is of the form [ u;’ du

Hence, the value of the integral will be log |[e* + 1| + C
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15b

15c¢

16

xeX = ex+logex
LHS = xe*
— elogex x e¥
— ex+logex

= RHS

Hence, [ xe* dx = [ e**198eX dx

=x=1e*+C

The key to all this is that log, |5x| = log, 5+log, |x| and so log, |x| and log, [5X|
differ only by a constant log, 5

Thus C, =C, —% log, 5

As C, and C, are arbitrary constants, it does not matter at all.

In particular, in a definite integral, adding a constant does not change the answer
because it cancels out when we take F(b)—F(a).
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17

18a

y' ==

[y'dx =log,x+C

Since x # 0, we have two cases where x < 0andx >0

When x > 0,

Letx =1,y =1,

1=log,1+C
1=0+C
c=1
When x < 0,

Letx = -1,y =2,

Since log, x cannot have negative values, let y = log,(—x) + C

2=1log,1+C
2=0+C
C=2
Hence,

_ {loge(—x) + 2, forx <0,
| log,x+1, forx >0

The sum of the sequence on the LHS is a geometric progression with first term = 1
and the total number of terms as 2n + 1. The geometric ratio is —t

Hence, the sum is:

o 1x (1—(—t2"+1))
1+t
(1+(e21)) 1 g

=N =
1+t 1+t 1+t
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18b Integrating both the sides of the equation in question 18a, we get:

18c

D JoA—t+t2— - +t?M)dt = fo"l%tdt+ fo”?:dt
x2 x3 x2n+1
= (x—O)—(7—0)+(?—0)—---..+(2n+1—0)=(log|1+x|—log1)+
xt2n+1
fO 1+t dt

Asx > —1,1 + x > 0. Hence, the absolute sign is unnecessary.

x2n+1 x t2n+1

- dt
2n+1 Y0 1+t

2 3
= log(1+x)=x—x7+x?—---.+

Itisgiventhat0 <t < 1.Hence, 1 <1+t <2

2n+1

< t?"*1 35 the denominator is more than 1

t
Therefore,
1+t

As the above inequality holds true, we integrate both the sides.

x t2n+1 x
= dt < [~ t?"+idt
0 1+t - fO
x t2n+1 x2n+2
= <
0 1+t 2n+2

As 0 < x < 1andn — oo, the RHS of the inequality tends to 0

t21’l+1

dt <0

Hence, [ Ox

1+t

But, the LHS integral can never be negativeasx > 0and t > 0

t21’l+1

Hence, | Ox dt converges to 0

1+t

Now, lets consider the equation we had got in 18b,

x2n+1 x t2n+1

I:>1 1 xZ x3
ogl+x) =x—S+7 -+ ) T

As the last term converges to 0 as n tends to infinity, we can say that,

= log(1+x)=x—xz—z+§—---.

18di Substituting x = %in the equation, we get log% = 0.41.

i —q1 -1y 1.
18dii log,2 =1 Sttt
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18e  The series will be:

3 EPAY: 2 2 3
> log(l-x) = () -+ L O = T 4T 4

3 4

Hence, loge 3= —0.69

18f LHS=logﬂ=10g(1+x)—10g(1—x)

3 4— 2 3
LHS—[x——+x———+ B CR R )
LHS=2[x+"—+"—+~-...]=RHs

3 5

Putting x = %, we getlog, 3 = 1.0986

© Cambridge University Press 2019
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Solutions to Exercise 6J

€1
.[ —dx
1 X
= [In]x|]§

=lne—1In1l

1la

=1-0

= 1 square unit

1b

Based on the diagram above, the 100 square mark occurs at approximately 2.7.

2i

51
f—dx
1x

= [In|x|]}
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2ii

2iii

3a

© Cambridge University Press 2019

=In5-In1l
= In 5 square units

= 1.609 square units

The area between the curve is calculated as the definite integral.

e? 1
j —dx
e X

= [In|x|]¢"
=Ine? —Ine
=2-1

= 1 square unit

81
] —dx

5 X
= [In|x|]%
=In8—1In2
=In4

= 2In 2 square units

= 1.386 square units

31
j—dx
, X

= [In]x|]3

= (In3 —In 2) square units
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3b

43

4b

21
j—dx
1 x
2

= [In|x|]3
2

=In2 l1
=In n;

=In2—-(—=1In2)

= 2In 2 square units

1 1 d
fo 3x+2 "

1 1
= [—ln|3x + 2|]
3 0

1 1
= 3In[3(1) +2| - 31n[3(0) +2|

= %(ln 5 — In 2) square units

= 0.3054 square units

]e3+1 3 d
n X —1 )

= [3In|x — 1]]¢’*?

=31In|(e? + 1) — 1] — 3In|(2) — 1

=3(lne®—1n1)
=O9lne

= 9 square units
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4c
21
j—+xdx
1 x
2
x2]
=1 -
In|x|+ 2R
1 2
(2 + 2 |1|+(7)
=\ 2 21T
1
=ln2+2+ln2—§
:(21n2+§) square units
4d

31
f —+x%dx
L X

3 3
= |In|x| + Al
3

1
33
= (1n|3| +?> (lnlll + )

—In3+ L
n33

= (ln 3+8 5) square units

5a

3 3
j 3——dx
L X
= [3x — 3In|x|]3
= (3(3) —31In|3]) — (3(1) — 31In|1|)
=9—-3In3—-3+0

= (6 — 31n 3) square units
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5b
3 1
fZ——dx
1 X
= [2x — In|x|]}
= (2(3) — In|3]) — (2(1) — In|1])
—ln3—-2+4+0
= (4 — In 3) square units
6a
4 2 41
f(Z——)dx—f —(x—1)dx
1 x 12
_f“( 2 x+1)d
-\ TxT2T )™
_f4(5 2 x)d
B AAVIR Y
5x 21"
[7—21n|x|
1
(4) (4)? 5(1) (1)?
—(T—Zl 4| — ) = —2In|1| — 2
=10—2Iln4 -4 5+O+1
= n 2 4
= (14—5—21n4) square units
6b

Rearrange x + 2y — 5 = 0 to become y = S5x

2
45— x 42

j dx—j —dx
1 2 1 X
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[t

_ (@_@_21 |4|> (5(1)—@—21n|1|)

2 4 2 4

—10—4—2m4—2+140
= NEToTy

= (14—5 —21In 4) square units

7a

= [21n]x|]]
= (2In]2]) - (2In[1])

= 21In 2 square units

7b

fo (1 —L) dx

1 x+2

=[x — In|x + 2[1%,

= (0 —In|0+2|) = ((-1) = In|(—1) + 2])
=0-In2+1+1In1

= (1 — In 2) square units

8a

4 1
jl (0 _ (_;)) ix
= [In|x|]}
= (In|4]) — (In[1])
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=ln4—-1In1l

= In 4 square units

8b
3 3
[(o-(-3))ar
1 X
= [3x — 3In|x|]3
= (3(3) —3In|3|) — (3(1) — 31In|1])
=9—-3In3-3-3In1
= (6 — 31In 3) square units
9a
11 2 1
](——1)dx+f O—(——l) dx
1 \x 1 X
2
= [In|x| — x]1 + [x — In|x|]?
2
1 1
_ [(lnlll —1)- (1n |§| _E)] +[2=1n2]) = 1 —1In]1]]
1 1
=0—-1-In=+=-+4+2—-In2-1+1In1
2 2
1
=0—1+§+2—1+1n2—1n2+1n1
= % square units
9b

2 2 3 2

j0—1+—dx+j 1——dx

1 x 2 x

= [2In|x| — x]? + [x — 2In|x|]3

=[(2In|2] —2) = (2In|1] = 1)] + [(3 — 2In]|3]) — (2 — 21n|2])]
=2In2-2-2In1+14+3—-2In3—-2+2In2

=1-2+3-2+2In2-2In1-2In3+2In2
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10a

10b

11a

=2ln4—-2In3

4 .
=2 lng square units

—2
~=ry
—"‘“‘-ﬁ——__._,________ﬁ___
1] 1 4 6 7 9
8 4
J 1——dx
4 X
= [x — 4In|x|]}
= (8 —41n|8]) — (4 —41nl4]|)
=4—-4x%x3In2+4%x2In2
=4—12In2+8In2
=4—4In2
= 4(1 — In 2) square units
First, solve the equations simultaneously to determine the intersection point.
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11b

1 = 4x — 3x?
3x2 —4x+1=0
Bx—-1Dx-1)=0

x—3,x—

Whenx=§,y=%=3
3

Whenx=1,y=%=1

The intersection points are G, 3) ,(1,1)

Given that there are only two intersection points, we only need to determine
. . . 1 .
which curve lies above the other, pick a value of xe (E’ 1) between the points of

intersection.

Try x = %, let f(x) = i,g(x) =4—-3x

(B)-2o)-1-30)-
Asg( ) > f( )the line g(x) lies above f(x)

The integral required to determine the area between the curves is

1 1
f 4 —3x ——dx
1 X

3

3 1

_ P U

= [4x 2x lnlxIL
3

< (s Zor )~ (5() -3 -l

S g 2 L
—%73 3763

= G —In 3) square units
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12a Letu=x%+1
u' = 2x

Given the standard form | u:dx =lInu|+C

2 x p
,fox2+1 *
_112 2x
C2)y x2+1

1 2
= [Elnlx2 + 1|]0

= (%1n|(2)2 + 1|) - (%1n|(0)2 + 1|)

—115 1l 1
=3In >1n

1 .
= Eln 5 square units

12b Letu =x%+2x+3

u =2x+2

Given the standard form | %dx =Infu|+C

fl x+1 p
0x2+2x+3x
_1f1 2x + 2
2Jy x2+2x+3

1 1
= [—lnlx2 + 2x + 3|]
2 0

= (32 + 21) +31) — (5 1n1(0)? +2(0) + 31)

—116 113
=3n >1n

1 .
= Eln 2 square units
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13a

yh

13b The appropriate integral is a sum of integrals from x = 0tox = 1 and fromx = 1
tox =e.

1 61
fxdx+f —dx
0 1 X
x2]*
= [7] + [In|x|]%
0

12 0?2
= (7— 7) + (Inle| — In|1])

—1+1
2

1 A
=1 > Square units

14a Four subintervals require 5 function values between 1 < x < 5
Atx=1,y=1In1=0
Atx =2,y =1In2
Atx =3,y =1In3
Atx =4,y =In4 =2In2
Atx =5,y =1In5
Dimensions of trapezoid 1:

a,=y(1)=0
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by =y(2)=1In2

h=2-1=1

Area of trapezoid 1, A; = %(al + by)(hy) = %(0 +1n2)(1) = %ln 2
Dimensions of trapezoid 2:

a, =y(2)=In2

b, =y(3) =1In3

h,=3-2=1

Area of trapezoid 1, 4, = %(az + b,)(h,) = %(ln 2+1In3)(1) = %ln 6
Dimensions of trapezoid 3:

a; =y(3)=1In3

b; =y(4) =In4

hy=4-3=1

Area of trapezoid 1, A; = %(a3 + b3)(h3) = %(ln 3+1In4)(1) = %ln 12
Dimensions of trapezoid 4:

a, =y(4) =In4

b, =y(5) =In5

hy,=5-4=1

Area of trapezoid 1, A, = %(a4 + b,)(hy) = %(1n4 +1In5)(1) = %ln 20

Total area of trapezoids, A; + A, + A3z + A,

—11 2+11 6+11 12+1l 20
=gln >in >1n >1n

1
= E(ln(z X 6% 12 x 20))

—11 2880

= 3.928 square units
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14b Letu =xand v =log, x
ThenZ=1andZ =1
dx dx x
d 1
d—z= (logexx1)+(xx;)

=log,x+1

=lnx+1

flslnxdx = flslnx+ 1-1dx
= flslnx+ 1 dx—flsl dx
= [xloge x — x]3
=5log,5—-5-(0—-1)
=5log,5—4

= 4.0472 square units
14c The estimate is less. The curve is concave down, so the chords are below the curve.

152 4x=2Q2x+1)-2
LHS=4x+2-2

=202x)+2-2
=22x+1)-2
= RHS
4

15b Y= inl

1 4x 12(2x+1)-2
[P gy = [rRED2 5,
0 2x+1 0 2x+1

dx

_fl 2(2x+1) 2
“Jo 2x+1 2x+1

= [Zx - %loge(Zx + 1)]2
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= [2x —log.(2x + 1)]}
—log,3—-(0—0)

—log, 3 u?

16a £=x2—6x+11
6=x3—6x%+11x
x3—6x2+11x—6=0
(x—1Dx?*—-5x+6)=0
x—1Dx-2)(x-3)=0

16b

16¢ Area=ffxz—6x+11—§dx+f23§—x2+6x—11dx
1.3 2 2 1.3 2 3
=[§x —3x +11x—6logex]1+[6logex—§x + 3x —11x]2
=§—3(4)+11(2)—6logez—(§—3+11—0)+6loge3—§+3(9)
8
-11(3) — <6loge 2—=+304) - 11(2))

3
=2—06log,2+6log,3 + 6log, 2

= (2 —6log, g) square units
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17a

17b

18a

18b

The upper rectangle will have a height of i and the lower rectangle will have a

27’1

Hence, the actual area will lie between the area of the lower rectangle and the
upper rectangle.

2n+1 —_n 2ntl 1 2n+1 —_n
2n+1 < fzn ;dx < n

1 27’l+1

=< f —-dx <1

2 X

flznidx =In2"—-Inl=nln2

Therefore, the integral will tend to co asn — oo

Consider the curves y=6e* and y=¢" —1.

The X-coordinate of the intersection point of these two curves satisfies the
equation e —1=6e".

Multiplying both sides by €* we obtain e* —e* =6.

2
Let u=e¢”* and given that e = (ex) :

(eﬂz—eV—G:O
So U —u-6=0.
u?-u—-6=0

(u-3)(u+2)=0
u=-2,3

Soe*=-2 ore*=3.
log, (—2) does not exist
Hence x=1In3.

Substituting x=In3 into y =€" -1 we obtain y=2.
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18c

}*}'

-y

In3

In3

18d  The area of the shaded region is given Area = J. (top curve —bottom curve) dx.
0

In3

.[ (Ge"‘ _(ex —1))dx = [_ee—x et X]Lns

0
=(-2-3+In3)—(-6-1+0)
=2+In3

So the area of the shaded region is (2+In3) square units.

-1
19a The required area is given by I(% +1J dx.

:J':(%dex :[In|x|+ x]:
=(0-1)—(1-e)
=e-2

So the required area is (e —2) square units.

19b  In this region the sign of y is negative so

_p—1
the required area is given by — f_le G + 1) dx.

[ (E+1) ax
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= [In|x| + x]=¢"
=(ne'—e1H)—-(n1-1)
=—1-e1-0+1

=—e

So the required area is €™ square units.

19¢  Therequired area is given by (e—2)+ e’ or (e -2+ e‘l) square units.

1

20 th/;dx

Letu = vx and du = —dx, dx = 2u du
2Vx

1 2
Hence, [ ——= dx = fuzzu du
= ZfEdu

=2log,(u+1)+C
=2log,(WVx+1)+¢C

21a  The derivatives of both the equations have been solved below:

d(log(x+Vx2+a?)) 1 % d((x+VxZ+a?))
dx " x+VxZ+a? dx
d(log(x+Vx2+a?)) 1 2x
dx T x+VxZ+a? X [1 + 2Vx2+a2]
d(log(x +Vx2 +a?)) 1

Now we calculate the other derivative:

d(log(x + Vx% — a?)) B 1 d((x +Vx2 — a?))
dx TtV @ dx
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21bi

21bii

22a

22b

d(log(x + Vx% — a?)) B o [1 N 2x ]
dx x +Vx2 —a? 2Vx? —a?
d(log(x +Vx2 —a?)) 1
dx C xZ — g2

Substituting the value of a = 1 in the equation above, we take the definite
integral of the derivative obtained in 21a to find the value:

1
1
= log(1+V1+1)— log1l= log(1++?2
| == )~ log1 = log(1 +v2)

Substituting the value of a = 4 in the equation in 21a, we take the definite
integral of the derivative obtained in 21a to find the value:

8 1
| ==
= log(8 + V64 — 16) — log(4 + V16 — 16)
= log(2 +V3) + log4 — log 4
= log(2 + v3)

The height of the upper rectangle is % and the height of the lower rectangle is ﬁ

The width of both the rectangles is 1 unit. Hence, the actual area obtained from
the integral of the function given will lie between the area of the lower and upper
rectangle. Hence,

1 n+11 1
<J —dx < —
X

Expanding the above inequality, we get:

1 1
—<ln(n+1)—lnn<g

n+1

1 n+1 1
<1n( )<—

n+1 n n

Multiplying the inequality by ‘n’, we get:
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" (143 <1
n+1 nin( n)

" 4+ <1
n+1 n( n)

22c  lim (1 + %)n

n—-oo

n
= l]m eln(1+%)

n—-oo

1
= lim enln(1+ﬁ)

n—-oo

1
1n(1+ﬁ)
1
= lime n
n—oo

Applying L’Hopital rule, we get:

Jim (%))

1
= e 1ty

224 lim (1+ ﬁ)n

= lime n
n—->oco

Applying L’Hopital rule, we get:

1im((5)(=n")

t
1+ﬁ

e
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23ai

23aii

23aiii

23b

23c

ABCO can be considered as the upper rectangle. The area of the curve will
always be greater than 0 as the graph lies above the x axis.

Hence, the inequality will go as:

Vaq
0< j ?dt < area of ABCO
1

The width of ABCO is v/x and height is 1.

Hence, expanding the inequality above, we get:
0 <Invx <vx
Multiplying the inequality by z, we get:

Inx 2

X Ax

Note that the sign of the inequality did not change as x > 1.

L’Hopital rule can be directly used on lim Tx
X—00
lim 1
X—00 — 0
X

1

In=
lim & = 11m ( —ulnu)
u—-0+ b u-

L’Hopital rule can be applied directly. We get:

Jim (=3)/

We know that llr(r)l xInx = 0. Substituting x = e%, we get lim ue"
x—0+ Uu——00

We have to note that the limit changes from x — 0 + to u » —oo to keep the
original limit valid.
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Hence, lim ue* =0

u—->—oo

23d  We know that lim 2% = 0. Substituting x = e%, we get lim ue ™ after simple

xXx—>o0o X u—- 0o

transformation.

Hence, lim ue ™ =0

u—->o
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Solutions to Exercise 6K

Let C be a constant.

1la

1b

1c

1d

2a

log, 3

= 1.58
log, 2

log, 3 =

Since log, 3 = 1.58, 2158 = 2.99, which approximates to 3

log, 10
log, 2

log, 10 = = 3.32

Since log, 10 = 3.32,2332 = 9,99, which approximates to 10

Since logs 26 = 2.02,52%%2 = 25.82, which approximates to 26

log, 0.0047
log; 0.0047 = ————— = —4.88
log, 3

Since log; 0.0047 = —4.88,37*88 = 0.004 695, which approximates to 0.0047

o _log. x
y =log; x _logeZ
Since L is a constant,
loge 2
1 ><
_ 1 1
x loge
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1
xlog, 2

2b

log, x
log, 10

y =logiox =

Since

is a constant,
loge 10

y' (loge x) X

" dx
1 1
x loge 10

B 1
~ xlog, 10

log, 10

2C

3a Standard form % log, x =

xlogea
y = logs x
, 1
Y = Xlog, 3
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3b Standard form % log, x =

xlogea
y = 10g7 X
, 1
Y T log, 7
d
3c  Standard form ——log, x = xlog, a
y = 5logg x
) d
y = Salog6x
3 5
xlog, 6
4a y=3%
= (el()ge3)x
— exloge3

!

y' = e*loge3 :—x (x log, 3) by the chain rule

= e*108¢3 Jog, 3

= 3*log, 3

4b y=4*
— (eloge4-)x
— exloge4
y' = e*108e4 ;—x (xlog, 4) by the chain rule

— pxloge4
= e*'%8e* Jog, 4

= 4*log, 4
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4c y=2%
— (elogez)x
— exlogez
y' = eXl082 % (xlog, 2) by the chain rule

= e*108¢2 Jog, 2

= 2¥log, 2

5a Standard form:
aa" =a*log, a
y = 10*
y' =10*log, 10

5b Standard form:

—a* =a*log, a

dx
y=8"
y' =8%*log, 8

5c¢ Standard form:

aa"za"logea
y =3 x5%

y" = 3(5%log, 5)

6a

fzxdx=fex1°gezdx

Integrate by substitution.

Letu = xlogeZ,Z—: = log, 2 so du = log, 2 dx
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.[ exloge 2 dx

1
~ log, 2

L [eva
~ log, 2 ¢ o

.[ e*108e2]og, 2 dx

= X u
Tog. 2 e“+C

exlogez

- log, 2 +e
2x
= C
log, 2 *

6b

f6xdx=fexl°ge6dx

Integrate by substitution.
Letu = xlog, 6,3—; = log, 6 so du = log, 6 dx
jexlogeﬁ dx

_ 1
~log, 6

L [era
" log, 6 N

f e*108e6 ]og 6 dx

= )(u
Tog, 6 e“*+C

exloge6

- log, 6
6x
- log, 6 +e
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6cC

f7xdx=fex1°ge7dx

Integrate by substitution.

Letu = xloge7,2—z = log, 7 so du = log, 7 dx

.[ exloge 7 dx

1
~log, 7

L
~log, 7 ¢ au

xXet+C

f e*108e7 og, 7 dx

- log, 7

exloge 7

+C

- log, 7
7x

= +C
log, 7

6d

f3xdx=fex1°ge3dx

Integrate by substitution.

Letu = xlogQB,% = log, 3 so du = log, 3 dx

f exloge 3 dx

_ 1
~log, 3

__1 fud
“log,3) ¢ ™

Xet+C

f e*1083 1og, 3 dx

- log, 3
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7a

7b

exloge 3

= C
log, 3 *

3x
- log, 3

Standard form:

ax
faxdx= +C

B 21 20

~ log, 2 loge 2
2—-1
log, 2

log, 2
= 1.443

Standard form:

log, a

1
f 3*dx

0

loge ]

B 3! 30
~log, 3 loge 3
_3-1
~log, 3
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_ 2
" log, 3

= 1.820

7c  Standard form:

5! 571
- log, 5 - log, 5
1
log, 5
24
__5
log, 5
24
" 5log, 5

= 2.982

7d  Standard form:

ax
f a*dx = +C
log, a

2
j 4% dx
0

loge 41,
B 42 40
" log. 4 log, 4
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_16-1
~ log, 4
15
~ log, 4
= 10.82
8a
x 1 - 1 2 4
4
2 1
log, x l:)g_222 l_og_212 log,1=0 | log;2=1 | log,2%2=2
log, 272 log, 271 log, 22
log, 2
log, x =—2log,2 | =—1log,2 | log,1=0 = 2log, 2
= 0.69
=-1.39 = —0.69 = 1.39
1 1
log, 42 log, 42
log, 4~
1 1 log, 4
log, x = —log, = —51084 log,1=0 | = 51084 4
=1
=—1 a 1 _ 1
2 2
8b
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9a

9b

Oci

y = log, x

, 1
Y =% log, 2
The tangent of the gradient to the curveatx = 1is y’' = oa. 2
Let the equation of the tangent be f(x) = mx + b,m = Tog.2
Atx=1,y=1log,1=0
The tangent passes through the point (1, 0).

1) = +b=0
f log. 2

B 1

~ log, 2

1

Equation of tangent, f(x) = log 2 " Ton.z log > (x—1)
y = logz x

, 1
Y= xlog, 3
The tangent of the gradient to the curveatx = 1is y' = og. 3
Let the equation of the tangent be f(x) = mx + b,m = oa.3

Atx=1,y=logz31=0

The tangent passes through the point (1, 0).

(1) =loge3+b=0
_ 1
~ log, 3
Equation of tangent, f(x) = LE—— (x—1)

log 3 loge3 - loge 3
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9cii y =logsx
1
xlog, 5

y =
The tangent of the gradient to the curveatx = 1is y’' =

Let the equation of the tangent be f(x) = mx + b, m =

Atx=1,y=1logs1=0

The tangent passes through the point (1, 0).

f() = +b=0

log, 5

1
log, 5

1
log 5 loge 5 loge

(x—1)

Equation of tangent, f(x) =

10a
3
f 2% dx
1

loge 2],

B 23 21
" log,2 log, 2
_8-2

~ log, 2
6

" log, 2

= 8.6562
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10b

10c

11a

1
.[ 3*+1dx
-1

3% 1

- log, 3 * x]

-1

31 3-1
= 1 —_
(loge 3 + ) (loge 3

2
f (10* — 10x) dx
0

10* 2
— sz]

~ llog, 10 .

[ 10? 5 ()2 10
~ \log, 10 @ log, 10

_100-1
~ log, 10

99
" log, 10

= 22.9952

loge
loge 10

1 d
log, 10 dx

= logiox

!

y:

log, x
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11b

11c

12a

, 1
Y = Xlog, 10
At (10, 1),

, 1
Y = 10log, 10

Let the equation of the tangentbe y = mx + b,m =

10loge 10

The tangent passes through the point (10, 1).

= 10 +b=1
Y= T10log,10 " ° 7~
b= 10 _q 1

10log, 10 ~ log, 10
. X 1
Equation of tangent, y = ToTog. 10 +1- oe, B
Rearranging gives:
* +1 =0
101og, 10 log,10 2~
x —10ylog, 10 + 10log, 10 —10 =0
The tangent has a gradient of 1 when y’ =1
1 —

xlog, 10

1

~ log, 10
Fory =log, x

, 1
Y =% log, 2
Atx=3,y=1log, 3,y = 3Tog. 2
Let the equation of the tangentbe y = mx + b,m = 3101g >
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log, 3 =3 log, 2 +b

1 log,3-1
log,2  log,2

b =log,3

Equation of tangentto y = log, x at x = 3 is

x log,3—1

y=3log62+ log, 2

1 /x
y—10g62(§+10g63—1)
Fory =log, x
, 1
Y =3

Atx =3,y =1log.3,y’ =%

Let the equation of the tangentbe y = mx + b,m = é

3
loge3=§+b
b=log,3—-1

Equation of tangent to y = log, x atx = 3 is

X
y=§+10g33—1

Fory =log, x
, 1
Y = Xlog, 4

Atx =3,y =log,3,y' = 310, %

Let the equation of the tangentbe y = mx + b,m = !

log, 3 =
084 3log. 4

1 log.3-1
log,4  log, 4

b =log,3

Equation of tangentto y = log, x at x = 3 is
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x log,3—1

y=310ge4+ log, 4

y = ( +log63—1)

log, 4

12b Check when y = 0 for each curve.

1
Fory = log62(§+10g63 - 1),
X
= —+log,3—1
10g62(3+ 08e )
x=3—3log, 3

Fory=§+loge3—1,

X
0=§+loge3—1

x=3-—3log,3
1
Fory = 10gel}(§+log63 - 1),
1 /x
_loge4(§+log33_1)
x =3 —3log, 3

All derived tangents above meet at (3 — 3log, 3, 0).

13a Atx =0,
y=2°=1
y=1+2(0)—-(0)>=1
Atx =1,
y=21=2
y=1+2(1)—12=2
Therefore, bothy = 2* and y = 1 + 2x — x? intersect at points A(0, 1) and B(1, 2).
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13b

14

The area shaded is defined by the definite integral:

1
] (14 2x —x%2—=2%)dx
0

=[x+x°———

3 log.2 o
21 03 20
=(1 12———— 0402 —— —
( * log, 2) ( { 3 log, 2)
~(1+1-3- 15 0) (i)
B log, 2 log, 2
- (1 . ) it
=137 og. 2 square units
x-intercept,y = 0 = 8 — 2%
2* =8
x = log, 8
x =log,2%3 =3

y-intercept, x = 0,
y=8-20=7
Intercepts are: (0, 7), (3, 0)

The area under the curve bounded by the coordinate axes is
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f:(B —2%)dx

=[B)C_logez 0
8(3 2 8(0 2
B ()_logeZ B ()_logez
8 1
=24 —

log, 2 * log, 2

7
= (24 - Tog, 2) square units

15a
VA
'\3 *********************
2}
>
1y, =
15b
J(3—3x)dx
[x loge]
1 3 3(0 3°
(()_oge?») <()_10ge3>
3 1

B log, 3 * log, 3
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16a

16b

16¢

2 .
= (3 - ) square units
loge 3

First find the y-intercept.
Atx=0,y=4"=1y=0+1=1

N|R

Atx = —

Yy =4

NIH

1 1 1
=yy=tl=;

S
NIHl =

Bothy = 4* and y = x + 1 intersect at y-intercept (0, 1) and the point (—%, %)

Determine which of the curves lies above the other, between the interval [— %, O]

1
Choose x = — "

= —=07071
V2

- i1=2=075> 07071
YETRT TR '

y = x + 1lislocated above y = 4* over the interval of (—%, 0).

The integral which defines the area of the enclosed region is:

0
jl(x+1—4x)dx

[%0c+1—4%) dx
2

0
[_ loge l _1
2

1 1
B 02+O 40 (—7) +( 1) 472
2 log, 4 2 2) log, 4
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3 1
8 2log,4

17a  y=log, x

dy 1
dx xlog,3
So the tangent at A(e,log, e) has gradient
8 (e.log, e) has g elog, 3
I 1
Using change of base, log, e = 00.c__ -
log,3 log,3
The tangent is y — t ! (x—e).
log,3 elog,3
X 1 1
y= - +
elog,3 log,3 log,3
X
elog, 3

This tangent has gradient and passes through the origin.

e

17b  y=log, x

dy 1
dx xlog,5

So the tangent at A(e,log. e) has gradient
8 (e.logs €) 8 elog, 5

log.e 1
log,5 log,5

Using change of base, log. e =

The tangent is y — t __ 1 (x—e).
log.5 elog,5
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17c

18a

X 1 1
y= - +
elog,5 log,5 log,5
X
elog, 5

This tangent has gradient and passes through the origin.

e

y =log, X
d_y_ 1
dx xlog, a

So the tangent at A(e,log, e) has gradient

elog, a
log. e 1
Using change of base, log, e = 109. € _
log.a log,a
; 1
The tangentis y— - (X—e).
log,a elog,a
X 1 1
- - +
elog,a log,a log,a
X
elog, a

This tangent has gradient and passes through the origin.

g.a

e

Let y = xlog, x—x.
. d
Applying the product rule on d—(x log, x):
X
Letu=X and v=

log, x

Then u’'=1 and V' =1.
X
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&(uv)zvu#uv’

1

— (log, x)(1)+(x)(—

X
=log, x+1

y'=log x+1—i(x)
) dx

=log, x+1-1
=log, X

So y'=log, X.

From above, di(XIOge x—x)=log, x
X

Reversing this to give a primitive we obtain:

.[Ioge x dx = xlog, Xx—x+C for some constant C

18b .[Ioge X dx = xlog, x—x+C for some constant C.

Using log, x = log, x
log, a

e

10 10 IO X
jlog10 X dx= J'Ide
1 , log. 10

B log, 10
~log, 10
=10- Iogge 10
B 9
So _l[loglo X dx=10- l0g,10°

© Cambridge University Press 2019
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(10log,10-10—-(0-1))
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19ai y=log, x

d
Using —Ioga(mx+b)=L with a=3,m=1and b=0 we
dx (mx+b)log, a

d
obtain —log, x =
X 0

xlog, 3
So y'= .
y xlog, 3
19aii y=log, (2x+3)
. d m .
Using — log, (mx+b)=—————— with a=7,m=2 and b=3 we
dx (mx+b)log, a

N

d
in Zlog, (2x+3)=—=
obtain ™ 09, (2x+3) (2x+3)i0g.7

S0 Y :(2x+3)loge7

19aiii y =5log, (4—9x)

d m
ing —| b)=— " witha=6m=-9 _
Using 0g, (mx+b) (mx+b)logeaWIt a=6,m and b=4 we
d 45
in 5x—log, (4-9x)=—— >
obtain S 09, (4-9%) (4-9x)log, 6
So y'=— 45
(4-9x)log, 6
19bi y=10"

Using diam"+b =ma™*"® log, a with a=10,m=1 and b=0 we
X

obtain i10X =10"log, 10.
dx
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So y’ =10" log, 10.

19bii y=8""

Using dia"“*b =ma™" log, a with a=8,m=4 and b=-3 we
X

obtain 8% — 4+ log, 8.
dx

So y'=4x8""log, 8

19biii y=3x5""

Using diam"*b =ma™" log, a with a=5m=-7 and b=2 we
X

obtain axdisz—” =3x—7x5""log,5
X

So y'=-21x5""*log, 5.

mx-+b

19ci Using Iamx+bdX= +C with a=3,m=5 and b =0 we obtain:

mlog, a
35X
5log, 3

+C for some constant C.

j35xdx =

mx-+b

19cii Using Iamx+bdx = +C with a=6,m=2 and b=7 we obtain:

mlog, a

2X+7

j62x+7 dx = +C for some constant C.

2log, 6
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19ciii Using [a™ " dx=

20a

20b

20c

20d

mx-+b

+C with a=7,m=-9 and b=4 we obtain:

mlog, a
7974X
ISx 75 dx = — Ox +C for some constant C.
9log, 7
Lety = a*,
y = eXlogea — pkx

Lety = log, x,
__logex _ 1
" logea kloge x

The functions y = a* and y = log,, x are inverse, so they are symmetric in the
line y = x. The common tangent is therefore the line y = x, which has gradient 1.
(This argument would be invalid if there were more than one intersection point.)

Lety =e
y' =kel* =1
Lety = -log,
S
y = kx !
kekx = L
kx
kZekx =l
X

2 1
elogek % ekx — ”

kx+2logek _— 1
x

e

kx + 2log, k = logei

© Cambridge University Press 2019 243



Chapter 6 worked solutions — The exponential and logarithmic functions

X 1
;—2 —lOge;

ekx—2=l
X
X
Z— 1
ge 2 ==
x
165 1
—pe = =
e? x
1ef_e
e T x
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Solutions to Chapter review

1la

The graph of y = e ™ is the reflection of y = e* about the y-axis.

The y-intercepts are identical, whenx = 0,y = e® = 7% = 1.

Observey = e™™,y' = —e™*. Atx = 0,y’ = —1 (gradient of the tangent).
The equation of the tangentof y = e ™ isy =mx + b,m = —1
Atx=0,y=1=>1=-0+b=>b=1

tcy=—x+1

Observey = e*,y' = e*. Atx = 0,y' = 1 (gradient of the tangent).

The equation of the tangentof y = e*isy =mx+b,m=1
Atx=0,y=1=1=x+b>b=1

cy=x+1

The tangents meet at right angles.
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1b

2a

2b

The graph of y = e* is the reflection of y = log, x about the line y = x, as they are
inverse functions.

The y-intercept occurs on the curve y = e*, as x = 0 is only within the domain of
y=e*Atx =0,y =e° =1.

The x-intercept occurs on the curve y = log, x, as y = 0 is outside of the range of
y=e*.Aty=0log,x=0=>x=1.

Observey = e*,y’' = e*. Atx = 0,y' = 1 (gradient of the tangent).
The equation of the tangentof y = e ™ isy=mx+b,m=1
Atx=0,y=1=1=0+b=>b=1

~y=x+1

Observey =log, x,y' = % Atx = 1,y’ = 1 (gradient of the tangent).
The equation of the tangentof y = log, xisy =mx+b,m=1
Atx=1y=0=>0=1+b=>b=-1

cy=x—1

The tangents have the same gradients but different intercepts, indicating they are
parallel in the same plane.

* = 54.60 (use your calculator)

e = 2.718 (use your calculator)
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3

2c e 2=0.2231 (use your calculator)
2d  log, 2 = 0.6931 (use your calculator with the “In” function)

1
1 loges

2e  log,p=-= 2
810 2 loge 10

= —0.3010 (use your calculator with the “In” function)

2f  log,0.03 = lolieg—of = —5.059 (use your calculator with the “In” function)

loge 586
loge 1.05

2g  logqios 586 = = 130.6 (use your calculator with the “In” function)

3 _ loge 7 (loge 24-loge7) .

2h logg3-= = 0.5925 (use your calculator with the “In”
7 log68 loge 8
function)
3a 3*=14
x = logz 14
_ log. 14
~ log, 3
= 2.402
3b 2*¥=51
x =log, 51
_log, 51
~ log, 2
= 5.672
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3c 4* =1345
x = log, 1345

_log, 1345
~ log. 4

= 5.197

3d 5* =132
x = logs 132

_ log, 132
"~ log, 5

= 3.034

423 er X e3x — er+3x — eSx

4h 7% = ¥ = p7X~X — pbX

4c hap— er—Gx —

4d (e3x)3 — eQx

5a 9% —7x3%-18=0
eX108:9 _ 7 ¢ pxl0ge3 _ 18 —
p2x108:3 _ 7,x10g:3 _ 18 = 0
Letu = eX108e3
u? —7u—18=0
w-99w+2)=0
~u=90ru=-2
eX108e3 — g or p*108e3 — _9

3*=90r3* =-2
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3* =32 orx = logg —2
Aslogz —2 is undefined, x = 2.

5b e —11e*+28=0
Letu = e”*
u?—11u+28=0
u—7)(u—-4)=0
~u=70ru=4
e*=7o0re* =4

x = log, 7 or x = log, 4

6a

-

>
X

The range of the function y = e*isy > 0.
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6b

0 X

The range of the functiony = e ™ isy > 0.

6C
The range of the functiony = e* + 1isy > 1.
6d
y A
————— - e—l
i x
-1

The range of the functiony =e™* —1isy > —1.
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7ai y = e* 3 isatranslation of y = e* 3 units to the right.

7aii y = e¥ 3 = *+t(73) = g73¢*

This statement implies that y = e*~3 is dilated by a factor of e 3. As the y-value is
transformed, the dilation is vertical.

y!\

7bi y =log,3x = loge%

3

This statement implies that y = log,, x is dilated by a factor of % As the x-value is

transformed, the dilation is horizontal.

7bii y = log, 3x = log, x + log, 3

This statement implies that y = log, 3x is a translation of y = log, x by log, 3
units upwards (y- intercept increases by log, 3 units).
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y =D =e
8b y=e3*
d du
f'— — u = T —
y Ix (e"),u = 3x, Ix 3

By the chain rule,

d du
! = —-_— u —_— u = 3x
y —du(e )dx e*(3) = 3e

2x+3

8c y=e
=L =23 o
Y S e T AT T
By the chain rule,

d du
[ u — plU — 2x+3
y = (e )_dx e*(2) = 2e

8d y=e*
d du
r— u — _a = -1

By the chain rule,

"= d(u)du_ Y(=1)=—-e*
Y = dh &N € - ¢

8e y=e 3

du
y' =—(e“)u——3xa=—3

By the chain rule,

Y = (o) S = eu(=3) = —3e~5
du dx
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8f y = 382x+5

=L e u=2x452 =y
y_dx e hu=x “dx

By the chain rule,

d du
Y= (3e )dx 3e%(2) = 6e

1
8g y=4e?"

,_d(4u) _1 du_l
Y Tax e TN T2

By the chain rule,

d du 1 1
I'— — uy — = Uuf—] = Ex
y Tu (4e )dx 4e ( ) 2e

8h y=§eﬁx—5
, d /2 du
y =a<§e ) u—6x—55—6

By the chain rule,

d (2 du 2
= —(—e”)— = 56”(6) = 4¢%%~5

Y = au\3 dx
9a y=e3*xe*
y e3x+2x — p5x
y' = 5e%*
77X
9 y= 23
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9¢ y= pres
y = ex—4x — e—3x
y' = —3e73*
9d y = (e )3
y = e—6x
y' = —6e~5*
10a y =e*

du
Letu = x3,— = 3x?
dx

By chain rule,
d du
r_ uy ____
Y du (€®) dx
= e%(3x2)

= 3x2e*’

10b y = e**~3x
Letu = x? —3x,d—u: 2x — 3
dx

By chain rule,
d du
r_ uy __
L du (e )dx
=e%(2x —3)

(2x — 3)eX’ 3%

10c y = xe?*

By product rule,

d d
I 2x _ 2x
y —dx(x)e +xdx(e )
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10d

10e

: i 2x — d_u —
Consider ™ (e“¥),letu = 2x, ol 2

By chain rule,

d d du
a(ezx) = @(eu)a = e¥(2) = 2e**
y' = e?* + x(2e?)

— er + erzx

= e?*(1 + 2x)

y=(e"+1)°
= p2X ﬂ — i 2x _ i 2x
Letv=e +1,dx—dx(e +1)—dx(e )
: i 2x — d_u —
Consider ™ (e*¥),letu = 2x, = 2

By chain rule,

dv

L () = (e T = er(2) = 262
dx

dx

By chain rule,
d dv
r— 3y
Y dv ") dx
= 3v2(2e?%¥)

= 6e?*(e?* + 1)?

3x

Y=

Let f(x) = 3%, f'(x) = 3e3*
Letg(x) =x,9'(x) =1

By quotient rule,

_f®
g(x)
, g f'(x) = fx)g'(x)
y = 2
(9(0)
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10f

10g

(1) (3e>) — e**(1)

[

(x)?
3xe3¥ — 3%
e3x
= ? (3x - 1)
y = xzex2
By product rule,

d 2 d 2
[ 2 X 2 X
y ——dx(x )eX” +x —dx(e )

. d x2 _ 2 du _
Conmdera(e ), letu = x = 2x

By chain rule,

d 2 d d 2
a(ex ) = @(eu)d—z = e"(2x) = 2xe*

d 2 d 2
[ AP 2 x
y' = (f)et +x dx(e )

2 2
= 2xe* 4 x?2xe*

= 2xe* (1 + x2)

y=(e*—e™)
Letu = e* — e7%,
du

d d
= (X)) —— (X)) = pX -X
dx dx(e) dx(e )=et+e

By chain rule,
, _d W) du
Y = au Y ax
= 5u*(e* + e™¥)

=5(e* —e™)*(e* +e7¥)
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2x

10h y=—

2x+1

Let f(x) = e?*, f'(x) = 2e*
Letg(x) =2x+1,9'(x) =2

By quotient rule,

_f®
g(x)

) = gOf'(x) = fx)g' ()

(9®)*
_ Qx+1)(2e*) —

(e*)(2)

(2x + 1)
e**(4x +2-2)
2x + 1)
4xe?*

T 2x+1)2

113 y — er+1
Letu = 2x + 1,d—u= 2
dx
By chain rule,
d du
r_ uy_
Y du (") dx
= (e")(2)

— 282x+1

d
"o 2x+1
Y X dx (e )

By chain rule,
_— d (") du
" Cdu - dx

=2(e")(2)

— 4'32x+1
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11b y = e*'*1
Letu = x2 +1,% = 2x
dx
By chain rule,
d du
r_ uy __
y du (€®) dx
= (e")(2x)

2
— zxex +1

d 2
" _ x“+1
y —de(xe )

By product rule,
=2 [_ (x)e* Zh +x e* +1)]

Given that :—x (ex2+1) = 2xe***1 from above by the chain rule,
y" = 2[(De* ! + x(2xe*"+1)]
= Qe x+1+4x2 x2+1

= 2e*°+1(1 + 2x2)

12  Gradient of the tangent of the curve y = e* atx = 2
y'=e*
Letx = 2,y' = e?

Let the equation of the tangent be of the form y = mx + b,m = e?

atx =2,y =e?
2=2e?+b

b =e?—2e? = —e?

The equation of the tangent of the curve y = e* atx = 2 is

y=e’(x-1)

The x-intercept is when y = 0,

0=e€e?(x—-1)=>x=1

The y-intercept is when x = 0,
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13a

13b

14a

14b

y=e?(0-1) =—e’

First, find the gradient of the tangent of the curve y = e

y' = —3e73%
Atx =0,
y'=-3

The gradient of the normal is —ﬁ =2

y" = (=3)(=3¢7%)
= 9e~3*
When x = 0, y"" = 9. As this is a positive value, the curve is concave up.
y=e*—x
d
= — (e -— @
—eX—1
d
=—(e¥)——(1
— () -—
— ex

“3Xatx =0.

3

A stationary point is determined when y' =

*—1=0

e*=1
x=1In1

x=0

Atx=0,y=e"-0=1

The stationary point is at (0,1)
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14c

14d

15

The concavity of the curve is determined by the second derivative, y"’

First, we have to determine the domain of the original equation, y = e* — x
The equation of y is defined for all real values of x

Therefore, y" = e* is defined for all real values of x.

For all values of x, the range of y" is in the interval (0, o)

Assuch,y"”" >0Vx

The curve is always concave up.

Since we have determined that a stationary point exists at (0,1) and the curve is
concave up for all values of x, we can infer that the stationary point (0,1) is a local
minimum.

We can therefore, infer the range of y > 1

yi\

=V

—-2X

The stationary point y = xe™** iswheny' = 0

By the chain rule,

y =2 (e 4 x ()
dx dx

2x 2x

=e “* — 2xe”
= e ?*(1 — 2x)

When y' =0,

e 2X(1—-2x)=0

S>e ¥ =00r1—2x=0

As the range of e* does not include 0 for any value of u,

1—-2x=0
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X=§

1 1 —a( 1 _ 1
Atx:z,y=(5)e 2(2):;8 1=—

2e

. L 1 1
The stationary point is therefore at (E' ;).

To determine the nature of the stationary point, the second derivative y'’ should

be determined.

By the chain rule,

y'" = ;_x (e™?*)(1-2x) + e‘zxj—x (1-2x)
= —2e7%(1 —2x) + e ?*(=2)
= —2e7% 4 4xe™?* — 272X
= 4xe 2% — 472X
— 4e 2 (x — 1)

At x =l,
2

- _2(l)<l— ):— _]':—E
y 4e “\2 > 1 2e e<0

As this is a negative value, the curve is concave down at the stationary point.

The stationary point is therefore a maximum turning point.

16a

jesxdx
Letu =5x,u' =5
1
feSxdx=§f5e5xdx
Hona
—g e u

=—-e"+C

e +C

ull R, Ul =
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16b
flOeZ‘Sx dx
Letu =2 —-5x,u' = =5

j 10e?™* dx = —j 2(—5)e?* dx

—f 2e% du

—2e* +C
—2e%* 4 C

16¢

1
fes dx
1

1
Letu==x,u' ==
5 5

1 11
fesxdx= 5f§e5xdx
=5feudu

=5e*+C
1
=5e5¥ +C

16d
f3€5x‘4dx
Letu =5x—-4,u' =5
1
f3e5x Ydx = f3(5)95x *dx
5] e“du
+

C

56
3
— 5x—4+C
5
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17a

2
f e*dx = [e*]3
0

17b

1
] e®* dx
0

Letu = 2x,u’ =2

1 1 1
]ezxdxz—f 2e%* dx
0 2 ),

17c

0
J e *dx
-1

Applying the standard form:

feax+b dx = %eax+b + C,

0
j e *dx =[-e*]°,

-1
=—e% —(—eh)

— el — g0
=e—1
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17d
0
f e3x+2 dx
2
3
Applying the standard form:
jeax+b dx = leax+b + C,
a
0 0
3x+2 g, — | p3%+2
jzex dx [33" ]_g
-2 2
1 1
— §e2 _ §e°
-2t -1)
17e
1
2

] e3—2x dx
0

Applying the standard form:

J-eax+b dx = %eax+b + C,
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17f

2 4
.[ 2e2" dx
0

Applying the standard form:

.[eax+b dx = %eax+b +C,

2 1 12
f 2e2% dx = [4e§x]
0 0

= (4e%(2)) - (4e%(0))

=4e—4
=4(e—1)

—5x

18a Letyzeéze

Applying the standard form:

feax+b dx = %eax+b +C,

1
fe‘sxdx = —ge‘5x+C

18b Lety = e3¥ x e = e**

Applying the standard form:

jeax+b dx = %eax+b + C,

1
je4xdx=ze4x+6

18c Lety = e—gx = 6e3¥

Applying the standard form:

jeax+b dx = %eax+b + C,

f 6e ¥ dx =—-2e 3 +C
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18d Lety = (e3%)2 = ¢

Applying the standard form:
feax+b dx = leax+b +C
a
1
ferdx = ge“‘ +C

3x

18e Lety = % =e %
Applying the standard form:
feax+b dx = leax+b +C,
a
fe‘zxdx = —%e‘zx +C
18f Lety = erT:l =eX+e %
Applying the standard form:

jeax+b dx = %eax+b + C,

1
f(ex + e ) dx = e* —Ee‘zx +C

18g Lety = e*(eX+e7*) = e3* + ¢e*

Applying the standard form:
feax+b dx = leax+b +C
a

1
j(e3x +eX)dx = §e3x +e*+C
18h Lety=(1+4+e*)?2=1+2e*+e %

Applying the standard form:

feax+b dx = %eaaﬁb + C,
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1
= f(l +2e*+e )dx =x—2e7* —Ee‘zx +C

19a By applying the standard form:
j eax+b dx = leax+b +C
a

f (1+e™)dx=[x—e*]}
0
=(1-e)—-(0-e

=(1—%)+1

1
=2-=
e

19b By applying the standard form:

feax+b dx = 1 ax+b + C

f(ezx+x)d =[; l

G 2(2) 4 (2)) (;e2(0)+(02—)2>
G +2) -3

12
_E( +3)

19c By applying the standard form:
jeax+b dx = leax+b +C
a

12 1
f —xdx=f 2e % dx
o € 0

= -2}

= (=2e™ 1) —(=2e9
= (=2e71) - (-2)
=2-2e7?

© Cambridge University Press 2019

267



Chapter 6 worked solutions — The exponential and logarithmic functions

19d By applying the standard form:

.[eax+b dx = %eax+b +C,

1

1
3 3
f e3*(1—e 3)dx = f (e3* —e% dx
0 0

3
=j (e3* — 1) dx
0

1
= [533""‘]0

19e By applying the standard form:

jeax+b dx = %eax+b + C,

1 2x+1
f dx—f(e +e*)dx
0

eX
= [e* —e™™]§
= (e' = ‘) (e’ —e™)

(e——) (1-1

1
=e ——
e

19f By applying the standard form:

feax+b dx = %eaaﬁb + C,

1 1

j(e"‘+1)2 dx=j (e?* +2e* + 1) dx
0 0

1

1
= [—ezx + 2e* +x]
2 0

= (192(1) +2e® + 1) — (192(0) +2e© + 0)
2 2
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—(12+2 +1) 1 2
—\2¢ T 2
—lerp2e-2

T8 Ty

1 2
=E(e + 4e — 3)

20 f'x)=e*—e™ -1

fx) = j(e" —e*—1)dx
=ef*4+e*—x+C
Given f(0) = 3,

f(0O)=e’+e°-0+C
3=1+1+4+C
c=1
fx)=e*+e™*—x+1

f(H)=el+el-1+1
=e+e !

2la Lety = e*’

du
Letu = x3, — = 3x?
dx

, d (") du
Y T au Y ax
= e%(3x2)

= 3x2%e*

1 5 1 1 5
szex dx=§j 3x%e* dx
0 0

1 341
-5l
=3le" —e]
1.1
—3(9 )
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22a The area under the curve can be expressed by the following integral:

1
.[ e®* dx
0

By applying the standard form:

.[eax+b dx = %eax+b +C,

1
.[ e®* dx
0
1

e

2 0

1 1
— _52(1) _ Z ,52(0)

2¢ 2°¢

1
= 5(6‘2 - 1)

= 3.19 square units

22b The area under the curve can be expressed by the following integral:

1
f 1—e*dx
0

By applying the standard form:

feax+b dx = %eax+b +C,

1
f 1—e*dx
0

=[x +e™]p

=(1+e)—(0+e)

1
—14+--1

e
_1
e
0

.368 square units
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23a The area of the shaded region can be expressed by the following integral:
0 0
f —(y) dx =f 1—e?*dx
-1 -1

By applying the standard form:

feax+b dx = %eax+b + C,

0
f 1—e**dx

-1
0

1
|, _ T 2x
[x 2°¢ ]_1

1 1
(o Y oY _(_q1_1 20
(O 2¢ ) ( 1=7e )

S
) 2°

1
=3 (1 + e™?) square units

23b The area of the shaded region can be expressed by the following integral:

1

2

jl(e—l)x—(ex—l)dx=[e xz—ex+x]
0

0

e—1

—e+1+1

I

I

I
aQ
+
N

N N =

NI =N WwN ] ®©

(3 — e) square units

© Cambridge University Press 2019

271



Chapter 6 worked solutions — The exponential and logarithmic functions

24a The vertical asymptote is the y-axis, as the domain of the function is x > 0.

24b The vertical asymptote is the y-axis, as the domain of the function is x > 0.

yl\

24c The vertical asymptote is the line x = 1, as the domain of the function is x > 1.

yl
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24d The vertical asymptote is the line x = —3, as the domain of the function is x > —3.
i yA
E log,3 — > 7
i 1
3 1,
YA

25b The vertical asymptote is the y-axis, as the domain of the function is x < 0.

=V
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25c The vertical asymptote is the line x = 2, as the domain of the function is x > 2.

yi

26a elog,e =ex1
=e

26b log, e = 3log, e
=3x1
=3
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26¢C

26d

27a

27b

27c

1
2elnve = 2elnez

=2 11
= e(§> ne
=exl1
=e
Lety = log, x

, 1
Y =%
Lety = log, 2x

Lety = log.(x + 4)
Letu=x+4,@-= 1
dx

By the chain rule,

d 1 du
1

=—x1
u

_ 1

T x+4
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27d Lety =log.(2x —5)
Letu = 2x—5,d—u= 2
dx

By the chain rule,

L dl du
Y T du By

27e Lety = 2log.(5x — 1)

Letu = 5x—1,d—u=5
dx

By the chain rule,

,_d21 du
Y T au %8 Y x
2
=—X5
u
B 10
C 5x—1

27f Lety = x +log.x

. d d
y' = E(") +o (loge x)

1
=1+-
X

27g Lety =In(x? — 5x + 2)
Letu=x%—5x+2,%=2x—5
dx

By the chain rule,

y =E(lnu)a

= Lx-s)
B 2x —5
T x2—5x+2
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27h Lety =In(1 + 3x°)
Letu = 1 + 3x?, ——15 4

By the chain rule,

271 Lety = 4x? — 8x3 + In(x? — 2)

d
Letu = x2 — 2,2 = 2x
dx

By the chain rule,
d d d du
r_ AN 3 - -
y Ix (4x2) Ix (8x°) + oy (Inu) P

1
= 8x — 24x? + " (2x)
2x

= 8x — 24x?
X x+x2—2

28a Lety =log, x3
y =3log, x

!

3
Y =%

28b Lety = log, Vx

1
= log, x2
1

= Elogex
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28c Lety =Inx(x + 2)

=Inx + In(x + 2)

1 1

Y =;-l_x+2

28d Lety = lni1

=Inx —In(x — 1)
, 1 1
Y T T x—1

29a Lety =xlogx

By the product rule,

d d
y' = a(x) logx + xa(logx)
=logx +1

29b Lety =e*logx
By the product rule,
= (e logx +¢* = (10g )
y'=-(e)logx +e* -~ (logx

X
=e*logx + —
& x

—ex(lo x+1)
& x

29c Lety = li

nx

By the quotient rule,

d d
_ lnxﬂ(x) —xﬁ(lnx)

Y= (Inx)2
X
_ (lnx — E)
(In x)?2
_ Inx-1
~ (Inx)2
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lnx

29d Lety =—

30

31a

By the quotient rule,

x? % (Inx) —Inx (xz)

Y= (x?)?
2
x——lnx X 2x
X
= -
x—2xInx
1—2Inx

y =3log.x +4

The gradient of the tangent at any pointis y' = =

At(1,4),x =1
1_3_3
y _1_

Let the equation of the tangent at point (1,4) bey = mx + b,m = 3

At(1,4),x=1y=4

4=3(1)+b
b=1
y=3x+1
y=x—log.x

=L )L (log, )
Y T T g V08e X

1
=1-—=

X
X 1
T x x
_x—l
T x
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31b

32a

32b

The turning point is located when the gradient of the graph reaches 0, which is

y' =0

x—1
=0=>x=1

x
Atx=1,y=1-1log,1
y=1

To determine if the turning point is a local minimum or maximum, the concavity of
the graph must be determined by finding y"’

oo d(x—l)
Y T\ x

By the quotient rule,

x-S 0E-D

XZ
_x(D)-1x(x-1)
= —

_x—x+1

Atx=1,y"=1>0

The second derivative of the function is positive, indicating that the curve is
concave up at the point (1, 1).

Therefore, it can be concluded that the graph of y = x — log, x has a minimum
turning point at point (1, 1).

1
f—dx =In|x|+C
X

3
j—dx =3In|x|+ C
X
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32c

32d

=z
x+7x

Letu=x+7,d—u=1
dx

1 1
] dxzf—du
x+7 u

=Inlu|+C
=Inlx+7|+C

1
= Elanx —-1/+C
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[3=5
2—3xx

32f

Letu=2— 3x,d—u= -3
dx

f 1 1f 3
23277 232

=--f du

= ——ln|u| +C

1
= —§1n|2 —3x|+C

32g

[+
2x+9x

Letu = 2x+9,d—u= 2
dx

] 2 d—fld
2x+9 7T )

=Inlu|+C
=1In|2x+ 9|+ C

32h

[
1—4xx

Letu=1 —4x,d—u= —4
dx

j 8 jZ( 2F
T—ax "7 ) T ™

-

=—2In|u|l+C
=—-2In|1—-4x|+C
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33a
|
.Lx+2dx=[ln|x+2|](1)
=In(1+2) —In(0+ 2)
=In3 —1In2
= nz
33b
T d 11 4x — 3 '
fl4x—3 x_[an * lL
—11 |4(4) — 3] 11 |4(1) — 3]
—‘11 n|4(4) 2 n
=Z(ln13—ln1)
—11 13
_Zn
33c
e
—dx = [In|x|]]
1
=Ine—In1l
=1-0
33d

=Ilne3 —Ine?
=3Ilne—2Ine
=3-2

=1
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34a By applying the standard form:
ul
j;dx = log.|u| + C,

Letu =x%+4,u' = 2x

2x )
fx2+4dx=loge|x +4|+C

Since x2 + 4 is always greater than zero, the absolute value can be ignored.

2x 5
fx2+4dx=loge(x +4)+C

34b By applying the standard form:
ul
f—dx = loge|ul + C,
u
Letu=x3—-5x+7u =3x*>-5

3x% -5 s
]mdleogelx —5x+7|+C

34c By applying the standard form:
ul
j—dx = loge|ul + C,
u
Letu = x? — 3,u’ = 2x

X J _1 2x J
fx2—3 x_zfx2—3x

1
. Elogelx2 -3|+C

34d By applying the standard form:
ul
j;dx = loge|u| + C,

Letu =x*—4x,u' =4x3 -4
fx3—1d _1f4x3—4d
X —ax T ) ™
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1
= Zlogelx4 —4x|+C

35 The integral that describes the area of the bounded region is as follows

41
Zdx = 4
L xdx [In]x]]5

= In|4| — In|2|

_nz

= In 2 square units

36a y; ==
y, =6—x
Lety; =y,
5
—=6—x
X
5= 6x — x?

x2—6x+5=0
(x=5xx-1=0
~x=50rx=1
Letx=1,y==-=5

=1

Letx =5,y =

The points of intersection are (1,5) and (5,1).
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36b

37a

37b

The graphs of y = % (red curve) and y = 6 — x (purple line) are shown below.

N

-2,

The area of the enclosed region is evaluated by the following integral.

5 5 X2 5
f 6 —x——dx =|6x———>5In|x]|
1 X 2 1

52 12
= (6(5) -5 51n|5|> — (6(1) - 51n|1I>

—30-2 5564
= 2 n 2

= (12 — 5In 5) square units

Lety = e*

d

I —  (pX) — pX
Y == (e*) =e
Lety = 2*
y = elogezx — pXloge2
Letu = xlog, 2,u’ = log, 2
By the chain rule,

, d (") du
T

= e"(log, 2)

= e*108e2og, 2

X
= elog8e 2" Jog, 2
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= 2*log, 2

37c Lety =3*
y = eloge?:x — gXloge3
Letu = xlog, 3, u’ =log, 3
By the chain rule,
d du
o puy
y du (€®) dx
= eu(loge 3)
= e*1%8e3og, 3

= 983" Jog, 3
= 3*log, 3

37d Lety =5*
y = elogesx — eXloges
Letu = xlog, 5, u’ =log, 5

By the chain rule,

, _d . .du
y'=e)
= e"(log, 5)
= e*198e5]og, 5
= eloge5" Jog, 5
= 5%log, 5
38a

jexdx=ex+C

38b

_[2" dx=je1°g€2x dx = jexl"gezdx

Letu = xlog, 2,u’ = log, 2
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fexl"gezdx: ! fe“log 2.dx
log, 2 €

L[
" log, 2 ¢ au

e*+C

- log, 2

— xloge 2 C

log, 2 ¢ *
2X

- log, 2

+C

38c

f3xdx =fe1°ge3x dx = fexl°ge3dx

Letu = xlog, 3,u’ =log, 3

fex1°ge3dx= ! fe“log 3dx
log, 3 €

B
~ log, 3 ¢ au

1
= U4
log, 3 e

— xloge3 |
log, 3e

3x
= C
log, 3 *

38d

fodx =fe1°g95x dx = fe"logesdx

Letu = xlog, 5,u’ =log, 5
fexlogesdx= ! fe“log 5dx
log, 5 ¢

__1 fud
“log,5) ¢
1

e*+C

- log, 5

— xloge 5 C
log, 5 ¢ *
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5x
= C
log, 5 *
39a Lety =xlog,x
By the product rule,

d d
Y= (x) loge x + X (loge x)

1
=10gex+x(;)
=log,x+1

flogexdxzf(logex+1—1)dx

=f(logex+1)dx—f1dx

=fy’dx—f1dx

=y—x+C
=xlogex—x+C

39b Lety=xe”*

By the product rule,

d d
r_— x x
y' = (et +x (e

=e*+xe”
fxexdx=f(xex+ex—ex)dx
=f(xex+e")dx—fexdx

=jy’dx—jexdx

=xe*—e*+C
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39¢  Consider each term individually:

2 |
f—M=MME
1x

=lne—In1l
=1-0
=1

From 393,

e
j log, x dx
1

= [xlog, x — x]{

= ((e)log,e —e) — (log, 1 — 1)
=e—e—0+1
=1

From 39b,

1
f xe”* dx
0

= [re” — e}

A GRIPEICETD

40a y=2*
y = eloge2® — ,xloge2
The gradient of the graph at any point is the first derivative, y’
Letu = xlog, 2,u’ = log, 2
By the chain rule,
d du
o puy
Y = du () dx
= e"(log, 2)
= e*108e2og, 2

= eloge2" Jog, 2
= 2*log, 2

At A(3,8),y" = 23log, 2
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40b

40c

y' = 8log, 2

y = log; x
_log. x
~ log, 2

The gradient of the graph at any point is the first derivative, y'

, 1
Y = log, 2 dx

a2 )
"~ log, 2 \x

1
xlog, 2

At B(8,3),

1
8log, 2

!

y=

( 08¢ X)

%

/

|

The graph y = 2* (red curve) is a reflection of y = log, x (blue curve) about
y = x (green line). Given that A(3, 8) is a reflection of B(8, 3) about y = x, the
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gradients of those points are by definition reciprocal (the rise and runs are

switched).

41a

3 3 3
X
fodx=f eloge2 dx=f e*x108e2 gy
0 0 0

Letu = xlog, 2,u’ = log, 2

3
f exlogez dx
0

1 3
frm u
og, 2-/;) e*log, 2dx

1 3loge 2
= ud
log, 2 J;) o

1

- log, 2

— 1 [e3log92 _eologez]

~ log, 2
1
— 23 _ 20
log, 2 [ ]
CER
" log, 2
7

- log, 2

[eu]gloge 2

0 0 0
X

f Zxdxzf elo8e2 dxzf e*108e2 gy

-3 -3 -3

Letu = xlog, 2,u’ = log, 2

0
f exloge 2 dx
-3

0
— u
og, 2 _[_39 log, 2 dx

1 fo uy
= e u
loge 2 —3loge 2
1

- log, 2
1

- log, 2

0
[eu]—3 loge 2

[eologez _ e—310ge 2]
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- 8log, 2

41b  The region in the first integral is 8 times larger than the first because the area is
equivalent to a vertical dilation by a factor of 8. If the graph is inspected such that

y = 2% is dilated vertically by a factor of 8, (draw the graph % = 2%),itis
equivalent to a translation to the left of the same graph (y = 2**3). Therefore,

the region of the first integral is simply transformed by a vertical dilation of 8
and translated 3 units to the right to be the region of the second integral.
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