Chapter 4 worked solutions — Curve-sketching using the derivative

Solutions to Exercise 4A

1la

1b

1c

2a

2b

2c
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f'(x) > 0 at the points 4, G and I because the slope of the tangent line is positive
at4, G and I.

f'(x) < 0 at the points C and E because the slope of the tangent line is negative
atCandE.

f'(x) = 0 at the points B, D, F and H because the slope of the tangent line is zero
at the points B, D, F and H.

y=-5x+2
dy__
=0

Hence, Z—z <0 forall x € R.

Therefore, y = —5x + 2 is decreasing for all x.

y=x+7

d
Y _1
dx

Hence, Z—z > 0 forall x € R.

Therefore, y = x + 7 is increasing for all x.

y=x

2 _ 352
dx
Hence, d— > 0 forall x in R except 0 and = 0 forx =0.

Therefore, y = x3 is increasing in R\{0} and stationary at x = 0.
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2d

2e

2f

d—y=6xandd—y=0when6x=00rx=0
dx dx

The sign table for Z—z is shown below.

X -1 0 +1
ay - 0 +
dx

Minimum

y \ turning /

point

Therefore, y is stationary at x = 0 and increasing for x > 0.

Ly L and is never zero.
dx _-ZJ_

The sign table for Z—z is shown below.

X x>0
dy +
dx

y /

Therefore, y is increasing for x > 0.

dy

9 2 dy .
= -—2xx3=-= and £ is never zero.
dx x3 dx

The sign table for Z—z is shown below.

x -1 0 +1

d_y + undefined -
dx

y / undefined \
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Therefore, y is undefined at x = 0, increasing for x < 0 and decreasing for x > 0.

3a f'(x) =4—-2x

3bi The sign table for f'(x) is shown below.

x 1 2 3
fle) |+ 0 -
y / Maximum \
turning
point

f'(x) >0whenx < 2

3bii  f'(x) < 0 when x > 2 (as shown in 3bi)

3biii f'(x) =0when4 —2x =0o0rx =2

3¢ f(2) =4x(2) - (2)?

turning point.

= 4 when x = 2. Therefore, (2,4) is the maximum

The graph of f(x) is shown below.

yi\

v (2.4

i

4a  f'(x) =3x%—6x
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4bi The sign table for f'(x) is shown below.

X -1 0 1 2
f'(x) + 0 — 0
Maximum Minimum
y / turning \ turning
point point

f'(x) >0whenx <0Oorx > 2

4bii  f'(x) < 0 when 0 < x < 2 (as shown in 4bi)

4biii  f'(x) = 0 when 3x%? — 6x =0

4c  f(0) = (0)* - 3(0)* +
turning point.
f(2) = (2)® - 3(2)? + 5 = 1 when x = 2. Therefore, (2, 1) is the minimum

turning point.

V4
5

3x(x—2)=0

x=0o0or x=2

5a f'(x) =-3x(—1) xx~

f'(x) > 0 for all x. Therefore, f(x) is increasing for all x in its domain.
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2 3

5 = 5 when x = 0. Therefore, (0, 5) is the maximum
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5b The function is not continuous at x = 0,

f(x) > 0forx <0and f(x) < 0 for x > 0 as shown in the below graph of f(x).

A
¥

F

1]

6a y=x>—-4x+1

y' =2x—-4

10 - 0 — 10
| f £

y'>0when2x —4>0o0rx>2

Therefore, y = x? — 4x + 1 is increasing when x > 2.

6b  y=7—6x—x?

y' =-6—-2x

y'>0when -6 —2x >0o0r—6>2xor x < -3

Therefore, y = 7 — 6x — x? is increasing when x < —3.

6c y=2x3-6x
y' =6x%2—-6
y' > 0when 6x? —6 >0
6x2>6

x> >1

orx<-—-lorx>1

Therefore, y = x? —4x + 1is increasing when x < —1or x > 1.
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6d y=x3-3x2+7
y' =3x% —6x
y' > 0when 3x? —6x >0
3x(x—2)>0

orx<O0or x>2

Therefore, y = x? —4x + 1is increasing when x < O or x > 2.

7a d—y=3x2—2x—1=(3x+1)(x—1)=Owhenx=—§orx=1

dx

x -1 1 1
3
v + 0 0
dx
Maximum Minimum
y / turning turning
point point

As shown on the above table, y is decreasing for —é <x<l1

7b d—y=3x2—6x—24=3(x+2)(x—4)=0whenx=—20rx=4

dx
x| -3 -2 0 4 5
v + 0 — 0 +
dx
Maximum Minimum
y / turning \ turning /
point point

As shown on the above table, y is increasing for x < —2 orx > 4

8a f(x)=§x3+x2+5x+7thenf’(x)=x2+2x+5
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8b

8c

9a

9b

ff(x) =x*+2x+5—4+4
=x>+2x+1+4
=(x+1*+4

Since f'(x) > 0 for all x, f(x) is increasing for all x

f(=3)=2(=3)*+ (=3)? +5 X (-3) +7=—-9+9—-15+7 = -8
£0) =300+ (0)2+5% (0) +7 =7

f(=3) = =8, f(0) = 7 and f(x) is increasing for all x.

Hence the curve crosses the x-axis exactly once between x = —3 and x = 0 and
nowhere else.

f(x) =% where x # 3

oy 2% (x—3)—(2x)
Fr) =

_ 2x — 6 —2x
(x — 3)?
6
(x—3)2
Since (x —3)2 > 0,f'(x) < Oforall x # 3

f&x) =

x2+1
ooy 3x3(x? + 1) — x3(2x)
fiea = (2 + 1)?
o x*(x* +3)
FO =Gy

f'(x) > 0forallx # 0and f'(0) = 0. Therefore, f(x) = x:j-l

x # 0 and stationary for x = 0.
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10a  Since f(1) = 0 and f(—3) = 0, the x-intercepts are (1,0) and (-3, 0).
Since f'(—1) = 0,and f'(x) > 0 whenx < —1 and f'(x) < 0 when x > —1,

there is a maximum turning pointat x = —1.

Therefore, a possible graph is:

¥y

(=1.4)

(0.3)

10b  Since f'(0) =0, f'(x) < 0whenx < 0and f'(x) > 0 when x > 0 there is a
minimum turning point at x = 0. There is no x-intercept because f(x) > 0 for all

x. Therefore, a possible graph is:

[}
Y
+
(0.3)
5 0 5
‘ x
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10c

11a

11b

11c

11d

12a

Since f(3) = 0, (3,0) is an x-intercept. Since f(x) is odd, f(—x) = —f ().
Hence, f(—3) = —f(3). Therefore, f(—3) = 0 and (—3, 0) is an x-intercept.
Since f'(1) =0,and f'(x) > 0whenx > 1and f'(x) < Owhen0 < x <1,

there is a minimum turning point at x = 1. Therefore, there is a maximum
turning pointatx = —1.

[II (If the function is a parabola then the first derivative is a linear function.)

I  (Asx - 07, f(x) - o and so does the first derivative.)

IV (The function has a stationary point at x = 0 and the function has stationary

point of inflection at x = —a and x = a where a > 0.)

I (The function has a stationary point of inflection at x = 0.)

From the graph of the function, (a horizontal line), we see that as X changes, y
remains constant.

The function can be expressed in the form f(x) = b.

Hence f’(x)=0 over its domain.

So the graph of y = f'(x) i.e. y=0 is shown below.

v'a

L)
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12b

12c

12d

From the graph of the function (a straight line with positive gradient), we see
that as X increases, y increases.

The function can be expressed in the form f(x) = mx + b, where m> 0.

Hence f’(x)=m over its domain.

So the graph of y = f'(x) i.e. f'(x)=m where m> 0 is shown below.

From the graph of the function (a straight line with negative gradient), we see
that as X increases, y decreases.

The function can be expressed in the form f(x) = mx + b, where m<0.

Hence f’(x)=m over its domain.
So the graph of y = f'(x) i.e. f'(x)=m where m<0 is shown below.

VA

=y

The graph of the function is decreasing for x <0, is stationary at Xx=0 and is
increasing for x>0.

f'(x)<0 for x<0, f'(x)=0at x=0 and f'(x)>0 for x>0

So the graph of y = f'(x) is shown below.
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12e  The graph of the function is increasing for X <0, is stationary at Xx=0 and
increasing for x> 0.

f'(x)>0 for x<0, f'(x)=0at x=0 and f'(x)>0 for x>0

So the graph

L

of y = f'(x) is shown below.

12f  The graph of the function is increasing for X <@, is stationary at X=a, is
decreasing for a< x <b, is stationary at X=Db and increasing for x >b.

f'(x)>0 for x<a, f'(x)=0at x=a, f'(x)<0 for a<x<b, f'(x)=0at x=b
and f'(x)>0 for x>b

So the graph

\

¥

of y = f'(x) is shown below.

/

o
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12g  The graph of the function is decreasing for X <C, is stationary at X=¢c, is
increasing for ¢ < X <d, is stationary at x=d, is decreasing for d < x<e, is
stationary at X =€ and increasing for Xx>¢.

f'(x)<0 for x<c, f'(x)=0at x=c, f'(x)>0 for c<x<d, f'(x)=0at x=d,
f'(x)<0 for d<x<e, f'(x)=0at x=e and f'(x)>0 for x>e

So the graph of y = f'(x) is shown below.

¥l

/N

A A

12h  The graph of the function is increasing for X <0 and increasing for x>0.

f’(x)>0 for x<0 and f'(x)>0 for x>0

So the graph of y = f'(x) is shown below.

V'

-y

13

dy 2xxQx*+x+1)—x>x(4x+1)
dx (2x%2 4+ x + 1)2

_4x3 + 2x% 4 2x — 4x3 — x?
B (2x%2 4+ x + 1)2
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o xP42x
C(2x2 + x4+ 1)2
B x(x+2)
C(2x2+x+1)2
dy _ x(x+2) _ _
—, = Owhen T Oorx=0o0rx=-2
x -3 =2 -1 0 1
v + 0 — 0 +
dx
Maximum Minimum
y / turning \ turning /
point point

As shown on the above table, y is decreasing for =2 < x < 0

14ai f'(x) = —2xx(x%+1)—(1-x?)x2x _ —2x3-2x—2x+2x% _  —4x

(x2+1)2 (x2+1)2 T (x2+1)2

1-(0)2
(0)2+1

14aii f(0) =

1-(-x)2 _ 1-x?
(=x)2+1  x2+1

14aiii f(—x) =

= f(x).Since f(—x) = f(x), f(x) is an even function.

14b  f'(x) = 0whenx =0

x| -1 0 1
f'(x) + 0 -
y / Maximum \
turning
point

As shown in the above table, (0, 1) is a maximum turning point and
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1_
since 11m

15a  f'(x) = 0whenx = 0,x = —2 or x = 1. Therefore, the graph of f'(x) cuts the

=—-1,f(x) <1forallx € R.

x2+1

x-axis at (—2,0), (0,0) and (1,0)
fl(=3)==(-3)x((-3)+2)x((-3)—1) = 12.
Therefore, f'(x) > 0 for x < —2

f'(x)<0for-2<x<0
f'(x)>0for0<x<1

f'(x) < 0forx > 1asshown in the below graph.

’

y A
1
) X
15b
x -3 -2 -1 0 1 1
2
f'(x) + 0 - 0 + 0
Maximum Minimum Maximum
f(x) / turning \ turning / turning
point point point
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As shown in the above table, the graph of f(x) is,

yii
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Solutions to Exercise 4B

1la

1b

1c

2a

y=x%—6x+38

L 2x—6

dx

2 _— Owhen2x—6=0o0rx =3
dx

Therefore, x = 3 is the x-coordinate of the stationary point of y.

y=x%+4x+3

@ _

ol 2x + 4

dy

Eszhen2x+4=Oorx= -2

Therefore, x = —2 is the x-coordinate of the stationary point of y.
y=x3-3x

d
Y =3x2-3
dx

2 — 0 when3x2—3 =0

dx
x2=1
x=—1lorx=1
Therefore, x = —1 and x = 1 are the x-coordinates of the stationary points of y.

Z—z=0when2x—4=00rx=2

Therefore, x = 2 is the x-coordinate of the stationary point.
Forx =2,y=22-4x2+7=23.

Therefore, the coordinates of the stationary point are (2, 3).
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2b

2C

2d

2e

y=x?—-8x+16

L _2x—8
dx

Z—z=0when2x—8=00rx=4

Therefore, x = 4 is the x-coordinate of the stationary point.
Forx =4,y =42 -8x4+16 = 0.

Therefore, the coordinates of the stationary point are (4, 0).

Y _6x—6
dx

d
d—z=0when6x—6=00rx= 1
Therefore, x = 1 is the x-coordinate of the stationary point.

Forx=1,y=3x12—-6%x1+1=-2.

Therefore, the coordinates of the stationary point are (1, —2).

y=-x*4+2x—-1

dy__
a— 2x + 2
z—z=0when—2x+2=00rx=1

Therefore, x = 1 is the x-coordinate of the stationary point.
Forx=1,y=-12+2x1-1=0.

Therefore, the coordinates of the stationary point are (1, 0).

y = x3 — 3x?

d
& =3x2 —6x
dx

dy _
a = 3x(x 2)

Z—Z=Owhen3x(x—2) =0.Hence,2—z=0when x=0orx = 2.

Therefore, x = 0 and x = 2 are the x-coordinates of the stationary points.

© Cambridge University Press 2019
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2f

3a

Forx =0,y =03—-3x0%=0.
Therefore, one of the stationary points is at (0, 0).
Forx =2,y =23 -3 x2%=—4,

Therefore, the other stationary point is at (2, —4).

y=x*—4x+1

d
—4x3 -4
dx

2= 4(x3 - 1)

% —owhen4(x®—1)=0orx=1

— = 0 when (x )=0o0rx=1.

Therefore, x = 1 is the x-coordinate of the stationary point.

Forx=1,y=1*—-4x1+1=-2.

Therefore, the coordinates of the stationary point are (1, —2).

y=x%—4x+3 or y=(x—-1)(x-23)
x-intercepts: 1, 3

y-intercept: 3

Z—z=2x—4
Z—i’zOWhean—4=Oorx=2.
X 1 2 3
y 0 -1 0
slope | =2 0 2

\ﬁy
3 4
\ :

/3
A (2,-1)

© Cambridge University Press 2019
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3b  y=12+ 4x — x? or y=—(x+2)(x—6)
x-intercepts: —2,6
y-intercept: 12

L_ 42
dx

d—y=Owhen 4 —-2x=0o0orx = 2.
dx

x 1 2 3

y | 15 | 16 | 15

slope | 2 0 -2
y A
(2,16)
12 4

(=)}
P
o

/—2

3c y=x?>+6x+8 or y=(x+2)(x+4)
x-intercepts: —4, —2
y-intercept: 8

ay _
dx—2x+6

Z—z=0when2x+6=00rx=—3.

x -4 | -3 | -2

y 0o | -1] o0

slope | —2 0 2

© Cambridge University Press 2019
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\/

(3—1)

3d y=15-2x —x?

x-intercepts: =5, 3

y-intercept: 15

dy

=W

or y=—(x+5)(x-3)

—=-2-2x
dx
@ _ Owhen -2 —-2x=0orx = —1.
dx
X -2 -1 0
y 15 16 15
slope | 2 0 -2
-1, 16
116 7T

N

4a  f(x)=x*>—-2x-3

fl(x)=2x—-2
ff)=2x1-2=0.

X

Therefore, there is a stationary point at x = 1.

© Cambridge University Press 2019
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4b

4c

4d

x 0 1 2

flea ] A\ 0 /

Therefore, the stationary point at x = 1 is a local minimum.

f(x) =15+ 2x — x?
F100) = 2 — 2x
flaA)y=2-2x1=0.

Therefore, there is a stationary pointat x = 1.

X 0 1 2

fle |/ 0 \

Therefore, the stationary point at x = 1 is a local maximum.

f(x) =x%43x%—9x +2

f'(x) =3x2+6x—9

f'(x) =3 +2x - 3)

f'x) =30 —1(x+3)

f'(x) =0whenx =1andx = —3.

Hence, there are stationary points at bothx = 1 and x = —3.

x =4 -3 0 1 2

@/ o [\ | o |/

Therefore, the stationary point at x = 1 is a local minimum.

fx) =x3—3x2+3x+1
f'(x) =3x2—-6x+3
f'(x) =3(x-1)°

f'(x) =0whenx = 1.
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5a

Therefore, there is a stationary point at x = 1.

x 0 1 2

fle | / 0 /

Therefore, the stationary point at x = 1 is a stationary or horizontal point of

inflection.

y=x%+4x —12 or y=((x+6)(x—2)
x-intercepts: —6, 2

y-intercept: —12

ay _
dx—2x+4

Z—z=0when2x+4=00rx=—2.

Therefore, there is a stationary point at x = —2.

Whenx = -2,y = (-2)2+ 4 x (-2) — 12 = —16

x -3 -2 0

fle) |\ 0 /

Therefore, the stationary point at (—2, —16) is a local minimum.

yll
i 5 x
/-12
(-2,-16) A

© Cambridge University Press 2019
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5b

6a

6b

y=5—4x —x? or y=—(x+5(x-1)
x-intercepts: =5, 1

y-intercept: 5

L 42

dx

%=Owhen—4—2x=00rx=—2.
Therefore, there is a stationary point at x = —2.

Whenx = -2,y =5—-4X%x(-2)—(-2)2=9

x -3 -2 0

fle |/ 0 \

Therefore, the stationary point at (—2, 9) is a local maximum.

(=2,9)
| \

W

y = x3 — 3x? then Z—z=3x2—6x=3x(x—2)

3x(x—2)=0whenx =0o0rx =2

X -1 0 1 2
dy + 0 - 0
dx
y / Maximum \ Minimum
turning point turning point

y=(0)3-3(0)2=0whenx =0andy = (2)® —3(2)? = -4 whenx = 2

© Cambridge University Press 2019
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Therefore, there is a maximum turning point at (0, 0) and a minimum turning

point at (2, —4).

6¢ y =x3—3x2 =0whenx = 0orx = 3.50(0,0) and (3, 0) are the x-intercepts.

yi!

7a y=12x —x3
y' =12 — 3x?
y' =304 —x?)
y' =32 -x)(2+x)

7b y'=0when3(2—-x)(2+x) =0.Soy’ =0whenx = —-2orx = 2.
Whenx = =2,y = —16 and whenx = 2,y = 16.

x -3 W) 0 2 3

y | =9 |-16] 0o | 16 | 9
yoo o\ 0 |/ 0 \

Therefore, there is a maximum turning point at (2, 16) and a minimum turning
point at (—2,—16).

7c  y=12x —x3
y = x(12 — x?)
y=x(2V3+x)(2V3~
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x-intercepts: —2\/§, 23

y-intercept: 0

8a  y=2x3+3x%—36x + 15 and the y-intercept is (0, 15)
y' =6x%2+6x—36=6(x+3)(x—2)
6(x+3)(x—2)=0whenx =—-3andx =2

x —4 -3 0 2 3

y 79 96 15 -29 —12

y' + 0 — 0 +

y Maximum \ Minimum /
turning point turning point

8b y=2x3+4x%+ 4x = x(x + 2)?, x-intercepts are (0,0) and (—2,0)
and the y-intercept is (0, 0).
y =3x2+8x+4=0CBx+2)(x+2)

(Bx+2)(x+2)=0whenx = —gandx=—2
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x -3 —2 -1 _ E 0
3
y -3 0 -1 _ 2 0
27
y' + 0 - 0 +
y / Maximum \ Minimum
turning point turning point
yA
-2
+ >
X

(_%9 _%

8c y = 16 + 4x3 — x*, and the y-intercept is (0, 16).
y' =12x% — 4x3 = 4x*(3 — x)
4x?(3—x) =0whenx =0andx = 3

X -1 0 1 3 4

y 11 16 19 43 16

y' + 0 + 0 -

y Stationary point / Maximum \
of inflection turning point

© Cambridge University Press 2019 26



Chapter 4 worked solutions — Curve-sketching using the derivative

yl\

%

(3.43)

=W

8d  y=3x*—16x3+ 24x? + 11, and the y-interceptis (0, 11).
y' =12x3 — 48x?% 4+ 48x = 12x(x? — 4x + 4) = 12x(x — 2)?
4x?(3—x) =0whenx =0andx = 3

X -1 0 1 2 3
y 48 11 22 27 38
y' - 0 + 0 +
y \ Minimum Stationary point
turning point of inflection
y A
H (2,27)
>
X
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9a y=x(x—2)3

y =1x(x—-2)2%+xx3(x—-2)*x1

y' = (x —2)3 + 3x(x — 2)?
y' = (x—2)%[(x —2) + 3x]
y' =202x—1)(x —2)?

9 y'=0when2(2x —1)(x —2)2 =0.Soy’ = 0 when x =§orx A2

Whenx—% y= —% and whenx =2,y = 0.
x 0 1 1 2 3
2
y' \ 0 |/ 0 /

Therefore, G,

inflection.

9¢ y=x(x—-2)3

x-intercepts: 0, 2

y-intercept: 0

\

|
23
—

© Cambridge University Press 2019
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10a y=x2(x—4)2then3—2;=2x><(x—4)2+x2 x 2(x — 4)

= 2x(x — 4)((x —4) + x)
=4x(x—4)(x —2)
and (0,0) and (4, 0) are x-intercepts.

10b 4x(x—4)(x—2)=0whenx =0orx=2o0rx =4

x -1 0 1 2 3 4

y' - 0 + 0 - 0

y \ Minimum 0 \ Maximum
turning turning
point point

y = (0)%((0) - 4)2 = 0 when x = 0, so (0, 0) is the minimum turning point.

y = (2)2((2) — 4)2 = 16 when x = 2, so (2, 16) is the maximum turning point.

y = (4)2((4) — 4)2 = 0 when x = 4, so (4,0) is the minimum turning point.

10c

yl\

(2, 16)

o~
=V

11la y=((x-5)2?2x+1)

y' =2(x—-5)2x+ 1)+ (x —5)% x 2

y' =((x—-=5)[(4x+2)+ (2x — 10)]
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y' = (x—5)(6x —8)
y' =2(x—-5)3x—4)

11lb  y' =0whenx = 50rx=§

When x =§,y = 49% and whenx =5,y = 0.

o Wl

Therefore, G, 49 %) is a maximum turning point and (5, 0) is a minimum turning

point.

11c y=((x-5)2?2x+1)
x-intercepts: — %, 5

y-intercept: 25

See

| ™

12a y=x*+ax—15theny’ =2x+a

2x+a=0whenx =4then2Xx4+4+a=0anda = —8
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12b y=x*+ax+7theny =2x+a

13a

13b

14a

2x+a=0whenx =—1then2xXx—-14+a=0anda =2

f(x)=ax®*+4x+c

f'(x) =2ax+4

If (—1,1) is a turning point, then f'(—1) = 0and 2a X (1) +4 =0
Therefore, a = 2.

Ifa=2,then f(x) =2x?> +4x +c

Since (—1,1) isa pointon f(x) = 2x% + 4x + c,

F(-D) =2(-D2+4x(-D+c=1

Therefore, ¢ = 3.

y=x34+bx?>+cx+5
y' =3x%+2bx+c

If there are stationary points at x = —2 and x = 4, then y' = 0 forx = —2 and
x =4.

Thus, 3(=2)?+2bx (—=2) +c=0and3(4)?>+2bx (4) +c=0

4b —c =12 and 8b + ¢ = —48

Adding the two equations gives 12b = —36 or b = —3.

Substituting b = —3 into 8b + ¢ = —48 gives — 24 + ¢ = —48,s0 ¢ = —24.
Therefore, b = —3 and ¢ = —24.

y=ax?+bx+ctheny =2ax+b

If the function passes through the point, (1,4) thena(1)? +b x (1) +c = 4
Therefore,a+b+c =4

If the function passes through the point, (—1,6) thena(—1)2+ b x (—1) +c =6

Therefore,a —b+c =6
. 1 , 1
If the slope is zero at x = —Etheny =2a X (—5) +b=0

Therefore,—a+ b =0
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14b Since—a+b=0,a=0>b
Hence, 2a + ¢ = 4 and ¢ = 6 (substitute a for b in the first two equations)

So2a+6=4, a=b=—-1andc = 6.

15a y = ax? + bx + c passes through the origin. So a(0)2 + b x 0 + ¢ = 0.

Therefore, ¢ = 0.

15b y=ax® +bx+c

d—y=2ax+b
dx

Slope of the line y = 2x is 2 for all x € R and since y = 2x is tangent to the curve
y =ax?®+ bx + cattheorigin,Z—Z =2ax+b = 2forx = 0.

Hence,2a X0+ b =2and b = 2.

15c Z—z = 2ax + b and there is a maximum turning pointat x = 1, then 2a(1) + b =0

Therefore, 2a + b = 0.
b = 2 (from 15b) and 2a + b = 0, then 2a + 2 = 0. Therefore, a = —1.

16  Given y=ax’+bx*+cx+d

Y _ 34 2bx e
dx

The function has a relative maximum at (—2, 27). So when x=-2, % =0.

X
3a(-2)" +2b(-2)+c=0
Hence 12a—4b+c=0.

The function has a relative minimum at (1,0). So when x=-2, % =0.
X

3a(1)’ +2b(1)+c=0
Hence 3a+2b+c=0.
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(1,0) lies on the curve and so when x=1y=0
a(l)3 +b(1)2 +c(1)+d =0

Hence a+b+c+d=0.

(—2,27) lies on the curve and so when x=-2,y =27
a(-2)’ +b(-2)" +¢(-2)+d =27

Hence —-8a+4b—-2c+d =27.

By subtracting we obtain:

9a—-3b+3c=-27

3a+2b+c=0 @)

12a—-4b+c=0 (2)

9a-3p+3c=-27 (3)

(2)-(1) gives:

9a-6b=0 4)
3x(2)-(3) gives:
27a—-9b =27 (5)
(5)-3x(4) gives:
9%=27=Db=3

Substituting b =3 into (4) and solving 9a—18=0 for a we obtain a=2.

Substituting a=2 and b =3 into (1) and solving c+12=0 for ¢ we obtain
c=-12.

Soa=2,b=3and c=-12.

Substituting a=2, b=3 and c=-12into a+b+c+d =0 and solving d -7=0
for d we obtain d =7.
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3X
17a  Given f(Xx)=
() x?+1
. . 3X
Applying the quotient rule on f (x)=— 1
X2 +

Let u=3x and v=x*+1.
Then u’'=3 and V' = 2x.
f,(X):vuv—zuv
3(x2+1)—(3x)(2x)
()
_3x*+3-6x

(x2 +1)2

3(1-x)(1+ x).

(x? +1)2

So f'(x)=

17b  There are stationary points where f'(x)=0.
3(1-x)(1+x)=0=>x=+1

So there are stationary points at x=-1 and x=1.

X -2 -1 0 1 2
t(x) | -2 | o 3 0o | -2
25 25

slope \ - / - \

When x=-1, yz—g and when x=1, yzg.

3). . . : 3). . .
Hence | -1, ~3 is a minimum turning point and | 1, 2 is a maximum turning

point.
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17c

17di Theline y=c where ¢ >g does not intersect the graph of y = f (X)

3 .
Hence, for ¢ > E' the equation has no roots.

17dii Theline y= g touches the graph of y = f (x) at the maximum turning point.

3 .
Hence, for ¢ = E' the equation has one root.

17d iii The line y=c where 0<c< g intersects the graph of y = f (X) at two points.

3 .
Hence, for 0<c < E' the equation has two roots.

17d iv The line y =0 touches the graph of y = f (x) at the origin.

Hence, for ¢ =0, the equation has one root.

18a  To answer this question as framed, it is best to graph polynomial functions that
have only even powers of X. Derivatives of such polynomial functions will
therefore have only odd powers of X.
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18b

18c

So f(-x)=f(x)and f'(-x)=—f'(x).

To formally prove that the derivative of an even function is odd, we would need
to prove thatif f is eventhen f'(—x)=—-f'(x).

To answer this question as framed, it is best to graph polynomial functions that
have only odd powers of X. Derivatives of such polynomial functions will
therefore have only even powers of X.

So f(—x)=—f(x)and f'(-x)=f'(x).

To formally prove that the derivative of an odd function is even, we would need
to prove thatif f isodd then f'(—x)=f'(x).

If f is an even polynomial function and hence has only even powers of X, then

f (—x)= f (x). Derivatives of f will therefore have only odd powers of X and so
f'(—x)=—f'(x).
If f isan odd polynomial function and hence has only even powers of X, then

f (—x) =—f (x) Derivatives of f will therefore have only even powers of X and

so f'(—x)=f'(x).
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Solutions to Exercise 4C

1la

1b

1c

1d

le

1f

2a

A maximum turning point, B minimum turning point.

C is a minimum point.

D is a horizontal point of inflection, because the graph is stationary at D and

concavity changes before and after D. E is a maximum turning point.

F and H are minimum turning points and G is a maximum point.

I is a minimum point.

J is a horizontal point of inflection, because it is a stationary point and the
concavity changes before and after D. K is a minimum turning point and L is a

maximum turning point.

y' = x(x — 3)? = 0 when x = 0 or x = 3. Hence, y has stationary points
atx =0andx =3.y" =3(x —3)(x —1) = 0 when x = 1 or x = 3. Hence,
there are points of inflection at x = 1 and x = 3. Therefore, there is a turning

point at x = 0 and a horizontal point of inflection at x = 3 as shown in the below

table.
x -1 0 1 3 4
y' - 0 + 0 +
Minimum Horizontal
y \ turning / point of /
point inflection
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2b y' = (x + 2)3(x —4) = 0 when x = —2 or x = 4. Hence, there are stationary
pointsatx = —2andx = 4.y" = 2(x + 2)?(2x = 5) = 0whenx = —2 orx = %

. . . . 5 .
Hence, there is a point of inflection at x = Ebut notatx = —2 ,because x = —2is

a double root and concavity is the same when x < —2and -2 < x < ; .

Therefore, y has a turning point at x = —2 and x = 4 as shown in the below
table.
X -3 -2 4
y' + 0 0
Maximum Minimum
y / turning turning
point point

2c y' =

pointatx = 1.

n

ﬁ = 0 when x = 0 and undefined when x = 1. Hence, y has a stationary

V' =y <0forx e R—{1}
X -1 0 1 1
y + 0 - undefined
y / Maximum \ undefined
turning
point

As shown in the above table, y has a maximum turning pointat x = 0 and a

discontinuity at x = 1.
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2
2d  y' =-— = 0whenx = 0and y’ is undefined when x = 1. Hence, y has a

stationary point at x = 0 and not defined at x = 1.

"= ’(Cf:)zz) = 0 when x = 0 and x = 2. Hence, y has an inflection pointat x = 0
and x = 2.
X -1 0 1 1 2
2
y' - 0 - undefined +
y \ Horizontal \ undefined /
point of
inflection

As shown in the above table, y has a horizontal point of inflection at x = 0 and

has a discontinuity at x = 1.

_ X
T (x-1)2

2e y' = 0 when x = 0 and y' is undefined when x = 1. Hence, y has a

stationary point at x = 0 and has a discontinuity at x = 1.

"= Ef:)l; = 0 when x = —1. Hence, y has an inflection pointat x = —1.
X -1 0 1 1 2
y' - 0 + undefined +
y \ Minimum / undefined /
turning
point

As shown in the above table, y has a minimum turning point at x = 0 and

has a discontinuity at x = 1.

© Cambridge University Press 2019 39



Chapter 4 worked solutions — Curve-sketching using the derivative

2

2f e

Y =G = 0 when x = 0 and y’ is undefined when x = 1. Hence, y has a

stationary point at x = 0 and has a discontinuity at x = 1.

o —x(x+2)

Dt = 0 when x = —2 or x = 0. Hence, y has inflection points at x = —2
and x = 0.
X -1 0 i 1 2
y' - 0 - undefined +
y \ Horizontal \ undefined /
point of
inflection

As shown in the above table, y has a horizontal point of inflection at x = 0 and

has a discontinuity at x = 1.

x%-1

2g y' =x- i = = 0 when x = —1 or x = 1. Hence, y has stationary points at
x = —1and x = 1.y’ isundefined when x = 0

then y has a discontinuity at x = 0.

17 X

2:1 > 0 for all x.
X

X -3 -1 -1 0 1 1 2
y' — 0 + undefined | - 0 +
Minimum undefined Minimum
y \ turning / \ turning /
point point
As shown in the above table, y has minimum turning points at x = —1 and

atx = 1, and has a discontinuity at x = 0.
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1 x—1

2h y =vVx—-—==

Therefore, y has a stationary point at x = 1 and is undefined when x < 0.

Ve o Vx

x+1

=7s = 0 when x = —1. Hence, y has an inflection point at x = —1.
x 1 1
2
y' - 0
Minimum
y \ turning
point

As shown in the above table, y has a minimum turning point at x = 1 and is

undefined when x < 0.

2i !

and is undefined when x < —2 and when x = 1.

y = V2+xx(1-x)3

2—x

= 0 when x = 1 and y’ is undefined when x < 0.

= 0 when x = 2. Therefore, y has a stationary pointat x = 2

X -2 -1 1 3 2
2
y" | undefined + undefined | — 0
Minimum
y undefined / undefined \ turning
point

As shown in the above table, y has a minimum turning point at x = 2 and is

discontinuous atx = —2 and x = 1.
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3a
Let g = |x| be a function defined on real numbers.

When the graph of g = |x| (shown below)

I*'*-\-‘

{ u ((J.{.l) 2
is translated 3 units upwards along the y-axis, the graph of y = |x| + 3 is
obtained (shown below).

NV

3

3b y'=1whenx >0andy’ = —1whenx <0

3c y' is not defined at (0, 3), because it is a sharp corner and y’ = 1 when x > 0 and

y'=—1whenx <0

4a Let g = |x| be a function defined on real numbers.

When the graph of g = |x| (shown below)

¥

+ 5

I&I+\-

-8 R -4 -3 -2 -1 2 3 4 5 [

0
(0.0) x

is translated 2 units towards right along the x-axis, the graph of y = |x — 2| is

obtained (shown below).
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4b

4c

5a

yﬂ
S
2 X
y'=1whenx >2andy’ = —1whenx < 2

y' is not defined at (2, 0), because it is a sharp corner and y’ = 1 when x > 2 and

y'=—1whenx <2

; Ix(x2-1)-xx(2x) _ x?-1-2x% _ —(x%+1) , .
y' = D)2 =~ e then y’ < 0 for all x. Thus, the function

y is decreasing for all values of x where it is defined.

(x?—1)2=0whenx?—-1=0orwhenx=—-1lorx=1
Therefore, y’ has vertical asymptotesatx = —landx = 1
Ny o
-1 i
1 X
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2xx(1+x2)-x?x(2x) _ 2x+2x3-2x% _  2x
(1+x2)2 T (A+x2)?2 (14x2)2

5b y' = theny’ < Owhenx <0andy’ >0

when x > 0. Therefore, y is decreasing when x < 0 and increasing when x > 0.

X -1 0 1

y' - 0 +

y \ | Minimum | /
turning
point

f(0) = 0 then the minimum turning point is (0, 0)

(1 + x?)? is never zero. Therefore, there are no vertical asymptotes.

x? . .
== 1, there is a horizontal asymptote at y = 1.

x—) oo
y!\
,,,,,,,,,,,,, L
X
2_1)—(~2_ 3_ _ 3
5c y' = 2ex(x (132_(:)2 4x@x) _ 2 (i’:_i; o (xzs_xl)z = 0 when x = 0. Therefore,

y has a stationary point at x = 0. f(0) = 4, then the stationary point is (0, 4).

(x? = 1)? = 0 when x = —1 or x = 1. Therefore, there are vertical asymptotes at
x=-landx = 1.
Since llgl y = 1 there is a horizontal asymptote at y = 1.
X— 100

x | =2 -1 l 0 1 1 2

y'" | — | undefined | — 0 + | undefined | +

y | \ | Vertical \ / | Vertical /

asymptote asymptote
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Minimum
turning
point
W
S b
!’\ ' i /‘r
_2\_€1 1:/2 x
p_ 2xx(x—1)2—(x2+1)x(2x-2) _ 2x3-4x+2x—2x3+2x%+2x-2 _ —-2(x+1) _
>d - (G-12)? - (—1)* = s - Owhen
x = —1. Therefore, there is a stationary point at x = —1.
X -2 -1 0 1 2
y' - 0 + undefined —
Minimum Vertical
y \ turning / asymptote \
point

f(=1) = gthen the minimum turning point is (—1,%) and the y-intercept is (0, 1)

because f(0) = 1. Since (x — 1)® = 0 when x = 1, there is a vertical asymptote

atx = 1.

Since lim y =1 there is a horizontal asymptote aty = 1.

x—)OO
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6 fW)=1Cx-2)7=

6b f'(x) is never zero.

1
£(2) = ((2) — 2)°* = 0 then the function passes through (2,0) and f'(2) is

undefined. Therefore, there is a vertical tangent at x = 2

6C Table of slopes:

1

5x 3/ (x—2)*

X 0 2
y' + | undefined
Vertical
y / tangent
Graph:
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f(0) = ((0) — 2)§ = —3/2. The y-intercept is (0, —W)

yil

) = 2 (x — 1)5 = 2
7a fl)=50-1 5 =m0

7b f'(x) is never zero.

1
£(1) = ((1) — 1)® = 0 then the function passes through (1,0) and f'(1) is

undefined. Therefore, there is a vertical tangentat x = 1

7c Table of slopes:

X 0 1 2
y' — | undefined +
Vertical
y \ tangent /
Graph:

£(0) = ((0) - 1)§ = 1. The y-intercept s (0,1)
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8a

8b

8c

8d

yli

The domain is R — {0} (All the real numbers except zero), because the function

is not defined at x = 0.

x2

1 x?+1
=x+-=
y x x
dy _ 2xxx—(x?+1)x1 _ x%-1
dx x2 -
d x%—
=2 = 0 when
dx x

dy . ) dy . .
And ﬁ is undefined when x = 0. Therefore, Zl% is not continuous at x = 0.

= 0 or x> — 1 = 0 which is satisfied whenx = —1lorx =1

Table of slopes:
x| —2 -1 0 1 1
y' + 0 undefined - 0
Maximum Minimum
y / | turning Vertical \ turning
point Asymptote point

.1 1
lim - = 0 (As x gets larger, ~ converges to Zero)

x—too X
The vertical asymptote is x = 0.

The oblique asymptote is y = x because y —x — 0 as |x| - oo.
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8e

v
2
”
'
’
’
’
’
.

(1,2) J/’

=V

S (1L-2)

/
/
’
’
’
’
’
4

9a f(x)=+x+ % and f(x) is not defined for x < 0.

Therefore, the domain of f(x) is R* or x > 0 (All positive real numbers).

9 f(x) =Vx + == then

Vi Vx
1 x+1  2x-x—1
Fr = ZGE e TaE _ am
x x x 2xvx

f'x) = Owhen%= Oorwhenx =1

9c Table of slopes:

X 0 1 2

y' = 0 +
Minimum

y \ turning /
point

(D) =vV1+ % = 2. Therefore, the minimum turning point is (1, 2)

9d lim v/x + \/_— = oo. Therefore as x gets larger, f(x) gets larger.
X—00
lim =—= = 0. Therefore as x gets larger, f'(x) converges to zero.

X—00 2x\/—
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9e

10a

yl\
L/(LZ)
X
1 x%-1 .
y=x—-= then y has a vertical asymptote at x = 0
y=0whenx=1lorx=-1.

Therefore, (—1,0) and (1, 0) are the x-intercepts of y.

dy _ 2xxx—(x?-1)x1 _ x%+1
dx x? T x?

dy . . .
d—z is never zero. Therefore, the graph of y does not have any stationary points.

Z—z is undefined when x = 0. Therefore, Z—z is not continuous at x = 0.
Table of slopes:
x| —1 0 1
y' + | undefined | +
y / | Vertical /
Asymptote

1
lim == 0 (As x gets larger ~ converges to Zero)
x—>+oo X

The vertical asymptote is x = 0.
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10b

The oblique asymptote is y = x because y —x — 0 as |x| - oo.

4

N
N
N
p— N
N
N
~
~
N

4
:1 then y is never zero. Therefore, the graph of y does not have

1
y=x2+x—2=

an x-intercept.

dy _ 4x3xx?—(x* +1)><2x 4xS-2x%-2x _ 2xS-2x _ 2x(x*-1) _ 2(x*-1)

dx x* x4 x4 x4 x3
4_
Z—z = Owhen% = 0 or x* — 1 = 0 which is satisfied whenx = —lorx =1
And Z—z is undefined when x = 0. Therefore, Z—Z is not continuous at x = 0.
Table of slopes:
x| =2 -1 _1 0 1 1 2
y' - 0 + undefined - 0 +
Minimum Minimum
y \ | turning / Vertical \ turning /
point Asymptote point

The vertical asymptote is x = 0, because y is undefined at x = 0.
y = 2when x = —1 and x = 1. Hence, (—1, 2) and (1, 2) are the minimum

turning points.

1
lim — = 0 (As x gets larger > converges to zero)
x—>+oo X
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The oblique asymptote is y = x2 because y — x? — 0 as |x| — oo.

1.
Therefore, the graph of y = x% + = s,

11a  The domain of y is x > 0 because V/x is not defined when x < 0 and
y = 0 when x = 0. Therefore, (0, 0) is both the x- and y-intercept of y.
y does not have a vertical asymptote because V9 + x? is never zero.
lim y = 0 because the denominator of y increases faster than its numerator as x
X—00
gets larger. Therefore, y has a horizontal asymptote at x = 0.
1
11b =& _ (L)E then
Y= Torz - \iZ4o
ay _ 1y ( x )_% 1x(x2+9)—xx2x
dx 2 x2+49 (x2+9)2
1
ay _ 1y (x2+9)5 9—x2
dx 2 x (x2+9)2

dy _ Vx2+9 9—x?
dx  24x (x2+9)2

dy 1 9-x2

X
1 249)2
Ax o xx(x2+9)2  (X+9)

dy 9—x2

=3
dx 2Vxx (x2+49)2

ay _ (B—-x)(3+x)

3
ax 5 xx(x2+9)2
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M= Oorwhenx = —-3orx =3
24/xx(x2+9)2

11c > _ 0 when
dx

Z—z is not defined when x < 0and y = \/6—3 when x = 3.

Therefore, (3, g ) is the maximum turning point.

The table of slopes is as shown below.

x 0 3 4

y' + 0 -
Maximum

y / turning \
point

11d y —> 0and Z—z — o0 as x - 0%. Therefore, the curve emerges almost vertically

from the origin.

1 3 1 1
12 y=x2—x2 theny’:%x_i_%xg #_% \/_23;:6\/_ x/_(;x3x)
Hence')"=0Whenw=00r1—3x=oorx=%

(x # 0 because y’ is undefined at x = 0)

. . . 1 2v3
The coordinates of the point where y' is zero are (5, %_)
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13a

The graph of y? = x(1 — x)? can be sketched by first sketching the graph of

y1 =+/x(1 —x)? and then y, = —/x(1 — x)? on the same set of axes.

The x-intercepts of both y; and y, are (0,0) and (1, 0) because y; = y, = 0 when

x=0andx = 1.

y =x+ % > 0 when x > 1. Therefore, y, is increasing when x > 1

1

r_ x-1_ —
2 —\/§+2\/§—0whenx—3

P . . 1
Therefore, y; has a minimum turning point at x = p

Since y, is the reflection of y; in the x-axis, the graph of y2 = x(1 — x)? is:

S

To sketch the graph of f(x), sketch the graph of g(x) = (x — 1)(x — 3) and then

yl

fold the part of the function below the x-axis such that g(x) is never zero.

i

2.

_1
(%]
=V
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13b  To sketch the graph of y = |x — 2| + |x + 1| construct a sign-table as shown

below (the critical points are x = 2and x = —1)
X x < -1 -1 -1<x<2 | 2 x> 2
y —2x+1 3 3 3 2x—1
VA
(-1,3) (2,3)
X

13c  To sketch the graph of y = x? + |x| construct a sign-table as shown

below (the critical pointis x = 0)

X x<0 0 x>0

y X
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Solutions to Exercise 4D

la y=x3
y' = 3x2
y" =6x
y'" =6
b  y=x°
y' = 10x
y" = 90x®
y'"=720x
1c  y=x7
y' = 7x°
y" = 42x5
y" = 210x*
1d y=x?
y' =2x
y'=2
y" =0
le y=2x*
y' = 8x3
y' = 24x
y'" = 48x
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1f  y=3x°
y' = 15x*
y"" = 60x3
" = 180x?

1g y=4-3x

y'=-3
yll — 0
yIII — 0

1h y=x“—3x

y'=2x-3
y” =
y”’ =

1i y = 4x3 — x?
y' =12x? — 2x
y"' =24x -2
y" =24

1j y = 4x5 + 2x3
y' = 20x* + 6x?
y" =80x3 + 12x
y'" = 240x% + 12

2a y=x(x+3)
y=1xx+3)+xx1
=2x+3
y'=2
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2b  y=x%*(x—4)
y =2xx(x—4)+x?>x1
= 3x%? — 8x

y'=6x-8

2¢ y=x-2)(x+1)
yV=1xx+D+x-2)x1
=2x—1

yll=2

2d y=0Bx+2)(x—-5)
y' =3xXxx—-5+Bx+2)x1
= 6x — 13

yll=6

2e  y=3x%2(2x3—-3x?)
y' = 6x X (2x3 — 3x2) + 3x? X (6x% — 6x)
= 12x* — 18x3 + 18x* — 18x3
= 30x* — 36x3
y' = 120x3 — 108x2

2f y = 4x3(x° + 2x?)
y' = 12x2% X (x° + 2x?) + 4x3 x (5x* + 4x)
= 12x7 + 24x* + 20x7 + 16x*
= 32x7 + 40x*
y' = 224x® + 160x3
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3a y=x
y' =0.3x7%7
y" =-021x"17
y'"" =0.357x"2%7
3b y=x71
y'=—x
1
T X2
y"' =2x"3
_ 2
T3
ylll — _6x—4-
R
Tt
3c y=x"?
y'=-2x73
2
T3
y" =6x"*
6
T xt
yIII _ —24X_5
24
T xS
3d y=5x73
y' = —15x
15
Tt
y" = 60x75
60
x5
y"' = -300x"°
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3e

43

4b

4c

4d

x6
y=x?+x"1
y' =2x—x"?
1
=2x—;
y'=2+2x3
2
=2+;
ynl__6x—4.
R
T x4
flx)=x73
flix) =-3x"*=-=

fro) =12x"%=2

x5

flx)=x"*

1) = —4x~5 = =
f"(x) =20x7% = i—:
f(x) =3x72

1) ==6x%=—=
f"(x) =18x7* = i—j
f(x) =2x73

fle) =—6x* = -

F(x) = 24x75 =2

x5

© Cambridge University Press 2019

60



Chapter 4 worked solutions — Curve-sketching using the derivative

5a y=(x+1)>?

y'=2(x+1)
=2x+2
yll=2

5b y=((Bx-5)3
y' =3Bx—-5)?x3

=9(3x — 5)*
y" =183x—-5) %3
= 54(3x —5)

5¢ y = (1 — 4x)?

y' =2(1—4x) x (—4)
= —8(1—-4x)
=32x—8

y" =32

5d y=(@8-x)
y' =118 — x)1% x (=1)
= —11(8 — x)*°
y" =—-110(8 — x)° x (—1)
=110(8 — x)°
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6a y=(x+2)"1

y'=—(x+2)?
_ 1
(x +2)?
y"'=2(x+2)"3
_ 2
(x+2)3

6b y=0B-x)"2
y'=-2@-07%x(-1)
_ 2
(B —x)3
y'=-6(3-x)""x (-1

_ 6
- B-x0)*

6¢ y=(Gx+4)"3
y' =-=3(5x+4)"* x (5)
15
(5x + 4)*
y" =60(5x +4)7° x (5)

300
~ (5x +4)5

6d y=2(4-3x)"2
y' = —4(4—3x)"3 x (-3)

Y
(4 —3x)3

y" =-36(4—3x)"*x (-3)

108
(4 -3x)*
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7a

7b

7c

7d

fO) =+x
= x>
fra)=3x"2

3

fre) =—;x"2

1

T axvx
fl) =Vx
=X
HOEES

) = —2x73

f(x) = xVx
_

HOEES
_ 3Wx
=2

frx)=2x"2

3
fla)=—2x":
1
2xvx
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[ =2x"
3
 4x%x

7e f(x) =vVx+2
= (x+2):
fle) =tx+2)Tx1

1
C2Vx +2

fre=—te+x1

1

3
4(x + 2)2

7f f(x) =v1—4x
=(1- 4x)%
1) = 21— 4%)72 x (—4)

2
Vv1—4x

£ = (1 — 4%)72 x (—4)
4

3
(1-4x)2

8a  f'(x)=3x2+6x+5
f'"(x)=6x+6

8bi f'(0) =3(0)2+6(0)+5=5

8bii f'(1) =3(1)*+6(1)+5=14
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8biii f"(0)=6x(0)+6=6

8biv f'(1)=6x(1)+6=12

9ai f(x)=3x+x3
f'(x) =3+ 3x2
fl(2)=3+3x22=15

9aii  f(x) =3x +x3
f'(x) =3+ 3x2
f"(x) =6x
1) =6x2=12

9aiii f(x) =3x +x3
f'(x) =3+ 3x2
f"(x) =6x
£ = 6
f"@2)==6

9aiv f(x) =3x +x3
f'(x) =3 +3x2
f'(x) = 6x
£ = 6
f"x) =0
@ =0
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9bi f(x)=(2x—3)*
fl(x) =4(2x—3)3x2
f'(x) = 8(2x — 3)°
F(1)=8(2x1—3)3=-8

9bii  f"(x) = 24(2x —3)? X 2
f'"(x) = 48(2x — 3)?
F(1) = 48(2 x 1 —3)? = 48

9biii f"'(x) = 96(2x — 3) X 2
£7(1) =192(2 x 1 —3) = —192

9biv f""(x) = 192 x 2 = 384
F"(1) = 384

10a y=—

x+1

e+ 1) —x

T (x4 1)2

_ 1

(x4 1)2

=(x+1)2
y'=-2(x+1)3

_ —2

(x4 1)3

x—1
2x+5

2x+5)—(x—1)x2
(2x 4+ 5)2

_ 7

~ (2x +5)2

10b y=

[
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11

12a

12b

=7(2x +5)7?
y" =—-14Q2x +5)3 %2

28
T (2x +5)}

fO) =x(x—1*

) =1x(x—-D*+xx4(x—-1)°x1
=(x—D*+4x(x—-1)3
=(x-1)30Gx-1)

f"(x) =3(x—1)2x1xGx—1)+(x—-1)3x%x5
— (x— 1) x (15x — 3) + 5(x — 1)?
= (x — 1)?[(15x — 3) + 5(x — 1)]
= (x — 1)?(20x — 8)
= 4(x — 1)2(5x — 2)

y' =4x3 —12x
y" =12x? — 12
12x%> — 12 =0whenx? =1

Therefore, y'”" = 0whenx = —1orx = 1.

y=x34+x*—-5x+7
y' =3x%+2x—5
y' =6x+2

6x+2=0whenx=—§

Therefore, y"” = 0 when = — g
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13a

13b

14a

Let y=x".
yr — nxn—l
y"=n(n-1)x"?

y"=n(n-1)(n-2)x"*

Continuing the pattern from part a until n—k =0 where Kk is the order of the

derivative we obtain:

y© = n(n-1)(n-2)..(n—k +1)x"™*

Setting N =k we obtain:

y" =(n(n-1)(n-2)..1)x°

=n(n-1)(n-2)..1

The (n +1)St derivative of X" is:

yo 0 = L (n(n-1)(n-2)..1)

dx
=0

d/ dy
dx ( dx)
= a (x(6x + 7))

¥ 6x% + 7
—dx(x X)

=12x+7
d*y dy
x_ ——
dx?  dx

=x(6) + (6x + 7)
=12x+7
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d dy d?y . dy
Therefore, — (x —) =x—+—=
" dx dx dx? + dx

14b
d dy
=0a)
= :_x((Zx — D*(4 x (2x — 1)% x 2))

d 7
= - (82x-1)")

=56 x (2x — 1)® x 2 = 112(2x — 1)®

2 2
v+ (@)
= (2x — 1)*(24(2x — 1) x 2) + (8(2x — 1)3)?
= 48(2x — 1)® + (8(2x — 1)3)?

= 48(2x — 1)® + 64(2x — 1)°

= 112(2x — 1)5

Therefore, — (y Z—z) =Y % + (Z_Z)Z

3 2

1
l4c y=2x2—>=2x2-3x 2 thenZ =4x +3x77 and L2 =4 - 2572
dx 2 dx 4

Vx

5 1

Hence, 2x? — = 2x?2 (4 - 2x_E) =8x2—2x"2 and
dx 4 2
dy _ 3 _3 2 _: _ 2 9 _1
xdx+2y—x(4x+2x 2)+2(2x 3x 2)—8x SX 2
2%y _ dy
Therefore, 2x Tz =X + 2y
15 y=x%+x"? then y’' = ax® ! —bx~ P! and

y"=ala—1)x*2+b(b+1)x" b2

Hence,

x2y" +2xy' = x%(a(a — Dx* 2+ b(b + Dx7072) + 2x(ax? ! —
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Cambricloe

MATHEMATICS

Chapter 4 worked solutions — Curve-sketching using the derivative

=a(a—1)x*+b(b + Dx7? + 2ax®* — 2bx~?

= (a? + a)x® + (b®> — b)x?

(a®? + a)x* + (b2 —b)x™? =12(x* + x®) whena?+a =12and b?> — b = 12
Orwhen a?+a—12=0andb?>—-b —12 = 0.
Therefore, a = —4ora=3 and b = -3 orb = 4.

A possible combination canbe a = 3 and b = 4.
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Solutions to Exercise 4E

1la

2a

2b

2C

2d

Point | A B C D E F G H I
y' 0 + 0 - 0 - 0 0
y" + — 0 0 0 + 0

f(x) = x3 —3x?

f'(x) =3x% — 6x

f"(x) =6x—6

Forx =0, f""(0) = —6 and —6 < 0. Therefore, f''(x) is concave down at x = 0.

fx) =x3+4x*—-5x+7
f'(x) =3x>+8x—5
f"(x) =6x+8

Forx =0, f""(0) = 8 and 8 > 0. Therefore, f''(x) is concave up at x = 0.

fx) =x*+2x%>-3

f'(x) =4x3 + 4x

f"(x) =12x%+ 4

Forx =0, f""(0) = 4 and 4 > 0. Therefore, f"'(x) is concave up at x = 0.

f(x) = 6x — 7x? — 8x*

f'(x) = 6 —14x — 32x3

f"(x) = —14 — 96x2

Forx =0, f""(0) = —14and —14 < 0.

Therefore, f" (x) is concave down at x = 0.
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3a

3b

3c

3d

fX)=x*—4x+4

fl(x)=2x—4

Forx =2, f'(2) = 2% 0 —4 = 0.So f(x) has a stationary point at x = 2.
f"(x) = 2 and since f"'(x) > 0 for all values of x, f(x) is concave up for all

values of x. Therefore, the stationary point at x = 2 is a local minimum.

f(x) =5+ 4x — x?

fl(x) =4-2x

Forx =2, f'(2) =4 —2 % 2 = 0.So f(x) has a stationary point at x = 2.
f"(x) = —2 and since f" (x) < 0 for all values of x, f (x) is concave down for all

values of x. Therefore, the stationary point at x = 2 is a local maximum.

f(x) =x3—12x

f'(x) =3x% —12

Forx =2, f'(2) = 3 x 22 — 12 = 0. So f(x) has a stationary point at x = 2.
f"(x) =6x

Forx =2, f"(2) = 6 x 2 =12.Since f"'(2) > 0, f(x) is concave up at x = 2.

Therefore, the stationary point at x = 2 is a local minimum.

f(x) =2x%—3x2—12x+5

f'(x) = 6x% — 6x — 12

Forx =2,f'(2) =6 x2%2—6x2—12 = 0.So f(x) has a stationary point at
x =2

f'"(x)=12x -6

Forx =2, f"(2) =12 x 2 — 6 = 18.Since f"(2) > 0, f(x) is concave up at
x = 2. Therefore, the stationary point at x = 2 is a local minimum.
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4a

4b

5a

5bi

5bii

y=x%2—-3x+7

L —2x—3
dx

d’y
dx2

a’y

= 0 for all values of x. Therefore, the curve y = x? — 3x + 7 is concave up for

all values of x.

y=-3x*+2x—4
d

y—_
E_ 6x + 2

d%y
dx?

a’y

—2z < 0 for all values of x. Therefore, the curve y = —3x% + 2x — 4 is concave

down for all values of x.

y=x>—3x*—-5x+2
Z—z=3x2—6x—5

2
7 —6x—6

dx?
3—y—0when6x—6=00rx=1.
Ly >Owhen6x—6>00r6x>6orx>1

Therefore, y = x3 — 3x? — 5x + 2 is concave up for x > 1.

2
%<0when6x—6<00r6x<6orx<1

Therefore, y = x3 — 3x? — 5x + 2 is concave down for x < 1.
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6a

6bi

6b ii

8a

8b

L — 3x2 — 2x — 5x

dx

d’y _

ﬁ—6x 2

dZ

oz —6x—Zand6x—2—0whenx—3

2y >0when6x—2>00r6x>20rx>—

. 1
Therefore, y is concave up when x > p

d_y < 0 when x < 3. Therefore, y is concave down when x < 3.

y" =3x3(x + 3)*(x — 2)

y'" = 0when 3x3(x + 3)?(x — 2) = 0,

x=0,x=-3orx =2.

As shown in the below table, y” > 0 forx < —3 and -3 < x < 0.

Hence, x = —3 is not an inflection point.

x -4 | -3 | -1 0 1 2 3

y' | + 0 + 0 - 0 +

The x-coordinates of the points of inflection are x = 0 and x = 2.

flx) =x3—3x
ff(x)=3x2-3=3(x2-1)=3x-1D(x+1)
f"(x) =6x

3x—1)(x+1)=0whenx=—-landx =1
f(=1) = (=1)3 — 3 x (—1) = 2. Therefore, (—1, 2) is a stationary point.
f(1) = (1)3 — 3 x (1) = —2. Therefore, (1, —2) is a stationary point.
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8¢ f'(-=1)=6x(-1)=-6s0f"(-1) <0.
Therefore, (—1, 2) is a local maximum turning point.
f"1)=6x1=6s0f"(1)>0.

Therefore, (1, —2) is a local minimum turning point.

8d f"(x) =6x =0whenx =0
f£(0) = (0)3 -3 x 0 =0s0(0,0) is the point of inflection.

8e  f(x)=x3-3x
x® —3x = 0whenx(x —V3)(x++3) =0

Therefore, (0, 0), (\/§, 0) and (—\/§, O) are the x-intercepts.

y A
(—IQV
-3

>
J3oox

L

(1,-2)

9a f(x)=x3—-6x2—15x+1
f'(x) =3x%2—12x — 15
=3(x%>—4x-5)
=3(x-5(x+1)
f"(x) =6x—12
=6(x—2)
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9b

9c

9d

When f'(x) =0, 3(x —5)(x+1) =0so x =5o0rx = —1.
Therefore, there is a stationary point at both x = 5and x = —1.
f(5)=53-6x52—-15%x5+1=-99
fD)=(-1D3-6x(-1)?-15x(-1)+1=9

Atx =5,f"(5) = 6(5—-2)=18.

Since f"'(5) > 0, f(x) is concave up at x = 5 and the stationary point at (5, —99)
is a local minimum.

Atx=-1,f"(-1) =6(-1-2) = —18
Since f"'(—1) < 0, f(x) is concave down at x = —1 and the stationary point at

(—=1,9) is alocal maximum.

f"(x) = 0when 6(x —2) = 0 orwhenx = 2
f(2)=23—6x22—15x2+1=—45

x 1 2 3

f'lG | = | 0 | +

f(x) is concave down for x < 2 and concave up for x > 2. Therefore, there is a

point of inflection at (2, —45).

Hy
1,9

© Cambridge University Press 2019 76



Chapter 4 worked solutions — Curve-sketching using the derivative

10a f'(x)=3x2—-6x—9=3(x%?-2x—3)=3(x—-3)(x+1)
f'x)y=6x—6=6(x—1)

10b 3(x—3)(x+1)=0whenx =—1andx =3
fF(-1D) = (-1)3=3x(-1)2—9x (-1) + 11 = 16
f(3)=3%-3x32-9%x3+11=—-16
Therefore, (—1, 16) and (3, —16) are stationary points.
F'(~=1) =6x(=1)—6=—12s0 f"(-1) < 0.
Therefore, (—1, 16) is a maximum turning point.
f'(3)=6%x3—6=12s0f"(3) > 0.

Therefore, (3, —16) is a minimum turning point.

10c f"(x)=6x—6=0whenx=1andf(1) =0

Therefore, (1, 0) is an inflection point.

10d

(-1, 16)

=V

\

(3,-16)

Since f(0) = 11, the y-intercept is (0, 11).

1la y=3+4x3—x*
y' = 12x% — 4x3
= 4x2(3 — x)
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11b

11c

11d

y" = 24x — 12x?
=12x(2 —x)

y' = 0when4x?(3—x) =0orwhenx =0orx =3

x -1 0 1 3 4

yor /o /0|

f(x) isincreasing forx < 0and 0 < x < 3.

Therefore, there is a stationary point of inflection at x = 0.

f(x) is increasing for 0 < x < 3 and decreasing for x > 3.

Therefore, there is a local maximum at x = 3.
Forx=3y=3+4+4x3%-3*=30

The local maximum point is at (3, 30).

y"" = 0when 12x(2 —x) = 0orwhenx =0orx =2

x -1 0 1 2 3

y'l = 0 + 0 -

Therefore, there is a point of inflection at x = 0 and x = 2
f(0O)=3+4%x03-0*=3
f(2Q)=3+4x23-2*=19

Stationary points of inflection are at (0, 3) and (2, 19).

3
/
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12a

12b

12c

12d

13a

13b

y =6x2—6x—12=6(x2-x—-2)=6(x—-2)(x+1)
6(x—2)(x+1)=0whenx =—1andx =2

x -2 -1 0 2 3
y' + 0 - 0 +
slope / Maximum \ Minimum
turning point turning point

y is increasing when y’ > 0 or when x < —1 and x > 2
y is decreasing when y’ < 0 or when —1 < x < 2 (refer to the table in 12a)

y”=12x—6and12x—6=0whenx=%

y" > 0when 12x — 6 > 0 or 12x > 6 or when x>%

y"" < 0when 12x — 6 < 0 or 12x < 6 or when x<%

y=x3+3x2—-72x+ 14
y' =3x%+6x—72

= 3(x? + 2x — 24)

=3(x+6)(x—4)
y'=6x+6

=6(x+1)

y" =0 when 6(x+1)=0o0rx =-1
Therefore, there is a point of inflection at x = —1.
Whenx = -1,y = (-1)3 +3(-1)? — 72 x (—1) + 14 = 88.

Therefore the point of inflection is at (—1, 88).
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13c

13d

14a

14b

14c

© Cambridge University Press 2019

The gradient of the tangentat x = —1 is
f'(-1)=3(-1)2+6x(-1)—72=-75

The equation of the tangent at (—1, 88) is

y —88 =-75(x — (-1))

y=-=75x+13 or 75x +y—13 =0

f'(x) =3x%and f"(x) = 6x
g'(x) = 4x3and g"(x) = 12x2

F(0)=6x0=0

g"(x)=12x0>=0

No, we cannot determine the nature of the stationary points from this calculation

as f"(0) = g"(x) = 0.

x -1 0 1
f'(x) + 0 +
f"x) - 0 +

f / Stationary point of /

inflection
g'(x) - 0 +
g"'(x) + 0 +
g Minimum turning point

f has a stationary point of inflection at x = 0 and g has a minimum turning point

atx = 0.
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152 y=x3>—ax?+3x—4
y' =3x%—2ax +3
y'" =6x —2a
Ify” =0whenx = 2,then6 X2 —2a = 0or2a =12

Therefore a = 6.

15b y=x3+2ax*+3x—4
y' =3x%+ 4ax + 3
y' =6x+4a
Whenx =—-1,y" >0
6xX(=1)+4a>0
4a > 6

3
a3

: 1
Therefore y"' is concave up whena > 1 >

15¢  y =x*+ ax3 + bx?
y' = 4x3 + 3ax? + 2bx

y" =12x% + 6ax + 2b

If y has a point of inflection at (2,0) then when x = 2,y"” = 0. Hence:

12x22+6ax2+2b=0

48 +12a+2b =0

12a + 2b = —48

6a+ b =-24 (D
Alsowhenx =2,y =0
2*+ax23+bx2%2=0

16 +8a+4b =0

8a +4b = —16

2a+b=-4 2
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15d

16a

16b

(1) — (2) gives:

a=-5

Substituting a = —5 into (2) gives:

~10+b =—4
b=6

y=x*+ax3?—x?

y' = 4x3 + 3ax? — 2x
y" =12x% + 6ax — 2
Whenx =1,y" >0
12Xx12+6ax1—-2>0
12+6a—-2>0

6a > —10

o5
=73

: 5
So y'" is concave up whena > — p

y is increasing when y’ > 0
4x1343a%x12—-2%x1>0
44+3a—-2>0

3a > -2

W
=73

y . : 2
So y'is increasing whena > — p

. . . 2
Therefore, y is concave up and increasing when a > — 3

Increasing, because f'(x) > 0 in the domain of f.

Since f'(x) is decreasing in the domain of f, f is concave down in its domain.
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17a If f'(a) > 0and f''(a) > 0, then the continuous function f(x) about x = a is
increasing and concave up about x = a.

_pﬂ

=

17b  If f'(a) > 0 and f''(a) < 0, then the continuous function f(x) about x = a is
increasing and concave down about x = a.

17c¢  If f'(a) < 0and f''(a) > 0, then the continuous function f(x) about x = a is
decreasing and concave up about x = a.
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AL

17d  If f'(a) < 0and f''(a) < 0, then the continuous function f(x) about x = a is
decreasing and concave down about x = a.

=y

18a y:%x3—3x2 +11x-9

y' =x%—6x+11
=(x*—6x+9)—9+11
=(x—3)*+2

So y' = 2 for all real x. Hence the equation y’ = 0 has no solutions and so the
graph of the function has no stationary points.

18b y' =x?—-6x+11
y'=2x—-6
y" =0when2x —6 =00r x=3

So there is a point of inflection at x =3.
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18c

19a

19b

19c

© Cambridge University Press 2019

Whenx =3,y =:x3%-3x324+11x3-9=6

X 2 3 4
y"! -2 0 2
concavity | down up

So (3,6) is a point of inflection.

The graph is concave down for X <3 and concave up for x> 3.

The graph has one x-intercept because the function is continuous and increasing
for all real x.

_ x+2 ’ 1x(x—3)—(x+2)x1 _ x-3-x-2 _ -5
Y =153 th eny = (x—3)2 T (x-3)2  (x-3)2
" 0><(x 3)2—(-5)x2x(x— 3) 10x-30 _ 10(x—3) _ 10
(x—3)* T o(-3)* T (x=3)* T (x-3)3

The sign table of (x — 3)3 is shown below

X x <3 3 x >3

(x —3)3 — 0 +

x+2 .
Therefore, y = ——; is concave up when x > 3 and concave down when x < 3.

Since x — 3 = 0 when x = 3, the graph of y = i—z has a vertical asymptote at

x =3 andsince lim 2= = 1, y has a horizontal asymptote at y = 1.

x—+o00 X—3

—2+2

Since f(—2) = —— = 0, the graph cuts the x-axis at (=2, 0) and the y-intercept

0+2

is (0 ——) as (0) =5 = —%
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yi

o

|
|
|
|
|
|
|
_________ R
|

20a f'(x) =0atA,Cand E

N

X

f(x)

decreasing

decreasing

increasing

decreasing

f'(x)

+

yii

y =f"(x)

20b  f""(x) =0atA,BandD

/A\//\\ .
C E\ X

f)

Concave
up

A

Concave
down

Concave
up

Concave
down

f"x)

0

+

yi\

© Cambridge University Press 2019

86




Chapter 4 worked solutions — Curve-sketching using the derivative

21a

21b

22

© Cambridge University Press 2019

ff)=1x(x—-123+xx3x(x—-1)2=(x—-1)?4x—1)
fl)=2xx—-1DxUx—-1D+x—-132?x4=6(x—12x—-1)

f(x) has a minimum turning point where f'(x) cuts the x-axis and a stationary
point of inflection where f'(x) touches and f"'(x) cuts the x-axis.
f'(x) < 0 when f(x) is decreasing and f'(x) > 0 when f(x) is increasing.

f(x) is concave up when f"'(x) > 0 and concave down when f"'(x) < 0

A g

y=/x)

]
! |
! 1
|
|
1
I
| L
|
} |
L.
A
1
1 I

J ~‘ r’
J‘ S N J‘ -
N 1 -
/
. i X
|J f
/

l

y=f ’(X).,; Ty =00

v

y=ax3+bx*+cx+d

(0, 5) lies on the curve and so when x = 0,y = 5

Hence d = 5.

The curve has a turning point at (0, 5). So when x = 0,y’ = 0.

y' =3ax?+ 2bx + ¢

Hence c = 0.
(—1,0) lies on the curve and so whenx = -1,y = 0
—a+b=-5 (D

The curve has a point of inflection at x = % So when x —% y'"'=0.

y" =6ax+2b
3a+2b=0 (2)
3x(1)+(2) gives5b = —15andso b = -3
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Substituting b = —3 into (2) and solving 3a — 6 = 0 for a we obtain a = 2.
Soa=2,b=-3,c=0andd = 5.

2

2 1
23ai y =x3 then y' = %x“g. y' > 0 when x > 0. Therefore, y = x3 is increasing

when x > 0.

2
23aii y' < 0 when x < 0. Therefore, y = x3 is decreasing when x < 0.

4 2
23aiii y"' = —gx_i < 0 forall x € R — {0}. Therefore, y = x3 is never concave up in its
domain.
4 2
23aiv y" = —gx_E < 0 for all x € R — {0}. Therefore, y = x3 is concave down

In its domain.

2
23b  y = (0)3 = 0 then the x- and y-intercept is (0, 0).
y [l
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Solutions to Exercise 4F

1la

1b

1c

2a

2b

2c

2d

3a

y = 0 when 6x% — x3 = 0 or x2(6 — x) = 0.
Hence,y = 0whenx =0orx =6

Therefore, the point A4 is at (6, 0).

y = 6x? — x3
y' =12x —3x? and y' =0 when 12x —3x2 =0or3x(4—x) =0
Hence,y’ = 0 whenx = 0 or x = 4.

Therefore, both x = 0 and x = 4 are stationary points, and x = 4 is the x-
coordinate of the point B.

When x = 4,y = 6(4)%? — (4)3 = 32. Therefore, B is at (4, 32).

y" =12 — 6x

y" = 0when 12 — 6x = 0 or x = 2. Hence, there is an inflection point at x = 2.
When x = 2,y = 6(2)% — (2)3 = 16. Therefore, C is at (2, 16).

f'(x) = 0whenx = —1 or x = 2.

f"(x) = 0 at the point of inflection. Without the rule of the function, this is
difficult to locate but it looks to be at x = 0.

f(x) is increasing when —1 < x < 2.

Using the answer from partb, f"'(x) > 0 when x < 0.
y=f(x)=27x —x3

f(=x) =27(=x) = (—x)°

= —27x + x3

=—27x —x?)
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3b

3c

3d

3e

3f

=—f()
y = f(x) = 27x — x? is an odd function because f(—x) = —f (x).

Since y is an odd function, its graph has point symmetry in the origin.

y' =27 — 3x?
=3(9 —x?)

n

y"' =—6x

y' =0when3(9—x?)=0o0rx =13

When x = -3, y = 27 X (—3) — (—3)3 = —54

Whenx =3, y=27%x3-33=54

Therefore (—3, —54) and (3, 54) are stationary points.
f"(=3)=—-6x(—3)=18and 18 > 0.

Therefore, y is concave up at x = —3 and (—3, —54) is a local minimum point.
f"(3)=—-6%x3=-18and —18 < 0.

Therefore, y is concave down at x = 3 and (3, 54) is a local maximum point.

y">0forx <0 and y” < 0forx > 0.

Therefore, there is a point of inflection at x = 0.

y' =27 —3(0)? = 27 when x = 0. Therefore, the gradient at the point of

inflection is 27.

y = x(27 —x*) = 0whenx = 0 or x = +3+/3
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43

4b

4c

Therefore, (0,0), (—3\/§, 0) and (3\/?, 0) are the x-intercepts and the graph of y

is shown below.

y /

P~

N
a’
(3. 54) /\

313 33\ X

(=3, -54)
A_L—

f(x) = 2x3 —3x? + 5then f'(x) = 6x% — 6x = 6x(x — 1)
f'(x) =12x—6 =6(2x — 1)

f'(x) =6x(x—1) =0whenx =0orx = 1.

Therefore, there are stationary points at x = 0 and x = 1.
f(0)=2(0)>-3(0)2+5=5and f(1) =2(1)3-3(1)2+5=4
Therefore, (0,5) and (1, 4) are the stationary points.

f"(0) =6(2x0—1)=—6and f"”(0) < 0.Hence the function is concave
down at x = 0 and therefore, has a maximum turning point at (0, 5)
f"(1) =6(2x1—1) =6and f"(0) > 0. Hence the function is concave
up at x = 1 and therefore, has a minimum turning point at (1, 4)

1

f"(x) =6(2x —1) = 0whenx =2

Therefore, there is a point of inflection at x = %

Q) -oxix(-1) =3

At the point of inflection, the gradient is — %
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4d

5a

=V

=

3 2
f G) =2 (%) -3 G) +5= z. Therefore, the point of inflection is at G,z).
f(-1)=2(-1)*-3(-1)24+45=-2-3+5=0.

Therefore, (—1, 0) is the x-intercept. Refer to 6b for the coordinates of the
turning points.

y = x(x — 6)2
y = 0 when x = 0 and x = 6. Therefore, (0,0) and (6, 0) are the x-intercepts.
y =(x—6)%2+x%x2(x—6)
= 3x% — 24x + 36
=3(x—6)(x —2)
y'=0whenx =2orx =6.
y=32whenx =2andy = Owhenx =6
Therefore, (2,32) and (6, 0) are stationary points.
y'" =6x — 24
y"" =0when6x —24 =0 orx = 4.
y = 16 when x = 4. Therefore, (4, 16) is a point of inflection.
Since y"" < 0 when x = 2 and y”" > 0 when x = 6, (2,32) is a local maximum and

(6,0) is alocal minimum point.
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yl\

4
o -
=V

5b y=x3>-3x>—-24x+5
y' =3x% — 6x — 24
=3(x—4)(x+2)
y'=0whenx = —2orx = 4.
y=33whenx =—-2andy = —-75whenx = 4
Therefore (—2,33) and (4, —75) are stationary points.
y'=6x—-6
y" =0when6x —6=0 orx =1.
y = —21 when x = 1. Therefore, (1, —21) is a point of inflection.
Since y"" < 0 when x = —2 and y"' > 0 when x = 4, (—2, 33) is a local maximum

and (4, —75) is a local minimum point.

Y a
(-2, 33)
5
4 N
(1,-21) | x
(4, =75)
‘\"‘“-.
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6a

6b

6c

6d

6e

y=12x3—3x* + 11
y' =36x%—12x3 = 12x?(3 — x)
y'" =72x — 36x? = 36x(2 — x)

y' =12x%(3 — x) = 0 when x = 0 or x = 3. Therefore, there are stationary
pointsatx = 0 and x = 3.

Whenx =0,y = 12(0)3 — 3(0)* + 11 = 11

Whenx =3,y = 12(3)3 - 3(3)* + 11 =92

Therefore (0,11) and (3,92) are the stationary points.

When x = 3,y" =72 x (3) — 36(3)? = —108.

Since y" < 0 when x = 3, the function is concave down at x = 3. Therefore, the
point (3,92) is a maximum turning point.

This method fails for x = 0 because y'" = 72 x (0) — 36(0)? = 0 when x = 0.

x -1 0 1 3 4
y' + 0 + 0 -
Stationary Maximum
point of turning
Y / inflection / point \

y" =36x(2—x) =0whenx =0orx = 2.
Therefore there are inflection points atx = 0 and x = 2.

Whenx =2,y =12(2)3 - 3(2)*+ 11 =59
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6f

€« |
£
=V

7 y=x*—16x3+72x*+ 10
y' = 4x3 — 48x% + 144x
= 4x(x? — 12x + 36)
= 4x(x — 6)*?
y'=0whenx =0o0rx =6
y=10whenx =0andy = 442 whenx = 6
Therefore (0, 10) and (6,442) are stationary points.

x [-1l0]1]6]|7
y LN o0/

y" < 0whenx < 0andy’ > 0when 0 < x < 6. Therefore, (0, 10) is a local
minimum point.
y'>0when0 < x < 6 and y' > 0 when x > 6. Therefore, (6,442) is a
stationary point of inflection.
y" = 12x% — 96x + 144

=12(x?> —8x + 12)

=12(x —2)(x — 6)
y" =0when12(x —2)(x —6) =0 orx = 2 orx = 6.

© Cambridge University Press 2019
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x 1 2 3 6 7

y'|+ |0 | — 0]+

When x = 2,y = —186. Therefore, (2, —186) is a point of inflection.

(2, 186)

=¥

ooy

8b  There are stationary points where f'(x)=0.

2x

—m=0when—2x=00rx=0

So there is a stationary point at X=0 and discontinuities at X ==%2.

X =1 0 1
2 2

f'(x - 3 ——
) |3 3
slope / - \

When x=0, y:—%.
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1), : : :
Hence | 0, 2 is @a maximum turning point.

8c If the function is even, then f (-x) = f (x).

x> —4
= f(x)
Hence the function is even.

The graph has line symmetry in the y- axis.

8d Vertical asymptotes occur for x*—4=0.
So the (vertical) asymptotes are x =+2.

The domain is X #£2.

8e As X — oo, f (x) > 0.

So the horizontal asymptote is y =0.

8f

8g The range is y >0 or ys—%.
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9a f(x)=

Applying the quotient rule on f (x)=—; 2
X —_

LetU=X and v=x°*—4.
Then u’' =1 and V' = 2x.

f,(X):vu’—uv’

9b f'(x)=-

f'(x) =0whenx?+4=0

So f '(x) <-4 for all real X.Hence the equation f ’(X) =0 has no solutions and

so the curve y=f (X) has no stationary points.

Further, as f’(x) <-4 for all real X i.e. f'(X) is negative for all values of X then

f (X) is decreasing for all values of X.

Hence the curve is always decreasing.

9c f"(x)=

Solving f”"(x)=0 for X we obtain:

2X3 +24x =0 = 2x(x2 +12) =0
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9d

9e

of

x?+12 =0 has no real solutions and so x=0.

So there is a point of inflection at x=0.

X -1 0 1

26 26

f"(x - —

( ) 27 0 27
concavity | down up

So (O, 0) is a point of inflection.

The gradient of the tangent at (0,0) is given by f'(0).

So the gradient of the tangent at (0,0) is —% :

The domain is X #£2.
Vertical asymptotes occur for x* —4 =0.

So the (vertical) asymptotes are X =12.

As x — oo, f (x) = 0.

So the horizontal asymptote is y =0.

If the function is odd, then f (—-x)=—f(X).

Hence the function is odd.

The graph has point symmetry in the origin.

© Cambridge University Press 2019

99



Chapter 4 worked solutions — Curve-sketching using the derivative

9g When x=0,y=0.The function has discontinuities at X =+2.

X -3 -2 -1 0 1 2 3
1 1
f(x) —g undef 3 0 3 undef g

Hence f (X) is positive for —2<x <0 or X>2 and negative for Xx<—-2 or

O<x<2.
9h
vk
-2
-
2 x
9i The range is all real values of y .
o x? _2xx(14x?)-x?x(2x) _ 2x
108 f(x)= 1+x2 (1+x2)2 T (14x2)2 and
" (x) = 2><(1+x2)2—2x><(2><(1+x2)><(2x)) (1+x2)(2+2x2-8x%) _ 2-6x2
fr) = rx2)* (1rx2)* = W)

10b  f'(x) = 0 when ——

(1+ 2)2

stationary point at (0, 0).
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X 0

flfG) | — | 0| +

Hence, (0, 0) is a minimum turning point.

10c  f"(x) = Owhen 2= 6:)3 =0or
2—-6x2=0
x2=§
X=-—orx=—

F(-5) =1 (%)=

Therefore, there are points of inflection at (— \%, i) and (—3,—

1
10d x_l)gl i =1land f(1) = 1+12 =3
Therefore, there is a horizontal asymptote at (1, %)
10e
yl\
(_ % ’ éll)
fffffff \\1
(\\ /:
1 /1 X
(ﬁ ,E)
_ 4x(x2+9)—(4x)(2x) _ 36—4x?
1la f(x) = 2+9 then f'(x) = 1) = Goroy
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(x249)*

(x2+9)*

_ 2
11b  f'(x) = Owhen% = 0 or whenx = —3 orx = 3.
f-3) =20 =2

2 4x(3) _ 2
(-3)2+9 18 —gand f@3) = -

3)2+9 3

Therefore, f(x) has stationary points at (—3, — %) and (

33)

X -3 3
ffG) | — | 0|+

2\ . .. . . 2\ . .
Hence, (—3, — 5) is a minimum turning point and (3, ) is a maximum

3
turning point.

3_
11c  f"(x) = 0 when SxTo2lox

Ty 0 or when 8x(x? —27) =0

Orwhenx = 0,x = =33 orx = 3V3.
f0) =29 —¢

(0)2+9

_4x(=3v3) _ -12v3 V3
f(=3V3) = (-3v3)’+0 36

_ 4x(3v3) _ 123 _ V3
f(3\/§) Y (3v3)*+9 T 36 3

3

Therefore, f(x) has points of inflection at (0,0) , (—3v3,) and (3V3,)

11d  lim =X =0

1 =
x—+o00 X249

Therefore, f(x) has a horizontal asymptote aty = 0.
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11e

yi\
(3-/3,%)

(-3,-%)
e

o

(=33~

w2

12y =x%—15x3theny’ = 5x* —45x?andy" = 20x3 — 90x
y' = 5x* — 45x? = 0 when 5x%(x> —9) = 0
Then there are stationary points at x = 0 and x = +3
y=(0)°-15(0)3=0
y = (=3)°> —15(-3)3 = 162
y =(3)°-15(3)% = —162
Therefore, (0,0), (—3,162) and (3, —162) are the stationary points.

x -3 0 3

yl+lo|-]o]=]o0o]+

Hence, (—3,162) is a maximum turning point, (3, —162) is a minimum

turning point and (0, 0) is a stationary point.

y" = 20x3 — 90x = 0 when 10x(2x?> —9) =0

Then there are points of inflectionatx = 0, x = — % and x = %
y =(0)°-15(0)* =0

v () s(-8) =3

=@ () -

Therefore, (0, 0) is a horizontal point of inflection (because it is a stationary
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point), and ( oL zjz) and (%, - 4\/_) are the points of inflection.

lim (x5 — 15x3) = 400 (no horizontal asymptote)
x—+o0

The graph is,

@2x-1)x%—(x?-x- 2)(2x) x+4

2_
13a y== theny = pon —-and
g Ixx®—(x+4)(3x2) _ —2(x+6)
- (x3)2 - x*
x%-x-2  (x+1)(x-2) .
y=—f)F—= — = 0 when x = —1 or x = 2. Therefore, the x-intercepts

are (1—,0) and (2,0)

' X+4

y'=—5=0whenx+4=0o0rx=—4

Then there is a stationary pointat x = —4

_(=)2-(-1)-2 9

(-4)2 T8

X —4

y |+ 0| -

Therefore, (—4, 2) is a maximum turning point.
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xZ—x-2 .
Since y is not continuous at x = 0 and lllllo ( — ) = —oo, Therefore, x = 0 is
X—

a vertical asymptote and y - —oo x — 0.

no_ ~2(x+6) _ _ _ (=6)*-(-6)-2 _ 40 _ 10
=——— =0whenx = 6andy——(_6)2 %"

Therefore, (—6, %) is the point of inflection.

2 _y—
lirp (x xj 2) = 1. Therefore, there is a horizontal asymptote aty = 1
X— 100

The graph is,

_ x%-2x y o (2x=2)(x+2)%—(x? —2x)><2><(x+2) 2(3x-2)
13b y =gy theny'= (x+2)2)2 Grzy 2nd
g 6x(x+2)3-2(3x-2)(3(x+2)?)  —12(x-2)

((x+2)3)2 (x+2)%

_ox?-2x x(x-2)
T o(x+2)2 T x2

are (0,0) and (2,0)

= 0 when x = 0 or x = 2. Therefore, the x-intercepts

;_ 2(3x-2)
T (x+2)3

=Owhen3x—2=00rx=§
. . . 2
Then there is a stationary point at x = 3
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14a

oWl N

2 1
Therefore, (— - —) is a minimum turning point.

x2-2 .
Since y is not continuous at x = —2 and lim ( x) = oo . Therefore, x = —2 is
x—>—2 \(x+2)?

a vertical asymptote and y = oo x = —2.

y —12(x=2)
T (x+2)t

(2?-2() _ 0 _ 0
((2)+2)2 16

=0whenx =2 andy =

Therefore, (2, 0) is the point of inflection.

. x%-2x
lim
xX—+o00 (x+2)2

) = 1. Therefore, there is a horizontal asymptoteaty = 1

The graph is,
! yl\
=3
_______ W
_25 z 2 X
| (G.—¢)

f)=@+5x—-—Dthenf'(x) =1x(x—-1)+x+5)x1=2x+4
f(x) =(x+5)(x—1) =0whenx = —5 and x = 1. Therefore, (—5,0) and (1, 0)
are the x-intercepts.

f'(x) =2x+4 =0whenx = —2.

X -2

y | =10+
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And f(-2) = ((-2)+5)((-2)—-1) =-9

Therefore, (—2, —9) is a minimum turning point.

y-10 F -

ﬁ « @& 7

i (=5.0)

-10 - 0 -

. (1,0) x

(0, -5)
(29 T
|
14b  f(x) = —whenfz(x) —1=0o0r

fx)
(x+5)32%(x—-1)?2-1=0
x* 4+ 8x3 + 6x% — 40x + 24 = 0 when

x=-2+2/2,x=-2-2V2,x=-2+10orx =-2—+10
f(-2+2v2) = ((-2+2v2) +5) ((-2+ 2v2) - 1) = -
f(-2-2v2) = ((-2-2v2) +5)((-2-2v2) - 1) = -
f(=2+V10) = ((-2+V10) +5)((-2+V10) - 1) =1
f(-2-v10) = ((-2-V10) +5)((-2 - v10) - 1) = 1

Therefore, these functions intersect at the points:

(-2+2v2,-1),(-2-2v2,-1),(-2++10,1) and (-2 — v10,1)
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14c 1 1 _ 1 then d(f(lx)) 0x(x%+4x-5)- 1x(2x+4) —2(x+2)
fx)  (x+5)(x—1)  x2+4x-5 dx (Ge+5)(x-1))° T (x+5)2(x—1)2
d(ﬁ) = 0 when _—2042) 0 or x = —2. Therefore, there is a stationary point
ax CA52(e-12 = e ’ yp
atx = -2
X -2
< 1 ) + 10| -
f(x)
dx

Hence, ]% is increasing when x < —2 ,whereas f(x) is decreasing when x < —2 (14a)

Hence, % is decreasing when x > —2 ,whereas f(x) is increasing when x > —2 (14a)

! -1
x) T () (-1 9

14d f( —— has a stationary point at x = —2 (14c¢) and —

Therefore, the stationary point is (—2, - 5) and it is a maximum turning point.

14e e ( ) —— has vertical asymptotesatx = —5and x = 1

dz(ﬁ) _ 6(x2+4x+7)

dx2  (x=1)3(x+5)3
*(755) |
Sign table of —2- f(x) is:
X -5 1
dz( 1 ) + 0 - 0 +
f(x)
dx?

Therefore, % is concave up whenx < =5and x > 1,

and concave down when -5 <x <1
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Solutions to Exercise 4G

1la

1b

1c

1d

2a

A is a local maximum

B is alocal minimum

C is a global maximum
D is alocal minimum
E is alocal maximum

F is a global minimum

G is a global maximum

H is a horizontal point of inflection

I is a horizontal point of inflection

J is a global minimum

The graph of y = x? for —2 < x < 2 is shown below:

(=2,4) (214)

(0.0)

The global minimum is 0 at x = 0 and the global maximum is 4 at both x = —2

and x = 2.
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2b The graph of y =5 — x for 0 < x < 3 is shown below.

@

(0,5)

.

N
N

The global minimum is 2 at x = 3 and the global maximum is 5 atx = 0.

2c The graph of y = V16 — x? for —4 < x < 4 is shown below.

o

i
ERih

p: 2 0 4
(4.0) |
‘ 2
The global minimum is 0 at both x = —4 and at x = 4. The global maximum is 4
atx = 0.
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2d The graph of y = |x| for =5 < x < 1 is shown below.
(-5, 5)

N

(0.0) |

The global minimum is 0 at x = 0. The global maximum is 5 at x = —5.

2e The graph of y = v/x for 0 < x < 8 is shown below.

—4

/

0 2 4 6 8

(0.0)

/ll

2

The global minimum is 0 at x = 0. The global maximum is 2v/2 at x = 8.

2f The graph of y = %for —4 < x < —1is shown below.

-4 -3 -2 -1 0
‘-_-—__“-—
(-4, 10.25) \\
(*1: Vl)
The global minimum is —1 at x = —1. The global maximum is — i atx = —4.
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-1, x<-=-2
2g The graph of y = { x+1,
2, x=>1
below.
(1,2)

N

/

%

)
Z

4 / 0
(~2-1)
|

The global minimum is —1 for x < —2. The global maximum is 2 for x > 1.

3a The graph of y = x? — 4x + 3 for 0 < x < 5 is shown below.

| (5.8)

(0,3)

(2.-1)

y'=2x—-4
y'=0when2x —-4=0

When x = 2,y = —1. Therefore (2, —1) is the stationary point and the absolute

minimum is —1 at x = 2.

The absolute maximum is 8 at x = 5.

© Cambridge University Press 2019
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Chapter 4 worked solutions — Curve-sketching using the derivative

3b The graph of y = x3 — 3x% 4+ 5 for —3 < x < 2 is shown below.

-20 r (2,1) 20

o

y' =3x%2 — 6x = x(3x — 6)
y'=0whenx(3x —6) =0or x =0o0rx = 2.

When x = 0, y = 5. Therefore, (0, 5) is a stationary point and the absolute
maximum is 5 atx = 0.

The absolute minimum is —49 at x = —3.

3c The graph of y = 3x3 — x + 2 for —1 < x < 1 is shown below.

(1,4)

£

w
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3d

y’=9x2—1=9(x—§)(x+§)

1

y' —Owhen9(x——)(x+ )—0 0rwhenx=—§orx=3.

There are stationary points at x = — % and x = é
x |—-1] 1o 1)1
3 3
yL /o]0 /
When x = — %, y = ?. Therefore (— i, ?) is a local maximum point.

1 16 1 16\ . . .
When x = 3V =5 Therefore (E'?) is a local minimum point.

The absolute minimum is 0 atx = —1.

The absolute maximum is 4 at x = 1.

The graph of y = x3 — 6x% + 12x in its specified domain is shown below.

10

(3.9)

y' =3x%2 —12x + 12 = 3(x — 2)?

y' = 0 when 3(x — 2)2 = 0 or x = 2. Thus, there is a stationary point at x = 2

x| 1 2 |3

y| /| 0]/
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4a

© Cambridge University Press 2019

y' > 0 for both x < 2 and x > 2,and y = 8 when x = 2. Therefore, (2, 8) is

a stationary point of inflection.
The absolute minimum is 0 at x = 0.

The absolute maximum is 9 at x = 3.

The graph of y = x* — 8x? + 11 is shown below.

3 3 \2/ A

y=x"-8x?+11 for 1<x<3

y' =4x® -16x

There are stationary points where y'=0.

4% -16x=0=x=-2,0,2

As 1<x <3, there is a stationary point at Xx=2.

X 1 2 3
f'(x) ~12 0 60
slope \ - /

When x=2, y=-5.Hence (2,-5) is a local minimum turning point.

Substituting the boundaries: when x=1,y =4 and when x =3,y =20.
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4b

4c

So the global minimum is —5 at X=2 and the global maximum is 20 at x =3.

There is a local maximum of 4 at x = 1. (Note: this is not a local maximum
turning point.)

y=x"-8x*+11 for 4<x<1

y' =4x* -16x

There are stationary points where y'=0.
43 -16x=0=>x=-2,0,2

As —4<x <1, there are stationary points at X=—2 and X=0.

X -3 -2 -1 0 1
f'(x) —60 0 12 0 ~12
slope \ - / - \

When X=-2, y=-5 and when x=0, y=11.

Hence (—2,-5) is a local minimum turning point and (0,11) is a local maximum

turning point.

Substituting the boundaries: when x=-4,y =139 and when x=1,y=4.

So the global minimum is —5 at X =-2 and the global maximum is 139 at x=-4.

There is a local minimum of 4 at x = 1. (Note: this is not a local minimum turning
point.)

y=x"'-8x*+11 for -1<x<0
There are no stationary points for —1<x<0.
Substituting the boundaries: when x=-1,y=4 and when x=0,y =11.

So the global minimum is 4 at X =-1 and the global maximum is 11 at x=0.
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Solutions to Exercise 4H

1la

1b

1c

2a

2b

If P = xy and 2x + y = 12, then rearrange 2x + y = 12 to obtainy = 12 — 2x
and substitute in P:

P =x(12 - 2x)
P = 12x — 2x?

d—P=12—4xandd—z=Owhen12—4x=00rx=3.

dx d

x 0 3 4

P/ o [
dx

Therefore, there is a stationary point at x = 3 and it is a global maximum

because P = 12x — 2x? is a parabola. Thus, the value of x that maximises P is 3.

When x = 3,P = 12(3) — 2(3)? = 18.

Therefore, the maximum value of P is 18.

If Q = x*> + y? and x + y = 8, then rearrange x + y = 8 to make y the subject of
the formula and substitute it in Q.

y=8-—-x

Q = x*+ (8 —x)?

Q = 2x? — 16x + 64

a

=4x—16andQ=Owhen4x—16=00rx=4.
dx dx

X 0 4 5

ag | \ | 0 | /

dx

Therefore, there is a stationary point at x = 4 and it is a global minimum

© Cambridge University Press 2019 118



Chapter 4 worked solutions — Curve-sketching using the derivative

2C

43

4b

because the graph of Q = 2x% — 16x + 64 is a parabola. So the value of x that

minimises Q is 4.

When x = 4,0 = 2(4)2 — 16(4) + 64 = 32.

Therefore, the minimum value of Q is 32.

& — gt — 3t2

dt

av 2
IszhenBt—St =0ort(8—3t) =0.

. : . 8
Hence, there is a stationary pointatt = 0 and = 3

t [-1] o[ 1]8]3

3
wN[o[/]0]\
dt

. . . . 8
So there is a local minimum point at t = 0 and a local maximum at t = >
Therefore, the quantity of the vitamins in the patient’s body is at its maximum

whent = g hours (or 2 hours and 40 minutes).

Let the length of the side parallel to the wall be y metres.

Then the perimeter is 40 = 2x + y. Hence, y = 40 — 2x

A =xXyandy = 40 — 2x, then:
A=xX (40 — 2x)
= 40x — 2x2
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4c

4d

5a

5b

5c

5d

dA
5—40—49(

24 — 0 when 40 — 4x = O or x = 10

dx
X 0 10 | 11
dal /1o |\

dx
So there is a local maximum point at x = 10 and the value of x that maximises

the area of the garden bed is 10 metres.

The maximum area is when x = 10:
A =40 x (10) — 2(10)?
= 200 m?

Let the width of the rectangle be y cm. Then 36 = x X yand y = 3x—6 cm.
P= 2x+2yand=%,thenP = 2x+%.

P=2x+72xx"1

dp _

—=2-72xx"?

dx

P _ 72

dx x2

dp 72

E=Owhen2—x—2=00rx2 = 36.Hence,x = —6orx = 6.

t |=7|—-6| 0 6 7

ay/ o N0/
dt

There is a local minimum point at x = 6 so the minimum value of P occurs when
x = 6.

The minimum possible perimeteris P = 2 X 6 + 7?2 = 24 cm.
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6a Area AACD = % X base X height

%nyx2x=1200

y X 2x = 1200
1200

Y= Tox
600
Y=

The total length of fencing:

L=2x+3y

600

=2x+3X—
X

1800
= 2x + ——
X

6b L' =2—1800x"2

__ 2x%-1800

x2

2x%2-1800
x2

= 0 when

2x%—1800 =0

x% =900

x = £30 (thoughx =30as x > 0)

x | —40 —30 10 30 40
L + 0 - 0 +
L / | Maximum | \ | Minimum | /
turning turning
point point

Since L has a minimum turning point at x = 30, the least possible length of

fencing can be obtained when x =30 mand y = ~ =30

© Cambridge University Press 2019

600

600
30

=20m

121



Chapter 4 worked solutions — Curve-sketching using the derivative

7a

7b

7c

8a

8b

© Cambridge University Press 2019

The frame has three h-metre-long and four w-metre-long sticks.
Thus, 3h + 4w = 12
4w =12 —3h

‘m=§u2—3m

A=hXx w

A=hxi02—3m

3h
=hx(3-%)
_3h_3_’12
4
dA 6h
=377
_ o _3h
- 2
dA 3h
5—0when3—7—00rh—2

h 0 2 3

dal /o[
dh

Hence, the area of the frame is maximised when h = 2.

Therefore, h = 2and w = i(lZ —-3x2)= %

Since one square is formed using a piece of wire that has length x, the length of
one side of this square is z . The other square will be formed using a piece of wire

that has length 10 — x, so the length of one side of this square is 1({T—x .

The side length of one square is E and the other square is 1({T_x.

For the combined area:

A=) (5
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_x?+ (10— x)?

B 16

_x2 + 100 — 20x + x?2
B 16

_ 2x% —20x + 100
B 16

1
= g(x2 — 10x + 50)

da 1
8c a—g(ZX-lO)
=, (x~5)
24 — 0 when l(x—5) =0orwhenx =5
dx 4

Therefore, there is a stationary point at x = 5.

d’A 1 .
Since — = " > 0 for all x, the function is concave up.

dx?2

Hence, the value of x that minimises A4 is 5.

8d Whenx=5,A=§(52—10x5+50)=_

25 . . .
Therefore, - cm? is the least possible combined area.

9a R=x><(47—§x)=x(47——x)

9b P=R-C
_ 1 1 2
—x(47—§x)—(§x +15x+10)
1.2 1 5
=47x—§x —oX —15x — 10

= —2x24+32x—10
15
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9c

10a

10b

10c

© Cambridge University Press 2019

d
d
d
d

x 0 | 30 | 31

/0 [\
dx

P=0when—2x+32=00rx=30
X 15

There is a local maximum point at x = 30. Hence, 30 telescopes should be made

daily to maximise the profit.

The area of the base is x? and the area of one lateral face is x X h. Therefore,

S =x%+4xh

IfV =32 and V = area of base X height,

32 =x%2X%Xh

32
h:X_Z

Therefore:

o, 32
S=x +4x><—2
X

2 128
=Xx"+—
X
as _ 2y — 128 _ 2x3-128
dx x2 x2
ds  2x3-128
=z = Owhen
2x3—-128=0
x3 = 64
x=4

. ds ds : L .
Since =< 0 when x < 4 and e 0 when x > 4, there is a minimum turning

point atx = 4.
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11a

11b

11c

So the dimensions of the minimum surface area are 4 cm by 4 cm by 2 cm.

After cutting squares of side length x cm from the corners of a rectangular sheet,

we obtain the following diagram.

x x
x___i i___x
]—(15—2x)
x---i i‘“*x
X | | x
(40~|~2x)

Length of the box (1) is (40 — 2x) cm.
Width (w) of the box is (15 — 2x) cm.
Height of the box (h) is x cm.

Volume (V) of the box is:
V=Ixwxh
V=040-2x)x(15—-2x) Xx
= x(600 — 110x + 4x?)
= 600x — 110x? + 4x3

Z—V = 600 — 220x + 12x2

X
= 4(150 — 55x + 3x?)
= 4(3x —10)(x — 15)

Z—Z = 0 when 4(3x — 10)(x — 15) = 0.

. . 10
Hence, there are stationary points at x = ey and x = 15.

x [0 ]10] 5 [15]16
3
0

av | /
dx

N\ |0/

© Cambridge University Press 2019
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12a

12b

. . . 10
Therefore, there is a local maximum point at x = ey and so the value of x that

.. . 10
maximises the volume of the box is 5

w? + d? = 482
d? = 482 — w?
d? = 2304 — w?

Substituting into s = kwd? for k > 0 gives:

s = kw(2304 — w?)

s = 2304kw — kw3

ds
— = 2304k — 3kw?
dw

95 _ 0 when 2304k — 3kw? = 0
dw

2304k = 3kw?

w2 =768

w=16V3 asw >0

LS — _6kw

dw?

d?s

Fork > 0, - < 0 when w = 16V3 cm. Therefore, there is a local maximum at

w = 16+/3 and the width of the strongest rectangular beam that can be cut from

the log is 16+/3 cm.

Substituting w = 16v/3 in d? = 2304 — w? gives:

d? = 2304 — (16v3)’
d? = 2304 — 768

d? = 1536

d = 16vV6 cm

Dimensions are width 16v/3 cm and depth 16 v/6 cm.
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13a

13b

14a

Let V be the volume of the box and V = xyh.

Let P be the perimeter of the base and P =2x+2y.

P=40 andso x+y=20

Let A be the surface area of the box and A=2xy+2xh+2yh.
A =300 and so 300 = 2xy +2xh+2yh

150 = xy + xh+ yh
=xy+h(x+y)
=Xy +20h

Substituting xy =150—20h into V = xyh we obtain V =150h— 20h?.

V =150h-20h* where 0<h<7.5

V'=150-40h

Solving V' =0 for h we obtain h=3.75.

V" =-40(<0)

Hence the global maximum occurs at h=3.75.

So150=xy+75=xy=75 and x+y=20=y=20-X.

Substituting y =20— X into xy =75 gives x(20—x)=75.
x* —20x+75=0

(x—5)(x-15)=0
x=515

So y=15,5.

Hence the dimensions of the box are 15 cm by 5cm by 3.75 cm.

X __ 6
X+4 y+6

x(y+6)=6(x+4)
xy + 6x = 6x + 24

So xy = 24.
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14b

14c

A:Ebh
2

A=%(x+4)(y+6)
=%(xy+6x+4y+24)
=%(24+6x+4y+24)

:%(48+6x+4y)
=24+3x+2y

xy:24:>y=E
X

So A:24+3x+§.
X

A=24+3x+4—8
X

dA_, 48
dx X

d—A =0 when:

dx

When x=4, d*A _ 96

Hence the stationary point is a global minimum in the domain x>0.

Substituting X=4 into A=24+3x+ 48 we obtain A=24+12+12 =48.
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Hence the minimum possible area of ATSU is 48 cm?.

15a Base area= mr? = mx? m? and cost of manufacturing the base is a X mx? dollars
Curved area= 2nr X h = 2mx X h m?2 and cost of manufacturing the curved area
is b X 2mx X h dollars.

Therefore, ¢ = w x?a + 21 xhb

15b V=mr2xh=mx?xh andh = =58

21T xb
c-m x2a x
Therefore, V = x X =—(c—mx%a)
2b 2b
dv  c-3mx2a c
15¢ —= =0orwhenc—3mx?a=0or x = |—
dx 2b 3na

X C
3na

av | + 0 -

dx

0 (o}
Therefore, V has a maximum at x = P

3na 3

(o} . C C
Cost of base when x = ’% isaxXxmx?=aXmTX—=-

16a Letthe area of the page be A.

Area of printed material = 80 cm?

(y-2-2)(x-1-1)=80
So (y—4)(x—2)=80.

Xy—2y—-4x+8=280
y(x—2)=4(x-2)+80
y(x-2) 4(X_2)+ 80

X—2 X—2 X—2
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Hence y = 4+ﬂ

X—2

16b  Substituting y=4+ 8—02 into A= xy we obtain:
X —

A= x(4+ﬁ]
X—2

_ x(4x-8+80)

- X—2
X(4x+72)

T x=2

4x% +72x
Xx—2

So A=

4x% +72x
X—2

16¢ A=

Applying the quotient rule on A= o
X -

Let u=4x*+72x and v=x—2.
Then u'=8x+72 and V' =1.
d_A: vu' —uv’
dx V2
(x—2)(8x+72)—(4x2 +72x)
\ (x-2)
A 8X° +56x —144 —4x> — 72X
(-2
_4x* —16x-144
(x-2)
dA 4(x —4x— 36)

So — =
dx (x—2)
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dA 4(x2 —4x—36)

16d —= 5
dx (x=2)
d—A =0 when:
dx

4(x* —4x-36)=0

4+ \/(—4)2 —4x1x (—36)

X =
2
=4i\/160
2

:4“;@ (x>0)

=2(1++10)
X 8 2(1+\/TO) 9
a [ 4|, | %
dx 9 49
slope \ - /

The stationary point is a global minimum in the domain x>0.
o . 80 .
Substituting X = 2(1+ \/1_0) into y=4+ —2 we obtain:
X —_

y = 80

2+2J_ 2

40 J_
MR
—4+4410

= 4(1++10)

So the dimensions for the page in order to use the least amount of paper is

2(\/5+1) cm by 4(\/]3+1) cm
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17a

17b

17c

18a

distance
speed

Because time =

, the time for the trip is 20 hours.
v

Hence the total cost is:

C =(cost per hour)x time for the trip)

= (6400+v* )x = 2%0
v
So the cost of the trip, in cents, is C = 250( 6400 Vj.
v

C= 250(&1/& + vj where v>0
d—C = 250(— 64(2)0 +1j
dv Y

B 250(v2 - 6400)

V2

_ 250(v—80)(v-+80)

V2

So (;—C has a single zero at v=80 in the domain v>0.
\

d’C  250x12800

= . which is positive forall v>0
dv v

So v=_80 gives a global minimum in the domain v>0.

So the speed at which the cost of the journey is minimised is 80 km/h.

When v=80, C = 250(%%0) 40000 (cents).

So the minimum cost of the journey is $400.

w 2w

[, ==+ Go—x? (Since P is between the light sources, its distance from the

second light source is 30 — x metres)
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18b

19a

19b

aly) i Coarereron) _ —4 2\ _
d_xC_WX dx _Wx((x—30)3_x_3)_0

When x = % = 13.27

Using Pythagoras’ Theorem, the distance rowed is v/6° + x* and the rowing
speed is 8 km/h.

The distance run is 20— X and the running speed is 10 km/h.

Using time = distance with T denoting the total time taken:
speed
2 f—
T V36 + X +20 X
8 10

SoT :%\/36+x2 +%(20—x).

T =%\/36+x2 +%(20—x)

ar__ x 1
dx  836+x* 10
d—T:O when:

dx

_ X b,
8v36+x? 10
10X = 8v36 + X*
100x* = 64(36 + x° )
100x* —64x* = 64x 36
36X% —64x36=0
36(x* ~64)=0
x=8 (0<x<20)

X 7 8 9
ar —0.005... 0 0.004...
dx
slope \ - /
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20

21

So T has alocal minimum at X =8.

u+ v =— ...(1) (distance between the object and the image)

From (1) and (2),u+v = =—

u2
dl— —f)—q,2 2_
d(u+v) _ (u—f) = 2x@uzf)-uixt _ wi2uf g hen 2 — 2uf =0

du du (u-1>)2 T (u-f)?
Or u = 2f.
u 2f
dlu+v)| — 0 +
du

Hence, u = 2f is a minimum turning point and the distance between the object

and the image is minimum when u = 2f. Thus, the minimum distance is,

_u @)
Ryl y A

. o d
Let t; be the time taken in air, then t; = v—l
1

. . d
Let t, be the time taken in water, then t, = v—z
2

Using Pythagoras’ Theorem:

dy =Va?+x?andd, =+/b? + (c — x)?
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Va2 /p2 —v)2
V1 (%]
ti + ¢,

_Va? +x? +\/b2 + (c — x)?
B U1 VU

. d
For minimum ¢, - (t;+t,)=0

C;i_x<\/a2+x2 +\/b2+(c—x)2)=0

vy (%)

1 1 1 1
7(a2+x2) 2 X 2x 7(b2+(c—x)2) 2x2(c—x)x (—1)
+ =

U1 VU
—(c—x)
T e
x _ c—x

N R oy s
Using trigonometry:
sinelzizLandsinezzc_xz i

di  a%+x2 d, [bZ ¥ (c — x)2

c—X

. . x i
Substituting for -== and Torriemz

X
viva? +x2 v, b%+ (¢ — x)?
gives

sinf; siné@,

%1 Uy
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Solutions to Exercise 4|

1la

1b

1c

1d

2a

2b

2C

d_V d(3071'r —nr )

h + 2nr = 10 then h = 10 — 2nr
V=nr?xh=nr?x (10— 2nr)

av _ d(1omr?-2m®r3) 2.2 — G2
= = 20tr — 6m“r = r(20m — 61°T)

Therefore, V has stationary points when r = 0 or 20m — 6m%r = O orr = g

r 0 10

3T
avli—-1o0o |+ |0 -
dr

10 , . . .
Therefore, r = 3, 1S @ maximum turning point.

Hence, the maximum volume is:

V=n(£)2x(10—2n(§))=%

Surface area= 2mr X h + 2mr? = 607

60m—2mr?  30-r?
h = =

2nr r

V=nr’xh=

2
O = 71 (30 — r2)

=30r — 3nr? = 0whenr? =10 orr = +V10

dr dr
r —v10 V10
av | - 0 + [0 | -
dr

Therefore, V has a maximum turning point at r = v 10.
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3a

3b

43

4b

5a

5b

5c

5d

Hence, the maximum volume is: V = n(\/ﬁ) (30 — (\/E)Z) = 204107 cm3

S=nr?+nar?andr +1r, =k

Hence, S = ry 2 + m(k — 17)?

B = 2nry —2n(k —1r) =0

T

When 2nt(r; — 1) =0orr, =1,

] L-2 ) L .
— = === (the ratio of 8 to one revolution is equal to the ratio of the sector arc to
360  2mr q
the circumference of the circle) then 6 = L2 — % -2

L
2 r(-27)

A=mnr?xi— is maximum when

2T 2
r(L-27)

aa _ (7)o
dr dr

Lr
al>-%) 1L 1
(2—)=——2r=00rL=4rorr=—L

dr 2 4

AABC ~ AADE because £ABC = £ADE = 90° (because BC || DE) and
2ACB = £AED (because BC || DE and AE is a straight line)

Since AABC ~ AADE, == = 22
DE AD
Therefore, 1r—2 = % then % =40—hand h = 40 — 1?07”

V=nr’xh=mnr?®x (40 —Er) — 40712 — L3
3 3

av d(401tr2—£n'r

3
_ dlsomr—Fnr?) _ 80mr — 107r? = 107r(8 — ) = 0 when
dr dar
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7a

7b

7c

r=0orr=8

The value of r for which V is maximised is r = 8.

Let the perimeter of a rectangle be k units, width x units and length y units.

k—2x

Thenk =2x + 2yandy =

Hence. The areais A(x) = x X k_zﬂ and A'(x) = x X k—22x = % — 2x = 0 when

X =

N V=

Kk
T4

OB =

A | +

k
. . k k—2x— k
Therefore, the area is maximum when x = e Hence, wheny = > 2 = S or,

when the shape is a square.
h 2
R? = (—) + r? thenr? = R? —
2
V=mr?xh= n(R2 —th) x h = Zh(4R? — h?)
4 4

R )
dh dh

= Z(4R? - 3h?) = Owhen 4R? —3h? = Dorh = | =23p

Therefore, the volume of the cylinder is maximised when h = %— R
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7d

Vsphere
chlinder

%nR3

T Xr2xh

Therefore, the ratio of the volume of the sphere to the maximum volume of the

cylinder is V3 : 1.

8a S =mr2+2nr x h then h ==

_ 2
8b V=nr2xh=nr2x(si)=
2nr

d
dar
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S—mr?

Or when h = =r (because S —mr? =2nr?, S =3nr?,r= |=)
2nr 3
nr?xh . .
9 Veone = — where r and h are the radius and height of the cone.

2
Since (g) +712=R?,h? =4(R> —r?)and h = 2VRZ — 2

nr2x2VR2-r2  2m
Hence, V/ =—=_VR2T4—T6
» Ycone 3 3

21
d Weone) _ AEVRTT* ) _an amiri-or® _m ord(eR?-ar?) _ 0 whenr = 0 or
dr - dar T3 2VRZr4—16 3 VRZri—r6 N

2
2R?> —3r2=0orr? =%

. .. 2R?
When the volume of the cone is maximised, r? = -

Y 4(R2—r2) 4(R2—¥)
So = = =
R? R? R?
h? 4 h 2 . .
Therefore, -7 = s and 7 = —and the ratio of h to R is 2: V3.

10a  Arectangle = Width X height = x X y and r? = x* + y? and x* = r? — y?

Then Arectangle =Yy r?— yz

d(Arectangie) _ AVYZ2—¥%)  arZy-ay?  r2y-2y3 _ r?o2y? _

10b = = = =
dy dy 2(y2r2-yt  yri-yz  rz-y?

0

when 2 — 2y? = 0 orwhen r? = 2y2.
2

. . T
Hence, the area of the rectangle is maximum when y? = >

Therefore, the maximum area is:

2 2
= v. /72 — ’r / 2 _Trt_1.2
Arectangle—y re—y-= 7)( r _7_Er

2
11a (E) +72=R%then>=vVRZ—r2 and h = 2VRZ — 2

2 2
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11b S =2nr Xh =2nr X 2VR%? —r?2 = 4nrVR? — r?

11c

12

13

ds B d(4nr\/R2 — rz)
dr dr
_ d(4n\/R2r2 — r4)
B dr

d 2 . .
d—i =0whenR?—-2r?2=0orr? = R?. Therefore, the cylinder has maximum

R? . .
surface area when r? = Y and the maximum surface area is
,RZ ’ R2
S =41 X 7)( R2—7:2T[R2

V = nr? X h then thz
nr

S=2T[T'Xh+27t7'2=27IT‘X#+2T[T2=2V%+2T[T2

3_
B _ gy —E 22 g when 4mr3 — 2V = 0 or V = 2713

dar r2

T'2
1% 2nr3
Hence,h = — =

nr

r 1 . S ..
—5 = 2r then - =~ when the surface area is minimised and

ther : h ratiois 1 : 2.

1
1% =§nr2\/sz —12 wheres? =h?2+1r%2,h>=s?—r2andh = Vs2 —r2

2
s 1 s

S = nirs then s = —. Therefore, V = ~nr? (—) —7r2
nr 3 r

d( 2nr? (i)z—rz
av_ “\3 wr R 22t
dr dr - 3 3Vs2—m2r4
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14

Y —owhenr? = 5 h= [(£) - () andnz =22 (£) = 22

31 T
2 25
h—=‘/_——2then—=\/7.

Therefore, h : ¥ = /2 : 1 when the volume is maximised.

Let one of the equal sides of the triangle be a and one of the equal base angles be

6. Then the area of the triangle is

A(O) = % Xbxh= % X (2acos(8) X (asinf) = a? cos O sinf ...(1)
And Area=ra + % =ra+racosf .. (2)

a’cos@ sinf =ra+racosf ((1) and (2) solved together)

__ r+rcosé
" cosfsin@
2 . r+rcosf \2 .
Hence, A(6) = a“ cos 0 sinf = : cos @ sin@
cos 6@ siné

(r+7rcos6)?
A( ) ~ cosfsin@
dA(0)

When m

= 0 is solved, & = 60’ is the stationary point where the area is
minimum.

h 2
And when 6 = 60, the triangle is an equilateral triangle with area aT\E and

height a—z—ﬁ which is equal to 3r. Therefore, r = %g thena = 3—; and the minimum

61\2
2 =) V3
area is f N (‘EZ = 3312
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Solutions to Exercise 4)J

1la

1b

1c

1d

le

1f

1g

d
Let &£ =x®
dx

Then y = %x7 + C, for some constant C.

d
Let & =x3
dx

Then y = ix‘* + C , for some constant C.

d
Let <X = x10
dx

1
Then y = Hxll + C, for some constant C.

d
Let & =3x
dx

Then y = gxz + C, for some constant C.

Let ¥ _ 5
dx

Then y = 5x + C, for some constant C.

Let & = 549
dx

5

Then = Bxlo + C, for some constant C.

1
y ==x10 + C, for some constant C.

Let & =216
dx

21
Then = 7x7 + C, for some constant C

y = 3x7 + C, for some constant C.
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1h

2a

2b

2C

2d

2e

2f

3a

dy _
Let T =0

Then y = C, for some constant C.

d
Let & =x2 +x*
dx

1 1
Then = §x3 + Exs + C, for some constant C.

Let 2 = 4x3 — 5x%
dx

Then = x* — x° + C, for some constant C.

Let & = 2x2 4+ 5%7
dx

2 5
Then = §x3 + gxg + C, for some constant C.

Let ¥ =x2_x+1
dx

1 1
Then = §x3 - Exz + x + C, for some constant C.

Let & =3 _4x 4+ 16x7
dx

Then = 3x — 2x% 4+ 2x® + C, for some constant C.

Let % =3x2 — 4x3 — 5x*
dx

Then = x3 — x* — x5 + C, for some constant C.

Let 2 =x(x—3)=x%—3x
dx

1 3
Then = §x3 - Exz + C, for some constant C.
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3b

3c

3d

3e

3f

4ai

44 ii

Let Z—z=(x+1)(x—2)=x2—x—2

1 1
Then = §x3 - Exz — 2x + C, for some constant C.

Let Z—z=(3x—1)(x+4)=3x2+11x—4

Then = x3 + %xz — 4x + C, for some constant C.

Let Z—z = x2(5x3 — 4x) = 5x° — 4x3

5
Then = ng — x* + C, for some constant C.

Let ‘;—z = 2x3(4x* + 1) = 8x7 + 2x3

Then = x8 + %x“ + C, for some constant C.

Let le—ic’=(x—3)(1+xz)=x+x3—3—3x2

Theny = %xz + %x" — 3x — x3 + C, for some constant C.

y'=2x+3

y = x? + 3x + C, for some constant C.

Ify =3 whenx =0,then3 =0%2+3x0+C.
Hence, C = 3

Therefore, y = x? + 3x + 3

y'=2x+3

y = x? + 3x + C, for some constant C.

Ify =8whenx =1,then8=12+3x1+C.
Hence, C = 4

Therefore, y = x? + 3x + 4
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4b i

4b ii

4ci

4cii

y'=9x% + 4

y = 3x3 + 4x + C, for some constant C.

Ify=1whenx =0,then1 =3x03+4x0+C.

Hence, C =1

Therefore, y = 3x3 + 4x + 1

y' =9x2+4

y = 3x3 4 4x + C, for some constant C.

Ify =5whenx =1,then5=3x13+4Xx1+C.

Hence, C = -2
Therefore, y = 3x3 + 4x — 2

y' =3x2—4x+7

y = x3 — 2x% + 7x + C, for some constant C.

Ify =0whenx =0,then0=03—-2%x024+7%x0+C.

Hence, C =0

Therefore, y = x3 — 2x? + 7x

y' =3x2—4x+7

y = x3 —2x% + 7x + C, for some constant C.

Ify=—1whenx=1,then—-1=13-2%x12+7%x1+C.

Hence, C = -7

Therefore, y = x3 — 2x% + 7x — 7
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5a

5b

5c

5d

5e

dy 1 -2
Let —=—==x
dx  x2

-1
Theny = x_—l + C, for some constant C

=—x"14C
1
——Z+cC
Let =21 =3
dx 3

-2
Then = x_—z + C, for some constant C

1 +C
T 2x2
Let 2= _2 = _px-3
dx x3
Then = —— + C, for some constant C
=x"%2+C
1
= F +C
ay _ _ 3 _ _q,-4
Let -~ =—— 3x

—24—3
Theny = —3_x—3 + C, for some constant C

=x3+C
1
=;+C
Let d—y=iz—i3=x‘2—x‘3
dx x x
x™t xT
Theny = _—1—_—+ C, for some constant C
= 1+ L ¢
B 2x?
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d 1
6a Let —z=w/§=x2

dy 1_ —=

6b Let dx—ﬁ—xz
1

x2

-

2

Theny =

d 1
6¢ Let ﬁ=§/§=x3

kd
3

=

Theny = + C, for some constant C

Wl

+C

X

Bl wW )

1
6d Let & =3/x =x3
dx

=
Wi

Theny = + C, for some constant C

Bl wW ).
RTES

+C

d 5 3
6e Let d—z = Vx3 = x5

x
w1 oo

Theny = + C, for some constant C

w1l

+C

Rl U1 o
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7a

7b

8a

1
d—yzx/szE

3
Theny = %xi + C, for some constant C.

3
Ify=1whenx=0,then1=§x05+C
Hence, C =1

3
Therefore, y = %xf +1

1

d 1
Let & = VX = x2
dx

3
Then = §x5 + C, for some constant C.

3
If y = 2 when x = 9, then 2 =§><95+C
Hence, C = —16

3
Therefore, y = %xE - 16

dy
— = —4x
dx

y = —2x? + ¢, for some constant ¢

Some of the family of curves of y = —2x2 + ¢ are shown below.

For example, whenc = 0,y = —2x2.

=V

c<0

Ify = —2x% + ¢ passes through A(1,2) then2 = -2 x 12 + csoc = 4
andy = —2x?% + 4.
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dy _
8b = 3
y = 3x + ¢, for some constant c.
Some of the family of curves of y = 3x + ¢ are shown below.

For example, whenc = —1,y = 3x — 1.

If y = 3x + ¢ passes through A(1,2) then2 =3 X1+ c¢soc = —1and
y=3x-—1.

ay _ 5.2
8c ol 3x
y = x3 + ¢, for some constant ¢
Some of the family of curves of y = x + ¢ are shown below.

For example, when ¢ = 0,y = x3.

=V

Ify = x3 + ¢ passes through A(1,2) then2 =13+ csoc=1landy = x3 + 1.
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8d Z=-Z=-x7?

y=xl+cory= i + ¢, for some constant ¢
Some of the family of curves of y = i + ¢ are shown below.

For example, whenc =0,y = i

If y :i+cpassesthroughA(1,2) then 2 = '}"‘CSOC =landy = §+

ay _ 3
9a Let = (x+1)

(x+1)*

Theny = + C, for some constant C

1
=Z(x+1)4+c

4y _ . 9\5
9b Let dx—(x 2)

_2\6
% + C, for some constant C

Theny =

1
=—(x—-2)°+C
6(x )° +

ay _ 2
9c Let = (x+5)

3
Theny = (x+5)

+ C, for some constant C

1
=§(x+5)3+C
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9d

9e

of

9h

ay _ 4
Let = (2x + 3)

(2x+3)

Then y + C, for some constant C

1
—_ — 5
10(2x+3) +C

ay _ _ 16
Let dx—(3x 4)

(Bx—- 4)

Theny = + C, for some constant C

1
— _ 7
—21(3x 4) +C

ay _ _1)3
Let dx—(Sx 1)

(Sx 1) + C, for some constant C

Theny =

_ 1 Gx—1D*+C
“20%

v _ 1 _ .3
Let dx—(l X)

(- x) + C, for some constant C

Theny =

= 1(1 Y+ C
=-;01-%

ay _ 4 3
Let N (1-7x)

(1- 7x)

Theny = + C, for some constant C

1
= ——(1=x)*
28(1 x)*+C
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. dy _ e oy-4
9i Let ™ —(X L (x—2)"

(x— 2) -3
Then y = ———+ C, for some constant C
1
=—=@x-2)3+C
3
= ! +C
- 3(x—2)3
. dy _ _ 10
9j Let == x)lo =(1-x)"
(1 x) °
Theny = 5t C, for some constant C
1
=—(1-x"°+C
;1=
= ! +C
~9(1—x)°

1
10a Lety' =vx+1=(x+1)

3

Theny = (x+1)

2

+ C, for some constant C

2 3
=§@+1ﬁ+c

1
10b Lety' =vx—5=(x—05)2

Theny = b s 5)

+ C, for some constant C
2

2 3
—§(X—5)2+C
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10c

10d

10e

11a

1
Lety' =v1—x=(1-x)2

(1- x)2

Theny = + C, for some constant C

2

2 3
=—3(1-07+C

1
Lety' =v2x—7=2x—-7)2

3

(2x- 7)

Theny = + C, for some constant C

2

1 3
=3@x-7N2+C

1
Lety' =v3x—4=Bx—4):

3

Theny = Gx- 4)2 + C, for some constant C
2
2 3
=—Bx—4)2+C
9
y'=(-1*

Theny = %(x —1)° + C, for some constant C.

Ify =0whenx =1,
0=:(1=-1)%+C
C=0

Therefore, y = g(x -1)°
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11b

11c

12a

Yy = (2x + 1)

Theny = %(Zx + 1)* + C, for some constant C.

Ify =—1whenx =0,

—1=%(2><0+1)4+C

Therefore, y = %(Zx + 1)* —%

1
y' =v2x+1=2x+ 1)

3
Theny = §(2x + 1)z + C, for some constant C.

Ify=§whenx=0,
3

2=12%x0+1):+C

3 3

cC=0

3
Therefore, y = §(2x + 1)z

D3t —x3 41
at

3x3

y==-3 —+ x + C, for some constant C

If the curve passes through the origin,

5 4
L

0=

C=0

5

3 1
Therefore, y = ox° — Zx“ + x
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12b

12c

13

D=2 43x%—x3
at

y=2x+x3— xf + C, for some constant C
If the curve passes through the point (2, 6),
6=2x2+20 -2 ¢

6=8+C

C=-2

Therefore, y = —%x“ +x34+2x—-2

y'=(2-5x)°

_ (2-5x0)*
- —5%x4

+ C, for some constant C
__ 1 4
== 2-50)*+cC
If the curve passes through the point G, 1),

1=—§(2—5x94+c

l=—>+¢C
20
o2
20

Therefore, y = — 2—10 (2-5x)*+ %

2 =863 — 6t +5

y = 2t* — 2t3 + 5t + C, for some constant C

Ify =4whent =0,
4=2x0*"-2x03+5x0+C

C=4

Therefore, y = 2t* — 2t3 + 5t + 4

Whent =2,y=2x2%-2x23+5x2+4=30
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14 This rule can’t be used when n=-1 because when n=-1, the rule gives the
0

e e _ X C 1 .
primitive of x™* as F' which is undefined.

15 y"=6x+4 and when x=1y'=2 and y=4
y' =3x* + 4x+C, for some constant C
When x=1,y'=2, so we obtain:
2=34+4+C
C=-5
Hence y'=3x* +4x-5.
y = x>+ 2x* —=5x+ D, for some constant D
When x=1,y=4, so we obtain:
4=142-5+D
D=6

Hence y = x*+2x*> —5x+6.

16a f”(X)=2X—10,where f'(3)=20 and f(3)=—34
f'(x)=x*-10x+C, for some constant C

f '(3) =20 and so we obtain:

20=9—-30+C
C =41

So f'(x)=x*—-10x+41.
16b  f'(x)=x*-10x+41land f(3)=-34

f(x)= % x* —5x* +41x+ D, for some constant D

f (3) =-34 and so we obtain:
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—34=9-45+123+D
D =-121

So f(x) =%x3 —5x% +41x—-121.

f (0) =-121 and so the graph cuts the y- axis at (0,-121)

17 y" =8-6x and the curve passes through the points (1,6) and (-1,8).
y'=8x—3x*+C, for some constant C
y =4x* —x*+Cx+D, for some constant D
(1, 6) lies on the curve and so when x=1y=6

6=4—-1+C+D

C+D=3 (D

(—1,8) lies on the curve and so when x=-1,y=8
8=4+1-C+D

—-C+D=3 (2)

(1)+ (2) gives 2D =6 andso D=3

Substituting D =3 into (2) we obtain C =0.

So y=—x*+4x*+3.

18 f——dx—f—x‘zdx=x‘1+c=§+c=f(x)

Iff(l)=2then%+c=2andc=1whenx>0
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19a

19b

Iff(—l)=2then_i1+c=2andc=3whenx<0

i [}

B— BT A ————gt
: |

| +

4 5 -

_ |
------ Sl
5 10

P(x) = apx™ + ap_1x™ 1+ -+ a;x + aq then

P'(x) =na,x" 1+ (n—1Da,_x"2+-+a,

P'(x)=(n—Dna,x" 2+ (n—2)(n—1Da,_x" 3+ -+ 2a,

The nth degree of the derivative has the term:

(n —(n— 1)) wo(n—Dna,x™™™

Hence, the n*"* degree of the derivative is a constant which is not zero (does not
vanish). Therefore, if we find the (n + 1) derivative of P(x), it will be equal to

zero (the polynomial vanishes).

P(x) = apx® + ap_x¥ 1+ 4+ ayx + ag

If we find the k" derivative we will see that it is a constant and if we continue
finding the (k + 1)*" derivative, we will observe that it is equal to zero like in
19a. Therefore, for any given polynomial, if (n + 1) term vanishes but not the

n" derivative, then we can say that the degree of the polynomial is n.
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Solutions to Chapter review

1

1la

1b

1c

1d

le

1f

2a

2bi

2b ii

2biii

In the diagram, assume that B, D and G are stationary points, C and F are
inflection points and E is both a stationary point and an inflection point.

f'(x) > 0 at points C and H because the slope of the tangent line is positive at
these points (the function f(x) is increasing at these points).

f'(x) < 0 at points A and F because the slope of the tangent line is negative at
these points (the function f(x) is decreasing at these points).

f'(x) = 0 at points B, D, E and G because the slope of the tangent line is zero at
these points.

f'"(x) > 0 at points B and G because the curve is concave up.

f"(x) < 0 at point D because the curve is concave down.

f"(x) = 0atpoints C,E and F.

fX)=x3—x*—-x—-7

fl(x) =3x2—-2x—-1

f'(0)=3x0%2-2x0—-1=—1.Since f'(0) < 0whenx =0, f(x)is
decreasing at x = 0.

f'(1) =3x12-2x1—1=0.Since f'(0) = 0 when x = 1, f(x) is stationary at
x =1

f'(-1)=3x(-1)2=2x(=1) —1 = 4.Since f'(—1) > 0 whenx = —1,
f(x) is increasing at x = —1.
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2biv f'(3) =3x%x3%2—-2x%3—1=20.Since f'(3) > 0 when x = 3, f(x) is increasing
atx = 3.

3a f(x) =x*—4x+3
f'(x)=2x—4

3bi  f'(x) > 0when 2x — 4 > 0 or x > 2. Hence, f(x) is increasing when x > 2.

3bii  f'(x) < 0when 2x —4 < 0orx < 2. Hence, f(x) is decreasing when x < 2.

3biii f'(x) = 0 when 2x —4 = 0 or x = 2. Hence, f(x) is stationary when x = 2.

4a  f(x) =x3
f'(x) = 3x?
fl(1)=3x1%2=3

Since f'(x) > 0 when x = 1, f(x) isincreasing atx = 1.

4b f)=(x+2)(x—3)=x*—-x—-6
f'(x) =2x—-1
fl)=2x1-1=1

Since f'(x) > 0 whenx =1, f(x)isincreasingatx = 1.

4c  f(x)=(x—-1)°
f'(x) =5 -1*
Fl)=51-1*=0

Since f'(x) = 0whenx =1, f(x) is stationary atx = 1.
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4d

5a

5b

5c

5d

x+1

f) =—=

Using the quotient rule:

(x=3)1) - (x+DH(D)

fx) = x—3)?
_x—3—x—1
(x —3)2
-4
(x —3)2

D =mm=—

Since f'(x) < 0 whenx =1, f(x)is decreasingatx = 1.

y=x
y' = 7x°
y" = 42x5

y' =3x°—8x
y'=6x—8
y=(x-2)°
y' =5(x—2)*

y" =20(x—2)3

y=2=

r_ _a-2_ _ 1
y_ X x2
"o __ —3_1
y'=2x ==
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6a

6b

7a

7b i

7b ii

8a

fx)=x3—2x>+4x -5
fl(x) =3x2—4x + 4
fl'(x) =6x—4
fr)=6x1-4=2

Since f"'(1) > 0, the curve is concave up at x = 1.

flx) =6—2x3—x*

f'(x) = —6x? — 4x3

f"(x) = —12x — 12x?

Fr(1) = —12x1—12x 12 = —24

Since f"'(1) < 0, the curve is concave down at x = 1.
fx) =2x3—-3x2+6x—1
f'(x) =6x%>—6x+6

f'"(x)=12x—6

f"(x)=0when12x—6=()orx:%

X 0 1

o N| -

' | = +

f"(x) > 0whenx > % Therefore, f(x) is concave up when x > %

f"(x) < 0whenx < % Therefore, f(x) is concave down when x < %

y=x3—6x%+9x—11
y' =3x2—-12x+9=3(x—1)(x —3)
y'=6x—-12=6(x—2)
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8b

8c

8d

9a

9b

y'=0whenx =1and 3
y" =0whenx =2

x| 0| 1]2]|3]|4

y | +|0 | —-]0|+

y'l=1—=-10|+ ]+

From the table, y is increasing when x < 1 and x > 3.

From the table, y is decreasing when 1 < x < 3.

From the table, y is concave up when x > 2.

From the table, y is concave down when x < 2

f(x) is constant for all x € R

Therefore, f'(x) = 0 for all x € R and the graph of f'(x) is:

y'll

=V

f(x) is increasing at a constant rate for all x € R

Therefore, the graph of f'(x) should look like this:
y' A

A
v

=¥y
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9c f(x) is decreasing when x < 2 and increasing when x > 2
Therefore, f'(x) < 0 when x < 2 and f'(x) > 0 when x > 2.

Hence, the graph of f'(x) should look like this:

.

y’ll

d

9d f(x) is increasing when x < —3, decreasing when —3 < x < 1 and increasing
when x > 1. Therefore, f'(x) > 0 when x < -3, f'(x) < Owhen -3 <x<1
and f'(x) > 0 when x > 1.
Hence, the graph of f'(x) should look like this:
y'A

|/

s
=V

10a y=x3—-6x2+9x—11
y' =3x?42x—1=(x+1)Bx—-1)

(x+1)Bx-1) =0whenx=—1orx=§

: : 1

Therefore, there are stationary pointsatx = —1land x = >
1 49

When x = —1,y = 3 and when = Y =5

So the stationary points are (—1, 3) and (; ) thatis, P(—1,3) and Q (—, 4—9)
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10b y"=6x+2=203x+1)
y">0when2(3x+1) >0
3x+1>0

1
x> —=
3

. 1
y is concave up when x > — 3

10c  When the functions y; = x3 + x2 — x + 2 and y, = k are graphed on the same

coordinate plane, they have three intersection points when g— <k<3.

Therefore, x3 + x? — x + 2 = k has three distinct solutions when g <k<3.

1la y=x*—-6x—7
y=@x—-7)(x+1)andy=0forx =—1lorx=7
Hence, (—1,0) and (7, 0) are x-intercepts.
Whenx =0, y = —7so0 (0, —7) is the y-intercept.
y'=2x—6 andy’' = 0when2x —6 =0orx = 3.

Hence, there is a stationary point at x = 3.

x | 0 | 3 | 4
y |\ | 0 | /

Whenx =3,y=32-6x3—-7=—16.
Therefore, (3, —16) is a minimum turning point.
y" = 2.Hence,y" > 0forall x € R.

Therefore, y = x? — 6x — 7 does not have an inflection point.
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A__(3,-16)

y=x3-6x?+38

When x = 0, y = 8so0 (0, 8) is the y-intercept.

y' =3x%2 —12x andy’ = 0 when 3x(x — 4) = 0 or whenx = 0 or x = 4.

Hence, there is a stationary pointat x = 0 and x = 4.

x | -1 0 1 4 5
yo !/ | 0| \N | 0 | /

Whenx =0, y=03—-6x0?+8=8.

Therefore, (0, 8) is a maximum turning point.

Whenx =4, y =43 —6x4? + 8 = —24.

Therefore, (4, —24) is a minimum turning point.
y"=6x—12andy” = 0when6x —12 =0orx = 2.
Hence there is an inflection point at x = 2.

Whenx =2, y=23—-6x2%2+8=-8.

Therefore, (2, —8) is an inflection point.

yl\

AN

@,-24) N
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11c y=2x3-3x2-12x+1

Whenx =0, y =1 so (0,1) is the y-intercept.

y' =6x%2—6x—12 andy’ = 0 when 6(x —2)(x + 1) = 0 or when x = —1 or

x =2
Hence, there is a stationary pointat x = —1 and x = 2.
X -2 | -1 0 2 3

y o/ 0 \ 0 /

Whenx = -1, y=2X (-1)3 =3 x (-1)2—12x (-1) + 1 = 8.

Therefore, (—1, 8) is a maximum turning point.

Whenx =2, y=2x%x23—-3x22-12x2+1=-19.

Therefore, (2, —19) is a minimum turning point.
y" =12x —6andy"” = 0when 12x — 6 =0 or x =—;—.

. : . : 1
Hence there is an inflection point at x = >

Whenx=§,y=2x(§)3—3x(1)2—12x(§)+1=

2
1 1\ . . . .
Therefore, (E‘ -5 5) is an inflection point.

-1,8 *y

i

(2,-19

122 y=x3-3x2-9x+ 11
y' =3x2—6x—9=3(x—-3)(x+1)

3(x —3)(x + 1) = 0 when x = —1 or x = 3. Therefore, there are stationary

pointsatx = —1 orx = 3.
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Whenx = —1, y = 16 and when x = 3,y = —16.
Thus, the stationary points are (—1, 16) and (3, —16).

X -1 3

y|(+| 0 |—-|0]|+

Therefore, (—1, 16) is a maximum turning point and (3, —16) is a minimum
turning point.

The y-intercept is (0,11).

y A
(6, 65)
(-1,116)
/’y‘/\.ll
NN S
laly A x
’ (3, -16)

12b  Looking at the boundary points:
When x = 6, y = 65 so 65 is the global maximum.
When x = -2,y = 9, which is larger than f(3) = —16 so —16 is the global

minimum.

132 y=x*—ax+9
y =2x—a
y' =Owhen2x—a=00rx=%
If the tangent to y = x* — ax + 9 is horizontal at x = —1, then x = % =—1.

Therefore, a = —2.
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13b

14a

14b

y=ax?+bx+3
Since the point (—1, 0) is on the graph of y,
ax(-1)?+bx(-1)+3=0

a—-b+3=0
a=b-3 (D
y'=2ax+b

y’=0when2ax+b=00rx=_%_

. . . b
Hence, there is a stationary pointat x = — pye

If (—1,0) is a turning point, then —1 = -2

2a’
2a—b=0 (2)
Substituting (1) into (2) gives:
2(b—3)-b=0
2b—6—-b=0
b=6
anda=6-3=3
Therefore,a = 3and b = 6.

y=x*—4x3+7
y' = 4x3 — 12x?
y'" =12x% = 24x = 12x(x — 2)

12x(x —2) =0whenx =0o0rx =2

Therefore, y has inflection points at x = 0 and x = 2.

When x = 2,y = =9, so (2,—9) is a point of inflection.

Whenx =2, y' =4x2%—12 %22 =32—48 =—16.

Therefore, the slope at (2, —9) is —16.
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14c

15a

15b

15c¢

Usingy — y; = m(x — x;) whenm = —16 and (x4, y;) = (2, —9) gives:
y—(=9) = —16(x - 2)

y+9=—-16x + 32

16x+y—23=0

Therefore, 16x + y — 23 = 0 is the equation of the tangent at (2, —9).

S=175+18t2 —t*for0 <t <5
Whent =0, S =175+ 18 x 02 — 0* =175

Therefore, the initial number of students that are logged on is 175.

Whent =5, S=175+18x5%2—-5*=0

Therefore, the number of students that are logged on at the end of the five hours
is 0.

S' =36t —4t3
= 4t(9 — t?)
=4t(3—-t)(3+1t)
S'"=0when4t(3—-t)(3+t) =0orwhent =—-3ort = 3.

t o] 3 | 4
S/ 0N

(The values for t < 0 are not included in the table as they are not in the domain
of S.)

There is a local maximum at ¢t = 3.
Whent =3, S =175+ 18 x 32 — 3% = 256

Therefore, the maximum number of students logged onto the website is 256.
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16a  Volume = length X width X height

where length is (16 — 2x) cm, width is (6 — 2x) cm and height is x cm.

V=016-2x)x(6—-2x)Xx
= x(4x? — 44x + 96)
= 4x3 — 44x? + 96x

16b Z—Z — 12x% — 88x + 96

= 4(3x2 — 22x + 24)
=43x—4)(x —6)

4(3x —4)(x —6) = Owhenxzsorx=6

| Wl

V| +

. . 4
Thus, there is a local maximum at x = >

whenx =40 = a5 (&) a3 96 x (2) = 22

27

. . 1600
Therefore, the maximum volume is > cm3,

17a
80 —x

i\

60

80—x 60 3
——Wtheny —E(SO—X) —Z(80—X)
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17b

18a

18b

19a

19b

A =x><y=x><%(80—x) =Z(80x—x2)
dA
dx
maximum when x =40 cmand y = %(80 —x) =30cm.

V= gnrzhandr+h =12
Then the heightis h = 12 — r and the volume is:
V= %nrz(lz -7)

1
V = 4nr? — 5717”3

V = 4nr? — §T[T'3
V' = 8nr — nr?
V'=0when8nr —nr? =0ornr(8—1r)=0

Hence, V' = 0 whenr = 0Qorr = 8.

x 0 1 8 9

y' 0 / 0 \

(The values of r < 0 are not included in the table as r cannot be negative)
There is a local maximum atr = 8.

Therefore, the radius that yields the maximum volume is 8 m.

d
Let = = x7
dx

8
y = % + C, for some constant C

LetZ = 2x
dx
2
y=2X x? + C, for some constant C

=x2+4+C
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19c

19d

19e

20a

20b

20c

21a

y = 4x + C, for some constant C

LetZ = 10x*
dx
5
y=10 X x? + C, for some constant C

=2x5+C

Let ™ = 8x + 3x2 — 4x3
dx

x2 x3 x*
y=8><7+3x?—4x:+C,f0rsomeconstantC

=4x2 +x3—x*+C

LetZ = 3x(x —2) = 3x% — 6x
dx
x3 x?
y=3 X< = 6 ><7+C,forsomeconstantC

=x3-3x2+4+C

Z—zz(x+1)(x—5)=x2—4x—5
3

2
y = %—4xx7— 5x + C, for some constant C

x3 2
=?—2x —5x+C

Z—z=(2x—3)2=4x2—12x+9

y = §x3 — 6x% + 9x + C, for some constant C

ay _ 5
dx—(x+1)

== (x + 1)® + C, for some constant C
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ay _ . ANT
21b dx—(x 4)

== (x — 4)® + C, for some constant C

a _ _1)3
21c dx—(Zx 1)

y = i (2x — 1)* + C, for some constant C

1
=§(2x—1)4+C

@&y _ 1 _ -2
22a ——=—S=x
y = —x~1 4+ C, for some constant C
=-24C
X

22b 2 —x=xz

2 3
y=3x2 + C, for some constant C

23 f'(x)=3x*—4x+1thenf(x) =x3—2x>+x+C
If (2,5) is on the graph of f(x) then:
F(2)=23-2%22+2+C=5
8—8+2+C=5
Cc=3

Sof(x)=x3—2x%+x+3.

24 f'(x)=4x—-3
f(x) = 2x% — 3x + C, for some constant C.
Iff(2)=7,f(2)=2x22-3%x2+C=7
8—6+C=7
C=5
Hence, f(x) = 2x> —3x + 5
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25

25b

25c

25d

25e

and f(4) =2x4%2—-3%x4+5=25

fx) =

x2 —x-2
1
fl=x) = (=x)%- ( x)-2 = X2tx-z
1 1
_f(x) T ox2-x—2 —x24x+2

Since f(x) # f(—x), f(x) is not an even function.
Since f(—x) # —f(x), f(x) is not an odd function.

Therefore, f(x) is neither an even nor an odd function.

F1(x) = ox(x?-x-2)-1x(2x-1) _  2x-1 _  1-2x
- (x2-x-2)2 T (2-x-2)2  (x2-x-2)2
1-2x

f’(x)=0when(x =0,1—2x=00rx=%

2_x_2)2

f(E):W:_E

2 2
Therefore, f(x) has a stationary point at G, - g)

2_x+1)

f'(x) = W and the sign table of £ (x) is:

X -2 1

f"(x) | + |undefined | — |undefined | +

1 4\ . . . .
Therefore, (5’ - ;) is a maximum turning point.

x2—x—2=(x—2)(x + 1) = 0 then f(x) has vertical asymptotes at

x=2andx = —1.

lim

x—)ioo xz—x—z

= 0. Therefore, f (x) has a vertical asymptote at y = 0.
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25f

26a

26b

26cC

26d

\y“ |
-1 N .
AN
2\ &)
2
y =7 i—Owhenx —1=0,x =—1orx = 1. Therefore, y cuts the x-axis at

(—1,0) and (1, 0).

_(@*-1_ 1 _ . 1
=023 when x = 0. Therefore, y cuts the y-axis at (0, 4)
x?—4=0whenx = —2orx = 2.
Hence, y is undefined when x = —2 or x = 2. Therefore, the graph of y has
vertical asymptotesat x = =2 and x = 2.
p_ @O(*-4)-(x*-1)@x) _  ex
N (x2-4)2 S (a2
y'=- (_xzi_’;? = 0 when x = 0. Therefore there is a stationary pointat x = 0.
x 0
yll + 0 _
2_
=© 1 _Lhenx = 0. Therefore, the stationary point (O, l) is a maximum
(0)2-4 4 4

turning point.
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26e

26f

27a

27b

27c¢

(=x)%2-1  x%-1 . .
f(x)=f(—x) = = . Therefore, f(x) is an even function.

(-x)?-4  x2-4

x%-1

lim

m .= 1. Therefore, y has a horizontal asymptote at y = 1.
x—+oo -

S=3xX4+xX4+hx4=16x+4h

V=BXh=3xxxXh=3x?h.Hence, 4374 = 3x*hand h = 433;:24 = 1;‘;8
Therefore, S = 16x + 4h = 16x + 4 X 1;‘;58 — 16x + 5:322

3_
§' =16 — 100t = (82116 _ § yhen x* = 729 or x = 9.
x 0 9
S’ + | undefined | — 0 +

Hence there is a minimum turning point at x = 9 and

The minimum amountis S = 16 X 9 + 5232 = 216 m and the dimensions are
Width: 9 m
Length: 27 m

Height: 216 = 16 X 9 + 4h (When S is minimum) then, h = 18 m
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28a

28b

28c

AABC~AADE. Therefore, % = %and H=

h(r—R)

A
pLR\E
H
B— =% ¢

h(r—R) _ mR*xh(r—R)
r

V =nR?x H =mR? X

d mR? X h(r — R)
av _ r
dR dR

~d(nhR? - L whR?)
aR

3n
= 27'[hR — Th,RZ

3R
(2~ )
r

d—V=0,whenR=0, 2—§=0 orRzzr
dR r 3

2 . .
Therefore, when R = 30 the maximum volume is:

2

n(%r) xh(r—%r)

V =
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29a P =12 = 2a+ b (where b is the base and a is the length of the equal sides)

b=12—2aand h? = a® — (g)z.

2_p2 2_ _ 2 2_ _ 2
Then, h = \/4‘1 b —J4a (12-2a) =\/4a (144—48a-+4a?)

4 4

= |Ba 1M 120 —36 =2vV3a -9

4

Hence,A=§xbxh=§x(12—2a)x2\/3a—9=(12—2a)x\/3a—9

OrA =2v3(6 —a)va—3

% and A’ = 0 when a = 4.

Therefore, the maximum areais 4 = 2\/§(6 — (4))\/ (4) — 3 = 4y/3 cm?

A =-2/3a-3)-

29b  Assume that the figure below is an isosceles triangle

where AB = AC = a and BC = b, the perimeter (P) of AABC is P = 2a + b, and
the height is h.

Then the area (A) of the triangle is

_basexheight_l _ 2 (P-2a 2

A——2 _z(P 2a) /a ( > ) and

da , P-2a\% 1 ) P
a=—1)( az—( 2 ) +5(P—2a)ﬁ=0whena=§

2 az_( 2 )
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Chapter 4 worked solutions — Curve-sketching using the derivative

SinceP =2a+banda = Swhen the area of the triangle is maximised,

b=P-2a=P-2=Canda=b=12
3 3 3

Therefore, the triangle is an equilateral triangle.
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