Chapter 5 worked solutions — Integration

Solutions to Exercise 5A

la Area of triangle = %bh

For A OAB,
b=0A=1h=AB=1

Area of A OAB = % X1x1= % square units

1b
VA
1!
O
As fol x? dx is defined as the area of the region between the x-axis and the curve
between x = 0 and x = 1, (blue area), it is clear that the blue area is smaller than
the area of the triangle A OAB, therefore:
1
f x% dx < Area of A OAB
0
1 1
f x¥dx <=
B 2
. . 1 1\% 1
2a Given that D is on the curve when x = 7 CD = (E) =3

Area of triangle = %bh

For A OCD,

I

1
b=0C=5,h=CD=

Areaof A OCD =

NID—\

iyl 1 .
- X = = — square units
X2X1 T 16
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Chapter 5 worked solutions — Integration

2b

2C

Given that B is on the curve whenx = 1,AB =1%2 =1

Area of trapezium = %(a + b)h

For CADB,

1
a=CD=Z,b=AB=1,h=AC=

Area of CABD =

N |-

1 1_ 5 .
X (— + 1) X = = — square units
4 2 16

yl

0

1 . . . .
As fo x? dx is defined as the area of the region between the x-axis and the curve

between x = 0 and x = 1, (blue area), it is clear that there are gaps (see yellow
region) between the total area of A OCD and trapezium CABD, therefore:

fol x? dx < Area of A OCD + Area of CABD

[ CA0E
S 167 16

[ dnet
0xx16

" 3
fxzdx<—
0 8
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3a

11 3 X

4 2 4
dinate ot = (3) = -
y-coordinate o = 4 _16
dinate of 8 = (3) =5
Yy-coordinate o = ) —4
dinat fc—(g)z—9
y-coordinate o = 4 _16

y-coordinate of D = 1

From the diagram, the sum of the area of the polygons must be greater than the
area between the curve and x-axis.

The area of polygons left to right:

Polygon Formula for area Area of polygon
) 1 1 1 1
Triangle X=X — S

2 4 16 128

1 1 1, 1 5
Trapezium (left - <— —) - >
rapezium (left) > X Te + 2 X 2 178
1 (1 9 1 13
Trapezi iddle = X (— —) X = —
pezium (middle) 2*\1%16) %12 128

1 9 1 25
Trapezi right —x(— 1>><— —
pezium (right) 2 \16 1) %1 128

1 . , . .
As fo x? dx is defined as the area of the region between the x-axis and the curve

between x = 0 and x = 1, (blue area), it is clear that there are gaps between the
total area of the polygons (see yellow regions), therefore:
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3b

43

4b

) 01 x? dx < total area of polygons

1 1 5 13 25
[(x?dx<—+—+—=+—
0 128 128 128 128

1 11
[x?dx <=
0 32

. 1 ) 11 3 : 11 _3 .
Since fo x? dx is less than both = and p and since - < p it follows that:

11

1, 3 (1,
o~ Jo ¥?dx <5 — [ x*dx.

. . . 1
This statement means the difference is less between % and [ 0 x? dx compared to

1 .. . . .
% and [ 0 x? dx . This is evident by the difference in the areas above the curves

(vellow regions) in the respective graphs getting smaller.

The definite integral [ 02 3 dx defines a rectangle between the curve and the
x-axis, fromx = 0tox = 2.

Area of a rectangle = bh
b=2-0=2
h=3-0=3

2
f3dx=2><3=6
0

The definite integral [ 03 4 dx defines a rectangle between the curve and the
x-axis, fromx = 0tox = 3.

Area of a rectangle = bh
b=3-0=3
h=4-0=4

3
f4dx=3><4=12
0
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4c

4d

4e

The definite integral [ 04 x dx defines a triangle between the curve and the x-axis,
fromx = 0tox = 4.

Area of a triangle = %bh

The definite integral [ 03 2x dx defines a triangle between the curve and the x-axis,
fromx =0tox =3

Area of a triangle = %bh

The definite integral [ 02(2 — x) dx defines a triangle between the curve and the
x-axis, fromx = 0tox = 2.

Area of a triangle = %bh

1
f(Z—x)dx=§><2><2=2
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4f

4g

4h

The definite integral [ 05(5 — x) dx defines a triangle between the curve and the
x-axis, fromx = 0tox = 5.

Area of a triangle = %bh

f(S )d —1><5><5—25
x) dx = =3

The definite integral [ Oz(x + 2) dx defines a trapezium between the curve and the
x-axis, fromx = 0tox = 2.

Area of a trapezium = %(a + b)h

a=2—-0=2
b=4-0=4
h=2-0=2

f(x+2)dx=%x(2+4)x2=6

The definite integral [ 04(x + 3) dx defines a trapezium between the curve and the
x-axis, from x = 0 to x = 4.

Area of a trapezium = %(a + b)h

=3-0=3
b=7-0=7
h=4-0=4

4
1
f(x+3)dx=§x(3+7)x4=20
0
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5a

5b

5c

5d

The definite integral f_31 2 dx defines a rectangle between the curve and the
x-axis, fromx = —1tox = 3.

Area of a rectangle = bh
b=3-(-1)=4
h=2-0=2

3
jde=4><2=8

-1

The definite integral f_23 5 dx defines a rectangle between the curve and the
x-axis, fromx = —3tox = 2.

Area of a rectangle = bh
b=2-(-3)=5
h=5-0=5

dex=5><5=25

The definite integral f_12(2x + 4) dx defines a triangle between the curve and the
x-axis, fromx = —2tox = 1.

Area of a triangle = %bh
b=1-(=2)=3
h=6—-0=6

1
j(2x+4)dx=z><3><6=9

The definite integral f_31(3x + 3) dx defines a triangle between the curve and the
x-axis, fromx = —1tox = 3.

Area of a triangle = %bh

b=3-(-1)=4
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5e

5f

h=12-0=12

1
j6x+$dx=§x4x12=24

The definite integral f_sl(x + 4) dx defines a trapezium between the curve and
the x-axis, fromx = —1tox = 5.

Area of a trapeziumzi(a+b)h
a=3-0=3

b=9-0=9
h=5-(-1)=6

1
f@+4ﬁu=§x(&+%x6=36
-1

The definite integral f_zz(x + 6) dx defines a trapezium between the curve and
the x-axis, fromx = —2tox = 2.

Area of a trapezium = %(a + b)h
a=4—-0=4

b=8-0=8
h=2-(=2)=4

1
f(x+6)dx=§x(4+8)><4=24

. 3 , .
The definite integral f_3|x| dx defines two equal triangles between the curve and
the x-axis, fromx = —3tox =3

Area of a triangle =%bh
b=3-0=3
h=3-0=3
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5h

6a

6b

1
flxldx=2><i><3x3=9

L 2 , .
The definite integral f_zlxl dx defines two equal triangles between the curve and
the x-axis, fromx = —2 to x = 2.

Area of a triangle = %bh

1
flxldx=2x§x2><4=8
-2

Definite integral is the area of the region between the line y = 5 and the x-axis,
fromx = 0tox = 3.

The area under the graph is a rectangle with:
b=3-0=3
h=5-0=5

dex=bh=3><5=15

Definite integral is the area of the region between the line y = 5 and the x-axis,
fromx = —3tox = 0.

The area under the graph is a rectangle with:
b=0-(-3)=3
h=5-0=5

0
dex=bh=3><5=15
-3
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6C Definite integral is the area of the region between the line y = 5 and the x-axis,
fromx = —1tox = 4.

The area under the graph is a rectangle with:
b=4-(-1)=5
h=5-0=5

dexzbh=5><5=25

6d Definite integral is the area of the region between the line y = 5 and the x-axis,
fromx = —-2tox = 6.

The area under the graph is a rectangle with:
b=6—-(-2)=38
h=5-0=5

6
dexzbh=8><5=40
-2

For Q6e-h, the graph of y = x + 5 is shown below.

y r

@

2]
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6e

6f

6g

Definite integral is the area of the region between the line y = x + 5 and the
x-axis, fromx = —=5tox = 0.

The area under the graph is a triangle with:
b=0-(-5)=5
h=5-0=5

0

f( +5)d —1bh—1x5x5—25—125
x X =075 T T

-5

Definite integral is the area of the region between the line y = x + 5 and the
x-axis, fromx = 0tox = 2.

The area under the graph is a trapezium with:
a=(0+5)—0=5

b=2+5)-0=7

h=2-0=2

2

1 1
f(x+5)dx=§(a+b)h=§x(5+7)><2=12
0

Definite integral is the area of the region between the line y = x + 5 and the
x-axis, fromx = 2to x = 4.

The area under the graph is a trapezium with:
a=2+5)-0=7

b=(4+5)—-0=9

h=4-2=2

4

1 1
f(x+5)dx=§(a+b)h=§x(7+9)x2=16
2
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6h Definite integral is the area of the region between the line y = x + 5 and the
x-axis, fromx = —1tox = 3.

The area under the graph is a trapezium with:
a=(—-1+5)—-0=4

b=3+5)-0=38

h=3-(-1)=4

1 1
j(x+5)dx=§(a+b)h=§x(4+8)><4=24

For Q6i-1, the graph of y = x — 4 is shown below.

__y "l -i =
0 + B
A
1 0 1 3 4 8 9 10 11
X
6i Definite integral is the area of the region between the line y = x — 4 and the

x-axis, fromx = 4tox = 8.

The area under the graph is a triangle with:
b=(8-4)=4

h=B8-4)—-0=4

8
1 1

j(x—4)dx=—bh=—><4><4=8
2 2

4
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6j

6k

6l

Definite integral is the area of the region between the line y = x — 4 and the
x-axis, from x = 4 to x = 10.

The area under the graph is a triangle with:
b=(10—-4)=6
h=(10-4)-0=6

10
1 1
f(x—4)dx=zbh=zx6x6=18

4

Definite integral is the area of the region between the line y = x — 4 and the
x-axis, fromx =5tox = 7.

The area under the graph is a trapezium with:
a=05B-4)-0=1

b=(7-4)-0=3

h=7-5=2

7

1 1
f(x—4)dx=§(a+b)h=§><(1+3)><2=4
5

Definite integral is the area of the region between the line y = x — 4 and the
x-axis, from x = 6 to x = 10.

The area under the graph is a trapezium with:
a=(6-4)-0=2

b=(10—-4)-0=6

h=10—-6=4

10

1 1
f(x—4)dx=E(a+b)h=zx(2+6)x4=16
6
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For Q6m, n, the graph of y = |x| is shown below.

6m

6n

© Cambridge University Press 2019
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I
4 a -
4 3 2 ' 1 3 4
X

Definite integral is the area of the region between the line y = |x| and the x-axis,
fromx = —2tox = 2.

The area under the graph is two equal triangles with:
b=2-0=2
=12|-0=2

1 1
f|x|dx=2><§bh=2xzx2x2=4

Definite integral is the area of the region between the line y = |x| and the x-axis,
fromx = —4tox =4

The area under the graph is two equal triangles with:
b=4-0=4
h=14-0=4

4

1 1
j|x|dx=2x§bh=2x§x4x4=16

-4
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For Q60, p, the graph of y = |x — 5| is shown below.

60

6p

» F

-]

Definite integral is the area of the region between the line y = |x| and the x-axis,
fromx =0tox = 5.

The area under the graph is a triangle with:
b=5-0=5
=]0—-5|—-0=5
5

0

Definite integral is the area of the region between the line y = |x| and the x-axis,
from x = 5to x = 10.

The area under the graph is a triangle with:
b=10—-5=5
h=]10-5-0=5

10
f S|dx = —bh =2 x5x5=22=125
I = 5ldx =5bh =7 -2
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7a  Graphofy =+V16 — x?

y &

5
S

T | T~

Definite integral is the area of the region between the curve y = V16 — x? and
the x-axis from x = —4 to x = 4.

The area under the graph is the area of a semicircle with r = 4.

4 1 1
f V16 —x2dx = =nr? = -n(4)? = 8n
» 2 2

7b  Graphof y = V25 — x?

V-6 £
.—-—70*—-.*-’
L~ _r
@

w

‘\

Definite integral is the area of the region between the curve y = v25 — x? and
the x-axis fromx = —5tox = 0

The area under the graph is the area of a quadrant of a circle with r = 5.
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fO\/ZS —x%2dx = l7rr2 = 111(5)2 =—
iy 4 4

e
(N
SENIUNE
—
=V

From the relabelled diagram above, the lower rectangles are BCHG, CDKJ and

DENM.

The area of rectangle can be determined from the formula bh, where the breadth

. 1 :
of each rectangle is a constant step, b = " and the heights, h corresponds to the

y-coordinate of a point located at the top of each rectangle.

2

1
- dinate of ¢ = <_) —_
y-coordinate o 2 c

1
amate ot = (£) =2
y-coordinate of ] = 5) =2

dnate of b1 = () ==
y-coordinate o = 2 = 16

Therefore, the total area of the lower rectangles A;qyer iS:
1 1 1 1 1 9

Aower = 7 X et 7 X7+ 1% g
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_1(1 +1+ 9)
T 4\16 4 16
-(5)
" 4\8

7

= — square units
32 %4

8b

=

o

1
2

m

3
4

[ e

From the relabelled diagram above, the upper rectangles are ABGF, BCJI,CDML
and DEPO.

The area of rectangle can be determined from the formula bh, where the breadth
of each rectangle is a constant step, b = i, and the heights, h corresponds to the
y-coordinate of a point located at the top of each rectangle.

2

) 1 1
y-coordinate of G = <Z) =1

dinate of ] = (1)2 _1
y-coordinate of ] = 5) =2

dinate of M = (3)2 _9
y-coordinate o =(7) =1¢

y-coordinate of P = (1)2 =1
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8c

9a

Therefore, the total area of the upper rectangles A, pper is:

1 1+1 1+1 9+1 )
==—X—+-X—-4+-X—+4+-X
UPPEr T4 " 16 474 4716 4
_1(1+1+9+1)
T 4\16 4 16

_1(15)
" 4\8
15

= — square units
32

A

As the lower and upper rectangles “trap” the integral from above and below
between the x-coordinate values of 0 and 1, the total area of the lower rectangles
serve as a lower bound for the unknown true value of the integral, while the total
area of the upper rectangles serve as a upper bound. As the total area of the

7 15 .
lower rectangles and the upper rectangles are = and = respectively, we can

assert that:
7 <f1 2 4 <15
32° ), P32

The lower rectangle OABE has an area of bh, whereb = 0A = 1,h = OF = 1.
Areaof OABE =bh=1x1=1
The upper rectangle OACD has an area of bh, where b = 0A = 1,h = AC = 2.
Area of OACD =bh=1x2=2
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Since the curve is located between the two rectangles, it follows that:
1
1< f 2% dx < 2
0

9b y=2%

OA = AB = L

)
The lower rectangle OAIH has an area of bh, where b = OA = %, h=0H = 1.

1
Area of OAIH = bh = > X 1=0.5
1 1 1

F is located at (E' 22) SOAF =22 =42
The lower rectangle ABCF has an area of bh, where b = AB = %, h = AF =+/2.

1
Area of ABCF = bh = 5 X V2 = 0.7

Total area of lower rectangles = area of OAIH + area of ABCF = 0.5+ 0.7 = 1.2

The upper rectangle OAFG has an area of bh, where b = 0A = % h = AF = /2.

1
Area of 0AFG = bh = 5 X V2 =07

The upper rectangle ABDE has an area of bh, where b = AB = %, h = AE = 2.
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9c

1
Area of ABDE =bh=z><2 =1

Total area of upper rectangles = area of OAFG + area of ABDE =0.7+1=1.7

Since the curve is located between the two rectangles, it follows that:

1

1.2 <f2xdx <17
0

X

y=2

1
0A=AB=BC=CD=Z

The lower rectangle OAPN has an area of bh, where b = 0OA = i, h=0N = 1.

1
Area of OAPN = bh = 1 x1=0.25

1 1 1
L is located at (Z' 24) S0 AL = 24

1
The lower rectangle ABQL has an area of bh, where b = AB = %, h = AL = 24,

1 1
Area of ABQL = bh = 7 X 24 =0.3
1 1 1
J is located at (E 22) so B] = 22

1
The lower rectangle BCRJ has an area of bh, where b = %, h=B] =22

© Cambridge University Press 2019
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1 1
Area of BCR] = bh = 7 x 22 = 0.35
3 3 3
H islocated at (Z’ 24) so CH = 24
3
The lower rectangle CDEH has an area of bh, where b = %, h=CH =24

1 3
Area of CDEH = bh = 7 X 24 =042

Total area of lower rectangles

= area of OAPN + area of ABQL + area of BCR] + area of CDEH
1 1 1 1 1 3

1 1 1 3
= — — X 24 — X 22 — X 24
2 + 2 24 + 2 22 + 2 2
=13
1
The upper rectangle OALM has an area of bh, where b = OA = i, h=AL = 24
1 1
Area of OALM = bh = 7 X 24
1
The upper rectangle ABJK has an area of bh, where b = AB = i, h=B] =22
1 1
Area of ABJK = bh = 1 X 22
3
The upper rectangle BCHI has an area of bh, where b = BC = i, h=CH =24
1 3
Area of BCHI = bh = 2 X 24

The upper rectangle CDFG has an area of bh, where b = CD = i, h=DF =2

1 1
AreaofCDFG=bh:Z><2:E

Total area of upper rectangles

= area of OALM + area of ABJK + area of BCHI + area of CDFG

—1x2%+1x2%+1x2%+1
T4 4 4 2
= 1.6

Since the curve is located between the two rectangles, it follows that:
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9d

10a

1

1.3 <j2x dx < 1.6
0

Number of rectangles Interval
1 2-1=1
2 1.7-12=05
4 1.6-13=03

Based on the above, as the number of rectangles increases, the interval within
which the exact area lies becomes smaller.

The exact value of the definite integral is:
1

fod _ [ sz]l_ 2 2 _ ! = 1.44
*= linz o In2 In2 In2"~ 7

0

For the two lower rectangles in the diagram, let the rectangles have an equal
interval length of = % =1.

The heights of the lower rectangles will correspond to the value of y = In x, when
x=2andx = 3.

Area of lower rectangle 1, Ajgwer1 = bh =1 X 1n 2

Area of lower rectangle 2, Ajpwerz = bh =1 X 1n 3

Total area of lower rectangles

= Ajower1 T Alowerz

=In2+1n3

= 1.79

For the two upper rectangles in the diagram, let the rectangles have an equal

interval length of = 42;2 =1

The heights of the upper rectangles will correspond to the value of y = In x,
when x = 3 and x = 4.

Area of upper rectangle 1, A,ppers = bh =1 X In3

Area of upper rectangle 2, A,pper; = bh =1 X In4
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10b

Total area of upper rectangles
= Aupper1 T Aupperz
=In3+1n4

= 2.48

As the lower and upper rectangles “trap” the integral from above and below
between the x-coordinate values of 2 and 4, the total area of the lower rectangles
serves as a lower bound for the unknown true value of the integral, while the
total area of the upper rectangles serves as an upper bound. As the total area of
the lower rectangles and the total area of the upper rectangles are 1.79 and 2.48
respectively, we can assert that:

4
1.79 < f Inxdx < 2.48
2

For the four lower rectangles in the diagram, let the rectangles have an equal
interval length of b = 44;2 = %
The heights of the lower rectangles will correspond to the value of y = In x, when

x = 2,2.5,3 and 3.5.

Area of lower rectangle 1, Ajywer1 = bh = % X In2
Area of lower rectangle 2, Ajowerz = bh = % X In 2.5
Area of lower rectangle 3, Ajowers = bh = % X 1n3
Area of lower rectangle 4, Ajowers = bh = % X In 3.5

Total area of lower rectangles

= Ajower1 T Alowerz T Alowers T Alowera

1
=§(ln2+1n2.5+1n3+1n3.5)

=198
For the four upper rectangles in the diagram, let the rectangles have an equal
interval length of b = 4;—2 = %

The heights of the upper rectangles will correspond to the value of y = In x,
when x = 2.5, 3, 3.5 and 4.

Area of upper rectangle 1, Aypper1 = bh = % X 1In2.5
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10c

Area of upper rectangle 2, A,pper; = bh ==X 1n3

Area of upper rectangle 3, Ayppers = bh =

NIH NIH NI»—\
X
—
=
w
[Oa}

Area of upper rectangle 4, A,ppers = bh ==X 1n4

Total area of upper rectangles

= Aupperl + Aupperz + Aupper3 + Aupper4
1

= E(ln2.5 +In3+1In3.5+1n4)

= 2.33

As the lower and upper rectangles “trap” the integral from above and below
between the x-coordinate values of 2 and 4, the total area of the lower rectangles
serves as a lower bound for the unknown true value of the integral, while the
total area of the upper rectangles serves as an upper bound. As the total area of
the lower rectangles and the total area of the upper rectangles are 1.98 and 2.33
respectively, we can assert that:

4

1.98 < f Inxdx < 2.33
2

For the eight lower rectangles in the diagram, let the rectangles have an equal
interval length of b = % = i.
The heights of the lower rectangles will correspond to the value of y = In x, when

x = 2,2.25,2.5,2.75, 3,3.25,3.5 and 3.75.

Area of lower rectangle 1, Ajgwer1 = bh = i X 1In2
Area of lower rectangle 2, Ajgwerz = bh = i X In2.25
Area of lower rectangle 3, Ajowerz = bh = i X 1In2.5
Area of lower rectangle 4, Ajowers = bh = i X In2.75
Area of lower rectangle 5, Ajgwers = bh = i X In3
Area of lower rectangle 6, Ajowere = bh = i X In 3.25
Area of lower rectangle 7, Ajgwery = bh = i X 1n3.5
Area of lower rectangle 8, Ajowerg = bh = i X In3.75
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Total area of lower rectangles,

= Alowerl + Alowerz + Alower3 + Alower4 + AlowerS + Alower6 + Alower7 + Alower8
1

=7 (In2+1In225+In25+1n2.75+1In3 +1n3.25 +In3.5 +1n3.75)

= 2.07

For the eight upper rectangles in the diagram, let the rectangles have an equal
4-2 1

interval length of b = — =-.
8 4

The heights of the upper rectangles will correspond to the value of y = In x,
when x = 2.25,2.5,2.75,3, 3.25, 3.5, 3.75 and 4.

Area of upper rectangle 1, A,pper1 = bh = i X In2.25
Area of upper rectangle 2, A,pper, = bh = i X1n2.5
Area of upper rectangle 3, A,ppers = bh = i X In 2.75
Area of upper rectangle 4, A,ppers = bh = % X In3
Area of upper rectangle 5, A,ppers = bh = % x In3.25
Area of upper rectangle 6, A,ppere = bh = % X In3.5
Area of upper rectangle 7, Aypper; = bh = % xIn3.75
Area of upper rectangle 8, A,ppers = bh = % X In 4

Total area of upper rectangles

= Aupperl + Aupperz + Aupper3 + Aupper4 + AupperS + Aupper6 + Aupper7 + Aupper8
1

=32 (In2.25+1In25+In2.75+In3 +In3.25+1n3.5+1n3.75 +1In4)

= 2.24

As the lower and upper rectangles “trap” the integral from above and below
between the x-coordinate values of 2 and 4, the total area of the lower rectangles
serves as a lower bound for the unknown true value of the integral, while the
total area of the upper rectangles serves as an upper bound. As the total area of
the lower rectangles and the total area of the upper rectangles are 2.07 and 2.24
respectively, we can assert that:

4
1.98 < j Inxdx < 2.24
2
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10d

11a

11b

11c

Number of rectangles Interval
2 248 —1.79 = 0.69
4 233 -198=10.35
8 2.24-2.07 =0.17

Based on the above, as the number of rectangles increases, the interval within
which the exact area lies becomes smaller.

1 1 .
Area of lower rectangle = 1 X i3 and underestimates A.

Area of upper rectangle has area 1 X — = 1 and overestimates A.

0+1

Hence %<A < 1.

Area of two lower rectangles

1 1 +1 1
==—X——+ =X
2 0+1 2 05+1

7
12

Area of two upper rectangles

1 1 +1 1
= —X — X —
2 05+1 2 1+1

5
6

Hence =< A <2 (or0.58 < A < 0.83).

Area of three lower rectangles

1 1 1 1 1 1

=-X——+-X—+=-X

370+1 371 372
§+1 §+1

37

"~ 60
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Area of three upper rectangles

1 1 1 1 1 1

= Xo—F+—Xs—F =X ——
371 372 37141

47

"~ 60

Hence % <AL g (or 0.62 < A < 0.78).

11d  Area of four lower rectangles

1 1 +1 1 1 1 1>< 1
“3X0r1 T T3z [ t1*3
7+1 7+1 7+1

_ 553

840

Area of four upper rectangles

_1 1 1 1 1 1 1>< 1
R B o R R B o e |

7+1 7+1 7+1

319

420

Hawe—ﬂ<A<%£ (or0.63 < A < 0.76).

11e  The interval is getting smaller.

11f  Yes, they appear to be getting closer and closer to the exact value of 0.683 147....

12 This question uses technology to investigate some of the definite integrals from
other questions in this exercise.
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13a

1| x

The diagram shows different coloured segments for counting:

Number of BLUE (whole squares) = 119

Number of YELLOW (approximately Z of asquare) =9

Number of RED (approximately % of asquare) =11

Number of GREEN (approximately % of a square) =7

Total number of whole squares =119 X 1 + 9 X % + 11 X% % +7X % = 133
11 1 .

Area of each square = — X — = — square units

20 20 400

So f, 2% dx = 133 x — = 0.3325 = 0.33
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13bi

1__

The diagram shows different coloured segments for counting:

Number of BLUE (whole squares) = 11

>
X

Number of YELLOW (approximately Z of a square) = 3

Number of RED (approximately % of a square) = 4

Number of GREEN (approximately i of asquare) =3
Total number of whole squares =11 X 1 + 3 X % +4 X % + 3 X % =16

1
Area of each square = — X

20

1
400

1
So [Zx*dx = 16 X

© Cambridge University Press 2019
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13b ii

14a

1 x

The diagram shows different coloured segments for counting:

Number of BLUE (whole squares) = 108

Number of YELLOW (approximately Z of asquare) =6

Number of RED (approximately % of asquare) =7

Number of GREEN (approximately i of a square) = 4

Total number of whole squares =108 X 1 + 6 X z +7 X % +4 X % =117

1
Area of each square = — 5 X % = 705 Square units

So fi x2 dx = 117 x ﬁ = 0.2925
2

We can determine that + ﬁ = 0.3325 = 0.33, which confirms that the sum of

the answers to parts i and i is the answer to part a.

There are 315 little squares under the graph from x = 0 tox = 1.

14b [ VI—xZdx =315 X — = 0.7875 = 0.79
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14c

15

Lar? = 0.79
4

Sincer = 1,

1
-1 = 0.79

4
T =3.16

We have the formula from chapter 2 that:
1P +23 4403 = nP(n +1)2

Step A:

. . . . . 1
Divide the interval 0 < x < 1 into n subintervals, each of width —~

On each subinterval form the upper and lower rectangle.
Thus,

(sum of lower rectangles) < A < (sum of upper rectangles)

Step B:

13 23 n3

The heights of successive upper rectangles are — el SR e

Using the formula quoted above:

Sum of tangl —1(1—3+£ +"—3)
um of upper rectangles = —(—+ = ..+ —

=~ (13+2° + - +n?)

o1
Hence, the sum of upper rectangles has the limit Zasn —

© Cambridge University Press 2019
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Step C:

16a

3 23 (n_1)3

The heights of successive lower rectangles are 0, g

Substituting n — 1 for n in the formula quoted above:

Sum of upper rectangles = —(O +—= + + -+ (n 1) )
=L@ 42 4+ (1= 1))

_ 1 1 2.0 432
—n4><4n(n 1)

1. n?_ (n-1)?
=-X—=X

4 n2 n?

1 1\2
=-X —_—

4 (1 n)

Hence, the sum of lower rectangles has the limit i asn — oo
Step D:
Finally, (sum of lower rectangles) < A < (sum of upper rectangles)

And both these sums have same limit i so it allows that 4 = i

1 1
So, fo x3 dx =3

We have the formula from chapter 2 that

12422+ +n?= %n(n +1D(2n+1)

Need to prove:

foaxz dx = %3

Step A:

Divide the interval 0 < x < a into n subintervals, each of width %

On each subinterval form the upper and lower rectangle.
Thus,

(sum of lower rectangles) < A < (sum of upper rectangles)
Step B:

2 2 2
The heights of successive upper rectangles are — =, (Znaz) , ’(%)
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Using the formula quoted above

_afa®  @a*
Sum of upper rectangles —n(n2+ et

_ 22 2 2
a® 1
=?xgn(n+1)(2n+1)

a® n_ n+1_ 2n+1
=—X-X—X
3 n

n 2n
a® 1 1
—?X(1+Z)X(1+z)
3
Hence, the sum of upper rectangles has the limit a? asn — oo
Step C:

2 2 _1\2
The heights of successive lower rectangles are 0, = (20) .., (n-1)

n2 n2

Substituting n — 1 for n in the formula quoted above:

2 —1)2
Sum of upper rectangles = (O + = + (2a) + -+ —(nnzl ) )
a2 52 2
=12+ 22+ + (n—-1)?)

a® 1
& xg(n —1Dn2n-1)

n n-1 2n—-1
=—=X-X—X—
3 n n 2n

a® 1 1
—?X(l—z)X(l—z)
3
Hence, the sum of lower rectangles has the limita? asn — o

Step D:

Finally, (sum of lower rectangles) < A < (sum of upper rectangles)

3 3
And both these sums have same limit a? so itallows that A = a?

3

a a
So,f0 x3 dx ==
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16b  We have the formula from chapter 2 that
1P+ 23 4403 = nP(n +1)2

Need to prove:

a a*
[Txddx=—
0 3

Step A:
Divide the interval 0 < x < a into n subintervals, each of width %

On each subinterval form the upper and lower rectangle.
Thus,

(sum of lower rectangles) < A < (sum of upper rectangles)

Step B:
3 3 3
The heights of successive upper rectangles are — -, (Znaj - ,(%)
Using the formula quoted above:
_a(a (2a)3 (na)
Sum of upper rectangles = - (n3 + -+ )

- 4 (1 2 b n )

_a* _n? _ (n+1)?

4 n2 n2

_at 12
= x1+5)
4
Hence, the sum of upper rectangles has the limit aT asn — o

Step C:

a® (2a)? (n—1)3
) 3 ) n3 LA n3

The heights of successive lower rectangles are 0, —

Substituting n — 1 for n in the formula quoted above:

3 13
(Za) +. _I_(n 1))

n3

Sum of upper rectangles = - (O +—= +

4
=S (1422 4+ (n - D)
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17

_at 1 5. \2
_n4><4n(n 1)

_a 12
= x0-2)
4
Hence, the sum of lower rectangles has the limit a: asn — o

Step D:

Finally, (sum of lower rectangles) < A < (sum of upper rectangles)

4 4
And both these sums have same limit a: soitallows that A = a:

a a*
So, fo x3dx = -

o8-t

The area of a trapezium is - (a + b), hence, the ith trapezia filling in the polygon

will have area Z—==1 (f(xiy) + f(xl)) = —( ( ~ ) +f (;)) Summing these

areas together, the total area of the polygon will be

4= ST (1 () (9)

i=1
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i=1 i=1
1 nn+1)2n+1 nn+1
- L[z ( )6< ))_2 (2 )>+(n))
1 (n ) )
:2_713<§(2n +3n+1)—(n +n)+(n))
1 (2n® | 5
:ﬁ<T+n +§—n —n+n)
1 /2n® n
=m<T+§)
1 1
A

Note that the values for Y1, i2, ¥/, i and X,I-; 1 were found in chapter 2.

17b  As the curve is concave up, the area trapezia will always overestimate the area of
the curve. More specifically the lines PyP;, P, P, ... lie above the curve which
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means that the combined area of the trapezia is greater than the area of the
curve.

17c lim A = lim G +i2)

n—00 n—->00

_ 1) l 1 )
= (3 + lim (6n2
_ 1 1l 1
_nl—r>{>lo (3)+6nl—>oo (nz)
B 1+1(0)

36

Wl =

© Cambridge University Press 2019
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Solutions to Exercise 5B

1
ij dx
0

= [x%]§

=12_02

1la

1b

4
fo dx
1

= [x*]t
— 42 _ 12

=15

1c

3
f4x dx
1

= [2x2]3
=2%x32-2x%x12
=16

1d

5
j8x dx
2

= [4x?]3
=4 x5%—4x2?
= 84

© Cambridge University Press 2019
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le

3
f 3x? dx
2

= [x3]3

=33_23

1f

1g

1h
1
f 12x° dx
0

= [2x°]g
=2x1°—2x0°
=2
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1i

2ai

= [4x]p
=4x1-4%0

2aii

7
dex
2

= [5x]3
=5%xXx7-5x%x2
=25

2aiil

5
jldx
4

= [x]3

© Cambridge University Press 2019
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2bi  The integral fol 4 dx is defined by the area under the curve y = 4, which is a
rectangle bounded by the lines y = 4,x = 0,x = 1 and the x-axis.

Area of the rectangle

= bhwhereb=1,h =4

=1x4

=4
y F
5 +
4 &

2bii The integral f27 5 dx is defined by the area under the curve y = 5, which is a
rectangle bounded by the lines y = 5,x = 2,x = 7 and the x-axis.

Area of the rectangle

= bhwhereb =5,h =5
=5x%5

=25

© Cambridge University Press 2019
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2biii The integral f45 1 dx is defined by the area under the curve y = 1, which is a
rectangle bounded by the lines y = 1,x = 4, x = 5 and the x-axis.

Area of the rectangle

= bhwhereb=1h=1
=1x1

=1

3a
6
f (2x + 1) dx
3
= [x* + xS
=(62+6)—(32+3)
=42 —12
= 30
3b

4
f (2x —3)dx
2

= [x* = 3x]3
=(4?2-3%x4)—(2%2-3x2)
=4-(-2)

=6

© Cambridge University Press 2019

44



Chapter 5 worked solutions — Integration

3c

3d

3e

3f

j3(4x +5) dx
0

= [2x% + 5x]3
=(2x%x32+5%x3)—-(2x02+5x%x0)
=33-0

=33

3
f (3x%2 — 1) dx
2

— [ — xI}
=(3*-3)-(2°-2)
=24—-6

=18

4
f (6x2 + 2)dx
1

= [2x3 + 2x]}

— XA 42X - (2x13+2x1)
=136 -4

=132

1
j (3x% + 2x) dx
0
= [x* +x*]g
= (1 +1%) - (0° +0%)
=2-0
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3g

3h

3i

4a

=2

2
j (4x3 +3x%2 + 1) dx
1

= [x* + x3 + x]?
=2*+2°+2)-(1*+13+1)
=26—-3

=23

2
f (2x + 3x% + 8x3) dx

0
= [x% + x3 + 2x*]3
=(22+23+2x%x29) - (02403 +2x%x0%
=44 -0
= 44

5
f (3x%2 —6x +5) dx
3

= [x3 — 3x? + 5x]3
=(53-3x%x52+5x5)—(33-3x3%2+5x3)
=75-15

=60

0
f (1-2x)dx
-1

=[x - x?]%,
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=(0-0)—-((-D—-(-1?)
=0-(-2)
=2

4b

j0(2x+3)dx

= [x? + 3x]%,

= (02 +3x0)— ((=1)% +3 x (=1))
=0-(-2)

=2

4c

1
f 3x? dx
-2

= [x®]%,

= (1% - (=%
=1-(-8)

=9

4d

2
f (4x3 + 5) dx
-1
= [x4 =+ SX]El
=(2*+5x2)— ((-D*+5x%x(-1))
=26 — (—4)
=30
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4e
2
f (5x* + 6x2) dx
-2

= [x° + 2x3]%,
=(2542x%x2%)-((-2)°+2x(-2)3
=48 — (—48)

=96

4f

f_1(4x3 +12x%2 — 3) dx

-2

= [x* + 4x3 — 3x]Z3

=((-D*+4x (1) =3x (-1) = ((-2)* + 4 x (=2)* =3 x (-2))
=0—(-10)

=10

5a

f4(x +2)dx
1

e
1
(4
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5b

2
j(x2+x)dx
0
53]
= |— 4+ —
3 2 0
23 22 03 072
369
-3
-3

5c
3
f(x3+x2)dx
0
x* x37°
£
0
34 33 0* 03
=<T+?>_<T ?>
—291 0
'
—291
)
5d

(1t 17 G (— )?
_<T_7+1>_< 2 (1)>

© Cambridge University Press 2019

49



5e

3
j (2x%2 = 3x+ 1) dx
-2

3 2x3 3x2+ 3
Bl B
-2

2(3)3 3(3)2 2(=2)% 3(=2)?
:< . (3)) ( 3 +(—2)>

5f
f_ (16 — x3 — x) dx
-4
Xt x2)77
= Il6X - T —7]
-4
(=2)* (-2)? (—0)* (—4)?
=<16(—2)— — )—(16(—4)— — )
— -38— (~136)
= 98
6a

3
j x(2 4+ 3x) dx
2

3
= j (2x + 3x?) dx
2
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= [x* + 2°]3
=(3%+3%) - (2*+2%)
=36 —12

=24

6b

2
f (x+1)(3x + 1) dx
0
2
=f (Bx?+3x+x+1)dx
0

2
=f (3x% +4x + 1) dx

0
= [x3 + 2x? + x]3
=(23+2x%x22+2)—(03+2x%x0%2+0)
=18-0
=18

6c

1
f x2(5x% + 1) dx
-1

1
= J (5x* + x?) dx
1

31
Ix +3]
-1
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oed
2
f(x—S)zdx
-1
2
=f (x?2 —6x +9)dx
-1
[-ast e
= ——3x2+9xl
3 -1
23 -1)3
=<?—3x22+9x2>—<( 3) —3><(—1)2+9><(—1)>
_gZ (121)
-3 3
=21
6e

fox(x —1D(x+1)dx
0
=f x(x? — 1) dx

0
= J (x3 —x)dx
—1

_ (0% 0? -D* (=12
_<T_7>_< 4 2 )
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6f
0
f (1—x%)?2dx
-1
0
_ f (1= x2)(1 — x2) dx
-1

0
=f (1—2x%+x*)dx
-1

_ 23+x
T30 TS

:<O—§x03 05) (( 1)——><( 1)3 +

7a

J‘33x3+4x2d
1 x ¥

3<3x3 4x2)
[ ()
L\ x x
3
=J (3x% + 4x) dx
1

= [x3 + 2423
=(3*+2x3)-(13+2x1?
=45-3

= 42

© Cambridge University Press 2019
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7b

7c

7d

f24x4—x
dx
1 x
2(4x4 x)
=f 22 ax
L \x  x
2
= (4x3—1)dx
1
= [x* —x]%
=Q*-2)-(1*-1)
=14-0
=14

3
= f (5 +9x%) dx
2

= [5x + 3x3]3
=(5x3+3x33)-(5x2+3x%x2%
=96 — 34

= 62

2x3 + 4x?
dx
) x
2 /x3 4x?
= —+—|dx
L \x x

2
= f (x? + 4x) dx
1
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x3 2
= [? + ZXZl
1
23 13
=—+2x%x2%)—-=—+2x1?

:103_(21)

3 3

7e

I
~

Il
o
WIN N~

7f

—1x3_2x5
j —dx
. X
“1ix3 2x°
=f_2 Pl L
-1
=f (x — 2x3) dx
—2
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x2 x4t
- I? B 7]
-2

(-2)*

B (—1)2_(—1)4 B (—2)2_
S\ 2 2 2

=0-(-6)
=6

8a

8b

3
f (2x + 3x?) dx
0

2
— [+2 313
= [x* + x°]3

(B )-o oo

20 0
27

20

27
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8c

9aii

3
f 2x 3 dx
2

]
-2 5

= [
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9a iii

9b i
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2
=.[ x"2dx
1
x~1?
=
1

12
=l
-(-3)-(-7)
2 1
1
=—§—(—1)
1
2
9b ii
41
’[;Fdx

1 1
BT
15
=32

© Cambridge University Press 2019 59



Chapter 5 worked solutions — Integration

9b iii

10ai

10aii

1
L Fdx
2
1
=.[ 3x *dx
1
2
3 [3x~3
=
2
1 1
— |3l
2
_F>_ TG
(2)
= -1-(-8)
=7

k
f3dx
2

= [3x]%
=Bxk)—(3x%x2)
=3k—-6

Given that:
k
j 3dx =18
2

From 10a i, we have

k
f3dx=3k—6
2

3k—6=18
k=8
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10bi

10bii Given that:
k
f xdx =18
0

From 10b i, we have

k k2
xdx = —
| wax=7

— =18

k = +V36

The positive value of k = 6.

11a

3
dex=4
k

[2x]} = 4
2X3—-2k=4
—2k=4-6

k_—z
-2

=1
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11b
8
deleZ
k
[3x]8 = 12
3x8—3k=12
—3k=12-124
k__—12
-3
=4

11c

f?k—&dx:S

[(k —3)x]3 =5
3(k—3)—2(k—3)=5
3k-9-2k+6=5
k=5+9-6

=8

11d

k
f(x—S)dsz

3

7]

——le =0

2 3

k? 32
——=3k|—-(=-3%x3]=0
(7-)-(z->)

K k-249-0
2 2

K e+ 20

2 2

k2 —6k+9=0
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(k—3)2=0
k=3

11e

k
j (x+1)dx=6
1
x? k
[74‘.%] =6
1

K k v 1)=6
k?

+k L 1=6
2 2 B

k2+k 15—o
2 2

k? +2k—15=0
(k+5)(k—-3)=0
k=-5o0r3

Ask >0,k=3

11f
k 13
f (k+3x)dx =—
1 2

[ 321 13

ket =0 =7
1
k><k+3k2 k+3><12
2 2
k24_3k2 . 3 13
2 2 2

5k2 k—8=0
5 =

5k? —2k—16=0
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12a

12b

(5k + 8)(k—2) = 0
k= 8 2
——gor

Ask >0,k =2

f;f(x)dx=folf(X)dx+flzf(x)dx+f:f(x)dx+j:f(x)dx

) 01 f (x) dx represents the area of a quadrant with r = 1.

T

fl()d _L x 1% =
Ofx x—47r =2

f 12 f(x) dx represents the area of a triangle with b = 1,h = 1.

fz()d —1x1x1—1
1fx x=3 =3

f; f (x) dx represents the area of a triangle with b = 1, h = 1.

fB()d —1><1x1—1
2fx x=3 =3

f: f(x) dx represents the area of a quadrant with r = 1.

T

f4()d _ 1 x 12 =
3fx x—47t =2

Thereforef:f(x)dx=%+%+%+%=1+§

j:f(x)dx=jolf(x)dx+jlzf(x)dx+L3f(x)dx+j:f(x)dx

fol f(x) dx represents the external area of a quadrant with r = 1 inscribed in a
square with side b = 1.

1 1 T
dx=1*——mx1>=1-~
jof(x) x 2" 2
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13a

2 x) dx represents the area of a square with b = 1.
1 p q

2
ff(x)dx=1><1=1
1

f; f(x) dx represents the area of a triangle with b = 1, h = 1.

js()d —1><1><1—1
fo x=3 =3

f: f (x) dx represents the area of a quadrant with r = 1.

f4()d _1 x 1% =
3fx x—47r =2

Thereforef:f(x)dx: 1—%+1+%+§=2%

214 x?
f > dx
. X
2 1 x2
=j1 s x2 dx
2
=j(x‘2+1)dx
1

=[x +x]3
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13b

11 4 2x
j 3 dx
o X

11 2x
= f , (et)@
-1
=f (x73 +2x7?) dx
2
x~2 2x- 17!
=[]
2
-1

_ 1 2]
Lo2x2 oxl,

- (‘ 2 % (1—1)2 - (—21)) - (‘ 2% (1—2)2 - (—22))

13c

B 1 -D? (-D* 1 (-3)?2 (-3)*
_<_2><(—1)_ 4 2 >_<_2><(—3)_ 4 2 )

_(111) (1981)
“\2 4 2 6 4 2
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14a

14b

x> 1717
= |42y — —
[5+ TS
1
= 25+2><2 ! 15+2><1 -
~\5 3 x 23 5 3x13
_(32 1) (1 5 1)
~\5 24 5 3
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14c

1

1

- <_ 3 x (1—1)3 N (—11)2 - (—11)) - (‘ 3 x (1—2)3 N

—(1 1+1) (1 1+1)
—\3 24 4 2

15a  x2% > 0 for all real x and hence x—lz > (Qforall x # 0.

15b
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The curve is discontinuous at x = 0, hence we cannot integrate over a domain

containing x = 0. The integral is meaningless and hence use of the fundamental

theorem is invalid.

15c¢  Partiiis meaningless as it crosses the asymptote at x = 3. The rest are well
defined.

16ai Here f(t) = t? and hence f(x) = x2.
16aii Here f(t) = t3 + 3t and hence f(x) = x3 + 3x.
16aiii Here f(t) = %and hence f(x) = i

16aiv Here f(t) = (t3 — 3)* and hence f(x) = (x3 — 3)*.

16bi
d X
—f t? dt
dx J,
d [t31"
- &5
1
_d x3 1
T dx\3 3
=.X2
16b ii

d X
—j (t3 +3t) dt
dx J,

d [t* 3t2]"

T dx|4 " 2
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_d x‘*_I_Bx2 24_|_3><22
T dx\ 4 2 4 2

=x3 + 3x
16b iii
d X
afa —dt
d
— TMntl*
dx[nt]
d
d—(lnx—lna)
_1
T x
16b iv

d X
El (t3 —3)*dt
a
d X
:Ef (t® — 6t +9)(t° —6t3+9)dt
a

d X
= Ef (t'? — 12¢° + 54t® — 108t3 + 81) dt
a

_ d e 12¢° 547 108t* 81t"
S dx[13 10 7 4 .

. d x13 12x10 N 54x7 108x* 81

Tax\13 10 7 4 x
al®  12aq1° N 54a’ 108a* 81
13 10 7 4 a

= x12 — 12x% 4 54a® — 10843 + 81 — (0)

= (x® — 3)* using the reverse of the expansion shown above in the first 3 lines.

© Cambridge University Press 2019 70



GCarmoricle "lTHS

Chapter 5 worked solutions — Integration
172 V(@) =(@—-x) U@+ f, UM dt
Given, dz—x = u(x)
V' () ==[(a—x) UG) + [ U(t) de]
V' (x) =2 (a—x) Ux) + = [ U(t) dt
As we know from the fundamental theorem that,

S I F@de = f(x)

Hence,

V'(x)=(a—x)ulx) —U(x)+ U(x)
V' (x) = (a—x)u(x)

17b  Here we use the chain rule, let U = U(x) and dv = dx. It follows that Z—Z = u(x)

and that v = x. Hence
faU(x) dx = [Uv]8 — fav du
0 o
= [U(x)v]§ —f x - u(x) dx
Oa
= [U(x)x]§ —J x-u(x)dx
0
= U(a)-a—U(O)-O—f x - u(x)dx
0

=aU(a) — fax ~u(x) dx
0

By the fundamental theorem of calculus [ Oa u(x) = U(a) — U(0) and so
U(a) = foau(x) + U(0). Thus

a (Lau(x) + U(O)) — foax ~u(x) dx

a

aj;au(x) + aU(0) —f x - u(x)dx

0

faU(x) dx
0

= faa u(x) + al(0) — fax ~u(x) dx
0 . 0
=alU(0) + J (a —x)u(x) dx
0
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Solutions to Exercise 5C

1

5
f (2x —3) dx
4

Now inspect the reverse:

f4(2x —3)dx
5

[t is observed that the values differ by a factor of —1.

2a
1
LHS = -f 6x2 dx
0

= [2x°]g
=2x13-2x 03
=2
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1
RHS = 6[ x? dx
0

fs],
3 0

—6x————
5

-ox(3-o)

=6 X

W] =

=2
So LHS = RHS.

2b

2
LHS = ] (x3 + x?) dx
-1

<4+ j ((1V Ggf)
5)-(3

E’
.3
°%

[ [
[l +fl,
-(3)-(5)+5)-(5)

—33+3
T4
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4

So LHS = RHS.

2c
3
LHS = f (x? —4x + 3) dx
0
x3 3
= I— —2x% + 3xl
3
0
33 03
=(;—2x32+3x3>—(?—2x02+3x0)
=0-0
=0
2 3
RHS = (x2—4x+3)dx+f (x%? —4x + 3) dx
0 2
%3 2«3 p
= |75 —2x*+3x| + |5 —2x*+3x
3 3
- 0 2
[ (23 03
= <?—2x22+3x2>—<?—2><02+3x0>]
) 33 23
+I<?—2><32+3x3>—<?—2><22+3x2>]
=[50 +[o-3]
13 3
~3°3
=0
So LHS = RHS.
3a We have learned from the Fundamental Theorem of Calculus that a definite

integral with a lower bound a and upper bound b evaluates to the following.

b
f f(x) dx = F(b) — F(a), where F(x) is a primitive of f(x)
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3b

4a

4b

If a = b, the integral will be over a zero-width interval, and the right-hand side of
the equation, F(b) — F(a) evaluates to 0 as F(b) = F(a).

This expression is best visualised on the graph.

Since the line y = x passes through the origin, the integral can be expressed as
the sum of two integrals on either side of the origin, where x = 0.

2 0 2
f xdx=f xdx+j. x dx
-2 -2 0

Each of the integrals on the RHS of the equation above represents the area of a
triangle between the line y = x and the x-axis, and the lines x = =2 and x = 2
respectively. These are congruent triangles, rotated about the origin, therefore
the areas are equal.

As we have previously learned that any interval over which a function is negative
contributes negatively to the total value of the integral, we can therefore

0 . . 2 . .
conclude that f_z x dx is negative, and fo x dx is positive. Therefore, the total
value of the integral is equal to zero.

fol(x — 1) dx is negative because in the interval [0, 1], the functiony = x — 1is

negative. So the area between the curve and the x-axis is negative for [0, 1] as the
region is below the x-axis.

fl (x — 1) dx is positive because in the interval [1, 2], the functiony = x — 1 is
positive. So the area between the curve and the x-axis is positive for [1, 2] as the
region is above the x-axis.
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4c

4d

5a

5b

5¢

5d

foz(x — 1) dx can be expressed as the sum of the integrals fol(x —1)dx and
) 12(x — 1) dx. As these integrals each represent equal areas of triangles but of

opposite sign, it can be concluded that foz(x — 1) dx = 0. The areas of the regions
above and below the x-axis are equal.

The function y = x — 1 is negative in the interval [—2, 1] and positive in the
interval [1, 2]. If this were expressed in integral form:

J-_Zz(x—l)dx=J-_12(x—1)dx+J12(x—1)dx

Based on the graph, it is observed that the area of the triangle below the x-axis is
greater than the area of the triangle above the x-axis. The resultant sum of the
area of the triangles is negative.

Therefore the integral f_zz(x — 1) dx is negative.

1 . ips . . .
f_l(l — x?) dx is positive because in the interval [—1, 1], the function y = 1 — x?
is positive. So the area between the curve and the x-axis is positive for [—1, 1] as
the region is above the x-axis.

3 : . : : : .
J; (1 = x?) dx is negative because in the interval [1, 3], the function y = 1 — x* is
negative. So the area between the curve and the x-axis is negative for [1, 3] as the
region is below the x-axis.

0 .
f_l(l — x?) dx represents the area between the curve and the x-axis, between

x = —1 and x = 0. Since the curve between x = 0 and x = 1 is a reflection in the
y-axis of the curve between x = —1 and x = 0, the area between the curve and
the x-axis, between x = 0 and x = 1 is the same.

Hence f_ol(l —x%) dx = fol(l —x?%) dx

Thus,y = 1- x? is an even function, so is symmetrical about the y-axis.

From the graph, the area under the function y = 1 — x? in the interval [0, %] is

greater than the area under the curve in the interval E, 1].

© Cambridge University Press 2019 76



Chapter 5 worked solutions — Integration

6a By reversing the integral, if | 13 f(x)dx = 7, then f; fx)dx=-7

6b By reversing the integral, if le g(x) dx = =5, then | 12 g(x)dx =5

7 The graph below shows the lines for y = 2x (red line) and y = x (blue line).

v

7

It is clear from the diagram above that the area under the graph of y = 2x for
0 < x < 1is greater than the area under the graph of y = x for0 < x < 1,

therefore:

1 1
f 2xdx>]xdx
0 0

0 1 1
fx3dx+Jx3dx=fx3dx
—2 0 2

The graph of y = x3 is shown below.
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1

o b 4 & &b b b d Lo 2w s e N o o

Based on the diagram, the area between the x-axis and the curve in the interval
—2 < x < 0is negative and the area between the x-axis and the curve in the
interval 0 < x < 1 is positive. Since the magnitude of the area between the x-axis
and the curve in the interval —2 < x < 0 is greater than the magnitude of the
area between the x-axis and the curve in the interval 0 < x < 1, the definite

. 1 : :
integral [~ x* dx is negative.

9ai
2
f (3x%2 — 1) dx
0
= b T}
= (2*-2) - (0*~0)
=6
9aii

0
j (3x? — 1) dx
2

= [x® — ]9
= (03 —0) — (23— 2)
=—6

The integrals are opposites because the limits have been reversed.
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9b i
1
j 20x3 dx
0
= [5x*]p
=(Gx1Y) - (x0Y
=5
9b ii

1
ZOf x3 dx
0
x4
- ZOH
0
14 0%
= ZO(Z_Z)
- 20(3)
N 4

=5

The integrals are equal. The constant factor of 20 was moved outside the integral

in part ii.

Oci

4
f (4x + 5) dx
1

= [2x% + 5x]7
=(2x4°+5%x4)—(2x12+5x%x1)
=52-7

=45
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9cii

4
j 4x dx
1

= [2x?]1
=(2x4%)-(2x1?
=32-2

=30

9c iii

4
dex
1

= [5x]t
=(GBx4)—-(5x%x1)
=20-5

=15

From the values of the integrals, the relationship

[ 14 (4x +5)dx = | 14 (4x)dx + | 14 (5) dx is observed. This shows that the integral

of a sum is the sum of the integrals of each term in the expression.

9d i
2
f 12x3 dx
0

= [3x"]3
=(Bx2H-((3Bx0Y
=48-0

=48
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9d ii
1
j 12x3 dx
0
= [3x*]p
=(Bx1H-(3x0Y

=3-0
=3

9d iii
2
f 12x3 dx
1

= [3x*]

=0Bx2)-Bx1%

=48 -3

=45

From the values of the definite integrals, the relationship

foz 12x3 dx = fol 12x3 dx + flz 12x3 dx is observed. This is because the interval

from x = 0 to x = 2 can be dissected into two successive intervals from
x=0tox =1thenfromx =1tox = 2.

9ei
3
f (4 — 3x?%) dx
3

= [4x — x°]3
= (4x3-3%) - (4x3-3%
=0
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9e il

10a

10b

10c

-2
f (4 —3x%) dx
-2

= [4x — x3]22
=@x-2-(-2*)-(4x-2-(-2)%
=0

The values of the definite integrals are 0 as the integral is evaluated over an
interval of zero width.

Since the lower limit = upper limit, the width of the interval is 0, and therefore
the value of the integral is 0.

Sof33\/9—x2 dx =0

Since the lower limit = upper limit, the width of the interval is 0, and therefore
the value of the integral is 0.

Sof44(x3—3x2+5x—7)dx=0

The graph of y = x3 is shown below.

y F

The integrand y = x3 is an odd function with symmetry about the origin. For an
odd function f(x), f_aaf(x) dx = 0.
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So f_11x3 dx =0

10d  The graph of y = x3 — 25x is shown below.

v F

60
40

20

-20

-40

The integrand y = x3 — 25x is an odd function with symmetry about the origin.
For an odd function f(x), f_aa f(x)dx = 0.

So f_ss(x3 —25x)dx =0

10e  The graph of y = sin x is shown below.

Y, | | £

N1 T X

-2,

The integrand y = sin x is an odd function with symmetry about the origin. For
an odd function f(x), f_aa f(x)dx = 0.

So [Zsinxdx =0
2
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10f

11a

11b

The graph of y =

The integrand y = 1:;2
an odd function f(x), f_aa f(x)dx = 0.

So [ Z_dx=0

2 14x2

The graph below shows the curve for y = x? (red line) and the curve for y = x3
(blue line). The points of intersection are (0, 0) and (1, 1).

(1,1) P

0 1
(0,0) %

If we employ the lower and upper rectangle trap method, we know that both
fol x3 dx and fol x? dx are between 0 and 1.

The area under the graph of y = x3 to the x-axis is less than the area under the
graph of y = x? to the x-axis in the interval x = 0 to x = 1.
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Therefore, we know that:
fol x3dx < folxz dx.
As they are both between 0 and 1, we can assert the following:

1 1
0<jx3dx<jx2dx<1
0 0

11c

Given that 0 < i < § < 1, the inequality written in question 12b is true.
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12a

-b [ Iy
=V

— S

In the interval 0 < x < 1, the signed area is positive.
In the interval 1 < x < 2.5, the signed area is negative.
In the interval 2.5 < x < 3, the signed area is positive.
In the interval 3 < x < 4, the signed area is positive.

The sum of the signed areas can be expressed by the following equation:

2.5

4 1 3 4
f f(x)dx=f f(x)dx — f(x)dx + f(x)dx+f f(x)dx
0 0 2.5 3

1

The RHS of the equation above can be solved piecewise, as follows:
) 01 f(x) dx is the area of a quadrant of a circle of radius, r = 1 (shown in red).

T

fl d—1 x 12 =
0f(x) x—47r =2

flz'sf(x) dx is the area of a triangle with base, b = 2.5 — 1 = 1.5, and height,
h =1 (shown in blue).

2.5 1 3
dx==-%X15%x1=-
fl fe)dx = 2

f;sf(x) dx is the area of a triangle with base, b = 3 — 2.5 = 0.5, and height,
h = 1 (shown in grey).

f3 (x)d —1><05><1—1
2-sfx x—2 . =1

f: f(x) dx is the area of a quadrant of a circle of radius, r = 1 (shown in yellow).
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-1

In the interval 0 < x < 1, the signed area is positive.
In the interval 1 < x < 2, the signed area is positive.
In the interval 2 < x < 3, the signed area is negative.
In the interval 3 < x < 4, the signed area is negative.

The sum of the signed areas can be expressed by the following equation:

4 1 2 3 4
f f(x)dx = f f(x)dx + f f(x)dx — J f(x)dx — f f(x)dx
0 0 1 2 3
The RHS of the equation above can be solved piecewise, as follows:

) 01 f(x) dx is the area of the inverse of a quadrant of a circle of radius, r = 1
inscribed in a square of side, b = 1 (shown in red).

T

fl dx = 12 - x12=1
0f(x) x = 411 = 2

ff f(x) dx is the area of a triangle with base, b = 2 — 1 = 1, and height, h = 1
(shown in blue).
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13ai

jz()d —1><1><1—1
1fx x=3 =3

f: f(x) dx is the area of a triangle with base, b = 3 — 2 = 1, and height, h = 1
(shown in grey).

fg()d —1x1><1—1
fo x=3 =5

f: f(x) dx is the area of a quadrant of a circle of radius, r = 1 (shown in yellow).

T
f(X)dx=-mx1% =—
3 4
Sof:f(x)dx

—1 n+1 1 =&

B 4 2 2 4
2

Area of shaded regionis=1Xb=1X5=5
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13aii

13bi

Area of region by formula is = % XbXxXh

5
f 2x dx
0

5
= dex
0

© Cambridge University Press 2019
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13b ii

13b iii

5
jx+1dx
0

=f05xdx+f051dx
=Ixz—zl:+[x]8
=(§—0)+(5—0)

—25+5—171
T2 T2

5
f 3x — 2dx
0

5 5
=f 3xdx—f2dx
0 0
5 5
=3fxdx—2f 1dx
0

0
3x2]°
=[%] - 2
0

=(7—5—o)—(10—0)
2
75
== —10
1
=27§
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14ai

-0.3 -0.2 -0.1 0 0.1 0.2 0.3

Area of region by formula is =

14aii

Definite integral is the area of the region between the line y = |x + 5| and the x-
axis, fromx = 1tox = —5.

The area under the graph is a triangle with:
b=1-(-5)=6
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h=6-0=6
1

1 1
f|x+5|dx=§bh=§x6x6=18
-5

14aiii

0 0.5 1 15 2 2.5

Definite integral is the area of the region between the line y = |x| + 3 and the
x-axis, fromx = 0tox = 2.

The area under the graph is a trapezium with:

a=3-0=3
b=5-0=5
h=2-0=2

1 1
Area of the region =§(a+b)h =§>< (3+5)x2=8

© Cambridge University Press 2019

92



Chapter 5 worked solutions — Integration

14bi According to the formula,

[EF@de =~ [ f(0) dx

Hence,

1 1
f} 4(1 — 4x) dx = —fj%(]_ — 4x) dx = _%

4

14bii According to the formula,

fbaf(x) dx = —f:f(x) dx

Hence,

_s5 1
J, lx+5ldx =~ [_|x+5|dx=-18

14b iii According to the formula,

[ FQ)de = = [ f(x) dx
Hence,

0 2
f2|x|+3dx=—f0|x|+3dx=—8

15a  The function is odd so the integral is zero.

15b  The function is even so its graph is symmetrical about the y-axis and is also an

even function.
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16a  The graph of y = 2% is shown below.

T®0 ) |+

Since the function is not odd, the statement is false.

16b  The graph of y = 3* is shown below.

y-9 1 / £
8 * .

-2 -1 0 1 2

X
-1

Since all of the required area from x = 0 to x = 2 is above the x-axis (and hence

is positive), the statement is true.
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16¢c  The graphofy = % is shown below.

Since all of the required area from x = —2 to x = —1 is below the x-axis (and
hence is negative), the statement is false.

16d The graphofy = % is shown below.

. . . -, 2

The area from x = 1 to x = 2 is above the x-axis (and is positive), so fl %dx > 0.
Since the integral [, —dx has the reverse limits, [ ~dx = — [* > dx
8 2 x 7J2 x 1x ’

This means that le % dx < 0 and hence the statement is false.
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17ai

17aii

17aiii

17bi

17b ii

f:dx:f:ldx: x]3=4-3=1
[dx=[1dx=[x]}=3-2=1
[ldx=[lldx=[x]}=2-1=1

Hence, f: dx = f: dx = flz dx =1

2 r4 2 [x 2 2 7
e =2[2] = 2x (-2 =2xl =1
773 7L 7 7 2

543

2 3 2 [x2 2 9 4 2 5
2 rar=2[2] =x(2-%) =Exi=1
572 51 5 52

512

2 (2 2 [x? 2 4 1 2 3

2 [2eqx =2[E] 2 2x (21) =Exiog
371 3L2 3 ) 372

[ldx=['ldx=[x]{=4-1=3

Proc=[e] = (-2 =34
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17b iii
et =[5] = (-5 =

17biv

2., e 2
Jix +1)alx—[3+x]1

- (+9)- ()

14 4 10

3 3 3

17bv

SIx2dx =7 (> x2dx
fl 1

3
=7[%],
S (2
=7x2 =602

17b vi
[/ (3x% — 6x + 5) dx
% ff(3x2) dx—ff(6x) dx+f145dx
=3f14x2dx—6f14xdx+5f141dx
] ol s

64

=3x(Z-3)-6x(2-1)+5x@-1)

=3x§—6x—+5x3
3 2

=64 —45+ 15

= 33
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18a

18b

18c

18d

18e

18f

19a

The statement is true as, sin 90° = 1 which makes the function odd and as per
the fundamental theorem, if f(x) is odd then f_aa f(x)dx = 0.

The statement is true as, sin 120° = — \/Z—Ewhich is odd and cos 60° = %which is

even makes the function odd and as per the fundamental theorem, if f(x) is odd
then f_aaf(x) dx =0

The statement is false as 27" > 0 for all values of x.

The statement is true as 2* < 3* for all values of 0 < x < 1
The statement is false as 2* > 3* for all valuesof =1 > x > 0
The statement is true as t™ > t"*1 for all values of 0 < t < 1

Hence,

1 1
<
1+t~ 1+nH

P hax= = ey = [ = —2o (<=1

Thusas N — oo, lexizdx =1- % — 1 — 0 = 1 so the integral converges to 1.

[ \
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19 [ de=flxtar =t =[] = - (<) =51

Nowase—>0+——>oo thusase—>0+f—d =——1—>oo

Thus, the integral diverges.

—6

1 N
N1 N 1 2 N
19¢ [ =dx = [ xT2dx = [x?l = [Zﬁ]l =2VN - 2V1=2VN -2
1

NowasN—>00,\/N—>00,thusasN—>00,f1N\/i§dx=2\/ﬁ—2—>oo.

Thus, the integral diverges.
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Y

19d f:ixdxzf:x‘%dx_[ l [2vx]. = 2vI-2Ve =2~ 2e

Nowase — 0%,\e - 0¥, thusase—>0+f—dx—2 2ve - 2-2(0) = 2.

Thus, the integral converges to 2.
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Solutions to Exercise 5D

1la

1b

2a

2b

The triangle formula for a triangle of base, b, and height, h, is %bh.

The function A(x) = fox 3t dt describes a triangle of base b = x and height
h = 3x for the values of x in the interval [0,3].

X

A(x) =f 3tdt
0

1 3
=—XxX
5 XX X 3Xx

— 42
zx

As A'(x) = = (A(x)),

o= ()

=2X=
X

= 3x

The function A(x) is identical to A’(x) apart from a change of letter.

This graph is the straight line y = 3.
The rectangle area formula, bh is required to calculate the signed area function.

The graph shows a rectangle of base b = x and height h = 3.

A(x)=fxf(t)dt=x><3=3x
0

d d
X) = — X = — X)) =
A() =——(A()) = -G =3

The function A’(x) is identical to the original function y = 3.

This graph is the straight line y = 2t.
The triangle area formula, %bh, is required to calculate the signed area function.

The graph shows a triangle of base b = x and height h = 2x.
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2C

2d

A(x)=jxf(t)dt=%><xx2x=x2
0

d d
A(x) = E(A(x)) = a(xz) = 2x

The function A’(x) is identical to the original function y = 2t, apart from the
change of letter.

This graph is the straightliney =t + 2.

The trapezium area formula, % (a + b)h, is required to calculate the signed area

function.

The graph shows a trapezium with dimensions a = 2, b = x + 2 and height h = x

X 1 1 1
A(X)=f f(t)dt=§(2+x+2)><x=§(4x+x2)=2x+§x2
0

A(x)——(A(x))— (2x+;x>=2+x

The function A’(x) is identical to the original function y = t + 2, apart from the
change of letter.

This graph is the straightliney =5 —t.
The trapezium area formula, % (a + b)h, is required to calculate the signed area
function.

The graph shows a trapezium with dimensions a = 5, b = 5 — x and height h = x

X 1 1 1
A(x)=f f(t)dt=§(5+5—x)><x=5(10x—x2)=5x—§x2
0

d d 1
A(x) = E(A(x)) = E(Sx —sz) =5—x

The function A’(x) is identical to the original function y = 5 — t, apart from the
change of letter.
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3a

3b

The signed area function A(x) = | ox f(t) dx represents the area under the curve.

As x increases from 0, the value of A(x) will increase. However, due to the
decreasing nature of the curve f(t) in the interval [0, 2), the value of A(x) will
increase at a decreasing rate.

In the interval (2, o), the curve of f(t) is increasing, therefore the value of A(x)
will increase at an increasing rate.

While the value of A(x) increases for all values of x > 0, it increases at a
decreasing rate for 0 < x < 2 and increases at an increasing rate for x > 2 with
an inflection point at x = 2.

A(x) A

The signed area function A(x) = fox f (t) dx represents the area under the curve.

As x increases from 0, the value of A(x) will increase. However, due to the
increasing nature of the curve f(t) in the interval [0, 2), the value of A(x) will
increase at an increasing rate.

In the interval (2, o), the curve of f(t) is decreasing, therefore the value of A(x)
will increase at an decreasing rate.

While the value of A(x) increases for all values of x > 0, it increases at an
increasing rate for 0 < x < 2 and increases at a decreasing rate for x > 2 with an
inflection pointat x = 2.

AX) A
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4a

4b

4c

5a

The differential form é f; f(t)dt = f(x), therefore
d jx 1.1
dxJ, t  «x

The differential form % f; f(t)dt = f(x), therefore

djx 11
dxJ, 1+t3 143

The differential form ;—x f(f f(t)dt = f(x), therefore

Based on the differential form of the fundamental theorem:

d X
—f (3t?2 —12)dt = 3x%2 — 12
dx J,
By integrating first:
X
f (3t?2 —12)dt
1

= [t3 —12t]}
= (x®—12x) — (13— 12 x 1)
=x3—-12x+ 11

Therefore, by differentiating:

d X
— | (3t?—-12)dt
dxfl( )

d
=—(3-12x+11)
dx

= 3x? — 12
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5b

5c

Based on the differential form of the fundamental theorem:

d X

—f (t3 + 4t) dt = x3 + 4x
dx J,

By integrating first:

X
f (t3 +4t) dt
1

4

— X4 2 24 2
—(Z-sz )-(Z-FZ(Z) )

_x4+2 212

t* ¥
= |-+ ZtZl
2

Therefore, by differentiating:

d X
— t3 4+ 4t)dt
de( +4p)

d x4+2 12
dx x®

=x3 4 4x

Based on the differential form of the fundamental theorem:

d x(l)dt— 1
dx x?
By integrating first:
[ @
1 \E?

X
=f (t™2) dt

1

t=11"
=

2

-(-3)-(-3
\ x 2
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11

2 x

Therefore, by differentiating:

dfx(l)dt
dx ), \t?

d (1 1)
dx X

1

x2

6ai  Using the fundamental theorem,

d X
—f t?dt = x?
dx J,

6aii Using the fundamental theorem,

d X
Ef (t3 4+ 3t) dt = x> + 3x
2

6aiii Using the fundamental theorem,

d fxldt_
dxJ, t =

6aiv Using the fundamental theorem,

d X
Ef (t* = 3)*dt = (x* - 3)*
a

6b For 6a i, the solved part is as below:

4 (%42
—J t*dt

X 2 _ i_ x
Then, [ ¢t dt—[3 1]1

=1
3
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Hence,i(x—a— 1) =§x 3x2 -0

dx \ 3

For 6a ii, the solved part is as below

A (¥43
dfo (t3 +3t)dt

Then, [ (t* + 3t) dt = [— +3

4 2 4

3t?

2 1y

4 2
=2 +Z _10
4 2

_ x*+6x%-40
- 4

d (x +6x2%-40
4

Hence, —
dx

= x3 4+ 3x

+ =
2

7a The graph of y = e is shown below.

¥y

2)

)_ x (43 + 12x)

2 I+ Y
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The sketch graph of y = A(x) for x > 0 is shown below.

3
y

2 1+ %

(0,0)

J

The function y = A(x) is zero at x = 0 and is increasing at an increasing rate.

7b The graph of y = log, t is shown below.
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The sketch graph of y = A(x) for x > 1 is shown below.

[
¥

(1.0)

The function y = A(x) is zero at x = 1 and is increasing at an increasing rate

7c The graph of y = % is shown below.
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The graph of y = A(x) for x > 1 is shown below.

»] #

The function y = A(x) is zero at x = 1 and is increasing at a decreasing rate.

8a
x |0|T|xn|3m|2n
2 2
A [0 1]0]=1] 0

TN

-2

This looks like y = sin x which suggests that the derivative of sin x is cos x.

© Cambridge University Press 2019 110



Chapter 5 worked solutions — Integration

8b

9a

9b

9c

9d

© Cambridge University Press 2019

The graph of y = sint is shown below.

2

x (0T |3 |2n
2 2
A o121 o0
A(x)
—2
~
0 3 1 5

The graph looks like 1 — cos x which suggests the derivative of cos x is - sin x.

A(x) is increasing when f (t) is positive, that is, for t < ¢, and is decreasing for
t > c.

A(x) has a maximum turning point when the total signed area is maximum, this
is when x = c as after that point the signed area starts decreasing. There are no
minimum turning points which would be when the curve passes from below the
x-axis (negative area) to above the x-axis (positive area).

A(x) has inflections when f'(t) changes in sign. Thatis at x = b and x = d.

The zeroes of A(x) occur when the total signed area is zero. This is at x = a and
x=e.
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9e

of

10a

10b

10c

10d

10e

10f

A(x) is positive while the total/signed area is positive. This is fora < x < e. We
assume that the curve will follow a similar shape to what it currently presents
and hence will be negative for x < a and x > e.

AA(X)

The function is continuous at every real number so it is a continuous function.

The domain is x # 2 ,and y is continuous at every value in its domain so it is a
continuous function.

Zero lies in the domain, and y is not continuous at x = 0 so it is not a continuous
function.

The domain is x > 0, and y is continuous at every value in its domain so it is a
continuous function.

The domain is x > 0, and y is continuous at every value in its domain so it is a
continuous function.

The domain is x > 0, and y is not continuous at x = 0 so it is not a continuous
function.
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Solutions to Exercise 5E
Let C be a constant.
la  [4dx=4x+C
b  [ldx=1x+C=x+C
lc  [0dx=0x+C=C
1d  [(-2)dx=-2x+C
x2

le  [xdx==+C
1f fxzdx=’;—3+C

3 . _x"
g [xPdx=T+C

1h fx7dx=£+C
8

2a  [2xdx

2b [ 4xdx

4x2
—+cC

=2x*>+C
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2c [3x%dx

2d  [4x3dx

2e [10x°dx

3 10x10 i c
10

=x10+4C

2 [2x3dx

2g  [4xSdx

2h [ 3x8dx

© Cambridge University Press 2019
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3a

3b

3c

3d

3e

3f

38

[(x+x%) dx
BESNE
23
J(x* —x3)dx
S
5 4

J(x7 + x1°) dx
x8 xll

=§+H+C

f(2x + 5x*) dx

_2x2+5x5+c
2 5

=x2+x°+C

f(9x® —11) dx

—9x9 11x + C
=x°—11x+C

[(7x13 + 3x8) dx

_7x14+3x9+C
14 9

x14- x9
=—+=+C
5+

[(4 —3x)dx

=4 3xz+C
= 4x >
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3h

3i

43

4b

4c

4d

J(3x?% —8x3 + 7x*) dx

_3x3 8x4+7x5+C
3 4 5

5

© Cambridge University Press 2019
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4e  [9x10dx

4f  [10x~®dx

5a  [xzdx

5b [ x5 dx

1
5c  [x¥dx

© Cambridge University Press 2019
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5e

5f

6a

6b

[x(x+2)dx

= J(x2 + 2x) dx
X3

=—+x*4C
3 X

[x(4—x%)dx

= f(4x—x3) dx

4

- 4C
4
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6cC

6d

6e

6f

6g

[ x%(5—3x) dx

= f(Sx2 —3x3)dx

5x 3x* +C
3 4
[x3(x —5)dx

= f(x‘* — 5x3) dx

_x5 5x4+C
5 4
f(x—=3)?dx

=f(x2—6x+9)dx

3

x
=?—3x2+9x+C

[(2x + 1)?dx

=f(4x2+4x+1)dx

3

4x
=T+2x2+x+C

f(1—x*)%dx
R j(1—2x2 + x*) dx

= 2x3+x5+C
XT3 T
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6h  [(2—3x)(2+ 3x)dx
= f(4 —9x2) dx

=4x —3x3+C

6i f(x*=3)(1 —2x) dx
=f(x2—2x3—3+6x)dx

x3  x*
_r A 2
3 > 3x+3xc+C

7a

7b

© Cambridge University Press 2019
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7c

8a
1
fpdx
= fx‘z dx
X1
=—+C
1
=—=+C
X
8b
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8c

8d
1
fﬁdx
= jx‘lo dx
X2
=—+4C
—9 +
= 1 +C
T 9x9
8e
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8f

8g
7
J-Fdx
=f7x‘8dx
.
=7
1
=—7+C
8h
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8i

8j
f—ﬁdx
- [
x 2
__5><—2+C
S
10x2
8k

=‘f(x 2 —x7%)dx
ST,
-1 -4
-1l
T x 4x*t
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8l

9a

9b
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9c

9d

10a

fgxﬁc-dx

£
= [23i2 (from question 9a)
0
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10b

jSde

ng3 (from question 9b)

10c

491d
—dax
25 Vx

= [2\/§]§§ (from question 9c¢)

= 2v/49 — 2+/25
=14 —10

10d

[3x3 (from question 9d)
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11la  [(x+1)°dx

_(x+1)°
6

1
=g(x+1)6+C

11b  [(x+2)3dx

_ (x +2)*

C
1 +

1
=Z(x+2)4+c

11c  [(4—x)*dx
_(4- x)°

~ —-1x5

(4 —x)°

= - C
z +

+C

1
= —c (- +C

11d  [(B—x)?dx
_(B-x)?
 —1x3
(3=x)°

= — C
T+

+C

1
=—3B-0+C

11le  [Bx+ D*dx
_ Bx+1)°
~ 3x5

_(Bx+1)°
15

+C
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1
—_ — 5
15(3x+1) +C

11f  [(4x —3)" dx
_ (4x-3)®
~ 4x8

_ (4x—-3)°
32

+C

+C

1
= — — 8
32(4x 3)°+C

11g  [(5—2x)%dx

_(5-2x)
T —2x7
(5 —2x)7

= 4
VA

+C

= 1(5 2x)” +C
Y x

11th  [(1—5x)"dx

_(1-5x)°
~ —5x8
(1 —5x)8

————— +cC
0 "

+C

1
=——(1- 8
40( 5x)° + C

11 [@x+9)Mdx

_(2x+9)"?
T2x%x12

_(2x+9)"?

+C
24

1
—_ 12
24(2x+9) +C
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11  [3(x—1)"dx
_3(2x - 1)t
T 2x11
_3(2x - 1)t
B 22

+C
+C

3
= —(2x - D™
22(x +C

11k [4(5x —4)%dx
_ 4(5x —4)7
~ 5x7

_ 4(5x — 4)7
a 35

+C

+C

4
— _ 7
—35(5x 4) +C

111

f 7(3 — 2x)3 dx

73 —2x)*
T —2x4
7(3 — 2x)*
%H

+C

7
=-5B-20)"+C

12a

_(G=-7)

= +C
1
§X5
3 7>5+c
~5\3¥
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12c

13a

[ame
= f(x + 1) 3dx

_(x+1)7?
T 1x =2
1

= 4¢C
2+ 12 T

+C

13b

= j(x— 5)~*dx

© Cambridge University Press 2019
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_(x=5)7
T 1x-3
1

RS

+C

13c

| G
= f(Bx —4) 2 dx

_Bx-4
T 3x-1
1

BETET R

+C

13d

= J(Z —x)7Sdx

2-x"*
T Tix—4
1
T 42— x)*

+C

+C

13e

= 7)° dx
= f3(x —7)"%dx

_3(x—=773
~ 1x-5
3

= “5a—7p ¢

+C
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13f

—8 d
f(4x 1)
= .[8(4x + 1) Sdx

_84x+ 1
T 4x—4
1

e~ 4
2Gx + 1) T

+C

13g

[ s
= f 2(3 =5x)"*dx

2(3—-5x)73
T 5x-3
2
~15(3 — 5x)3

+C

+C

13h

—4 d
f 5(1 — 4x)? x
= f%(l — 4x)% dx

) T4
—4 x -1
1
T 51— 4x)
1

= C
5—20x+

+C

+C
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13i

7
f 803x + 28

7
= f§(3x +2) > dx

%(Sx +2)*
T 3x-—4
7

R S,
96Gx +2)F |

+C

14a

[ V(avE - x) dx
= f(3x — xv/x) dx

f (3x- xz)dx

e Li
=X’ —gx

14b

f(\/E— 2)(Vx +2) dx

=f(x—4)dx
_xz 4x + C
N,
=X X
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14c

15ai

15aii

f(zﬁ ~1)"dx

=f(4x—4ﬁ+1)dx

1
=f(4x—4x7+1)dx

_ox2 8.3
2x 3x2+x+C

1
fxzdx
0
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=2(4%—1>

=2(2-1)

=2

15aiii

15bi
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15b ii

15b iii
o1
fl ﬁdx
= fgx_%dx
ol
- z[x/E]j
=2(V9 - 1)

=2(3-1)
=4

16a

[e-voe+ ) dx

=f4(4—x)dx
2
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=(16-8)— (8 —2)

=2

16b
[V - 1)
0
= fl(x—éh/}) dx
0
=f01<x—4x;>dx
x2 8 3|
75
(-0
13
"6
16¢

[ (E-1) dx

=j9(x—2\/§+1)dx

9 1
=f (x—2x5+1)dx
4

3 9
= ———x2+x
4
= o 4><92+9 & 4><4%+4
“\2 3 2 3
—131 11
12 3
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—121
76

0
17 [xtdx = % + C is meaningless as dividing by zero is an invalid operation.

18a

f\/ﬁdx
= ](Zx— 1)%dx

3
B (2x —1)2
- 3
2

+C

2 X

1 3
=3@x-Dz+C

18b

J-de
= J(7—4x)%dx

3

7 —4x)2

_ -
_4xé
2

1 3
= -M)2+C

18c

f3v4x— 1dx

= f(4x — 1)% dx
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4

_ (4x—1)3
o 4
4X§

3 4
= — — 3
—Ux - 13+ C

18d

dx
Vv3x+5
1
= ](Bx +5) 2dx

1
_ (Bx+5)2
- 1

3)(7

2
=§v3x+5+C

+C

19a

2
f (x + D*dx
0

[+ D)
| 1x5 o

35 15
-5 5
242

5

19b

3
j (2x — 5)3dx
2

_[ex -5
L o2x4 |
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19c

2
f (1—-x)>dx
-2

_[a-0
B —1x6l_2

_(-1)° 38

6 -6
1729

6 6

—-1211
B 3

19d

= —(1= 1% = (-(1-0)")
=0+1
=1

19e

1
f V9 — 8x dx
0

1 1
=f (9 —8x)zdx
0
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) [(9 - 8x)j
—8 X E
0

19f

dx
fz\/x+2
7 1
=f (x+2)2dx
2

7

1
_ l(x + 2)2

lx%

2
= [2vx+ 2],
= 2v9 - 2V4
=6-4

=2

19g

0
j Vx + 1dx
-2

0 1
=j (x+1)3dx
-2

0

1><é

B [(x + 1)%
3

-2
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19h

5
f V3x + 1dx
1

5 1
=f (Bx + 1)2dx

315

B (3x + 1)2‘

- 3

| 3 X E L

_2 § 5

=|=-(Cx+ 1)2]
9 1

2 3 2 3
:§X162—§X42
2 2
:§X64—§X8
112
=T

—124
)

19i

0
j V1 —5xdx
-3

0 1
= j (1-5x)2dx
-3
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30

_|(1—5x)2
N 3

—SXE s

2 1-5 3
= |—— — 2

15 ¢ x)]_3

2 3 2 3
i (-2 xadd)
2 128
15 15
-5

20a  ify=uv

Then, derivative of each side will be

d d(uv dv du
dx dx dx dx
dv _ d(uv) du
dx ~ dx dx

Now integrating both the sides, we get
dv _ rdu) " du
Juzdx=[=—=dx—[v_—dx

The first term on the right side is simply integrating the first derivative that we
did hence,

fuZ—de L uv—fvj—idx

Hence, proved.

20b i

Let u = x and Z—z = (x — 1)*. It follows thatZ—Z = landthatv = %(x —1)5.

Substituting this into the equation from 20a gives
1 1
jx(x— 1D*dx =x><—(x— 1)° —J—(x— 1) x 1dx
=—(x— 1)° ——f(x— 1)° dx
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Ifweletu = x — 1, then du = dx and

u® (x —1)°

j(x—l)sdx=fu5du=z+C1= g +C,
Hence
g X s 1 (x —1)°
jx(x 1)*dx 5(x 1) z 6 +C
X 1
= — —15__ _16
(-1 —p (e -1)°+C
20b ii
3
Letu=xand— V1+xItfollowsthat——1andthatv—(1€§)2=§(1+x)5.
2
Substituting this into the equation from 20a gives
2 3 2 3
fx\/1+xdx=x><§(1+x)2—f§(1+x)2><1dx
2x 3 2 3
:—(1+x)7——f(1+x)7dx
3 3
Ifweletu =1 + x, then du = dx and
5
3 3 uz 2 5 2 5
f(1+x)2dx=fu2du=T+Cl=§u2+C1=§(1+x)2+Cl
2

Hence
2x 3 272 5
fx\/1+xdx=—3—(1+x)7—§<§(1+x)7+C1)

—zx(1+)% 4(1+)%+C
3 TR
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Solutions to Exercise 5F

la Area of the shaded region

2
=f 2x dx
0

- %
=22-0

= 4 square units

1b Area of the shaded region

3
= f 3x% dx
1

= [x*]3
— 33 _ 13
=27-1

= 26 square units

1c Area of the shaded region

3
= j 4x3 dx
0

= [x*1}
=3* -0

= 81 square units

1d Area of the shaded region

2
= j (3x? +1)dx
-1
= [x® +x]?;
=(2*+2)-((-1D)*-1)
= 10— (-2)
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Chapter 5 worked solutions — Integration

= 12 square units

le Area of the shaded region

= 9 square units

1f Area of the shaded region

= f4(x2 —2x)dx

4
f-o
3 2
:4_3_42_ 23_22
3 3
—64 16 8+4
3 3

2 .
= 65 square units

1g Area of the shaded region

_ Jm\/} .

16 1
= x2 dx

=[ f
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3

2 3 2 3
=X 162 —= X 02

3 3

128 .
= —- square units

1h Area of the shaded region

=f3(5—x)dx

=15 2 5+1
B 2 2

= 6 square units

1i Area of the shaded region

=f_0(x3—x)dx

53]
42|

N\ 04 02 (_1)4— (_1)2
_<T_7>_< 4 2
N 1 1
=0-0-2+3

1 :
= square units
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MATHEMATICS EXTENSION 1

Chapter 5 worked solutions — Integration

1j Area of the shaded region

3
=f (12 —x —x?) dx

—4

x2 %3
= [12x - = -
23]
-4

= (12 X3 — ¥ 3—3) - (12 X (—4) — S (_4)3>

2 3 2 3
=36 2 9+48+8 o4
B 2 3

= 57% square units

1k Area of the shaded region
2
= f 5x*+ 1dx
-1

= [x® +x]?;
=(25+2) - ((-D°+ (-D)
=324+24+1+1

= 36 square units

11 Area of the shaded region

27
= Vx dx
1

27 1
= x3 dx

=[ il

3 427
= —|x3
4[x L

3[.. 4 1i
= — 3 —13
271
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Chapter 5 worked solutions — Integration

2a

2b

2C

_3 81—-1
=2 (@B1-1)
= 60 square units

The shaded area gives the area bounded by the curve and the y-axis between
x = 0 and x = 5, hence the area will be given by:

5
A=.[ 2y dy
0

= [y21
::52 __02

= 25 square units

Note that one could alternatively use the expression 5 >< ‘g f =dx to obtain the

area.

The shaded area gives the area bounded by the curve and the y-axis between

x = —2 and x = 0, hence the area will be given by:
0
A= j 3y%dy
-2
=[y*12
= 0° - (-2)°

= 8 square units

Note that one could alternatively use the expression 2 X 3(2)% — | 012 gdx| to

obtain the area.

=f:(2y—4>dy

=y -4yl
= (42— 4x4) - (22 -4x2)

= 4 square units
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2d
3
=f (27 - 3y?) dy
-3

= [27y — %135
=(27x3-33)-027%x(-3)-(-3)®»
=81-27+4+81-27

= 108 square units

2e

9 :
5 square units

2f

5
A=J (y*+ 1dy
3

5
_ [’
-5+
3
53 33
=<?+5)‘<?+3)
125 +g 27 3
3 3

2 .
= 345 square units
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2h

=2[\,
=2(V4-1)
=2(2-1)

= 2 square units
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3a

3b

3c

Shaded region is below the x-axis so signed area will be negative.

3
f (x? —4x +3) dx
1

3 3
= x——2x2+3x
3 1

33 13
=<?—2x32+3x3>—(?—2><12+3><1)

1
=9-18+9-5+2-3

3

: .4 :
Hence, the required area is 3 square units.

Shaded region is below the x-axis so signed area will be negative.

0
f 3x dx

[3x2 0

3(=3)
2
27
2

=0-—

) .27 .
Hence, the required area is ~ square units.

Shaded region is below the x-axis so signed area will be negative.

0
jx3dx
-3
[x4lo
4],

(=3)*

=0-
4
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3d

4a

: . 81 :
Hence, the required area is — square units.

Shaded region is below the x-axis so signed area will be negative.

243 1
~°7 5 75
2
:—46§

: : 2 :
Hence, the required area is 46§ square units.

Shaded region is to the left of the y-axis so signed area will be negative.

f(l—y)dy

, .9 :
Hence, the required area is -~ square units.
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4b Shaded region is to the left of the y-axis so signed area will be negative.

4
j (y*— 6y +8)dy
2

4

3
= Iy?— 3y? + 8yl
2

43 23
=<?—3><42+8x4> (?—3><22+8><2>

_ o 48 + 32 8+12 16
3 3

. .4 .
Hence, the required area is 3 square units.

4c Shaded region is to the left of the y-axis so signed area will be negative.

-1
|, o
-8

= f y3dy
-8

.
NE
31s
-3bL
- Z((_n% - (-8)9)

3
=Z(1_ 16)

45

T4

: .45 .
Hence, the required area is -~ square units.
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4d

5a

5b

Shaded region is to the left of the y-axis so signed area will be negative.

jo 3(—yZ) dy

Hence, the required area is 9 square units.

The required shading between the line y = x + 1 and the x-axis from
x = —3 to x = 2 is shown below.

Shaded region is above the x-axis so signed area will be positive.

2
j (x+1)dx
-1

x? 2
==
=2+2)-(5-1)
1

=4
2

: .1 :
Hence, the required area is 4 5 square units.
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5c Shaded region is below the x-axis so signed area will be negative.
-1
j (x+1)dx
-3

5],
-3

—(1_1)_(2—

N (2 1) (2 3)

= -2

Hence, the required area is 2 square units.
5d Area of the entire shaded region = 4% +2= 6% square units.

5e

2
f (x+1)dx
-3

x? 2
e
=2+2)-(3-3)

=2-
2

This is the area above the x-axis minus the area below it. This is because when
the integral is taken, areas below the x-axis are considered negative.

6a The required shading between the curve y = x? + 2x — 3 and the x-axis from
x = —3to x = 2 is shown below.
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6b

6¢C

[SY

Shaded region is below the x-axis so signed area will be negative.

1
f (x%2 4+ 2x —3) dx
-3

x3 !
= I— +x% — 3xl
3 -3

3 _2\3
(13 +12—3><1) <( :) +(—3)2—3x(—3)>

=I+1-3+9-9-9

= wz
B 3

: : 2 :
Hence, the required area is 105 square units.

Shaded region is above the x-axis so signed area will be positive.

2
f (x% 4+ 2x —3) dx
1

x3 g
= —+x2—3xl
3 3
_(E e (L e
= 3+2 3X2 3+1 3x1
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6d

6e

7a

7b

: | :
Hence, the required area is 2 3 square units.

Area of the entire shaded region = 10% + 2% = 13 square units.

2
f (x%2 4+ 2x —3) dx
-3

x3 g
= I— +x% — 3xl
3 -3

:<§+a2—3x2)—<G§P+{—$2—3x(—$)

3

=2+4-6+9-9-9
-3

This is the area above the x-axis minus the area below it.

The required shading between the curve y = x> — x2 + 2x and the x-axis from
x = —3 tox = 2 is shown below.

Shaded region is below the x-axis so signed area will be negative.
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7c

7d

2
f (x3 —x% —2x)dx
0

: .2 :
Hence, the required area is 2 3 square units.

Shaded region is above the x-axis so signed area will be positive.

0
f (x3 —x% —2x)dx
-1

4 3
=(0—0—0)—<(_1) (1) (1))
4
11
=7 —5+1

5
12

: .5 :
Hence, the required area is —; square units.

: : 2,5 1 .
Area of the entire shaded region =2 3T 3 T, Square units
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7e

8a

2
f (x3 —x% —2x)dx
-1

2t 23 -* (1)3
-(5-5-2)-(5 -c)

This is the area above the x-axis minus the area below it. This is because when
the integral is taken, areas below the axis are considered negative.

The graph of y = x? is shown below. Between x = —3 and x = 2, the required
region is above the x-axis and hence the signed area is positive.
y [#
4 K.
2
j x%dx
-3
-]
E
-3
B 23 (_3)3
K 3
—8+9
-3
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=11 2
-3
Hence, the required area is 11% square units.
8b The graph of y = 2x3 is shown below. Between x = —4 and x = 0, the region is

below the x-axis (signed area is negative), and between x = 0 and x = 1, the
region is above the x-axis (signed area is positive).

0
f 2x3 dx

x*°
-1
—4
(49"
2

= —128

[
[,

-0

=0-—

1
2
1
2

Area of the required region = 128 + % = 128% square units.
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8c The graph of y = 3x(x — 2) is shown below. Between x = 0 and x = 2, the region
is below the x-axis and hence the signed area is negative.

s | =l
+

2 @« -
0 4=

1\

4

f 3x(x —2)dx
0

2
= f (3x?% — 6x) dx
0

= [x* = 3x°]3

= (23 -3 x22)—(0—0)
=8-12

= —4

Area of the required region = 4 square units.

8d The graph of y = x — 3 is shown below. Between x = —1 and x = 3, the region is
below the x-axis (signed area is negative), and between x = 3 and x = 4, the
region is above the x-axis (signed area is positive).
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Area of the required region = 8 + % = 8% square units
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Chapter 5 worked solutions — Integration

8e The graph of y = (x — 1)(x + 3)(x — 2) is shown below. Between x = —3 and

x = 1, the region is above the x-axis (signed area is positive), and between x = 1

and x = 2, the region is below the x-axis (signed area is negative).

Hence the area is given by

f (x—D(x+3)(x—2)dx
-3

1
=j (x3—7x +6)dx
-3

=|=—-=—+6x

x*  7x? !
4 2 l
_3

7 x (=3)?

(1 7><12_|_6><1 (=3)*
“\ 4 2 4

(1 7 6) (81 63 18)
) 4 2

= 32

2
f (x—1D(x+3)(x—2)dx
1

2
=j (x3—7x +6)dx
1

=|=— - +6x

x*  7x? r
4 2 1

© Cambridge University Press 2019
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8f

(4— 14 +12) (1 7+6)
22
3

4

Area of the required region = 32 + % = 32% square units

The graph of y = —2x(x + 1)) is shown below. Between x = —2 and x = —1,
region is below the x-axis (signed area is negative), between x = —1 and x = 0,
the region is above the x-axis (signed area is positive), and between x = 0 and
x = 2, the region is below the x-axis (signed area is negative).

¥ F

+

f_ —2x(x +1)dx
-2
-1
=j (—2x? — 2x) dx

SR

(- (Gecor-co)
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9a

jo —2x(x+1)dx

-1

= jo(—sz — 2x) dx

NEXR
WEN R N——

0-G-)

1

2
f —2x(x+1)dx
0

2
= f (—2x? — 2x) dx
0

Area of the required region = 1% + % + 9% = 11§ square units

The graph of x =y — 5 (or y = x + 5) is shown below. Betweeny = 0and y = 5,
region is to the left of the y-axis (signed area is negative), and between y = 5 and
y = 6, the region is to the right of the y-axis (signed area is positive).
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f(y—S)dy

5
o)
2 0

—(1><52 5><5) (1><o2 5><0)
—\2 2

25
=——25-0
1
=-12;
6
(y—5)dy
5
6
-9,
1
=(§><62—5x6> ( ><52—5><5)

Area of the required region = 12% + % = 13 square units
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9b

Alternatively, we can note that the area of each region is the area of a triangle.
6
Jyy—=5)dy

= Areaypack triangle T Ar'€@purple triangle
=1X5X5+1X1X1
2 2
1 1

=12-+=
2132

= 13 square units

The graph of x = 3 —y (or y = 3 — x) is shown below. Betweeny = 2and y = 3,
region is to the right of the y-axis (signed area is positive), and between y = 3
and y = 5, the region is to the left of the y-axis (signed area is negative).

N B

2

We can note that the area of each region is the area of a triangle.
5
f B-=y)dy
2
< Areablack triangle + Areapurple triangle

—1x2x2+1x1x1
2 2

1 .
=2 > Square units
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9c

9d

The graph of x = y? (or y = ++/x) is shown below. Betweeny = —1and y = 3,
region is to the right of the y-axis and hence the signed area is positive.

B
y
\——--_

. . 1 :
Area of the required region = 95 square units

The graph of x = (y — 1)(y + 1) is shown below. Betweeny = 0andy = 1,
region is to the left of the y-axis (signed area is negative), and between y = 1 and
y = 3, the region is to the right of the y-axis (signed area is positive).

B
[, g
ol
L
0 ? 4 5
.2\
\
\-—_
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Chapter 5 worked solutions — Integration

f -1+ 1)dy
0

= fol(y2 - 1dy

o
-9

3
f - D + 1) dy

3
=f (y*-1dy
1

3
2]
3 1

Area of the required region = g + 6% = 7§ square units

10ai The graph of y = x” is shown below. Between x = —2 and x = 0, the region is
below the x-axis (signed area is negative), and between x = 0 and x = 2, the
region is above the x-axis (signed area is positive).
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100

50

50
/ 100
Note that the function is odd and hence the area of the region between x = —2
and x = 0 is the same as the area of the region between x = 0 and x = 2.

Area of the required region

—2]2x7dy
812

2[5,

——[XB]O

28
=0
4

= 64 square units

10aii The graph of y = x3 — 16x is shown below. Between x = —4 and x = 0, the

region is above the x-axis (signed area is positive), and between x = 0 and x = 4,
the region is below the x-axis (signed area is negative).
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10a iii

Note that the function is odd and hence the area of the region between x = —4
and x = 0 is the same as the area of the region between x = 0 and x = 4.

Area of the required region

0
= Zf (x3 — 16x) dy
—4

x* 0
=2 [T - 8le
-4

—4)4
:2(0—0)—2(( 4) —8><(—4)2>
= —2X—64
= 128 square units
The graph of y = x* — 9x2 is shown below. Between x = —3 and x = 0, the

region is below the x-axis (signed area is negative), and between x = 0 and x =
3, the region is below the x-axis (signed area is negative).

Note that the function is even (reflection in y-axis) and hence the area of the
region between x = —3 and x = 0 is the same as the area of the region between
x =0and x = 3.

3
Zf (x* —9x?) dx
0

x° 3
=2 ?—3X3l
0
35
=2<?—3x33>—2(0)
= 644
h 5

Area of the required region = 64% square units
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10bi The graph of x = 2y is shown below. Between y = —5 and y = 0, region is to the
left of the y-axis (signed area is negative), and between y = 0 and y = 5, the
region is to the right of the y-axis (signed area is positive).

5 !

-5

Note that the total area will be given by the area of two identical triangles of
width 10 units and height 5 units.

Area of the required region
2 ! bh
= X —
2

= bh
=10x5

= 50 square units

10bii The graph of x = y? is shown below.

(9,3)
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Note that the function is symmetric about the x-axis and hence the area of the
region between y = —3 and y = 0 is the same as the area of the region between
y=0andy = 3.

Area of the required region

= 9 square units

10b iii The graph of x = 4 — y? is shown below.

—2

-2

Note that the function is symmetric about the x-axis and hence the area of the
region between y = —2 and y = 0 is the same as the area of the region between
y=0andy = 2.

Area of the required region

2
_ _ A2
—Zfo(4 y9)dy
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11

12

32 )
~ square units

The graph of y = |x + 2| is shown below.

N

4 |

The area between x = —2 and x = 2 needs to be calculated. It is same as the area

of the triangle.

Area of the required region

—(1><4x4)
—\2

= 8 square units

The x-intercepts occur when y = 0.

2=16(2—-x)
2=x)=0
x=2

Thus the x-interceptis (2, 0).

The y-intercepts occur when x = 0.

y2 = 16(2 — 0)
y2=2x16
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y=+4V2
Thus the y-intercepts are (0, 4v/2), (0, —4+/2).

12bi Area of the required region

2
=f 42 — x dx
0

2 1
= f 4(2 —x)2dx
0

312
4(2 —x)2
3

—1X7 0

3
4 % 22

_3
2
2
:§><4><2><\/§

16V2 .
= —— square units

12bii Making x the subject:

2

y
_=2_
16 x

2

y
=2 _2_
x 16

Area of the required region

42 2
y
= 2——\d

Y2
l 48|
B (4\/2)3 03
_<2 42 — 8 >—<2 O—E>
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128v2

=82 -

_ 384v2—128V2
- 48

_256v2
48

16V2 .
= —— square units

13a

y=fy’dx

=f(x2—4x+3)dx

1
=§x3—2x2+3x+C

As the curve passes through the origin, substitute (0, 0) into the equation.

1
0=§><03—2><02+3x0+C
C=0

Hencey = §x3 — 2x% + 3x

13b y' =x*—-4x+3
For turning points, y’ = 0.
x2—4x+3=0
x—1Dx-3)=0
x=1lorx=3
Whenx=1,y=;-2+3=1:
Whenx =3, y=0—-0+0=0

Hence there are turning points at (1, 1 %) and (3, 0).
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The graph of y = §x3 — 2x2 + 3x is shown below.

2

13c  Area of the required region

31
= ] (—x3 —2x% + 3x) dx
1 \3

_(81 18+27) (1 2+3)
—\12 2 12 3 2

4 .
= N square units
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14  The graph of y = x? is shown below with points marked for A(a, a?), B(—a, a?),

P(a,0) and Q(—a,0).

(-a,a"2) (a,a"2)

N

14a  AOAP is a triangle of base length a and height a?.

3
AreaofAOAP=%><a><a2 =&

2
a
f x? dx
0

ol

I3

0
3

Il Il

|Qw w| Q
|
(e)

WIN WIN

—
1\3|9m
~

(area AOAP)
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14b  ABPQ is a rectangle with base length 2a and height a?.

15a

Area of rectangle BPQ = 2a X a? = 2a5.

a
f x? dx
—-a

1
= 5(203)

= 3 (area of rectangle ABPQ)

a Tl _ [xn+1] an+1 an+1

n+1

n+1 n+1

Area of AAOP = Ebh = Ea X a™ = a™? (see diagram below)

n+1
Thus foax : (Area of AAOP) = 2qntl = L Z=2n+1
n+1 2 +1°2
(0,a™n) ® (3, a"n)
(a,0)
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15 f)'xm=|

xn+1] an+1 an+1

n+1 n+1 n+1

Area of rectangle OPAQ = bh = a X a™ = a™*! (see diagram below)

n+1
Thus foaxn : (Area of rectangle OPAQ) = 6;+1 cqtl = ﬁ: 1=1n+1

(0,2*n) % (2, a"n)

16a x*—2x3+«x
=x(x3—2x%+1)
=x(x3—x*=-x*+x—x+1)
=x(x3—x*—-x—x*+x+1)
=x[x(x?=-x—-1)—1(x* —x—1)]
=x(x—1D(x2-x-1)
Hence, proved

Required graph of y = x* — 2x3 + x with shaded regions bounded by the graph
and the x-axis is shown below.
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16b

a =§(1+\/§)

@ =[;1 +\/§)]2
= (1+5+2V5)
=~ (6 +2V5)
=~ (3+5)

a5 =~ (1+V5) x5 (7 +3v5)
= (7 +3V5 + 7V5 + 15)
=~ (22 + 10V5)
= ~(11+5V5)
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16¢c  The graph intercepts the axis when x(x — 1)(x? — x — 1) = 0, thatis when
x=0x=1orwhenx?—-—x—1=0. Using the quadratic formula, X’ —x—1=

D+ CDZ2(D (=D + ) _
0 when x = S (22) N 1+2\/§. So the intercepts are x = ! 2\/3, 0,1, 1+2\/§.

The area of the leftmost shaded region is thus

0
— 4 _ 9.3
A = ﬁ—\/Ex 2x° + x dx

2

x° 2x* x
=l — 4+ —

2 0
5 4 2 L—\/E
2

(55 5 059

|
2 |
5 4 2 J

=10

|

|

|

(55 9 (9
5 4 2

1 1 1
=¥(11—5\/§)—Z(7—3\/§)+Z(3—\/§)

= —u?
10

The area of the central region is

1
A, = fx4—2x3+xdx
0

x°  2x* xzr
5 4 2 0

12+1O|
5 4 2
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The area of the far right region is

1+V5
2
A = .[ x* —2x3 + xdx
1

) 145
x> 2x* le 2
1

5 4 2

1 1 1
=E(11+5\/§)—Z(7+3\/§)+Z(3+x/§)

1
= -2
10

Thus 4, + 4; = — + E = % = % = A, so the area of one shaded region equals the

sum of the areas of the other two.

17a

Vv

4\ (12,2)
/.

3 10 “

(6,-4)

17b By the fundamental theorem of calculus G'(x) = % fox g) du = g(x).

Stationary points occur when G'(x) = g(x) = 0.

In the region where 0 < x < 6, the stationary points are when

PR
3* =
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G()—fx4 Y odu=a 22]x—4 2 2
x—o 3uu—u3u —x3x

0

Substituting in x = 3 gives G(3) = 6

G"(x)=g'(x)= —% < 0, hence this is a maximal stationary point.

In the region where 6 < x < 12, the stationary points are when

x—10=0
x =10
x =3

For6 <x <12,
X
M@=fgwmu
0

=L64—§udu+fx —10du
=[4u——u] l——lOul
+ (2—2—1035)—(672—10(6))]
x

=24—24+7—10x—18+60

= 4(6) 5 (6)* -

xZ
=7—10x+42

Substituting in x = 10 gives G(10) = —8
G"(x) = g'(x) = 10 > 0, hence this is a minimal stationary point.

Thus, there is a maximum at (3, 6) and a minimum at (10, —8).
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17c

17d

For0 < x < 6,G(x) = 0 when

2
4x —Zx2=0
X 3x

4-Zx)=0
#(4-3%) =

x=00r4—§x=Osox=00r4=§xsox=00rx=6

But 6 is outside of the domain so the only solution is x = 0.

For6 <x <12
x2
7—10X+4‘2=O

x2—-20x+84=0

Using the quadratic formula
_ —(=20) £/(-20)% — 4(1)(84)

2
20+ 64

2
208

2
=6o0r14

But 14 is outside of the domain so the only solution is x = 6.

Thus G(x) = 0whenx =0orx = 6.
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17e

=2%Y—§®P—0
= 24 u?

18a [, x"dx—[

xn+1] N1 1

n+1 n+1 - n+1

Sincen < —1,n + 1 < 0 and thus it follows thatas N = oo, N**1 = 0.

N n+1 1 1
Henceas N - oo, [ x™ dx = - ). W) LN
1 n+1 n+1 n+1 n+1
1 L1l 1 e+l
18b [ x"dx = ] -t _
e n+ily n+1  n+1
Sincen > —1,n + 1 > 0 and thus it follows thatas e — 0%, e™*1 = 0*.
1 Tl+1 1 1
Hencease—>0+fx dx=——"—>5>——-0=—.
n+l1  n+l  n+l n+1

18c  The result from part a says that whenever n < —1, the area bounded by the x-
axis, the line x = 1 and the curve x" is finite when considering the area such that
x = 1.

The result from part b says that whenever n > —1, the area bounded by the x-
axis, the line x = 1 and the curve x™ is finite when considering the area such that
0<x<1
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Solutions to Exercise 5G

la Area of the shaded region

= fl(x —x?)dx
0

1 .
=~ square units

1b Area of the shaded region

1
=f (x —x¥)dx
0

-2

1 .
= square units

1c Area of the shaded region

1
=f (x —x*) dx
0

3 .
= -5 square units
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1d Area of the shaded region

1
= .[ (x? — x3) dx
0

1 .
= e square units

le Area of the shaded region

fl(x —x%)dx

[___
-(-3)-o

2 .
= g square units

1f Area of the shaded region
4
= f (Bx+4) —x?)dx
-1

4
=f (Bx+4—x?)dx
-1

3x? x3]"
=|—+4x ——

> + 4x 3 .

3 x 42 43 3(—1)? (-3
—< > +4><4—?>—< 5 +4x(-1) - 3>

—(24+16 64) (3 4+1)
B 3 2 3

5 .
=20 - Square units
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1g Area of the shaded region
2
= f ((9—2x) —(x?+ 1)) dx
iy
=.[ (8 —2x —x%)dx
-4

312
=18x—x2—%
—4

B (8 X2-2- 2?3> N (8 X (49— (-9 - (_4)3)

3
= (16 4 8) ( 32 —16 + 64)
B 3 3

= 36 square units

1h Area of the shaded region

=f (10 —x% — (x + 4)) dx
3

23 22 —3)3 —3)2
“(ox2-5-3) (-5

=(12—§—2)—(—18+9—§)

5 .
=20 - Square units

2a Area of the shaded region

4 :
= 5 square units
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2b Area of the shaded region

2
= f By—2-y?*dy

2

1
3><22 2 % 2 23 3 x 12 2 %1 13
= —2Xx2—-=]- —2x1-——=
2 3 2 3

=(6-4-§>-(§-2—%)

1 .
= - square units

2c Area of the shaded region
4
= f (Gy-y* =D -@E-»)dy
2

4

=f (6y —y*—8)dy
2

4

3
-5+

3

2
23
=<3x42———8x4> (3x22—?—8x2>
8

= (4-8———32) (12—-?;—16)
=§ square units

2d Sincey =x —4thenx =y + 4.

Area of the shaded region
2

=J. (y+4-0@*+2)dy
ey

=f (-y*+y+2)dy
_1}’ y ’

= I— + 7 + Zyl_l

3

3

3 2 —_1)\3 —_1\2
=<_%+2—+2x2)—(—( D +( D +2><(—1))

2 3 2

—( 8+2+4) (1+1 z)
~\ 3 3 2
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= 45 square units

3a Area of the shaded region

0 2
=f (x—2)2dx+f(x+2)2dx
-2 0

(x - 2)?’]" l(x - 3)3r
= +
3 2 3 0

= 210 -2)° - (-2 2] +31@ + 2)° ~ (0 +2)°

1
=3(-8+64+64-8)

1 .
= 375 square units

3b Area of the shaded region

J
x_r (x - B)T
3

0

N| W

3
x dx+f (x —3)%dx

w

3 3

7
—ﬁ—0+0+ﬁ

9
= 7 square units
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43

4b

5a

Area of the shaded region

= Area of rectangle - area under curve
4
=3><6—.[ (6x — x? — 8) dx
2
x3 *
=18 — lez 3 8xl
2

43 23
<3><42—?—8x4>—<3x22—?—8x2>

64 8
=18—48+?+32+12—§—16

=18 —

2 :
= 165 square units

Area of the shaded region

=f (4—x2)dx—f (1—x*)dx

-2 -1

2 l 31
—_— x__

3

(4:2—23—32—(

= 9 — square units

S {0-5) (-

Equating the two equations gives:

x’+4=x+6

x2=x—-2=0

x+1)(x-2)=0

Hence the graphs intersect at the points where x = —1 or 2.

Substituting these values back into the equation y = x + 6 yields the points
(—1,5) and (2, 8) as the points of intersection of the two graphs.
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5b
(2.8)
I
/l
(I-1,5)
N |/
5c Area of the required region

=J ((x+6)—(x2+4))dx
-1

2
=f (x+6—x%—4)dx
=J (x —x?+2)dx

;; x3 2
=[7—?+2x]

(2 2 (-2 (-1
—<?—?+2X2)—< 5 — 3 +2X(—1))

=2 8+4 ! 1+2
T3 2 3

= 45 square units
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6a Equating the two equations gives:

x(3—x)=x
x3—-x)—x=0
x3—x—-1)=0
x2-x)=0

Hence x = 0 or 2.

Substituting this back into the equation y = x gives the points of intersection to

be (0,0) and (2, 2).

6b

*1,

A 1 2

6C Area of the required region
2
= f (Bx —x?) —x) dx
%
=f (Bx —x%2 —x)dx
0

2
= f (2x — x?) dx
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4
il
3

7a Equating the two equations gives:

square units

(x—3)2=14-2x

x2—6x+9=14—2x

x2—4x—-5=0

(x+1x-5)=0

Hence the graphs intersect at the points where x = —1 or 5.

Substituting these values back into the equation y = 14 — 2x yields the points
(—1,16) and (5, 4) as the points of intersection of the two graphs.

7b
(—1,16)
\k (5,4)
\\ /
\/
0 \' 10
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7c Area of the required region

5

= f ((14 — 2x) — (x — 3)?) dx
s

= j ((14 —2x) — (x* —6x +9)) dx
s

=f (4x +5—x%)dx

— |22 -

= IZx + 5x 3

-1

3 _ 133
=<2><52+5x5—%)—(2><(—1)2+5><(—1)—( 1)>

3

=50+ 25 125 245 L
- 3 3

= 36 square units

8a Solving the equations simultaneously gives:
x+3=x%+1
x2—x—-2=0
x+1Dx-2)=0
x=-1or?2

Substituting this back into y = x + 3 gives the points of intersection to be (—1, 2)
and (2,5).

Sketching the graph gives:

\\ -

© Cambridge University Press 2019 198



GCambricoe )/

MATHEMATICS EXTENSION 1

Chapter 5 worked solutions — Integration

Area enclosed between the two curves

2
=f ((x+3)—(x2 +1))dx
-1

2
f (x+2—x*dx

I—+2x——

2\ ((-1)? (-1)?
<2+2 2—?>—< S T2x (D) - )
12 8 1 5 1
SethTmgzToteT3

1 .
= 45 square units

8b Solving the equations simultaneously gives:
9—x?=3—-x
x2—x—-6=0
(x+2)(x—3)=0
x=-2or3

Substituting this back into y = 3 — x gives the points of intersection to be (=2, 5)
and (3, 0).

Sketching the graph gives:

104

N
A
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Area enclosed between the two curves
3
=f (9-x)—(B—-x))dx
5
=.[ (x—x%+6)dx
-2
x? x3 3
= I7 - ? + 6xl_2

— <372—3;+6x3)—<(_22)2—(_§)3+6x(—2))

_2 9+18-2 8+12
2 3

5 :
= ZOE square units

8c Solving the equations simultaneously gives:

x> —x+4=-x>+3x+4

2x%> —4x=0
2x(x—2)=0
x=0o0r?2

Substituting this back into y = x? — x + 4 gives the points of intersection to be

(0,4) and (2, 6).

Sketching the graph gives

\
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Area enclosed between the two curves
2
=f ((—x*+3x+4)— (x> —x +4)) dx
0

2
= f (—2x% + 4x) dx
0

2x3 2
= [— T + szl
0

2 %23
=<— - +2><22>—(0+0)

=——+38
3
= 2% square units

9a Equating the two equations gives:
x2+2x—-8=2x+1
x2-9=0
x+3)(x—-3)=0
Hence the graphs intersect at the points where x = —3 or 3.

Substituting these values back into the equation y = 2x + 1 yields the points
(=3,-5) and (3, 7) as the points of intersection of the two graphs.

9b
(3.7)

l"‘“r-\_
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9c Area enclosed between the curves
3
=f (2x+1) — (x?+2x—8))dx
-3

3
=f ((2x+1)—x2—2x+8)dx
-3

3

=27—-9+4+27-9
= 36 square units

10a  Simultaneously solving the equations gives:

x2—x—-2=x-2

x2=2x=0
x(x—2)=0
x=0o0r2

Substituting this back into y = x — 2 gives the points of intersection to be (0, —2)
and (2, 0).

10b

4——“')?*23'

© Cambridge University Press 2019 202



Cambriclee))

MATHEMATICS EXTENSION 1

Chapter 5 worked solutions — Integration

10c  Area enclosed by the two curves
2
=f ((x—2)—(x?—x—2))dx
%
= j (2x — x?) dx
0

392
b3

3o

23
=22 —— 0-0
( 3) 0-0)
B 3
% square units

11a  Simultaneously solving the equations gives:
x?—6x+5=x-5
x2—7x+10=0
(x—2)(x—-5)=0
x=2o0r5

Substituting this back into y = x — 5 gives the points of intersection to be (2, —3)

and (5, 0).
\ .0
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Area enclosed by the two curves

5
=f ((x—S)—(x2—6x+5))dx
2

5
= .[ (=x%+ 7x — 10) dx
2

x3  7x? >
= l—?+7—10x12
—[(-5—3+7’<5 —10><5)—<
3 2
125 175 8
= —T+T—50+§—14+20

1 .
= 45 square units

11b  Simultaneously solving the equations gives:

—3x =4 — x?

x2=3x—4=0

(x+1)(x—4)=0

x=—-—1lor4

2
—10><2)

Substituting this back into y = —3x gives the points of intersection to be (—1, 3)

and (4,—12).

(—1,3)

10

\(4.12)
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Area enclosed by the two curves
4
= .[ (4 —x% - (—3x)) dx
-1

4
=f (4+3x —x?)dx
-1

(-1

3x2 «x3
I4x+7—?_1
2 3 2
=<4><4+3X24 —%)—<4><(—1)+3X(2 D7
64 3 1
=16+24—?+4—§—§
= 20— square units

6

11c  Simultaneously solving the equations gives:

x2—-1=7—x?

2x% =8
x%2 =4
x =-2o0r2

Substituting this back into y = x? — 1 gives the points of intersection to be

(—=2,3) and (2, 3).
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Area enclosed by the two curves
2

=f ((7 - x?) - & - 1) dx
2

= .[ (8 —2x%) dx
-2

2x3]°
=[8x—T_2
=<8x2_2X23)_(8x(_2)_L_2)3>
3 3
16 16
=16—?+16—?

= 21§ square units

12a  The graphs of y = x? and x = y? are shown below.

-

-2 -1 0 (["”) 1 2

12b  The region is enclosed by y = x? and x = y2. As the curve is bounded by
components of x = y? in the first quadrant, then the part of the curve we are

considering is the same as y = /x.

Hence, the area of the enclosed region is given by the area under the curve
y = +/x subtracted from the area under the curve y = x? between the x-values of

0 and 1.

Area of the required region = fol(\/} — x2) dx

© Cambridge University Press 2019



Chapter 5 worked solutions — Integration

12c  Area enclosed by the two curves

='[1(\/}—x2)dx

0

=f1(x%—x2>dx
3 3 o

-0

1 .
= 3 square units

13a

N\

. . 2 d
13b  Note that the equation of the parabolaisy = %, hence ﬁ = %x = E. Now, at the

point A4, % = % = 1. Hence the equation of the tangent is:
y =y =mx —xq)

y—2=1(x—4)

y—2=x—4

y=x—2
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13c

14a

14b

Due to the symmetry, the area bounded by the curve and the two tangents is
twice that bounded by the parabola, the tangent from A and the y-axis. Hence:

Area of required region

4 (2
=2.[0 (E—(x—2)>dx

—2<ﬁ—?+2><4>—2(0 0+O)

—2(64 8+8)
- T\24

1 .
=5 3 Square units

Sincey = x3
y " dx

The equation of the tangent is:
y =y =mx—x)
y—8=12(x—2)
y—8=12x — 24

y=12x — 16

Substituting x = —4 into y = x3 gives y = (—4)3 = —64.

%Y _ 3x2 Hence when x = 2,y = gand ¥ =
dx

12.

Substituting x = —4 intoy = 12x — 16 givesy = —48 — 16 = —64.

Hence both graphs pass through (—4, —64) and hence they must intersect at that

point.
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14c

15a

| E
//r—/ .

N

V / *
A |

Area enclosed between curve and tangent
2
= f (x3 — (12x — 16)) dx
-4

2
= f (x3 —12x + 16) dx
—4

4 2
i 6x2 + 16x
4 —4

24 2 (=4)* 2
:<Z_6X2 +16><2)—< 2 —6Xx(—4) +16><(—4)>

=4—-24+32-64+96+ 64
= 108 square units

When x = —4 both curves have y = —67, when x = 1 both curves have y = —2
and when x = 2, both curves have y = 5. So the points of intersection are
(—4,-67),(1,—2) and (2, 5).
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15b  The graphs of y = x3 — 3 and y = —x? + 10x — 11 are shown below.

15¢  We must consider the two enclosed regions separately in our calculation.

Area of required region

= ] (x® =3 —(—x?+10x — 11)) dx + j ((—x? 4+ 10x — 11) — (x3 — 3)) dx
—4 1

1 2
=j (x3+x2—10x+8)dx+j(—x3—x2+10x—8)dx
—4 1

x* X3 ! x* X3 2
=I—+?—5x2+8xl +[————+5x2—8xl
—4 1

4 3
<T+1;—5x12+8x1> ((_:)4+(_;)3—5x(—4)2+8x(—4)>
24 28 1+ 13
+(—Z—?+5x22—8x2>—(—z—?+5x12—8x1>
(1+1—5+8) (64—ﬁ—80—32)
4 3 3

+(4 8+20 16) (1 1+5 8)
3 4 3

37+691 8+37
712 3 3 12

=733 < square units
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16a

When x = 0 both curves have y = 0, when x = 1 both curves have y = 0 and
when x = %, both curves have y = %. So the points of intersection are (0, 0), (1,0)

11
and (E'E)

16b  We must consider the enclosed regions for calculation:
= | 221 = %) — x(1 = x?) dx|
- fol(x2 —x3—x+x3) dx|
1 2

= fo (x%? —x) dx|
-2
Lz 2]

1

— 1|
3 2

1 .
< square unit
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172 f(xX)=Gx+Dx—-1D(x—-3)andgx) =(x+1(x—-1)
x+Dx-Dx-3)=2(x+Dx-1)
x+Dx-1Dx-3)—(x+Dx-1)=0
x4+ Dx-D[Hx-3)—-1]=0
x+Dx-D[x-3-1]=0
x+Dx-1DHx—-4)=0
Hence, for f(x) > g(x) the x value should be

—1<x<lorx>4

17b

+

From the graph, it is concluded that, the intersection points are at
x = —1,1and 4

Therefore, we must consider the enclosed regions for calculation:

=[G+ D= D= 3) = (e + Dx — 1 d

4
+ j +Dx-Dx=3)—(x+1D(x—-1)dx

=|f_11(x3—3x2—x+3—x2+1)dx|+|f14(x3—3x2—x+3—x2+1)dx
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18a

18b

18c

= 11,63 - 422 — x + ) dx| + | [/ - ax? — 2+ 4) x|

1

4 3 2 4 3 2
= [x——i—x—+4x] + [X——i——+4x]
4 3 2 -1 4 3 1
_16, |_s0_2
T3 3 12
253
12

1 .
=21 7, Square units

& 1+ 0

80 60 40 =20 20 40 o0

Note that y’ = 12 — 2x. Hence whenx = 5,y = 3,y = 2.

Now the equation of a line is y = mx + b, substitutinginm = 2 givesy = 2x + b.
Since the line passes through (5, 2) we have 3 = 2(5) + b and thus b =3 — 10 =
—7. Hence the equation of the tangentis y = 2x — 7.

The x-intercept occurs when y = 0, this is when 0 = 2x — 7 and thus x = %
Hence B = (%, 0). The curve intercepts the axis when 12x — 32 —x2 = 0
x2—12x+32=0

(x—-8)x—-4)=0

x =48

Hence, the x-intercept closest to the origin is C = (4, 0).
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19

Hence A = (5,3), B = (2,0),C = (4,0).

Thus, the area of the triangle is A = %bh = % (4 — %) 3) = % square units.

:\
Firstly, we find the point of intersection of the two curves, this will be when
4(kx) = 4x — x?

x>+ 4kx —4x =0

x(x+4(k-1))=0

x = 0,4(1 — k). Hence it follows that the area above the line y = kx will be given
by

4(1-k)
A1=j —(4x — x?) — kx dx
0 4
Whilst area on the other side of the line will be
4(1-k) 4 1
Azzf kxdx+f —(4x — x*) dx
0 a1-10 %
In order for the line to bisect the area we must have

A]_:Az

4(1-k) 4(1-k) 4 1
j —(4x—x2)—kxdx=J kxdx+J —(4x — x?) dx
0 4 0 4(1-k) 4

4(1-k) 1
j —(4x—x2)—kxdx—j
0 4

4(1-k) 49
kxdx=J —(4x — x?) dx
0 4 4

a-k)

4(1-k) 4(1-k) 4 1
f —(4x—x2)—kxdx+f —kxdx=f —(4x — x*) dx
0 4 0 4(1-k)
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4(1-k) 4 1
f —(4x—x2)—2kxdx=f —(4x — x?) dx
0 4 sa-1 %

1 x3 g x3]*
I— <2x2 - —) - kle =—|2x% — =

4 3 0 4 3 lacici

0 - 14(1-k)

374(1-K) [

X
2(1—2k)x -3 =
0

3

2(1 - 2041 - D - =32 = - ( a1 — o - A4 - k)]3>

41— 32 41— K3
201 - 2141 — ko - BEZOL 2o e 4 BEZOE

2[4(1 - KB)J°

0 =%_(2+2(1—2k))[4(1—k)]2+ 3

2[4(1 - B)J°
3

0 =%—4(1—k)[4(1—k)]2 +M

_ 3
0=¥—[64(1—k)]3+w

32 [4(1- KPP
-

[4(1 - k)] =32
4(1-k) =32

V32
1—k=—

0= %— (4 —4k)[4(1 - ©)]? +
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1 b
_—

fabf(x) ~kdx = fabf(x) dx — fabk dx
- | F0 dx — [kl

- fbf(x) dx — (kb — ka)

= fbf(x) dx — (b —a)k

-/ f(x)dx—(b—a)( [ f(x)dx)

- f £x) dx - f fx) da
=0

Thus the total signed area between the curve and the line y = k is equal to zero.
This means that the area above the line y = k must be exactly equal to the area

below the line y = k.
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Solutions to Exercise 5H

la  [Jf()dx=-(12+8)(6-2) =
b [ f()dx = ~(6.2 +4.8)(6 — 2) = 22
e [ fO)dx =3 (=4+ (—9))(6—2) = —26

2a leof(x) dx
= %(12 +20)(6 - 2) +%(20 +30)(6 - 2)

=164

2b

f:of(x) dx

b —_
- —a(f(a) + £(B) + 2(f (x) + f(22) + )
732 2 (F(2) +£(10) + 2/ (6))

=— (12+30+2><20)
= 164

3 [P f)
1 1
=524+ 2.6)(0—(-5)) + 526 +44(5-0)

= 30

f_if(x) dx

b —
= T (F@ + F() + 2(F (1) + [ () + )
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_5-(=9)
= - (F5) + £(5) + 2/ (0)

10
= T(M +4.442 % 2.6)
=30

4a The curve is concave up, so the chord is above the curve, and the area under the
chord will be greater than the area under the curve.

The diagram below shades the area that is overestimated in a typical concave up
curve.

0 / 3

4b The curve is concave down, so the chord is underneath the curve, and the area
under the chord will be less than the area under the curve.

The diagram below shades the area that is underestimated in a typical concave
down curve.
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5a

5b

5c

X 0 1 2 3 4

y | 0 3 | 4 | 3 0
4

f f(x)dx

0

b —
i——gﬁﬁﬂ+f@)+ﬂf@ﬂ+f@g+ )
2 » 4(f(O) + @ +2(f(D)+ F(2) +f(3)))

=§(0+0+2(3+4+3))
=10

f4x(4 —x)dx
0

4
=J (4x — x?) dx
0
34-
=[2x2—x—
31,

43 03
=(2x4*-—)—(2x0%2—=
(x4 =5) (2 -5)

64
=32-—-0+0
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—102
T3

The curve is concave down and hence the trapezoidal estimate will not cover the
entire region of the curve. This is shown in the diagram below

—4

’ ?

5d The error is 10% —10 = g, hence the percentage error is g + 10% =6 i %

6a
X 1 2 3 4 5
3 6
6 3 2 — —
y 2 | 5
6b

Lsf(x) dx

b —
- —a(f(a) +F(b) + 2(f(x) + f(x) + )
= (W +F® + 2@ + £ + F®))

_2 6+6+2<3+2+3)
8 5 2

101
710
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6cC

7a

7b

7c

y=—=6x
dy

— = —6x2
dx x
d?y

— =12x"3
dx? x

d? . . .
Thus, for all x > 0, d—szl > 0 so the curve is concave up over the entire region in

which we are using the trapezoidal rule. This in turn means that we will

overestimate the area of the curve.

X 9 10 11 12 13 14 15
y 3 3.1627 | 3.3166 | 3.4641 3.6056 |3.7416 | 3.8730
16
f(x)dx
9

b —
- —a(f(a) +F(B) + 2(F () + £(xs) + )
2 (F(9) + £(15) + 2(F(10) + FAID) + F(12) + F(13) + F(14))

2x8

= E(B + 3.8730 4+ 2(3.1627 + 3.3166 + 3.4641 + 3.6056 + 3.7416))

= 24.7

16
Vx dx
9

16 4
=f x2 dx

9

2 316
:—xi]
5],

21§ 3
= — 2 —92
s[5 -9
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8a

8b

-2[64 27]
3

2
= 5[37]

= 24.67

Now, if y = v/x = x% then 2 = lx_% and 2y _ —lx_% = — ——. This means that
1LY ! dx 2 dx? 4 4x v_

da? . .
forallx > 0, d—szl < 0 and hence the curve will be concave down over the region

which we are using the trapezoidal rule to approximate area. This in turn means
that the area will be under approximated.

1
f 2 % dx
0

b —
= —“(f(a) +F(B) + 2(F (xy) + F(xs) + )
= 25 (O + () +2(705))

1(1+1+2 1)
= - —_— X_
i\ T2

= 0.73 (to two significant figures)

0
f 2 % dx
-2

b —
- —a(f(a) +F(B) + 2(F(xy) + F(x) + )

0
= Ziz)(f( 2)+ £(0) +2(f(-D))

=§M+1+ZXD

= 4.5 (to two significant figures)
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8c

8d

9a

3
f VY9 = 2x dx
1

b —
= —a(f(a) +F(b) +2(f (1) + f(x) + )
"7z —(r+ 7o +2(7))
=E@F+V§+2x¢@

= 3.4 (to two significant figures)

-1
f V3 —xdx
-13

b —
= (@) + () + 2(f () + [ () + )

-1 (-13)
= —— 5 (F(=13) + fF(-1) + 2(F(=7)

= 3(V16 + V4 + 2 x V10)

= 37 (to two significant figures)

61
f —dx
2 X
b —
- —a(f(a) +FB) + 2(f (1) + f(x) + )
=53 2 (F@) + £(6) + 2(£(3) + F(4) + £(5)))

4 1+1+2(1+1+1)
“8\2 6 3 4 5

= 1.12 (to three significant figures)
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9b

9c

9d

2 1
jo 2 ++/x dx

b —
= 2 (F@ + F() + 2(F(x) + f () )
(f(O) + £(2) + 2(f(0.5) + f(1) + f(1.5)))

T 2x4

1( 1 1 1 1 1
=— + +2< + + )
4<2+\/6 2442 \24405 2+V1 2+\/1.5>

= 0.705 (to three significant figures)

8
f Vx2—3dx
4

- b;“(f(a) +F) + 2(F () + F () + )
=7 (@) + £®) + 2(£(5) + £(6) + F(7))
=§(\/42—3+\/82—3+2(x/52—3+\/62—3+\/72—3))

= 22.9 (to three significant figures)

2
f logo x dx
1

b —
£ = (F@ + £() + 2(F (1) + [ () + )
(f(l) + £(2) + 2(£(1.25) + f(1.5) + £(1.75)))

2 X 4
= g (loglo 1 + 10g10 2 + 2(10g10 125 + 10g10 15 + 10g10 175))
= 0.167 (to three significant figures)
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10

11

12

© Cambridge University Press 2019

Distance travelled

5
=.[vdt
0

= b;a(f(a) + F(B) + 2(f (xy) + f(x2) + )
2 XS (f(O) +fG)+2(f(D)+ )+ f(3) +f(4))

= 5(1.5 +2.742(1.3 4 1.4 + 2.0 + 2.4))

= 9.2 metres

Surface area of water

= f:of(x) dx

7% (@) + £0) + 207 () + FGx) +-)

0
42 2 (r + £(40) + 2(710) + £(20) + £(30)))

=?(O+0+2(20+18+17))
= 550 m?

Area of vertical rock cutting

300

f f(x) dx

b —
= = (@) + f(B) + 2(f (1) + [ () + )

300

=7 X_60 (£(0) + £(300) + 2(f(50) + f£(100) + f(150) + £(200) + f(250)))

=25(5+3+2(10+ 13+ 14+ 11+ 7))
= 2950 m?
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13a

13b

14

1
j V1 —x2dx
0

b —
- _“(f(a) +F(B) + 2(F () + F() + )
2 — (f(o) + £(1) + 2(f(0.25) + £(0.5) + £(0.75)))

= §(\/1 —02+/1-12+2(/1 - 0252 +/1- 052 ++/1 — 0.752))
= 0.7489 (to four decimal places)

fol V1 — x? is the area of% of a circle with radius 1 unit (the right half of the semi-
circle in the question). Hence fol Vv1—x2= %(n X 12) = %.

Thus% = 0.7489 sor = 4 x 0.7489 = 3.0. Hence, the approximation is less than

the integral, because the curve is concave down.

5
f Inx dx
1

b —
= —a(f(a) FF(B) + 2 Ge) + f() + )
2 x4 (f W +£(5) +2(F@) + F(3) + F(4)))

=§(ln1+ln5+2(ln2+ln3+ln4))

1
=§(ln1+ln5+21n2+21n3+21n4)
1
=§(0+ln5+ln22+ln32+ln42)
1
=§ln(5x22 X 32 x 42)
—11 2880

1
= In 28802

=1n+v2880
=In53.6656...
= |n 54
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15a

15b

15c¢

r ., 1
y=+x=x2,y =X Z—ﬁ.Forallx>0, \/_>Oandhencey > 0 so the

function is increasing for all x > 0.

Since the function is monotonically increasing, rectangles of width 1, with their
right corners lying on the curve will overestimate the area underneath the curve

The area underneath the cure is

n noa 2 31" 2 3 2nvn
j\/fdx=.[ xfdx=[—x§] =—-nz = Vn
0 0 371, 3 3

And the total area under the rectangles is

IXVI4+1XV2++1xVn=VI+V2+-+n

Thus, it follows that

2nvn

VI4VZ 4otV 2 [V dx =

Since the curve is concave down, the trapezoidal rule will always underestimate
the area under the curve, hence it follows that

2nvn
3

b — n

Ta(fm) @)+ 2071+ F@)+ -+ fln=1) < [ Vxdx =
0

Zn\/_

(\/_+\/_+2(\/_+\/_+ +\/nT))
4n\/_

VO+vn+2(V1i+vV2+ - +Vn—-1) <

4n\/_

2(W14V24 - +Vn-1)< —vn

4nn
- 3

++/n

4n\/_ 3vn
3

\/ﬁ(4n +3)
3

Vn(4n + 3)
6

n—1

2(VI+V2+ - +Vn—1++n) <
2(WV14+V2+ - +Vn—1++vn) <

(Vi+V2+-+Vn—1++Vn) <
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15d  From parts b and ¢ we have that

2(12000)«1200 \/12000(4(12000) + 3)

<V1I+V2++V3+--++12000 < c

Thus
876356.092008 < V1 ++V2 + /3 + -+ ++/12000 < 876410.86426

So to the nearest 100 it must be the case that V1 + V2 + V3 + - + /12000 =
876400

16a 5 subintervals: 2.66551

16b 10 subintervals: 2.47442

16¢ 20 subintervals: 2.41809

17 Investigation question - answers will vary
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Solutions to Exercise 5|

Let C be a constant.

la
d
4
T (2x + 3)

= 4(2x +3)3 X 2
= 8(2x + 3)3

1bi

f 8(2x + 3)3dx
f—(Zx + 3)*dx
=Q2x+3)*+C
1bii

f 16(2x + 3)3dx

= 2[8(2x +3)3dx
d

= 2]—(2x+3)4dx
dx

=22x+3)*+C

2a
4 (3x—s5)?
dx X

— 3(3x —5)2 x 3
=9(3x — 5)?
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2bi
f 9(3x — 5)% dx
d
_ [ 22,3
,[dx (3x —=5)°dx
=@Bx—-53+C
2b ii
f 27(3x — 5)?dx
= 3[9(33( —5)%dx
d
= 3[—(3x— 5)3 dx
dx

=3(3x—-5)3+C

3a
d
— (14 4x)°
dx(+x)

=5(1+4x)* x4
= 20(1 + 4x)*

3bi

f 20(1 + 4x)* dx

f—(l + 4x)> dx

=(1+4x)°+C
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3bii
f 10(1 + 4x)*dx
1
= E,[ 20(1 + 4x)* dx
1(d
e 5
=5 dx(1+4x) dx

1
=§(1+4xf-FC

43
d
— (1 - 2x)*
dx( x)

= 4(1 = 2x)% X —2
= —8(1 — 2x)3

4bi
f —-8(1 — 2x)3dx

d
= J—(l —2x)*dx
dx

=(1-20)*4C

4b ii
j —2(1—-2x)3dx

1
= Zf —-8(1 — 2x)3dx

1(d
— _ _ 4
_4_Idx(1 2x)* dx

1
=;1-20"+C
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5a
d
-1
T (4x + 3)

=—1(4x+3)2x4
= —4(4x + 3)2

5bi
f —4(4x + 3) % dx
d
= f—(4x +3) tdx
dx
=Ux+3)1+C
5bii
f(4x +3)%dx
1
= _Zf —4(4x + 3) % dx

1
= _Z(4x+3)_1+c

6a
d 1
a(Zx = 5)2
1 1
= E(Zx > 5)_7 X 2

= (2x — 5)_%
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6b i
1
f(Zx—S) 2dx
.[—(Zx—S)de
1
=(2x—-5)2+C
6b ii
1 1
f—(Zx—S)_fdx
3
1 1
= §](2x —5) 2dx
—1f 4 2x—5)d
-3 dx x x

1 1
=§(2x—5)2+C

7a
d
_ 2 34-
dx(x + 3)

= 4(x%+ 3)3 x 2x
= 8x(x?% + 3)3

7bi

f 8x(x? + 3)3dx

f—(x + 3)*dx

=(x*+3)*+C
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7b ii
f 40x(x? + 3)3 dx

= 5f8x(x2 +3)3dx

d
_ L2 4
_S,Idx(x + 3)*dx

=5(x*+3)*+C

8a
d
431y
Tx (x°>=1)
= 5(x3 —1)* x 3x?
= 15x2(x3 — 1)*
8bi
f 15x2(x3 — D* dx
f—(x —1)%dx
=(x*-1)°+C
8b ii

f 3x%(x3 — D*dx
1

= Ej 15x2(x3 — D*dx
5f—(x —1)%dx

=§(x3—1)5+C
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9a

i\/2x2 +3

dx

d 1
= a (2x2 + 3)E

1 _1
=§(2x2 +3)72 x 4x

1
=2x(2x*+3)72
2x
2x%2+ 3

9b i

x
dx
f\/2x2+3
= fi\/ZxZ + 3dx
dx

=+2x24+3+4+C

9b ii

X
dx
f\/2x2 +3

=— dx
V2x2+3
—1fd\/22+3d
2 dx x x

1
=?/2x2+3+c
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10a
%(x/}+ 1)°
=3(Vx+1)" x %x_%
3(Wx+ 1)’
 2vx

10bi

f 3(Vi+1)°
2Vx

=f%(x/§+1)3dx
= (Wx+1) +cC

10b ii

(Vx+1)°

2 (3(Wx+1)
_§j 2vx

=§j;—x(\/§+1)3dx

=§(\/§+1)3+C

11a

d

a(x3 + 3x2% + 5)*

= 4(x3 + 3x% + 5)3 x (3x% + 6x)
=12(x? 4+ 2x)(x3 + 3x2 + 5)3
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11bi
f 12(x? + 2x)(x3 + 3x% + 5)3dx

f—(x + 3x%2 + 5)*dx
=x3+3x2+5*+C

11bii
f(xz + 2x)(x3 + 3x2 + 5)3dx

=1 12(x% + 2x)(x3® + 3x%2 + 5)3dx

1
— 3 2 4
7 dx(x + 3x% 4+ 5)*dx

1
=E(x3+3x2+5)4+c

12a
d
@ e 27
P (5—-x%—x)
=7(5—-x?>—-x)x(-2x—1)
=-72x+1)(5—x?—-x)°
12bi

f(—14x - 7)(5 —x% —x)°

A f—7(2x +1)(5 = x2 — x)6

f—(S—x —x)7 dx
=G-x2-x)"+C
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MATHEMATICS EXTENSION 1

Chapter 5 worked solutions — Integration

12b ii
f(2x+ 1)(5—x% —x)°dx
= 1] —7x +1)(5—x% —x)%dx

=——j—(5—x —x) dx

=—7(5—x -x)"+C

13a Letu = 5x+4,then2—z= 5 sodu=5dx

f5(5x+4)3dx
=](5x+4)35dx
=fu3du
u4-
:Z-I_C
(5x + 4)*
=t

13b Letu =1 — 3x, then %= —3 sodu = —-3dx

f —3(1-3x)°dx
= f(l —3x)° (=3 dx)

=]u5du

u6

=—+¢C
6+

_(1-3x)°

C
3 +
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13c  Letu = x? — 5, then Z—:‘ = 2x sodu = 2x dx

j 2x(x? —5)7 dx
= f(x2 —5)7 (2x dx)

=.[u7du

u8
=§+C
@5y

C
3 +

13d Letu = x3 + 7, then Z—z = 3x? sodu = 3x% dx
f 3x2(x3 + 7)* dx

= f(x3 + 7)* (3x2 dx)

=fu4du

—u5+c
5

(P +7)P

C
z +

13e Letu = 3x2 + 2, then Z—’; = 6x sodu = 6x dx

| G
Gxz+2)2

1
= fm (6XdX)

(L
[t au

=—ul+4+C
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13f Letu =9 — 2x3, then Z—Z = —6x?% sodu = —6x?% dx

—6x
j\/9—2x3 ax
= f; (—6x2 dx)
Vo= 2x3

f—du
fu 2du

1
=2uz+C

=2Ju+C

=2/9-2x34C

14a Letu = 5x2 + 3, then Z—Z = 10x so du = 10x dx
f 10x(5x2 + 3)% dx

= j(sz + 3)? (10x dx)

=fu2du

u3

=?+C

_ (5x* +3)°

3 +C

14b  Letu = x? + 1, then %: 2x sodu = 2x dx

j 2x(x? + 1)3 dx

= f(xz +1)3 (2x dx)

=ju3du
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14c

14d

P+t

2 +C

Letu = 1 + 4x3, then Z—Z = 12x? sodu = 12x? dx

f 12x2(1 + 4x3)° dx

= f(l + 4x3)5 (12x2% dx)

=]u5du

u6+
=—+c
6

(1 +4x%)°

C
6 +

Letu = 1 + 3x?, then Z—Z = 6x sodu = 6x dx and %du =xdx

fx(l + 3x3)* dx

=](1+3x2)4><xdx
1
=]u4><gdu

1
=gju4du

5
=2—+¢C
5

uS

=—=4C
30

1+ 3x2)°
_ @3 .
30
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14e Letu =1 — x% then Z—:‘ = 4x3 so du = 4x3 dx and%du = x3 dx
j x3(1 —x*)7 dx

= f(l —x7 x x3dx

_.[ 7X1d
= u 4u

14f Letu = x3 — 1, then Z—Z = 3x? sodu = 3x?dx

f 3x2%y/x3 — 1dx
= f\/x3 —1 x 3x%dx

=f\/ﬂdu

1
=]u2du

3
¥ i

6

2 3

——uz4+C
3u+

2

3
=§(x3—1)5+C
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14g Letu = 5x% — 1, then Z—Z =10x sodu = 10x dx and%du =xdx

jx\/5x2+1dx
=f\/5x2+1><xdx

.[\/—x—du
1 (1

2
10 uzdu

3
e +C
10\ 3

2

2 3
= —y2 C
30u +

3
= —(5x2—-1)2
15(5x )2+ C

14h Letu = x? + 3, then Z—Z = 2xsodu = 2x dx

x
dx
Vit 3

X 2x dx

1
3

j—du
=fu 2du

1
=2uz+C
=2Ju+cC

=2Jx2+3+C
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14i  Letu = 4x? + 8x + 1, then Z—Z=8x+850du=(8x+8)dx

and%du =(x+1)dx

x+1
dx
V4xZ +8x + 1

1
_.[\/4x2+8x+1

.[—x du

14j Letu=x2+5,then3—z=2xsodu=2xdxand%du=xdx

_* 4
f(x2+5)3 x

X x dx

RGO
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15a

15b

Letu=x3+1, thenZ—Z = 3x%sodu = 3x%dx and%du = x%dx

Whenx =1,u = 2and whenx = —1,u = 0.

1
j x2(x3 + 1)*dx

-1
1

=f (3 + D* x x?dx
-1
2 1

=.[ ut x = du
-3l

=§(€‘°)

32
15

Letu = 5x2 + 1,then3—z = 10x sodu = 10x dx andl—lodu =xdx

Whenx = 1,u = 6 and whenx = 0,u = 1.

1 x p
fo (5x%2 + 1)3 x

X x dx

_ 1
B fo (5x2 +1)3

j —x—du

l—l

~ 10 Zuz]

~ 10

_1( 1 1 )
T 10\-2x62 —2x12

_1( 1+1)
10\ 72 2
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7
144

15c¢ Letu=1—4x2,then;l—:‘=—8xsodu=—8xdxand—%du=xdx
Whenx—%u=0andwhenx=0,u=1.

1
2

j xy1—4x2?dx
0

1
2

=f V1 —4x2 X xdx
0

0 1
=f Vu X —=du
" 8

15d Letu = x? + 10x + 3,then3—’;= 2x + 10 so du = (2x + 10) dx
and >du = (x + 5 )dx

Whenx = —1,u = —6and whenx = —3,u = —18.

-1
j (x2+10x +3)? x (x +5) dx
-3

= j u? x—du
—-18 2

1[u3]"®
-2 I?l
—-18
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_1((=6)° (-18)°
_E< 3 3 )

1
=5 (=72 +1944)

=936

16a Letu=1 —l,thend—u = iso du = idx
X dx

x2 x2

fud

=—xu®°+C
c u®
(1= e
6 X
16b Letu=1+\/§,thenfli—;:—1 \/—1;02du—\/—§dx

Whenx = 4,u = 3andwhenx = 1,u = 2.
4 1

[

L V(1 +45)

=J4;2Xidx
1 (14 Vx) Vax
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17a

17b

As the square root function is only defined for non-zero numbers, function is
defined for all x such that x> — 1 > 0 whichis (x — 1)(x + 1) > 0 and hence all x
such that x < —1 or x = 1. Thus the domain is x € (—o0, —1] U [1, ).

f'(x) = ;—x (xVx2 —1)

d > d 1
=a(x) x2 — 1+xa((x2 —1)2)

1 1
=\/x2—1+x-§-2x(x2—1) P

X
=yx2-1+
VxZz—1
2
()
V=1 Vo1
x? -1 x?
= +
Vx2 —1 VJx2-1
_2x2—1
x2—1

2x2—1_
x2 -1
2x2—-1=0
2x% =1

1
2 _
=3

1
xX=+—

2

But this does not lie in the domain x € (—o, —1] U [1, ), hence there are no
stationary points in the domain of the function.
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17¢  f(—x) = (—x)/(—x)? =1 = —xVx? — 1 = —f(x). Hence the function is odd.
. /

/
/
[

17d A= f13x\/x2 — 1ldx

18a

Letu =x?—1,du = 2x dx
Whenx=1,u=0
Whenx =3, u=38

Hence,

8

1 3 3
A= ff%\/ﬂdu _ f:%ug du = %%[ug]o — %[g; — 0] = ?\/7 square units

y' = (7 —x%)3 + x(=2x)(3)(7 — x?)?
= (7 — x?)3 — 6x2(7 — x?)?
= (7 —x?)?[(7 — x?) — 6x?]
= (7 —x?)?[7 — 7x?]
=7(7 — x*)?(1 — x?)

Stationary points occur when y’ = 0, that is when
7(7—x2)?2(1-x%) =0
(7—x?)=00r(1—-x2)=0

So the stationary points occur when x = +1, +v/7

Substituting this back into the equation for y gives the stationary points as

(-1, -216), (1,216), (£V7, 0).
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X -10 7| -2 -1 0 1 2 V7 10

y 8043570 0 —54 | =216 | 0 |216| 54 0 | —8043570

y' | =5993757 | 0 | —189 0 343 | 0 | —-189| 0 | —5993757
sign - 0 - 0 + 0 - 0 -

From this we see that there are points of inflection at (i\ﬁ, 0), a maximum at
(1,216) and a minimum at (—1, —216).

The x-axis interprets occur when y = 0

x(7—x%)3=0

That is when x = 0, or (7 — x2) which is when x = 0, +V/7

Substituting this back into the equation for y gives the points of intersection as as

(0,0), (£V7,0).

Hence drawing the graph gives
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(1,216) |

200 /.\

100
(sqrt(7),0)
0 (00) 2 4
-100

18b By observation, the total area enclosed by the graph and the x-axis will be double
the area that is enclosed between the curve and the x-axis for 0 < x < /7. Hence

the total area enclosed is
V7 V7

A= Zj x(7 —x?)3dx = j 2x(7 —x%)3dx
0 0

Letu = 7 — x?, it follows that du = —2x dx
Whenx =0,u=7
Whenx =V7,u=0

Hence,
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A= jo—(u)3 du

7
=.[ uddu
0

= 600% square units
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Solutions for Chapter review

1la

1b

1c

1
f 3x? dx
0

= [x3]5
=130

2 1
22 1
~2 2
3
"2
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1d

le

1f

I
ul]| = /|\ T
ul|
~—

51

V1IN U1l = U] =
+

-2
f 2x dx
-4

= [x?]%

= (-2)2 - (-4)*
=4—-16

=—12

-1
f x? dx

-3
-5
3 -3

_(=1)* (=3)®
-3 3

3-8

© Cambridge University Press 2019

254



2
j (x+3)dx
0

[
0

22
=<?+3X2)—(0+0)

=2+6
=8

1h
4
f (2x —5)dx
-1
= [x? — 5x]%,
=16—20— (1+5)
=—4-6
=-10
1i

1
f(x2—2x+1)dx
-3

x3 !
= ——x2+xl
5ol
(1 (-3)°
e

© Cambridge University Press 2019
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1
=§+9+9+3

—211
T3

2a
3
fx(x—l)dx
1
3
—f (x? —x)dx
1
x3 %2
4]
263
(-6
=4Z
2b

0
f (x+1)(x=3)dx

0
=J (x? = 2x —3)dx
-1

x3 °
= I— —x2 = le
-1

=<§—02 30)—<(“)3 (-1)2 - 3x@40
=o-(—%—1+3)

73
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2C
1
j(Zx—l)de
0
1
=f(4x2—4x+1)dx
0
4x3 !
=IT—23C2+Xl
0
4 %13 03
= —2x1?+1])|—-|—-2%x0%2+4+0
3 3
—4 24+1-0
3
_1
-3
3a
f2x2—3x
X
1 x
2<x2 3x)
=f X2 i
L \x  x
2
=f(x—3)dx
1
x? 2
=7—3Xl
1
X 3X2 r 3x1
=|—-3%x2]—-|—-3x
2 2
=2—-6 1+3
- 2
=_1=
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3b

= [0 — 41}
=(3%-4x%x3)—-(23-4x2)
=27—-12—-8+8

=15

3c

—1x3 _ 2x4-
f —dx
) X
“1/x3 2x*
=L P L
f (x — 2x?) dx

2x3 -t

2% (=2)

NG 2><( 1° (=2)°
() (e

216
3

NIH

2
T3~
1
=62
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4ai

4aii

4b i

4b ii

© Cambridge University Press 2019

k
dex
4

= [5x]}
=5k—5x4
= 5k — 20

k
f 5dx =10
4

5k —20 =10
5k =30
k=6

k
f (2x — 1) dx
0

= [x? - xlf
=k*—k)—(0-0)
=k*—k

k
f 2x—1)dx =6
0

k?—k=6
k?—k—-6=0
(k+2)(k—=3)=0
k=-2o0r3

Taking the positive solution, k = 3.
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5a

5b

5c

6a

6b

As upper and lower bound of this function are the same, the integral must be
zero (you can think of this as area with 0 width has 0 area).

This is an odd function and hence the area under the curve between —2 and 0 is
equal to that above the curve between 0 and 2. So the total signed area must be 0.

We know that x3 is odd and that —9x is odd. The sum of two odd functions gives
another odd function. Hence x3 — 9x2 is odd. The area under the curve between
—3 and 0 is equal to that above the curve between 0 and 3. So the total signed
area must be 0.

fo )

= area of triangle + area of rectangle

1
=§x2x4+1x1x4

=8

f;f(x) dx

= area of triangle above x-axis (from x = 0 to 2)

+ area of triangle below x-axis (from x = 2 to 3)

—1x2x2+1x1x1
2 2

T2

3
2
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7ai  A(x)
X
= f (4—-1t)dt
-2
21"
= I4t —7
-2

- <4x - %2> - <4 x (=2) — (_22)2>

2

X
:4X—7+8+2

=% 10
= 4x >

7aii  A(x)

X
= f t=2dt
2

=[-t7']3
= —x~1— (=271
1 1

-TxT2

K| -

7bi
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7bii

7ci

7cii

8a

8b

d
= (- = (-27))
=x"2-0
= x—Z

d X
af (t5 =53 +1)dt =x°—-5x3+1
7

by the fundamental theorem of calculus

djt2+4d x2 44
dx ), t2—1 21

by the fundamental theorem of calculus

f(x+2)dx

2

=~ tox+c

j(x3+3x2—5x+1)dx

x4- 2

= -2 x+tc
4 2
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8c

x(x—1)dx
J
= f(x2 —x)dx

—— - +cC
3727

8d

f(x—B)(Z—x)dx
:f(Zx—x2—6+3x)dx

—f(Sx—x2—6)dx

5x x3

8e

8f
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1
Z_F-I-C

8g

8h

f(x + 1)*dx

(e +1)°

C
1x5 +

1
=§(x+1)5+C

8i
f(Zx —3)5dx

_(2x=3)°
T 2X%6

+C

1
= — — 6
12(2x 3)°+C
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MATHEMATICS EXTENSION 1

Chapter 5 worked solutions — Integration

9a Area of shaded region

1
=.[ x? dx
-3
-5

31,

1 (-3)°
—37 73

1 27
=3*t3

1 :
=9 3 Square units

9b Area of shaded region

0
= f (x3 —4x) dx
-2

x* 0
— | _ 2
=[-2+]
-2

—2)4
= (O—O)—<( 4) —2><(—2)2)
=—4+8
= 4 square units
9c Region is below the x-axis so the signed area is negative.

3
f (x? —4x + 3) dx
1
x3 3
= [?— 2x% + Bxl
1

33 13
=<?—2x32+3x3>—<?—2x12+3x1)

1
=9-18+9-3+2-3
4

3

© Cambridge University Press 2019

265



Chapter 5 worked solutions — Integration

Area of shaded region = % square units

9d Area of shaded region
4
= f (2y —6) dy
3

= [y* - 6yl3
=(42-6x4)—(32-6x3)
=16—-24—-9+18

= 1 square unit

9e Area of shaded region

= fol(x —x%)dx

(oo

1 .
= - square units

of Area of shaded region

= j (x2 —x*) dx
-1

By
=G-9)-(-5-(-9)

= square units

© Cambridge University Press 2019 266



Chapter 5 worked solutions — Integration

9g

9h

10a

Area of shaded region

2
= f (Bx —2) —x?)dx
1

=.[2(3x—2—x2)dx

32

=6—4 3+2+1

N 3 2 3
1 .

= g square units

Area of shaded region
1

=f (1 -x?) - (x— 1)) dx
T

=f (2—x—x*dx
-2

x2  x3
=y -
35
-2

(=2)

B 12 13 (_2)2
—<2x1—7——3->—<2><(—2)— 7~

=2 1 1+4+2 §
N 2 3 3

= 45 square units

Solving the equations simultaneously gives:

x2—3x+5=x+42
x2—4x+3=0
x—-1Dxx-3)=0

x=1or3

Substituting this back into y = x + 2 gives the points of intersection as (1, 3) and

(3,5).
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10b  The graphs of y = x2 — 3x + 5 and y = x + 2 are shown below.

10

0 1 2 3 4

Area enclosed by curves
3

=f (x+2—(x?—3x+5))dx
'3

=f (4x — 3 —x?) dx
1

373
= l2x2—3x -2
3 1

33 13
=(2x32—3x3—?)—(2x12—3><1—?>

1
=18-9-9-2+3+

4 .
= 5 square units

11a

3
f 2% dx
1

b a
= T (F@ + F() + 2(F (1) + [ () + )

= (rm +r® +2(7@)
= Z(21 + 23 +2(2%))
= %(2 +8+8)

=9
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11b
3
f logio x dx
1
b —
= —“(f(a) +F(D) +2(f () + F ) + )
=5%a (A +£(3) + 2(f(L5) + £(2) + £(2.5))
=3 (log10 1 +logyo 3 + 2(logyo 1.5 + logy 2 + logy4 2. 5))
= 0.56 (to two significant figures)
12a

d

- 4)6
dx(3x+ )
=6(3x+4)5><3

= 18(3x + 4)°

12bi
f 18(3x + 4)° dx
d
= j—(3x+ 4)6 dx
dx
=Bx+4)°+C
12bii
f 9(3x + 4)° dx
1
= Ef 18(3x + 4)° dx
1(1d
e 6
= 2jdx(3x+4) dx

1
=§Bx+®6+6
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13a
d
@ 2 133
Ix (x*—1)
=3(x%?-1)%x2x
= 6x(x? — 1)
13bi
f 6x(x? —1)% dx
d
= fa(xz —1)3dx
=x*-13+cC
13bii

fx(x2 —1)%dx

1
= gf 6x(x? — 1)% dx

1(d
__ 2 _1)3
—6de(x 1)° dx

1
=E(X2—1)3+C

14a Letu = x3 + 1, then Z—’; = 3x2 sodu = 3x? dx
j 3x2(x3 + 1)* dx

= f(x3 + 1)* x 3x2%dx

=fu4du

uS

=—+C
5+
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14b

15

(P +1)°

C
z +

Letu = x? —5,thenz—z= 2x so du = 2x dx

X
j (x2 —5)3 ax

1
ijZXdX

Letu=x2+3,then%=2xsodu=2xdxand% du = x dx

Whenx =0, u =3 andwhenx =1, u =4

X
dx
o Vi 13

© Cambridge University Press 2019

271



Chapter 5 worked solutions — Integration

=l><2><[\/ﬂ]
2 3

= [val,
=V4-3
=2-3

as required.
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