Chapter 3 worked solutions — Graphs and equations

Solutions to Exercise 3A
lai -1<x<2

laii [-1,2]

1bi -1<x<2

1bii  (—1,2]
Ici x>-1
1cii (—1,00)
2ai
.I } } f

2aii  [-1,2)
2b i
} + } + 1 >
-2 0 2 X
2bii  (—oo,2]
2ci
e Sere—— >
-2 0 2 X
2cii  (—,2)
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3ai

3ail

3bi

3bii

3ci

3cii

4ai

4aii

4a iii

43 iv

4b i

-1<x<?2

=V

R (all real numbers). Note that there is no way of writing this in terms of
inequalities.

gofBB)=9(B)=9gB+1) =g =2*=16

fogB = f(9(3))=f2>=f8)=8+1=9

gog®3) = g(g®3))=g2% =g(8) = 2% =256

fof@®=rff@)=fB+D=f4)=4+1=5

gof) = g(f(x)=gx+1) = 2"
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4b ii

4b iii

4b iv

5a

5b

5c

5d

6a

6b

6cC

fegl) = f(gx) = f(2)=2"+1

geg®) = g(g(x)) = g(2*) =27 = 2H)* = 4*

fof(@)=f(f))=fx+D=x+1+1=x+2

The function is negative for all x values where the function is below the x-axis.

(=, 1)

The function is negative for all x values where the function is below the x-axis.

0,2)

The function is negative for all x values where the function is below the x-axis.

0,1)

The function is negative for all x values where the function is below the x-axis.

(4, )

The inequation is true when the curve is above, or on, the x-axis. This is when

—1<x<0orx=>1

The inequation is true when the curve is below, or on, the x-axis. This is when

—5<x<-2o0rx=1

The inequation is true when the curve is strictly above the x-axis. This is when

x<—-2orx >4
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6d

6e

6f

7a

7b
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The inequation is true when the curve is above, or on, the x-axis. This is when

—2<x<?2

The inequation is true when the curve is strictly below the x-axis. This is when

O0<x<2orx< -2

The inequation is true when the curve is below, or on, the x-axis. This is when

—1<x<0or2<x<3

1
2x+3

The curve is defined for all values of x such that the denominator of f(x) =

) . 3
is non-zero. Thisis when 2x + 3 # Q0 or x # — >

Hence the domain is all x where x # — %

The curve is defined for all values of x such that the values under the square root
sign f(x) = V2 — x is greater than or equal to zero. This is when 2 — x > 0.

Hence the domainis2 > x or x < 2.

\

(0,2M(1/2))

3 °1 (2/0)
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7c The function is defined for all values of x.

Hence the domain is all x. We can see this on the graph below.

\ 5 /

(0.1)

7d The function f(x) = log.(x + 1) is defined for all values of x such thatx + 1 > 0.

Hence the domain is all values of x such that x > —1.
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7e

7f

8ai

8ail

Note, in order for this function to be defined, the values inside the square root
function must be greater than or equal to zero. The denominator of the function
must also be non-zero. Hence we must have x + 3 > 0.

Thus the domain is all x such that x > —3.

The function is defined for all values such that the expression inside the
logarithm is greater than zero. Hence this is when:

x*+2x+3>0
(x+1)24+2>0

This is true for all values of x. Hence the domain is all values of x.

T

5

\/

0 5

Note that an open (white) circle, indicates an open interval so we use < and >
for this section of the interval.

—1<x<lor2<x<3

Note that an open (white) circle, indicates an open interval so we use rounded
brackets for this section of the interval.

(-1,1) U [2,3]
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8bi

8bii

8ci

8cii

9ai

9aii

9b i

9b ii

Note that an open (white) circle, indicates an open interval so we use < and >
for this section of the interval.

x<lorx=>=2

Note that an open (white) circle, indicates an open interval so we use rounded
brackets for this section of the interval.

(=00,1) U [2,00)

Note that an open (white) circle, indicates an open interval so we use < and >
for this section of the interval.

x<lor2<x<3

Note that an open (white) circle, indicates an open interval so we use rounded
brackets for this section of the interval.

(—0,1)U[2,3)

[-1,-1] U [2,0)

=V

(—o0,—1] U (2,3]
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9cii  (—1,1] U (2, )

10ai Note that square brackets denote closed intervals and are denoted by a black
circle when drawn on a number line.

>

L
A d
hd

} } t t } } >
) 0 2 4
10aii -1 <x<1lorx=>2
10bi
} ! } f } >
-2 0 2 4 X
10bii "1 <x<lorx=2
10ci
} f } ] } ’. } >
-2 0 2 4 x

10cii —-1<x<lorx=3

11a [-1,0]U[1,00)

11b  [-5,—2]U[1,)

11c  (—o0,—2) U (4, )
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11d

11e

11f

12a

12b

12c

[—2, 2]
(—0,-2) U (0,2)
[-1,0) U (2,3]

The function is undefined when the denominator is zero, that is when x = —1.
-2 .
The zeroes occur when % = 0, that is when x = 2.

Drawing a table of values gives

X -2 -1 0 1 2 3
feo 1 : -2 | 1 0 T
4
sign + * L — % +
Thus, the inequation is true when x < —1 and when x > 2.
The function is undefined when the denominator is zero, that is when
(x—3)(x+1)=0,orwhenx = —1orx = 3.
The zeroes occur when Zx;l = 0, thatis when x = 1.
x2—2x—3
Drawing a table of values gives
X -2 -1 0 1 2 3 4
f(x) 3 * 1 0 ¥ 3
5 3 5
sign — * + * — * +
Thus, the inequation is true when —1 < x < 1 and when x > 3.
The function is undefined when the denominator is zero, that is when
2 2
x — 2 = 0, ie when x = 2. The zeroes occur when a :3“ = (’:12) = 0, thatis

when x = —1.

© Cambridge University Press 2019 9



Chapter 3 worked solutions — Graphs and equations

13a

13b

13c

13d

14a

Drawing a table of values gives

X -2 -1 1 2 3
f(x) 1 0 —4 * 16

4
sign - * — * +

Thus, the inequation is true when x < —1 and when -1 < x < 2.

The square root function is only defined for x > 0, this is our first restriction. We
also cannot divide by zero, thus x%2 —1+#0,x% # 1 and thus x # +1. Hence the
domainis [0, 1) U (1, o).

The domain is all x such that the denominator is non-zero, and such that the
expression inside of the square root is non-negative.

That is when x? — 5x — 6 > 0 which is when (x — 6)(x + 1) > 0.

Asy = x? — 5x — 6 is a concave up parabola, it is greater than zero when x < —1
and when x > 6. In interval notation this is (—c0, —1) U (6, ).

The domain is all x such that the denominator is non-zero, and such that the
expression inside the square root is non-negative. That is when 3 + 2x — x? > 0
which is when (1 + x)(3 — x) > 0.

Asy = 3 + 2x — x? is a concave down parabola, it is greater than zero when
—1 < x < 3.Ininterval notation this is (—1, 3).

The domain is all x such that the denominator is non-zero, and such that the
expression inside the square root is non-negative. That is when x? — 2x + 3 > 0
which is when x? — 2x + 1 + 2 > 0 and thus when (x — 1)? + 2 > 0. This is true
for all values of x and hence in interval notation the domain is (—oo, o).

When x < 0, f(x) =_7x= —1.
Whenx =0, f(x) = 0.
When x > 0, f(x) =§= 1.

Drawing this gives:
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14b

15a

15b

yA

By observation of the graph, f(x) = 0 when x > 0.

The function is defined for all values such that the denominator is non-zero.
Hence this is when e* — e™ = 0. Solving this gives:

x=0

Thus, the only point at which the function is undefined is when x = 0. Thus the
domain is all values of x such that x # 0. Thatis x € (—o0,0) U (0, o).

Using the quotient rule:

(e* — e‘x)%(ex +e*)—(e*+ e‘x)%(ex —e™)

h' =
(X) (ex _ e—x)Z
(e —e)(ef—eF)—(e*+eM)(e* +e ™)
y~ (ex _ e—x)z
B e?* — e — e+ e — (e + 0 + 0 + e7%%)
- (ex _ e—x)z
X_1—1+e P —(eP*+1+1+e %)
= (e* — e—x)2
4
- (eX — e~X)2
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16ai

16aii

16aiii

Since (e* — e™¥)2 > 0 for all values of x such that x # 0, it follows that
— ﬁ < 0 and hence we have that f'(x) < 0 for all values of x in the

domain.

The function is defined for all values such that the denominator is non-zero,
hence, it is defined for all x — 1 # 0 which in turn is all x # 1.

The intercepts with the x-axis occur when y = 0. This is when:

x|
0=

x—1
0= |x|
x=20

Hence there is a x-intercept at (0, 0).

The intercepts with the y-axis occur when x = 0. This is when:

0]
0—1

y=0

Hence there is a y-intercept at (0, 0).

There are three regions we need to test based on the above information: when
x < 0,when 0 < x < 1and when x > 1. This is because there is an intercept at
x = 0 and a discontinuity at x = 1.

1 o o
For x < 0, choosex = —1.y = — > < 0 and hence the function is negative in this

region.

| =

For 0 < x < 1, choose x = -, y = —1 < 0 and hence the function is negative in

N

this region.
For x > 1, choose x = 2, y = 2. Hence the function is positive in this region.
For x = 0,y = 0. Hence the function is positive in this region.

Combining these results, the function is positive in the region [0, 0] U (1, o).
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16aiv

>
X

12

v

16bi The function is defined for all values such that the denominator is non-zero.
Hence, it is defined for:

x2=1+#0
x—Dkx+1)+#0

x # +1

16bii The intercepts with the x-axis occur when y = 0. This is when:

0= |x|
x2 -1

0= |x|

x=20

Hence there is a x-intercept at (0, 0).

The intercepts with the y-axis occur when x = 0. This is when:

_ ol
02-1

y=0
Hence there is a y-intercept at (0, 0).

© Cambridge University Press 2019 13



Chapter 3 worked solutions — Graphs and equations

16b iii There are four regions we need to test based on the above information: when
x < —1,when —1 < x < 0,when 0 < x < 1 and when x > 1.

This is because there is an intercept at x = 0 and a discontinuity at x = +1.

For —1 < x < 0, choose x = —%.

2 o o . .
y=—3< 0 and hence the function is negative in this region.
For0 < x < 1, choose x = %

y = —g < 0 and hence the function is negative in this region.
For x > 1, choose x = 2.

y = g and hence the function is positive in this region.

For x < —1, choose x = —2.

y = g, and hence the function is positive in this region.

Thus, in interval notation the domain in which the function is positive we have
(=o0,—1) U [0,0] U (1, 0).

16b iv

A
|

=

-

-3
1 X

| v

17a (feog)(x) = f(g(x)) = sin (g(x) +§) = sin (ex +§)
((F o) o W) () = (f © ) (h(x)) = sin (" + ) = sin (175" + )

(g ° h)(x) = g(h(x)) = eh(x) — el—x2

© Cambridge University Press 2019 14
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17b

18a

18b

18c

19a

(f °o(geo h))(x) = f((g o h)(x)) = sin ((g o h)(x) + g) = sin (el —x2 +_)

Hence ((f © g) o h)() = (f * (g ° W)(x) = sin (1 + 7).

((Feg)oh)(™)

= (f e 9)(h(®))
= f (9(h(x))
=f((g° M)
=(folgeom)

It has one endpoint 5, which it contains. Thus it must be closed.
It does not contain any endpoints.

It contains all its endpoints (there are none).

We factor f(x) by grouping the terms in pairs, noting that 2n + 1 is odd,
fO) =0 +x) + 67 +x7) + (2% 4+ o (2 422
= (1+x)(1+x+x* 4+ 4x).
The second factor is always at least 1 because squares are never negative.
Hence the sign of f(x) is the sign of the first factor 1 + x,
thatis, f(x) <0, whenx < —1,
f(x) =0, whenx = —1,
f(x) >0, whenx > —1.

© Cambridge University Press 2019 15
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19b

19c

When f(x) is differentiated, the first term disappears because it is a constant, and
Ffy=l4+2x+3x2 +ax +5x* + - 4+ 2n— Dx?" 2 £ 2n)x?" 1+ (2n + Dx?.
This time we group in triplets, splitting each term of even index (apart from the first),
)y =042 +x%) + 2x2 +4x3 +2x*) + Bx* +6x° +32%) + .-
+ (nxzn—z T T nxz"} + (1 + a2
=(1+x)20+2x2+3x* + - +0x?"2) + (n+ Dx?",
which gives the result in part (b).

In the final expression for f'(x) above, the first term is the product of two factors,
of which the second factor is always at least 1,

and the first factor is positive except at x = —1 where it is zero.

Hence the first term is positive, except that it is zero at x = —1.

The second term is positive except that it is zero at x = 0.

Hence f'(x) is always positive, that is, every tangent to y = f(x) slopes upwards.
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Solutions to Exercise 3B

la Dividing through by the highest power of x in the denominator gives:
1

fl) =

1-%
x

0
Hence as x - too, f(x) am =0

1b Dividing through by the highest power of x in the denominator gives:

_3
f(x)=—1+;
X
H oo, fx) >0 = q
- 400 - =
ence as x f(x 170

1c Dividing through by the highest power of x in the denominator gives:

. 241
f(x) =
§—1
x
240
Hence as x —» too, f(x)am=—2

1d Dividing through by the highest power of x in the denominator gives:

0—-1
H + ==
enceasx—>_00,f(x)—>0_2 >

le Dividing through by the highest power of x in the denominator gives:

f(X) - le
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H + —— =0
ence as x — OOf(x)—>1+0

1f Dividing through by the highest power of x in the denominator gives

X 1
= 2z
f) =—F—7=—"4
1+F 1+F
H + (%) 0 0
- 400 - — =
enceas x = too, f(x 170
2
VA ,
3
______ | R T
L s
1____: 2; 3 X

2a The function is defined for all x where x — 2 # 0 (so as to avoid dividing by
zero). Hence the natural domain is all real numbers except for x = 2.

2b The y-intercept occurs at the point where x = 0. Hence the y-intercept is when:

Y=0-2"

Thus the y-intercept is at (0, 0).

The x-intercept occurs at the point where y = 0. Hence the x-intercept is when:

Thus the x-intercept is at (0, 0).
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2c

2d

3a

3b

Dividing the denominator and numerator by x gives:

X
x 1,1
X X X
H ! ! 1
- 00,y > —=—=
ence as x Yy 1-0 1
Furth —1 ! 1
- —00,y > =—=
urtnermore as x Y 1-0 1

and thus y = 1 is a horizontal asymptote.

Vertical asymptotes occur when the function on the denominator is zero. This is
whenx —2 =0andhenceisx =2.y > wasx » 2*andy » —casx - 2.
This confirms that x = 2 is a vertical asymptote.

The function is undefined when the denominator of the function is zero. This is
when x + 3 = 0 and hence is when x = —3.

The y-intercept occurs at the point where x = 0. Hence the y-intercept is when:

0-1 1

Y=0+3 3

Thus the y-intercept is at (0, — i).

The x-intercept occurs at the point where y = 0. Hence the x-intercept is when:

x—1_
x+3
x—1=0
x=1

Thus the x-intercept is at (1, 0).

The sign of the function can only change at intercepts or discontinuities, that is
whenx = -3 orx = 1.

-5
Whenx = -4,y = == 5

Whenx =0,y = —gas above
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When x = 2,y=§

Thus the function is positive in the interval (—o, —3) U [1, ©) and negative in the
interval (=3, 1).

3c Vertical asymptotes occur when the function in the denominator is zero. This is
when x + 3 = 0 and hence is x = —3.

y > wasx » —3Yandy » —o as x » —37. This confirms thatx = —3is a
vertical asymptote.

Dividing the denominator and numerator by x gives:

i34
Henceasxem,yaﬂ:l:
1+0 1
Furthermore as x - —oo,y ﬂ=1_
1+0 1

3d

3e This curve is one-to-one as it passes the horizontal line test.
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Chapter 3 worked solutions — Graphs and equations

4 The function is defined for all x where (x — 2)? # 0 (so as to avoid dividing by
zero). Taking the square root of both sides of the equation, gives x — 2 # 0.
Hence the natural domain is all real numbers except for x = 2. This means there
is a vertical asymptote at x = 2.

Asx - 2%,y < 0,and hence y » —
Asx - 27,y <0,and hencey - —oo

As x = oo, we find that y — 07. Similarly, as x - —oo, we find thaty — 07. So
there is a horizontal asymptote at y = 0.

The y-intercept occurs at the point where x = 0. Hence the y-intercept is when:

IS SR SR
N ) A () A

Thus the y-interceptis at (0, —1).

The x-intercepts occur when y = 0, which is when:

1

0= ~G-12

But there are no solutions to this equation and hence there are no x-intercepts.

The sketch graph is:

5a Dividing through by the highest power of x in the denominator gives:
2

foo =2
1+xl2

Asx - too, f(x) - 1-0° 0 so y = 0 is a horizontal asymptote.
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5b

5c

5d

Se

5f

As x? + 1 > 0 for all values of x. The denominator of the function is never zero
and hence the function is defined for all values of x.

dy d( 2 )
dx  dx\x2+1
d
—_ 2 -1
_dx(z(x +1) )d
=-2(x>+1D?x—x*+1)
dx

4x
(x%2 +1)2

When x = 0 (at the y-intercept),

dy 400
dx ~ (02+1)

And hence the tangent is horizontal at the y-intercept.

v A
2
/1N
i
-1 1 X

As can be seen from the graph, the range of the functionis 0 < y < 2 (note itis
strictly greater than zero as the curve never touches the x-axis).

As can be seen from the graph, the function is many-to-one as it fails the
horizontal line test.

© Cambridge University Press 2019
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6a

6b

6c

6d

6e

The function is defined for all x where (x + 1)(x — 3) # 0 (so as to avoid
dividing by zero). Hence the natural domain is all real numbers except for
x=-1,3.

The y-intercept occurs at the point where x = 0. Hence the y-intercept is when:

3 3 3

Ve G+ D=3 (©+D0-3 =3 !

Thus the y-interceptis at (0, —1).

Dividing the denominator and numerator by x? gives:

3
2

. (1+1§(1—§>

X X
Henceas x - oo,y — 0 =

1+0)(@-0
Furthermore as x - —o0,y — ¢ =0
1+0)(1-0)

and thus y = 0 is a horizontal asymptote.

x -2 | -11]0 1 2 3 4
y | 331 )3
5 4 5

sign | + * - - - * +

The vertical asymptotes occur at the two values of x where the function is
undefined. Hence the vertical asymptotes are at x = —1 and at x = 3.

Asx - 3t,y > 0soy » ,andasx —» 37,y < 0soy — —oo.

Asx » —17,y < 0soy » —o,andasx » —17,y>0soy — oo,
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6f

J;h

L
SRS S A ——

As can be seen from the graph, the rangeisy > 0andy < — %.

7a

A 4
4—x2 (2-x)(2+x)

y=

This function is defined for all (2 — x)(2 + x) # 0 and hence it is defined for all
x # *2. Furthermore, this means there will be vertical asymptotes at x = 2.

The y-intercept occurs when x = 0.

4 4

YEa-0e+0 4 ¢

Thus the curve passes through (0, 1).

The x-intercept occurs when y = 0.

4
0= which has no solution.

2-x)2+x)

Thus there are no x-intercepts.
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Now lim
x>+ 4 — x2

Hence the x-axis acts as an asymptote as values of x tend towards positive and
negative infinity.

The sketch graph is:

V=

7b From the graph, the rangeisy < 0,y > 1.

8a Lety = f(x)
—3x ( 3x

Al e e R e

)=

Hence by definition the function is odd.

8b x-intercepts occur when y = 0. This is when:

3x
x24+1

=0
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3(0)

=0.

y-intercepts occur when x = 0. This is when y = a1

Hence there is only one intercept which is at the origin.

8¢ lim f(x)
X —>00

I 3x
% 56 x2+1
3

= lim X
’“°°1+x—12

0

1+0
=0

Hence the line y = 0 (the x-axis) acts as a horizontal asymptote.

8d

-
-
>

=¥

tofe — e

9a Lety = f(x)

4—(—x)* 4—x?

f(_x)=4+(—x)2=4+x2=f(x)

Hence by definition the function is even.

© Cambridge University Press 2019
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9b x-intercepts occur when y = 0. This is when:

4—x*
4+x2
4—-x2=0
x2=4
x =42

y-intercepts occur when x = 0.

40
Y=4102
Hence there are three intercepts at (—2,0), (2,0) and (0, 1).

9c Finding the horizontal asymptotes:

Dividing through by the highest power of x in the denominator gives:

;iz —1
fG) =
x_2 +1
Hence as x — oo, f(x) — ﬁ = —1soy = —1is a horizontal asymptote.
9d
y [
1

© Cambridge University Press 2019
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10a
xhrpmf(x)
~ lim x> +5x+6
= b x? —4x +3
14548
= lim —% X°
X —>+oo 4‘ 3
1-—-+—
x ' x
14040
T 1-0+40
=1

Hence there is a horizontal asymptote at y = 1.

_(x+2)(x+3)
C(x—D(x-3)

Vertical asymptotes occur when the function is undefined. This is when
(x —1)(x —3) = 0 and hence x = 1 and x = 3 are vertical asymptotes.

10b  Note that

(=12
T+ D(x+4)

xliglwf(x)
— lim x2—2x+1
x5t xZ + 5% + 4
w21
= lim —e—7
1S4
1-0+0
1+0+0
=1

Hence there is a horizontal asymptote at y = 1.

Vertical asymptotes occur when the function is undefined. This is when
(x+1)(x + 4) = 0and hence x = —1, and x = —4 are vertical asymptotes.

So the asymptotesarex = —1,x = —4andy = 1.

© Cambridge University Press 2019 28



Chapter 3 worked solutions — Graphs and equations

10c

10d

© Cambridge University Press 2019

Note that
x—5
y =
(x—=2)(x+5)

x@ginf(x)

) x—5
x4 x2 + 3x — 10

Hence there is a horizontal asymptote at y = 0.

Vertical asymptotes occur when the function is undefined. This is when
(x —2)(x+5) = 0and hence x = 2 and x = —5 are vertical asymptotes.

So the asymptotesare x = —5,x = 2and y = 0.

Note that

(1 —-2x)(1 + 2x)
T (1-3x)(1+3%)

x@ggpf(x)
_ 1 — 4x?
= R T —9x2
1,
. X
= lim
x >+ 1
79
_0-4
T 0-9
_4
9

Hence there is a horizontal asymptote at y = g.
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Vertical asymptotes occur when the function is undefined, this is when
(1 -3x)(1+3x) =0andhencex = %and x = —% are vertical asymptotes.

wlr—k

1 4
So the asymptotesare x = -, x = — 3 andy = 5

11a
—x

[y

Hence by definition this function is odd and must have rotational (point)
symmetry around the origin.

f=n) = = () =@

11b  The function is defined for all values for which its denominator is non-zero,
hence it is defined for all x such that x?> — 4 # 0 which is when
(x —2)(x + 2) # 0 and hence x # +2. That s, the domain is all x such that x # 2
and x # —2.

Thus the domain is all x such that x # +2. The asymptotes will be at these points
where the function is discontinuous, hence they will be at x = 2 and x = —2.

11c
x |-3|-2|-1|0| 1 |23
S I e e e T
5 3 3 5
sign| — | * | + - | * |+
11d
lim_f(x)
x

1
_xll‘llwl_z}
x2
0
T1-0
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11e

11f

So y = 0 is the horizontal asymptote.

1(x? — 4) — 2x(x)
CRE

B x?% — 4 — 2x?

ST

f'(x) =

Now x2 + 4 > 0 and (x? — 4)? > 0 for all x, hence at all points for which the

. . 244 . .
curve is defined, — ﬁ < 0so f'(x) < 0 and thus the curve is decreasing.

Asx? > 0,x% + 4 > 0 and hence as — = 21 7 is strictly negative, it follows that
2
(xz o <0 for all values of x. It also follows that f'(x) < 0 for all defined
values of x.

Hence the curve always has a negative gradient (and is thus always decreasing).
Furthermore, this means that it will have no stationary points and hence no
tangent that is horizontal.

H |
—25 ka
~

11g The range of the function is all real y or R.
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12a
x*—4 (x-2)(x+2)
x—2 x — 2
=x+ 2 providedx —2 # 0orx # 2.
VA
(2,4)
/2
/2 !
12bi
_(x+1DB-x)
B (x+1)

=3 —xprovidedx+1#0orx # —1

y A

3\;
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12bii

x3 -1

y=x—1

=D +x+ 1)
h x—1

=x?2+x+1 providedx —1 # Oorx # 1.

12b iii

G+ 2)(x—2)

T (x=-2)(x+1)

x+2

= provided x — 2 # 0 or x # 2
x+1

© Cambridge University Press 2019
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13a

13b

13c

13d

13e

Let f(x) = x+i

0 = (b= (x+) = ~f()
I L L

Hence the function is odd. A property of odd functions is that they have
rotational (point) symmetry around the origin.

The function is defined for all real values of x except for x = 0 so as to avoid
dividing by 0. This means the domain is x # 0. The vertical asymptote occurs
along the vertical line where x is undefined and is thus x = 0.

sign | — * +
y=x+x"1
y'=1-x72
x?2 1
X a2
x? -1

The tangent is horizontal when y’ = 0. This is when:

x2-1
x2
x2-1=0
x?2=1
x =41

Whenx =1,y =2and whenx = -1,y = —2.

So the points where the tangent is horizontal are (1, 2) and (—1, —2).

© Cambridge University Press 2019 34



Chapter 3 worked solutions — Graphs and equations

13f
I = lim ( i1 )=l (ﬁ—o
mG-o=lmix+o-x)=lm{3)=
I =l (+1 )= C)—o
x_l)mm(y x) im {x+——x)= lim {~]=
Thus l;finm (x+) 0.
13g
yA
21—

—_
=V

13h By observation of the graph, and noting that our local minima and maxima are
(1,2) and (—1, —2) respectively, we can conclude that the range is y > 2 and

y<-—2.

14a

lim y

X——00
o 1—e*
lim

x—>-o 1 4+ e¥

1— lim e*
— X——00
1+ lim e*
X——00
B 1-0
140
=1
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14b

14c

x-intercepts occur wheny = 0

1€
1+e*
0=1-—¢e"
e*=1
x=0

y-intercepts occur when x = 0

1—-e® 1-1
14+e% 141

y:

Thus the intercept is at (0, 0).
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14d
A

_ex

l4e Letf(x) =y = o

ex

f= x)_1+e‘x

1—e™ ge*

= X
1+e™ e*

ex_eo
=e"+e0
_ex—l
T e* 41
1—e*
1+ e*
=—f(x)

Hence the function is odd.
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14f

15a

x2  x?2-1+1
x—1= x—1
x—Dx+1+1
- x—1

+14- !

1
Asx - 00,—1—> 0" and y - x + 1 from above

Asx - —00,—1 — 07 and y - x + 1 from below

Thus the function approaches an oblique asymptote y = x + 1.

The curve also has a vertical asymptoteatx —1 =0 orx = 1.
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15b

16a

© Cambridge University Press 2019

x2—4

x+1
x2—-1-3

T ox+1

_(x—l)(x+1)—3

x+1

3
x+1

=x—-1-

Asx » o0, —— > 0t andy - x — 1 from below
x+1

Asx - —0co,———> 0" and y = x — 1 from above
x+1

Thus the function approaches an oblique asymptote y = x — 1.

The curve also has a vertical asymptoteatx +1 =0or x = —1.

:yl\

1
As x — oo, o 0% and y - x2 from below

1
As x - —oo, o - 0~ and y - x2 from above
Thus the function approaches an oblique asymptote y = x2.

Asx - 0%, x2 >0%tandy - ~ from above
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16b

1
Asx > 07, x2>0%tandy - — from above

Thus the function approaches an oblique asymptote y = — i

. 1
Hence there are two oblique asymptotes, y = x?2 andy = — =

1
y=_+ Vx (note that x > 0)

As x — oo, % - 0tandy - vx from above

Thus the function approaches an oblique asymptote y = v/x.
Asx - 0%, Vx> 0*andy - % from above

Thus the function approaches an oblique asymptote y = i

Hence there are two oblique asymptotes, y = vVx and y = %

© Cambridge University Press 2019
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16¢

1
= [x| +—
X

As x - oo, p — 0% and y — |x| from above

1
As x - —oo, p — 07 and y - |x| from below

Thus the function approaches an oblique asymptote y = |x|.

1
Asx - 0%, |x| > 0tandy - Z from above

1
Asx > 07, |x| > 0tandy - < from above
Thus the function approaches an oblique asymptote y = %

Hence there are two oblique asymptotes, y = |x|and y = Jl—c

© Cambridge University Press 2019
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Solutions to Exercise 3C

1la

1b

1c

1d

le

Using the difference of two squares:

9 9
x2—9 (x=3)(x+3)

y:

The curve is undefined when (x — 3)(x + 3) = 0. This is when x = +3.
x is defined for all other values and hence the domain is:

(—o0,—3) U (=3,3) U (3,) or R\{-3, 3}.

) = g = oy = /@

Hence the function is even and thus has reflective symmetry about the y-axis.

The y-intercepts occur when x = 0. This is when:
9 9

Y =029 D9

Hence there is a y-intercept at (0, —1).

= -1

The x-intercepts occur when y = 0. This is when:

9

0=
x2—9

This has no solutions. Hence there are no intercepts with the x-axis.

x |—4|-3|-2| 0| 2 |34
y | 2002222

7 5 5 7
sign| + | x | — | — | — |* |+

Hencey < 0for—3 <x < 3.
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The equations of the vertical asymptotes occur when y is undefined. Thus the

equations are x = —3 and x = 3.
Asx » —3%,y > wandasx > —37,y > —o.

Asx > 3%,y > candasx » 37,y - —oo.

Dividing through by the highest power of x in the denominator gives:

9

)
y=—"
-2

ot ot
Henceasx—>00,y—>:0=0 and as x » —oo, y—>1—0

So the horizontal asymptote is y = 0.

¥ A
-3 1
y=9(x*-9~"
y'= —9x (x2—-9)"2 x 2x
_ 18x
G2 =9
At (0,0),y’ =0

This means that the graph is horizontal at that point.
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2a

2b

2C

2d

x X
4—x2 (2+x)(2-x)

y:

The curve is undefined when (2 + x)(2 — x) = 0. This is when x = +2.
x is defined for all other values and hence the domain is:

(—00,—=2) U (—2,2) U (2,) or R\{—2,2}.

f(=x)

_ (=x)

4 — (—x)?
—X

T 222

=—f()

Hence by definition the function is odd. All odd functions have point symmetry at
the origin.

Finding the x-intercepts:

The x-intercepts occur when y = 0. This is when;

X

0=
4 — x2

x=0

x-intercept at (0, 0).

Finding the y-intercepts:

The y-intercepts occur when x = 0. This is when:

0
4 — (2

y:

y=0
y-intercept at (0, 0).
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2e

2f

2g

2h

x -3 | -2 | -1 0 1 2 3
y 3 * 0 1 * 3
5 3 5

sign | + * - 0 + * -

Thus we see thaty > Owhenx < —2or0 < x < 2.

The equations of the vertical asymptotes occur when y is undefined. Thus the
equations are x = —2 and x = 2.

Asx » —2%,y > —c0andasx » —27,y — oo,

Asx - 2%,y > —candasx -» 27,y - oo,

Dividing through by the highest power of x in the denominator gives:

1
y =7
x—2—1
Henceasx—>ooy—>0—+1—0 and as x — ooy—>%=0+.

So the horizontal asymptote is y = 0.

T
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2i

3a

3b

3c

X

Y= 4 — x2
Hence
, 14— x?) = (=2x)(x)
(4 —x2)?
_4- x?% + 2x?
(4 —x2)?

3 X%+ 4
= a—x2)2

So since x2 > 0, x?> + 4 > 0 and furthermore (4 — x2)? > 0 so the fraction must
be greater than zero for all values for which it is defined.

1
f(X)—x_1 )
_ x—4 x—1
Ta-DG-9  G-DE-4)
B 2x =5
T (x—D(x-4)

The function is defined for all values when the denominator is not equal to zero.
The denominator is equal to zero when

x—1Dkx—-4)=0
x=1,4

Hence the function is defined for all x except x = 1, 4.

Consider
B 2(—x)—5
A (= (= pry
—2x—5

T+ D +4)
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[t is clear that this is not equal to f(x) or —f(x), and hence, by definition is
neither even nor odd. Thus it is not symmetric about x = 0.

3d Finding the x-intercepts:

The x-intercepts occur when y = 0. This is when:

0 = 2x —5

T (x=D(x—4)
2x—5=0

5
*=3

x-intercept at (2 %, 0).
Finding the y-intercept:

The y-intercepts occur when x = 0. This is when:

o 2(0)-5
S (0-1)(0-4)

y=—z

y-intercept at (0, — %).

3e
x 0 (12,1 3 |4]|5
2—
2
y 5(*11] 0 * 15
4 2 4
sign| — |*|+| 0| — |*|+

3f Vertical asymptotes will occur at the values of x where the function is undefined.

Thisisatx = 1and x = 4.
Asx > 17,y 5 candasx » 17,y - —oo.

Asx > 4%,y > ccandasx » 47,y - —oo,
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3g

3h

43

4b

4c

Consider the limiting points of the function to find horizontal asymptotes.

Dividing through by the highest power of x in the denominator gives:

2 5
X  x?
y_1 5 4
“xtxz
Henceasx — o,y — 00 _ tandasx - —o0,y > 070 _ o-
1-0+0 14+0+0

Hence there is a horizontal asymptote at y = 0.

yA

y=x(x—-2)(x+2)

As the function is defined for all values of x the domain is (—oo, o)

Finding the x-intercepts:

The x-intercepts occur when y = 0. This is when:
0=x(x—2)(x+2)

x=0,%2

x-intercepts at (—2, 0), (0,0), (2,0).

Finding the y-intercepts:

The y-intercepts occur when x = 0. This is when:
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y=(0)(0-2)(0+2)
y=0
y-intercept at (0, 0).

4d  f(—x)=(—x)3 —4(—x) = —x3 +4x = —(x3 — 4x) = —f(x)

Hence by definition the function is odd. All odd functions have point symmetry at

the origin.

4e The function is defined for all values of x and tends towards infinity as x — +oco.
Hence, we cannot find any asymptotes.

4f, g
X -3 |-2|-1/0| 1 (2] 3
f(x)|—=15| = | 3 | x| =3 |* |15
sign | — I I o N I B S o
J.ri
2
-2 7 T
2 [N X
_.\‘Ij 2 X
y=x3—4x
y' =3x%2 -4

Stationary points occur when y' = 0

3x2—4=0
3x2 =4

4
2 _*
=3

© Cambridge University Press 2019
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5a

5b

T3

Thus the x-coordinates of the stationary points are at x = + T

The function can be rewritten as

. 3(x-1)
h (x—=3)(x+1)

The function is defined for all values when the denominator is not equal to zero.
The denominator is equal to zero when:

x—-3)x+1)=0

x=3,—-1

So the domain is x # —1 and x # 3 or all x values except x = —1, 3.

Finding the x-intercepts:

The x-intercepts occur when y = 0. This is when:

. 3(x-1)
T (x=3)(x+1)
x—1=0

x=1
x-intercept at (1, 0).
Finding the y-intercepts:

The y-intercepts occur when x = 0. This is when:

. 300-1)
(0=-3)(0+1)
3
Y=3
y=1

y-intercept at (0, 1).

So we have intercepts at (1,0) and (0, 1).

The domain is not symmetric about x = 0.
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5c

5d

Vertical asymptotes occur at values of x where the function is undefined, this is
when the denominator is equal to zero.

The denominator is equal to zero when:
x-3)x+1)=0

x=3 -1

Asx » —1%,y > wandasx »> —17,y > —oo.
Asx - 3%,y > candasx » 37,y - —oo.

Now we consider the limiting points of the function to find horizontal
asymptotes.

Dividing through by the highest power of x in the denominator gives:

3 3
_x  x?
y 2 3
x x2
0—0 + 0-0 _
Henceasx —» o,y — =0"andasx - —o,y = =0
1-0-0 1+0—0

Hence the horizontal asymptote is y = 0.

So the asymptotesarex = —1,x = 3,and y = 0.

ily
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6 y=—-x34+6x2—-8x=—x(x—2)(x—4)

6a It is defined for all values of x so the domain is —o0 < x < 0.

Intercepts with the y-axis occur when x = 0. This when:
y=-03+6(0)2—8(0)=0+0—-0=0.

Hence there is an intercept at (0, 0).

Intercepts with the x-axis occur when x = 0. This is when:
0=—x3+6x?—8x

0 =—x(x*>—-6x+18)

0=—x(x—-2)(x—4)

x=0,2,4

Hence there are intercepts at (0, 0), (2,0), (4,0).

6b Table of signs:

X -1 0 1 2 3 4 5
y 15 0 -3 0 3 0 | —15
sign | + 0 — 0 + 0 —

This information gives us the graph:

y A

6c y =-3x2+12x—8
y" = 0 for horizontal/stationary points. This is when:

—3x2+12x—-8=0
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7a

3x2 - 12x+8=0

_ —(-12) £ (-12)2—4x3x8
- 2x3

_ 124448
==

_ 12443

(o))

243
3
2

2

+

II
I+

V3

x4+ 2x+1
x%2+4+2x—3
o (x+1)?
S (x+3)(x—-1)

y:

The function is defined for all values when the denominator is not equal to zero.
The denominator is equal to zero when:

x+3)(x—1)=0

x=-3,1

So the domain is x # 1 and x # —3 or all x values.

Finding the x-intercepts:

The x-intercepts occur when y = 0. This is when:

o (x+1)?
T (x+3)(x-1
x+1=0
x=-1

x-intercept at (—1, 0).
Finding the y-intercepts:

The y-intercepts occur when x = 0. This is when:
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7b

7c

_ (0+1)?
~(0-1)(0+3)
1
y=3
1
y="3

y-intercept at (0, — %).

So we have intercepts at (—1, 0) and (0, — i).

The domain is not symmetric about x = 0 (algebraically f(x) # f(—x) and

f(x) # —f(x)) so the function is neither even nor odd).

Vertical asymptotes occur at values of x where the function is undefined, this is

when the denominator is equal to zero.

The denominator is equal to zero when:
x+3)(x—1)=0

x=-3,1

Asx » —3%,y > —wandasx - =37,y > .
Asx > 17,y > candasx » 17,y - —oo.

Now we consider the limiting points of the function to find horizontal
asymptotes.

Dividing through by the highest power of x in the denominator gives:

2 1

1+-+=

X x

TTie2o3

X  x?
Henceasx —» o,y — 1:?2 1*andasx » —o0,y - 1gtg 1*.

Hence the horizontal asymptote is y = 1.

So the asymptotesarex = —3,x = landy = 1.

© Cambridge University Press 2019

54



Chapter 3 worked solutions — Graphs and equations

7d

7e

8a

y ]

From the graph, therangeisy < 0andy > 1.

24
ﬂ@=;—m
_(x=2)(x+2)
 x(x—4)

The function is defined for all values when the denominator is not equal to zero.
The denominator is equal to zero when:

x(x—4)=0

x =04

So the domain is x # 0 and x # 4 or all x values.

Finding the x-intercepts:

The x-intercepts occur when y = 0. This is when:

(x—2)(x+2)
x(x—4)

x=2)(x+2)=0

0=

x==2
x-intercepts at (2,0) and (—2,0).
Finding the y-intercepts:

The y-intercepts occur when x = 0. This is when:
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8b

8c

_(0-2)(0+2)
0(0-4)

This is undefined so there are no y-intercepts.

Vertical asymptotes occur at values of x where the function is undefined, this is
when the denominator is equal to zero.

The denominator is equal to zero when:
x(x—4)=0

x=04

Asx - 0%,y > oandasx - 07,y - —oo.
Asx > 4%,y > candasx » 47,y - —oo,

Now we consider the limiting points of the function to find horizontal
asymptotes.

Dividing through by the highest power of x in the denominator gives:

4
_ x?
Y="1
1-=
X
1-0 + 1-0 _
Henceasx—>00,y—>r=1 andasx—>—00,y—>m=1 .

Hence the horizontal asymptote is y = 1.

So we have the asymptotes x = 0,x = 4,andy = 1.

-
—_—

—

-

fa—

g e e

|
o]
]
p P P
N9
=y
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8d

8e

9a

From the graph, we can see that it has a range of all real y.

The graph crosses the horizontal asymptote when y = 1.

x%—4 B
—4x

X% —4 =x?%—4x
—4 = —4x
x=1

So the graph crossed the horizontal asymptote at (1, 1).

1 1

x+1 x
_x—(x+1)
x(x+1)
1
Cx(x+1)

y:

The domain is all x such that the denominator is non-zero, this is all x such that
x(x + 1) # 0 and is hence all x such that x # 0 and x # —1. There are no zeroes.

Vertical asymptotes occur at values of x where the function is undefined, this is
when the denominator is equal to zero.

The denominator is equal to zero when:
x(x+1)=0

x=0-1

Asx - —1%,y b wandasx »> —17,y > —oo.
Asx > 0%,y » —coandasx - 07,y - oo,

Now we consider the limiting points of the function to find horizontal
asymptotes.

Dividing through by the highest power of x in the denominator gives:

1

2

y = xl
1+E
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-0

-0 -
Henceasx » o,y > —=0"andasx > —0,y > — = 0",

1+0 1-0

Hence the horizontal asymptote is y = 0.

So we have the asymptotes x = —1,x = 0,and y = 0.

9b

1 1

y:x+3+x—3

_ x—3+x+3
T (x+3)(x—3)
_ 2x

T (x+3)(x—3)

The x-intercepts occur when y = 0. This is when:

_ 2x
h (x+3)(x—-3)

2x =0

x=0

x-intercept at (0, 0).

Finding the y-intercepts:

The y-intercepts occur when x = 0. This is when:

_ 2(0) _
S (0+3)(0-3)

y-intercept at (0, 0).
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10a

Vertical asymptotes occur at values of x where the function is undefined, this is
when the denominator is equal to zero.

The denominator is equal to zero when:
x+3)(x—3)=0

x=-3,3

Asx » —3%,y > wandasx > —37,y > —o.
Asx - 3%,y > candasx » 37,y - —oo.

Now we consider the limiting points of the function to find horizontal
asymptotes.

Dividing through by the highest power of x in the denominator gives:

2
y=1x9
XZ
Henceasx—>00,y—>%= 0% and as x - —oo, y—>1—%= 0-.
Hence the horizontal asymptote is y = 0.
So we have the asymptotes x = —3,x = 3,and y = 0.

yli

(8]
-

There are vertical asymptotes when the function is undefined. This is when
x(x — 2) = 0 and hence is when x = 0 or x = 2.

Asx > 0%,y > —coandasx - 07,y - oo,

Asx - 2%,y > candasx » 27,y - —oo,
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10b

Now we consider the limiting points of the function to find horizontal
asymptotes.

Dividing through by the highest power of x in the denominator gives:

1
2
y=—"—
1-2)
ot +
Henceasxﬁoo,y—>§= tandasx - ooy—>—10=()+_

Hence there is a horizontal asymptote at y = 0.

y

e p—

There are vertical asymptotes when the function is undefined.

This is when x2 — 4 = 0 and hence is when (x — 2)(x + 2) = 0 and hence x =
+2.

. . =z 0
lim ——=1lim *=—=0
x—00 X“—4 X—>00 1——2 1-0

2
. = 0

lim = lim *X-=—=0

X——00 X2—4 x->—00 1-— 1-0

Hence there is a horizontal asymptote at y = 0.

yll
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11a

Preparation:

1+ x? 1+ x?
1—x2 1-x1+x)

y =
Domain:

All x such that the denominator is nonzero. This is all x such that (1 — x)(1 +
x) # 0. Which is all x such that x # +1.

Symmetry:

_1+(-x)?% _ 1+x?
f0=Cop=1=

= f(x) so the function is even.

Intercepts:
The y-intercepts occur when x = 0.

1+02_
1—02

y =
Hence the y-interceptis at (0, 1).

The x-intercepts occur when y = 0.

_1+x2

1 —x2
0=1+x?
x?=-1

Which has no integer solutions. Thus, there are no x-intercepts.

Sign:
x | =2(-1]0]1| 2
f(x) _E S I N _E
3 3
sign | — x |+ | x| =

Vertical asymptotes:

At x = —1 and x = 1, the denominator vanishes, but the numerator does not, so
x = —1 and x = 1 are vertical asymptotes.

Horizontal Asymptotes:
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x1—1>—oo 1—x2 xl—>—oo xiz_l T o0-1 1
Hence there is a horizontal asymptote aty = —1.

AVA A
1
T X
-1
11b
Preparation:

_ox+1
Y= x(x—3)

Domain:

All x such that the denominator is nonzero. This is all x such that x(x — 3) # 0.
Which is all x such that x # 0 and x # 3.

Symmetry:
There are no symmetries.
Intercepts:

The y-intercepts occur when x = 0.

0+1

Y =000-3)

But this is undefined so there are no y-intercepts.

The x-intercepts occur when y = 0.

_ x+1
~x(x—3)
x=-1

Thus the x-intercepts is (—1, 0)
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Sign:
x -2 | 1lo| 2 (3|4
2
f(x) 1] 2 |« 3|%|5
10| 7 2 4
sign | — + | x| — | x|+

Vertical asymptotes:

At x = 0 and x = 3, the denominator vanishes, but the numerator does not, so
x = 0 and x = 3 are vertical asymptotes.

Horizontal Asymptotes:

1 1
%2 _ 040

. x+1 .
lim ——=1lim 7~ =—=0
X—00 x(x—3) X—00 (1—;) 1-0
11
. x+1 . X 22 0+0
lim ——= lim ~&:=—=0
x——00 X(x—3) X——00 (1—;) 1-0

Hence there is a horizontal asymptote at y = 0.

———
=V

11c

Preparation:

x—1
(x+D(x—-2)

y=

Domain:

All x such that the denominator is nonzero. This is all x such that (x + 1)(x —
2) # 0. Which is all x such thatx # —1 and x # 2.

Symmetry:

© Cambridge University Press 2019

63



Chapter 3 worked solutions — Graphs and equations

There are no symmetries.
Intercepts:

The y-intercepts occur when x = 0.

0—-1 _ 1 _1
O+1D0O-2) (W2 2

y:

Hence the y-intercept is (O, %)

The x-intercepts occur when y = 0.
_ x—1
T (x+DE-2)

x—1=0
x=1

Thus the x-intercepts is (1, 0)

Sign:
x | =2 |-1]0|1 1123
1 —
2
f(x) _E * 1 0—04 = 1
4 2 2
sign | — * x| = | x|+
Vertical asymptotes:
At x = —1 and x = 2, the denominator vanishes, but the numerator does not, so
x = —1 and x = 2 are vertical asymptotes.
Horizontal Asymptotes:
1 1

lim — = |im —2 22 __=_ 29 _
x—00 (X+1)(x—2) x_m(l_%)(l_;) (1-0)(1-0)

1 1
x—1 . > Z 040

A e A (D) 06D

Hence there is a horizontal asymptote at y = 0.
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11d

VA !

Preparation:

x% — 2x

y:x2—2x+2

Domain:

x?—2x+2 = (x—1)?+ 1> 0 forall x so the function is defined for the entire

domain.

Symmetry:

There are no symmetries.
Intercepts:

The y-intercepts occur when x = 0.

_02-2(0)
Y= 200042

Hence the y-intercept is (0, 0)

The x-intercepts occur when y = 0.

o x% — 2x
T x2—2x+42
x2—-2x=0
x(x—2)=0
x=0,2

Thus the x-intercepts are (0,0) and (2,0)

Sign:
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x| —1 | %

f)

U] w

3
5
+

sign | + | x| — |

Vertical asymptotes:
There are no vertical asymptotes.
Horizontal asymptotes:

x%-2x . 1— 1-0
lim — = lim —% = =1
x—oo X“—2x+2 xX—00 1—;——2 1-0-0
X

x%2-2x . 1-—= 1+0
lim = lim %= =
x—— oox2 2X +2 X——00 1————2 1+0-0
X X

Hence there is a horizontal asymptote at y = 1.

VA
________ |
1 v//_;‘
I IANYay) X
11e
Preparation:
o x*-4 (x- 2)(x+2) _
Y= (x+2)(x-1)  (x+2)(x=1)  x-1 — whenx # 2.
Domain:

The function is undefined when the denominator is zero, that is when

(x+ 2)(x — 1) = 0 and hence is when x = 1 or x = —2. So the function is defined

for all x such that x # 1 and x # —2.
Symmetry:

There are no symmetries.
Intercepts:

The y-intercepts occur when x = 0.

© Cambridge University Press 2019

66



GCambrides))

MATHEMATICS EXTENSION 1
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Hence the y-intercept is (0, 2)

The x-intercepts occur when y = 0.

_x—2

Tx—1
x—2=0
x=2

Thus the x-intercept is (2, 0)

Sign:
x |—-3|-2|-1]0(1]15|2]|3
f(x) 50« |3 2«|-1]0]1
4 2 2
sign | + * + |+ k] = | x| =

Vertical asymptotes:
The function is undefined at x = 1 so there is a vertical asymptote at this point.

Horizontal Asymptotes:

1-—  1-0
lim—=Ilim—<%=—=1
x—oo Xx—1 x—00 1—= 1-

2
L ox—2 .12 140
lim —= lim 5 =—=
xX—>—00 X— x——00 1—= 1+0
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11f

Preparation:

_ x?-2 , 2
y= = -
Domain:

The function is undefined when the denominator is zero, that is when x = 0. So
the function is defined for all x such that x # 0.

Symmetry:

_ (%2 x?-2 _ _x2—2 _ . .
f(=x) = o = — = f(x) so the function is odd.
Intercepts:

The y-intercepts occur when x = 0. The function is undefined at this point.
Hence there are no y-intercepts

The x-intercepts occur when y = 0.

0 x? =2
x
x¢=2=0
x? =2
x =12
Thus the x-intercepts are at (+/2,0) and (—v/2, 0)
Sign:
X | 2]z =110 1 [v2]2
foo =1 0 |1 |=|=1]0 |1

sign| — | *x | 4+ | x| — | * |+

Vertical asymptotes:
The function is undefined at x = 0 so there is a vertical asymptote at this point

Other Asymptotes:

) 2
limx—==x—-0=x

X— 00 X

. 2
lim x—;=x—0=x

X——00

Hence there is an asymptote at y = x.
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12a

12b

Exponentials are defined for all values of x so this function has a domain of all
real x.

Finding the x-intercepts:

The x-intercepts occur when y = 0. This is when:

This has no solutions and hence there are no x-intercepts.
Finding the y-intercepts:

The y-intercepts occur when x = 0. This is when:

1
y = 6_7(0)2 — eO = 1

Hence there is a y-intercept at (0, 1).

1 1
F(—x) = e 309" = ¢77*" = f(x), hence the function is even.

This function is defined for all real x (and is continuous), hence this means that it
will have no vertical asymptotes.

Horizontal asymptotes are given by finding the limit as x — Foo.

1
lim ()= lim e 7 =0

X >too

So there is an asymptote at y = 0.
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12c

12d

12e

12f

For all values of x, —x2 < 0.
Hence the maximum value of —x? is 0 when x = 0.
This means that the highest point on the curve is (0, 1).

Alternatively:

!

1 1
y =—§><2x><e 2*

y' = 0 for stationary points, so:

1 15
—§x2x><e 2 =0

x=0

When x = 0,y = e® = 1, hence there is a stationary point at (0, 1)

1 1,2 e
d—yzi(——xz)e 2 = —xe 7"
dx dx 2

When x =0, % = 0, hence there is a horizontal tangent there.

-
.
-

As can be seen from the graph, therangeis 0 <y < 1.

1 1

Ase > 2 it followsthate ™! < 27landinturne 2 < 272

1
Zx2

1
As x? > 0 forall x exceptx =0, e 2" < 272" for all x except x = 0 at which

1 1
point they are equal. So y = 277 s higher than y = e_Exzexcept at x = 0 where
they are equal.
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13ai

13aii

13aiii

13bi

Note that forall x > 0, e* > 1 and hence (e") >— (x) this means that the

function y = e* grows at a faster rate than the functlon y = x. Now, note that
when x = 0,e° = 1 > 0 and thus the function y = e* is above the function y = x.
Hence it follows that y = e* is greater than y = x at x = 0 and then increases at
a faster rate than y = x for all x > 0. This means that e* > x for x > 0 so the
function y = e* is greater.

2 2
x; > 0 for all x which means if we substitute x = x? into the inequality e* > x
XZ

(which is true for all x > 0), we obtain thatez > % for all x. Taking the

— (for x # 0) and thus we have that
(ez) =2

reciprocal of this then gives that

_Le2 2 .
e 27 < —;asrequired.
X

%2

_Le2 _3
Noting that 0 < e2* we have that0 < e 2" < xiz and thus

1. .
lim 0 < lim e™2* < lim —

X—>00 X—00 X=X

W
0<lime 2" <0

X—00

_12
And so we conclude that lim ez = 0.

X—00

1
The function f(x) = —xe 7" is defined for all x and hence has a domain of all
real x.

x-intercepts occur when y = 0. This is when:

1.
0=—xe 2¥

=0 (as the exponential function is non-zero for all x)

y-intercepts occur when x = 0. This is when:

y=—(0e =0

Hence the only intercept is at (0, 0).

_1.2 )
Asx - 400, x? > coand hencey = xe 2* — 0ase 2* tends towards zero ata

rate faster than that at which x increases.
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1
Hence we can draw the derivative graph y’' = f(x) = —xe 2% as follows.

VA

The graph shows f(x) is greatest at x = —1 and leastat x = 1.

13bii
f(x) = i(—xe'%"z)
=—( x)e” > +(—x)%(e_%x2)

W e
=—e 2% +x%e2

— (2 L2
=(x“—1)e 2

Thus to have f'(x) = 0, we require (x? — 1)e_%x2 =0,x>—1=0,x>=1and
thus x2 = +1. Thus, the function of the gradient of y has its extreme values when
x = 1and x = —1. By observation of the graph above, f(x) is greatestatx = —1
and least at x = 1. This implies that the graph is steepest (in the positive
direction) at x = —1 and steepest (in the negative direction) when x = 1.
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Solutions to Exercise 3D

la x—2<3

x <5
= 2 >
0 5 X
1b 3x = —6
x = —2
L 4 ; > >
-2 0 X

1c 4x —3< -7

1d 6x —5<3x—17
6x —3x<5-17

3x < —12
x < —4
.: + >
—4 0o *

le lx—lx<3
5 2
2x — 5x < 30
—3x < 30

3x > —-30
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1f

2a

2b

x> —10

? —

-10 0

c2-0)-;2+x) =2
2-x)-22+x =12
~2-3x>12

—3x =14

_ 14
*=773

<4-2
*=""3

S :

420
3—2x>7

3—7>2x

-4 > 2x

-2>x

x <=2

Solution is (—o0, —2)

3-3x<19+«x
3—-19<3x+x
—16 < 4x
—4<x
x=—4

Solution is [—4, o)

© Cambridge University Press 2019

=V

=V

74



Chapter 3 worked solutions — Graphs and equations

2c 12 —-7x > —2x — 18
12+ 18 > 7x — 2x
30 > 5x
6>x
x<6

Solution is (—oo, 6)

3 The line 5x — 4 is below the line 7 — %x when:

Sx —4<7 !
x > X

11

—x<11
> X

x<?2

44 —1<2x<3

So, the solution in interval notation is [— %, 1 %]

4b —4 < —-2x<8
—8<2x <4
—4<x<?2

In interval notation, solution is (—4, 2)

4c —7<5-3x<4
—-12<-3x< -1
1<3x<12

1< <4
3 x <
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In interval notation, solution is (%, 4]

4d —2<x—-—3<4
—2<x<7

In interval notation, solution is (—2, 7]

4e —7<5x+3<3
-10<5x <0
—2<5x<0

In interval notation, solution is [—2, 0)
A —4<1- gx <3

5< ! <2
3X S

2<1 <5
S3X

—-6<x<15

In interval notation, solution is [—6, 15)

5a

-1 1\ x

— <

Points of intersection are (—1, 2) and (2, —1) by observation.
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5b -1<1—x<2
—-2<—x<1
-1<x<?2

The solution to the inequation is where the diagonal line (y = 1 — x) lies
between the horizontal lines (y = —1 and y = 2).

6a Factorising the equation gives (x — 4)(x + 2) < 0, hence the parabola is

-8

The solutions are when the graph is below the x-axis. This is when —2 < x < 4.

6b Factorising the equation gives (x — 3)(x + 1) > 0, hence the parabola is

yh

-3

The solutions are when the graph is above the x-axis. This is when x < —1 or x >
3.
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6¢ Factorising the equation gives (2 — x)(x — 5) > 0, hence the parabola is

-10 +

The solutions are when the graph is on or above the x-axis. Thisis when 2 < x <
5.

6d Factorising the equation gives (x + 1)(x + 3) > 0, hence the parabola is
yA

| x

The solutions are when the graph is above or on the x-axis. This is when x < —3
orx = —1.
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6e Factorising the equation gives (2x — 1)(x — 5) > 0, hence the parabola is

yi\

ro|—
N
-

The solutions are when the graph is above the x-axis. This is when x < % and x >
5.

6f Factorising the equation gives (x + 4)(2x + 5) > 0, hence the parabola is

yA

20

-h<
=V

The solutions are when the graph is on or below the x-axis. This is when —4 <
x < —E.
2

7a |lx —4| =1
x—4=1orx—4=-1
x=50rx =23

x=3o0r5

o

w

w18
=V
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7b 2x —3| =7
2x—3=7o0r2x—3=-7

x=—-2o0rx=>5
x=—-2o0r5
L : * 5
2 0 54X

7c |x + 3| > 4
x+3>4orx+3<—4

x>1lorx < -7

b — F—= o
=7 01 X

7d |-x —10| <6
—x—10<6 and—x—10 > —6
—16 <x and —4 > x
-l6<x< -4

r——*
-16 —4 0

=V

7e 3—2x| <1
3—2x<1and3-2x=>-1
2<2x and 4 > 2x
1<xand2>x
1<x<2

*—*

012

=V
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7f

8a

8b

[3x + 4| > 2
3x+4< —-2o0r3x+4>2

3x <—6o0r3x> -2

2
x<—20rx>—§

|

[\
[\
o -
=V

0<x(2x—1)

This is a concave up parabola, so the regions greater than zero will be those to
the left of the first intersection and those to the right of the right intersection.

: 1
Noting that x # 0, we have that x < 0 or x > b

3
2—

>1

=

—(2=-x)2>2—-x)?
2—x

32 =x) >4 — 4x + x?
6 —3x>4—4x +x2
0>x2—x—-2
0>(x—-2)(x+1)

This is a concave up parabola, so the regions less than zero will be those in the
region —1 < x < 2.
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8c

8d

9a

4
3-2x

<1

4 (3—-2x)2 < (3—2x)?
3—2x

4(3—2x) <9 —12x + 4x?
12 — 8x <9 — 12x + 4x?
0 <—3—4x + 4x?
0<(2x—-3)(2x+1)

This is a concave up parabola, so the regions greater than zero will be those to
the left of the first intersection and those to the right of the right intersection.

1 3
Hence x < —jorx >5.

> -2

4x-3 —

_ 2 5 _ 2
4x_?’(tlx 3) > —2(4x —3)

5(4x —3) = —2(16x% — 24x + 9)
20x — 15 > —32x% + 48x — 18
32x2—28x+3=0
Bx—1)(4x—-3)=0

This is a concave up parabola, so the regions greater than zero will be those to
the left of the first intersection and those to the right of the right intersection.

. : : 3 L
Also note that the original curve is undefined at x = " and hence this point

\ . ) 1 3
cannot be included in our final answer. Hence x < Sorx > "

Forx >2,y=|x—-2|+x+1=x—-2+x+1=2x—-1

Forx<2,y=|x—-2|+x+1=—-(x—-2)+x+1=3

-4 -2 o 2 4
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9b Forx > -2,y=|2x+4|—-x+5=2x+4—-x+5=x+9
Forx < -2, y=2x+4|—-x+5=—-2x+4)—x+5=-3x+1

9c Forx>-1,y=3|x—1|+x—-1=3(x—-1)+x—-1=4x—-4
Forx < -1, y=3|x—1|+x—-1=-3(x—-1)+x—1=-2x+2

10a 3* =27
x = logs 27

>1n27
x= In3

x =3
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10b

10c

10d

10e

10f

1<5*<125
logs 1 < x <logs 125

ln1< <1n125
5 = "ns

0<x<3

27*>16
—x > log, 16

In16
In2

—x >4

—-X >

x < —4

log,x <3
0<x<23

0<x<8

—2<logsx <4

572 <x < 5%

1
—<x<
25_x 625

© Cambridge University Press 2019

84



Chapter 3 worked solutions — Graphs and equations

11a

11b

11c

11d

The parabolay = x? — 2x is below the line y = x when x? — 2x < x.
Rearranging gives:

X2 —2x<x
x> —-3x<0
x(x—3)<0

This is a concave up parabola, so the region less than zero will be that between
the two points of intersection. Hence 0 < x < 3.

The parabolay = x? — 2x — 3 is below the line y = 3 — 3x when
x% — 2x — 3 > 3 — 3x. Rearranging gives:

x> +x—6>0
x+3)(x—2)>0

This is a concave up parabola, so the regions greater than zero will be those to
the left of the first intersection and those to the right of the second intersection.
Hence x < =3 orx > 2.

The hyperbola y = % is below the line y = —x when
% < —x. Rearranging gives:

z X x% < —x X x?

x

x < —x3

¥ +x<0

x(x2+1)<0

Note that x? + 1 is always positive, so the sign of the function will only depend
on the sign of x. The function will be less than zero whenever x < 0. Thus y = i

is below y = —x when x < 0.

The hyperbola y = i is above the line y = %x — 2 when

; > - x - 2. Rearranglng gives:

2
-1

(x—1)?2> (%x—Z) (x — 1)
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11e

2(x—1) > (lx—

- z) (x — 1)

2(x—1)—<%x—2>(x—1)2>0

(x—l)(Z—(%x—Z)(x—1)>>O
(x—1)<2—(%x2—;x+2>>>0

(x—l)( x—%x )>O

%x(x —1DG-x)>0

The graph of this is

By observation of the graph, the inequality is satisfied when x < 0 and when 1 <
x < 5.Thusy = ﬁisabovetheliney = %x —2whenx < 0andwhen1l<x <
5.

The parabolay = x? + 2x — 3 is below the parabolay = 5 — 4x — x* when
x% 4+ 2x — 3 < 5 — 4x — x?. Rearranging gives:

x?+2x—3<5—4x—x?
2x2+6x—8<0
x2+3x—4<0
x+4)x-1)<0

This is a concave up parabola, so the region less than zero will be that between
the two points of intersection. Hence —4 < x < 1.
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12ai

12aii

12bi

12bii

Forx >0,y = |2x| + x = 2x + x = 3x

Forx <0,y =|2x|+x=—-2x+x=—x

Solving |2x| + x > 1
For the region x > 0, we solve the inequality 3x > 1 which gives x > é
For the region x < 0, we solve the inequality —x > 1 which gives x < —1

Sox<—1orx>§

Forx >2,y=3|x—-2|+x—-2=3(x—-2)+x—2=4x—8
Forx<2,y=3|x—-2|+x—-2=-3(x—-2)+x—-2=-2x+4

Solving3|x — 2| +x—2<2

For the region x > 2, we solve the inequality 4x — 8 < 2 which gives 4x < 10

1
andsoxSZE

For the region x < 2, we solve the inequality —2x + 4 < 2 which gives —2x <
—2andsox =1

SoleSZ%

Forx>-1y=lx+1l—cx=(x+1)—sx=c-x+1

FOFX<—1'y=y=IX+1I—%x=—(x+1)—%x=—§x—1

Solving |x + 1] —>x < 3

For the region x > —1, we solve the inequality%x + 1 < 3 which gives %x <2

andsox <4

For the region x < —1, we solve the inequality — %x — 1 < 3 which gives — %x <

4andsox>—§

So—§<x<4
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13a

13b

13c

2x+1

(x—3)2 > (x — 3)?

(2x+1)(x—3)>x2—6x+9
2x> —5x—3>x%>—6x+9
x2+x—-12>0
x+4)x-3)>0

This is a concave up parabola, so the regions greater than zero will be those to
the left of the first intersection and those to the right of the second intersection.
Hence x < —4 orx > 3.

x—1
<
x+1

x_

(x +1)2 <2(x+ 1)

(x—l)(x+1)§2(x+1)2
x2—-1<2(x?*+2x+1)
x2—1<2x?>+4x+2
0<x?+4x+3
0<(x+3)(x+1)

This is a concave up parabola, so the regions greater than zero will be those to
the left of the first intersection and those to the right of the second intersection.
Hence x < —3 or x > —1. Note that the original equation is not defined at the
point x = —1, hence it is not included in our solution.

3x
2x—1

3x
2x —

3x(2x — 1) = 4(2x — 1)?

=>4

(Zx —1)? > 4(2x — 1)?
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14a

14b

0=>4Q2x—1)2-3x(2x—1)
0>R2x—1)“42x—-1)—-3x)
0> (2x — 1)(8x — 4 — 3x)
0> (2x — 1)(5x — 4)

This is a concave up parabola, so the region less than or equal to zero will be that
: . : 1 4
between or on the two points of intersection. Hence ;<x=s Note that the

original equation is not defined at the point x = P hence it is not included in our

solution.

cosx >1—sin?x
cosx > cos?x

0 > cos?x — cosx

0 >cosx(cosx—1)

This is satisfied when cosx < 0 and cosx —1 > 0 (cosx > 1) or when cosx > 0
andcosx —1 < 0 (cosx < 1).

cosx < 0 and cosx > 1 has no solutions.

. 3
cosx > 0andcosx < 1when 0 < cosx < 1. Thisiswhen 0 < x <§and?”<
x < 2T.

tanx < sec’x —1
tanx < tan” x

0 <tan’x —tanx

0 <tanx (tanx — 1)

Thisiswhentanx > 0andtanx = 1 orwhentanx < 0andtanx —1<0
making tanx < 1.

The first solution is when tan x > 1, this is when % <x< %

The second solution is when tan x < 0, this is when —% <x<0.
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15a

15b

16a

16b

16¢

16d

1<|x+2|<3
For x > —2, this inequality becomes 1 < x + 2 < 3 which reducesto -1 < x < 1.

For x < —2, this inequality becomes 1 < —x — 2 < 3 which reducesto 3 < —x <
5 and is this —5 < x < —3. This the solutionsare -5 < x < —3or—-1<x < 1.

1<|2x-3| <4

Forx > % this inequality becomes 1 < 2x — 3 < 4 which reducesto 4 < 2x < 7

andisthus2 < x < 3%.

Forx < %, this inequality becomes 1 < —2x + 3 < 4 which reduces to —2 <

2x < 1andisthis—%<x < 1.Thisthesolutionsare—%<x <lor2<x< 3%.

This statement is false with a counterexample given by ii withx = 2 and y = -2
yielding LHS = |2 — 2| = 0 and RHS = |2| 4+ |—2| = 4 so LHS # RHS. A second
counterexample is given by iii with x = —2 and y = 2 yielding LHS =

|-2 + 2| = 0 and RHS = |-2| + |2| = 4 so LHS # RHS.

Ifx > 0andy > 0then LHS = x + y and RHS = x + y so LHS = RHS.
Ifx >0andy < 0then LHS = |x + y| and RHS = x — y so LHS < RHS.
Ifx <0andy > 0then LHS = |x + y| and RHS = —x + y so LHS < RHS.
If x <0andy < 0then LHS = —x — y and RHS = —x — y so LHS = RHS.
Hence the inequality is true.

This is known as the triangle inequality.

This statement is false with a counterexample given by ii withx = 2and y = -2
yielding LHS = |—2 — 2| = 4 and RHS = |-2| — |2|] = 0 so LHS > RHS. A second
counterexample is given by iii with x = —2 and y = 2 yielding LHS =

|- —2—2| =0and RHS = |-2| — |2| = 4 so LHS > RHS.

Ifx > 0andy > 0then LHS = x — yory — x and RHS = x + y so LHS < RHS.
Ifx > 0andy < 0then LHS = x — y and RHS = x + (—y) so LHS = RHS.
Ifx < 0andy > 0then LHS = y — x and RHS = (—x) + y so LHS = RHS.
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16e

16f

17a

17b

Ifx <0andy < 0then LHS = x —y ory — x and RHS = —x — y so LHS < RHS.

Hence this is true.

Ifx>0andy >0thenLHS=x—yory—xand RHS=x—yory —xsoLHS =
RHS.

Ifx >0andy < 0then LHS = x — y and RHS = x — (—y) so LHS > RHS.
Ifx < 0andy > 0then LHS = y — x and RHS = (—x) + y so LHS > RHS.

Ifx <0andy < 0then LHS = x — yory — x and RHS = —x — (—y) so LHS =
RHS.

Hence this inequality is true.

This is false, consider the case where x = —2. LHS = 2/72l = 22 = 4 and

RHS =272 = ziz = %. Thus LHS = RHS and so the equality is not true.

V5 — x is strictly positive but x + 1 can be negative, so squaring both sides could
make the inequality reverse direction.

Solving for a point of intersections of the graphs gives
V5—x=(x+1)

5—x=(x+1)?

5—x=x*+2x+1

x2+3x=4=0

x+4)x-1)=0

x = —4 or x = 1. By observation of the graph of the two curves, x = —4 isnot a
solution, and the inequality is satisfied to the left of the point where x = 1. Thus,
the solution to the inequation is x < 1.

© Cambridge University Press 2019 91



Chapter 3 worked solutions — Graphs and equations

18a
Vs _
When x < 5 x?>2 and hence f(x) = 2x2 — 5.
V5 V5 _
When 5 <x< f,x <= and hence f(x) =5 — 2x2.
V5
When x > 7 x%>2 and hence f(x) = 2x? — 5.

>
X

|

'\

|

| |

| |

| |

LV

The x-intercepts occur when |5 — 2x2| = 0. This is when 5 — 2x? = 0 and hence

. 5 . 5
when 5 = 2x2, this is when x? = > and thus the x-intercepts are when x = i\/;.

18b By observation of the graph, the inequation is true when 2x? — 5 > 3 and when
5—2x%>3.

Solving 2x? — 5 > 3:
2x%* =8

x* >4

x=2orx < —2
Solving 5 — 2x2 > 3:
2 > 2x*?

1> x?

-1<x<1

Hence the inequation is true whenx < -2, -1 <x < lorx > 2.
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18c

19

20a

20b

Suppose that |g(x)| = k. Since |g(x)] is equal to either g(x) or —g(x), this
means that either g(x) = k, or —g(x) = k.

If —g(x) = k, we multiply both sides by —1 and reverse the inequality to get
gx) < —k.

Thus, if |g(x)| = k, then either g(x) = k, or g(x) < —k.

By completing the square, we have

x% + xy + y?

st 2l 1= ()

=(x+%) +3%

2

. 2 M\2  3y?
Since a® = 0 for all a, we know that (x + E) + e > 0 forall x and y.

If(x+§)2+3Ty2

for all non-zero x and y.

= 0, it follows that x = y = 0, and therefore x? + xy + y? > 0

(x=»?20
x2—2xy+y?>0

x2 4+ 4xy — 2xy + y? > 4xy
x% +2xy +y? = 4xy

(x +y)? = 4xy

(x+y)?=4xy

x2 4+ 2xy + y? = 4xy

x% +y?% = 2xy

x2+y?
2

1 2
_2—
xy — x%+y?

= Xy
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Using this, we obtain

ytx?
- x2y2

y? + 2xy + x2 — 2xy
= x2y?
_(x+y)?—2xy

2la  (a—b)?*+ (b —-c)*+ (a—c)?
= a? — 2ab + b? + b%? — 2bc + ¢? + a? — 2ac + c?
= 2a® + 2b? + 2¢? — 2ab — 2bc — 2ac
= 2(a?+ b%* + ¢* — ab — bc — ac)

We know that the square of any real number must be positive hence

(a—b)>=>0
(b—c)2>0
(a—c)?>=>0
Thus

(a=b)?+(b—-c)?+(@—-c)?=0
2(a>+b? +c?—ab—bc—ac)=0
a’?+b?>+c>—ab—bc—ac=0

a’?+b*+c*>ab+bc+ac
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21b (@a+b+c)((a=b)>+(b—c)*>+ (a—c)?)
=(a+b+c)x2(a*+b*+c*—ab—bc—ac)

= 2(a® + ab?® + ac? — a’?b — abc — a*c + a®b + b3 + c¢?b — ab? — b?c — abc

+ a?c + b%c + ¢ — abc — bc? — ac?)
=2(a® + b3+ ¢ — 3abc)

Now if a, b and c are positive, then a + b + ¢ > 0 and for all positive a, b and
c we know that (a — b)? + (b — ¢)? + (a — ¢)? > 0. Thus, it follows that
(a+b+c)((a—b)?>+(b—c)?*+ (a—c)?) > 0and hence

2(a® + b3 + ¢3 — 3abc) > 0 so it follows that a® + b3 + ¢3 > 3abc.

© Cambridge University Press 2019

95



Chapter 3 worked solutions — Graphs and equations

Solutions to Exercise 3E

la
1b
1c
1d
le
1f

2a

2b

2c
2d
2e
2f

3a
3b
3c

43

4b

4c

5a

1 point of intersection, hence 1 solution

2 points of intersection, hence 2 solutions
3 points of intersection, hence 3 solutions
2 points of intersection, hence 2 solutions
2 points of intersection, hence 2 solutions

3 points of intersection, hence 3 solutions

1
X ==
2

31 T
X =——0r-—
4 4

x = —2.1,030r1.9
x = lorx = 3.5
x = lorx = —1.9

x = 0orx = —190r1.9

x<—=2o0rx>1
0<x<1

—1<x<0orx>1

We read off the values by noting that when y = 3

3 =x2
x=+V3

and wheny = 2
2 =x?
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Now as we want the positive values, we read off the values from the right of the
axis. This gives V2 = 1.4,4/3 = 1.7.
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5b

S

)%l

7

s

+0

7

X

By observation the intercepts are at (—1, 1) and (2, 4).

Hence the solutionsarex = —1lorx = 2.

Solving the equation algebraically gives

x2=x+2

x2—x—-2=0

x—-2)x+1)=0
x=—1or2

When x = —1,y = 1 and when x = 2, y = 4. This confirms that the intercepts are

at(—1,1) and (2, 4).

5¢c Reading off the graph, x? > x + 2 when x < —1 and x > 2.
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5d

I

- -
=2 =l L . \%\ .

By observation the intercepts are at (—2,4) and (1, 1). Hence the solutions are
x=—-2orx=1.

Solving the equation algebraically gives:
x2=2-x

x24+x-2=0

x+2)(x—-1)=0

x=-2orx=1

Reading off the graph, x> <2 —xwhen -2 < x < 1.

Se
y
A
= T T 11T
T fﬁ
y=x27
\\ T
I //
2 .
ol i
1A
y.d
A1
'I
{ "/
2 4
i
pd
4
74
4
H
HH =2 % 0 2
Vi X
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5f i

From the graph, x = 1.62 or x = —0.62.
Solving the equation algebraically gives:
x2=x+1

x?—x—-1=0

_1+/1)2 - 4D

2
1445
2
= 1.62 or — 0.62
x2+x=0
x?=—x

Draw the line for y = —x on the graph.

y
A
i T 111
\ 1111
y=x?
\ i
\ /
\\
3 I
\\ /’
N
\
/
\
N b 2’
/
1
| N
| N
=2 -l Q.

N

From the graph,x = O or x = —1.

© Cambridge University Press 2019

100



-~ - .

G EMATHS '

MATHEMATICS EXTENSION 1

Chapter 3 worked solutions — Graphs and equations

5fi xz—x—%=0

1
2 _
X x+2

Draw the line fory = x + % on the graph.

y

4
4

——

=2 ~L OH . 2 N

From the graph, x = 1.37 or x = —0.37.

5fili 2x2—x—-1=0
2x2=x+1
X2 =—x+4-
27 T2

Draw the line for y = %x + % on the graph.
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y

4

b1 | 1| ]

.
A

.-,2. = 1 2~ 0
-

From the graph,x = 1orx = —

6ai y=x—2andy=3—%x

v A
<« |3
joJE EEEE——
|
.
4 X
2

6aii Point of intersection is (4, 2).
1
6a iil x—2=3—zx

6bi y=xandy = 2x — x?
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6bii Points of intersection are (0, 0) and (1, 1).

6biii x = 2x — x?

6cii  Points of intersection are (—1,—2) and (2, 1).
6ciii 2=x—1
X

6di y=x3andy=x
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6dii Points of intersection are (—1,—1), (0,0) and (1, 1).

6diii x3 =x

7a x=4

7b 0<x<1

7c x<-—-lor0<x<?2

7d —1<x<0orx>1

8ai

yl\

=V

e’

8aii By observation of the above diagram, the graph of y = |x + 1| always lies above
the graph of y = %x — 1, hence |x + 1| > %x — 1 for all real x.

8b Draw the graphs of y = 2¥ and y = —1.
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We see that the graph of y = 2* (shown in red) is always above that of y = —1
(shown in blue). Hence it follows that 2* > —1 for all x. Thus, it must be the case
that 2* < —1 has no solutions.

8c

™~

——
[/

/ 7

The equation y = 2x + 3 (shown in blue) is always above the equation y = 2x —
1 (shown in red). Note that these lines never intersect because they have the
same gradient and are hence parallel. Thus, it follows that 2x — 1 < 2x + 3 for all
values of x.
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9a
VA
o AN
N
-4 -1 2 X

When x < —1, we find the point of intersection by solving —x — 1 = 3 which

gives x = —4,

When x > —1, we find the point of intersection by solving x + 1 = 3 which gives

x = 2.

Points of intersection are at (—4,3) and (2, 3).
9b

o
-

When x < 2, we find points of intersection by solving the equation —x + 2 = x
which gives 2x = 2 and thus x = 1. Substituting this into y = x gives y = 1.
Observation of the graph reveals that there are no other points of intersection.

Point of intersection is at (1, 1).
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—
-
>

=¥

When x < 0, we find the points of intersection by solving the equations y = —2x
and 2x — 3y + 8 = 0. Substituting y = —2x into 2x — 3y + 8 = 0 gives

2x —3(-2x)+8=0
2x+6x+8=0

8x+8=0
8x = -8
x=-1

Substituting this into y = 2x gives y = —2.

When x > 0, we find the points of intersection by solving the equations y = 2x
and 2x — 3y + 8 = 0. Substituting y = 2x into 2x — 3y + 8 = 0 gives

2x —3(2x)+8=0

2x —6x+8=0
—4x+8=0
4x = 8

x=2

Substituting this into y = 2x gives y = 4.

Points of intersection are at (—1,2) and (2, 4).
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9d

-1

When x < 0, we find the points of intersection by solving the equations y = —x —
1and y = 2x + 2. Substituting y = —x — 1 into y = 2x + 2 gives

—x—1=2x+2
—3 =3x
x=-1

Substituting thisintoy = —x — 1 givesy = 0.
By observation of the graph, there are no other solutions.

Point of intersection is at (—1, 0).

10 We can either use the answers from the previous question or solve these
algebraically as follows.

10a |x+1]<3
—-3<x+1<3

—4<x<2

10b |x—2|>x
x—2>xorx—2<-x
—2 > 0 (no solution) or 2x < 2

x <1
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10c

10d

11a

11b

11c

2x+8 2x+8
ZxeToerS— ad

Rearranging the first inequality gives:
6x = 2x + 8

4x > 8

x =2

Rearranging the second inequality gives:

6x < —2x—8
8x < -8
x< -1

Solutionisx < —1orx = 2.

|x| > 2x + 3
x>2x+3orx<-—2x—3
Rearranging the first inequality gives:
0>x+3

x < -3

Rearranging the second inequality gives:
3x < -3

x<-—1

Solution is x < —1.

1-x

Divide by e* to gete* = e

Multiply by cos x to get sinx = cos x

Subtract 1 then divide by x to get x? — 4 = —i
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12a  The table below traps the solution between x = —1.690 and x = —1.6905, so it is
x = —1.690, correct to three decimal places.
X -2 —1.7 —-1.6 —1.68
2* 0.25 0.3078  0.3299 0.3121
X+ 2 0 0.3 0.4 0.32
X —1.69 —1.691 —1.6905
2* 0.3099 0.3097 0.3098
X+ 2 0.31 0.309 0.3095
12b  Partc:
X -2 -2.1 -2.11 -2.114 —-2.115 -2.116
x*—4 0 0.41 0.4521 0.468996 0.473225 0.477456
1 0.5 | 0.47619047 | 0.47393364 | 0.47303689 | 0.47281323 | 0.47258979
X
= —2.115
Parte
X —-19 —1.89 —1.88 —1.875 —-1.872 | —-1.871
3% 0.12401 | 0.12538 0.12677 0.12747 | 0.12788 | 0.12803
x+2 0.1 0.11 0.12 0.125 0.128 0.129
x = —1.872
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13a 2 solutions

S/

13b 3 solutions

Vi

yA

=V

13c 3 solutions

v A

-1

A

3]—

=V
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13d 3 solutions

yi

I
=V

13e  no solutions

v

=~
]

13f  no solutions

y!
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YA
T vy=900 /I

14a

800

400 +
v=20n

20 40 n
The break-even point is when 900 = 20n which is when n = 45. Hence the
break-even point is n = 45. Total sales are $2250 at that point.

14b
y A
3000 Ty =900+ 30n

2000 1 \
1000 |
900 |

e
I
th
=
=]

>
n

20 40

The break-even point is when 900 + 30n = 50n, this reduces to 900 = 20n
which is hence when n = 45. Hence the break-even point is n = 45. Total sales
are $2250 at that point.

15a
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15b

15c¢

15d

16a,b

16¢

By observation, points of intersection are (—2,2), (—1, 1), (1,2) and (2, 2).

The graph of y = |x| has 0 or positive values only for y.
So the points of intersection of y = |x| and y = x? — 2 are (—2,2) and (2, 2).

Hence the solutions for x> — 2 = |x| are x = 2orx = —2.

Consider where the graph of y = x? — 2 is above the graph of y = |x]|.

Solutionisx < —2 orx > 2.

Consider where the graph of y = x? — 2 is below or intersecting the graph of

y = —|x|.

Solutionis —1 < x < 1.

By observation of the above graph, there are two solutions when the line y = x is

. 1. ) 1
shifted up by more than > units, that is, when ¢ > >
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17a
N (0,2b)
(b.b)
[ ]
(0.b)
(b,0)
(0,0) 20.0) \
Observe, that the perpendicular distance from the line x + y = 2b is the
hypotenuse of a right angled triangle with the opposite and adjacent sides both
of length b. Hence it follows that the length of the hypotenuse is Vb? + b? =
V2b? = bV/2.
17b

There will be two solutions when the perpendicular distance of the line from the
origin is less than the radius of the circle. That is when bv2 < 3. Thus the line

intersects the circle twice when b < % and is thus b < %E Note there will also be
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solutions when the line x + y = 2b lies below the origin, this will be when b >

- % Thus, the solutions are —i <b< %_

18a

/)

\/

N

0 I1 ‘2 3

By observation of the graph there are two solutions.

18b  As the solutions are not integers (whole numbers) it is hard to accurately
determine the solution from the graph.

18c  Firstly, consider the branch y = 7x — 4. Solving 7x — 4 = 4x + 3 gives
3x=7

7
KRS

Now consider the branch y = —7x + 4. Solving —7x + 4 = 4x + 3 gives
—11x = -1

1
T

. 7 1
Hence the solutions are x = gand X =
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19 x=1.2
yl\
ﬁ
B

19¢ x=-05o0rx=-19

y,/

|
o
=V
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19d x=050orx=19

'\y“

1

20a  When x < —2 the equationisy = -2x -4+ (—x+1) — 5= —-3x—8.
When —2 < x < 1the equationisy =2x+4+ (—x+1) —5=x.
When x > 1 the equationisy =2x+4+x—1—-5=3x—2.

Hence we can plot the graph as:

20b

\

=<

(+10/3,2),

(4/3,2)
: |
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21a

By observation, the equation intersects the line y = —1 when it is described by
the equationy = xand y = —3x — 8.

Solving with y = x, gives the intersection as (—1, —1) and solving with y =
—3x — 8 gives —1 = —3x — 8 and thus 3x = —7 giving x = — % giving the point of

. . 7
intersection as (— 3 -1).

By observation, the equation intersects the line y = 2 when it is described by the
equationy = 3x —2andy = —3x — 8.

Solving with y = 3x — 2 gives 2 = 3x — 2, 3x = 4 and hence x = g.
Solving with y = —3x — 8 gives 2 = —3x — 8, 3x = 10 and hence x = 13—0.
By observation of the graph, the solution to the inequality

—IS|2x+4|+|x—1|—5SZ.Isthus—B%SxS—2%0r—1$x£1;

Whenm > 1:

If b > 1 then consider y = |x + 1| when x < —1. In this case we have thaty =
—x — 1 for the equation and hence for a point of intersection mx + b = —x — 1.
Solving gives

x(m+1)=-b—-1

b+1
m+1

Which instead lies in the region where x < —1 and thus we have a solution.

If b < 1 then consider y = |x + 1| when x > 1. In this case we have thaty = x +
1 for the equation and hence for a point of intersection mx + b = x + 1. Solving
gives

x(m—1)=1-b
1-b

m—1

Which instead lies in the region where x > 1 and thus we have a solution.

Whenm < —1:

If b < 1 then consider y = |x + 1| when x < —1. In this case we have that y =
—x — 1 for the equation and hence for a point of intersection mx + b = —x — 1.
Solving gives

xm+1)=-b—-1
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21b

21c

b+1

m+1

Which instead lies in the region where x < —1 and thus we have a solution.

If b > 1 then consider y = |x + 1| when x > 1. In this case we have thaty = x +
1 for the equation and hence for a point of intersection mx + b = x + 1. Solving
gives

xtm—-1)=1-»

X =———

m-—1

Which instead lies in the region where x > 1 and thus we have a solution.

= -1

Note that there will be no solutions provided that the line passes below the point
(—1,0). Considering the equation y = mx + b, we must have 0 > m(—1) + b
which is when b < m.

Applying the same principle as before, there will always be one solution when

m < —p or when m > p. Thus, the first condition that we require for no solutions
isthat—p <m < p.

With this condition satisfied, we then require that the line y = mx + b must pass
below the point (%, O), which is the turning point of y = |px — q|.

Thusm( )+b<0

m
p< -4
p
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22ai

22aii

22aiii

22b  There are either no solutions (like in part ai), 1 solution (when the curves touch)
or 2 solutions (like in part aiii). There can be no more solutions as both curves
have a constant concavity and thus cannot intersect one another again.
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Solutions to Exercise 3F

la Substituting (0, 0) into the inequality gives 0 < 1. which is true. Hence, we shade
the region containing the origin.

yl\

1b Substituting (0, 0) into the inequality gives 0 > —1. which is true. Hence, we
shade the region containing the origin.

yi\
b4
s
7
s
7
,
7
.
# >
| X
]Z
7
-1
ke
'
7
7
7’
4
4
7’

1c Substituting (0, 0) into the inequality gives 0 < 3. which is true. Hence, we shade
the region containing the origin.

U

3

(U'V]
s/\m
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1d Substituting (0, 0) into the inequality gives 0 < —1. which is not true. Hence, we
shade the region that does not contain the origin.

yl\

2a Substituting (0, 0) into the inequality gives 0 < —1. which is not true. Hence, we
shade the region that does not contain the origin.

ya A

=V

1

i
[
i
i
i
i
v

2b Substituting (0, 0) into the inequality gives 0 > 2. which is not true. Hence, we
shade the region that does not contain the origin.

yli

2

—2/

=V
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2c Substituting (0, 0) into the inequality gives 0 < —1. which is not true. Hence, we
shade the region that does not contain the origin.

2d Substituting (0, 0) into the inequality gives 0 > 3. which is not true. Hence, we
shade the region that does not contain the origin.

. Ay

~
N

N
3‘:
N

=V

3a Testing at (0, 0) we obtain —6 > 0 which is false. Hence, we shade the region not

containing (0, 0).

yl\
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3b Testing at (0, 0) we obtain 4 > 0 which is true. Hence, we shade the region
containing (0, 0).

VA
4/

=V

4a Testing at (0, 0) we obtain 0 < 4 which is true. Hence, we shade the region
containing (0, 0).

yii

4b Testing at (0, 0) we obtain 0 > 1 which is false. Hence, we shade the region not
containing (0, 0).

ya

=V

|
4R
1
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Testing at (2, 0) we obtain 0 < 4 which is true. Hence, we shade the region

Testing at (0, 0) we obtain 5 > 9 which is false. Hence, we shade the region not

4c
containing (0, 0).
VA
2 /\
N
2.
4d
containing (0, 0).
Vv
Y
T o ] /,// 2 }
4 |
5a

ya

Factoringy < x? — 2x — 3 gives y < (x — 3)(x + 1).
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5b  Factoringy = x% + 2x + 1 gives y = (x + 1)?

VA

5c Factoringy > 4 — x% gives y > (2 — x)(2 + x)

ya

5d Drawing y < (5 — x)(1 + x) gives

yli

=V
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6a Testing at (0, 0) we obtain 0 > 1 which is false. Hence, we shade the region not
containing (0, 0).

yl\ A

oy’

6b Testing at (0, 0) we obtain 0 < 1 which is true. Hence, we shade the region
containing (0, 0).

YA

6C Testing at (0, 1) we obtain 1 > 0 which is true. Hence, we shade the region
containing (0, 1).

VA A

=V
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6d

7a

7b

© Cambridge University Press 2019

Testing at (2,0) we obtain 0 < 1 which is true. Hence, we shade the region

containing (2, 0).

ya

=V

The point of intersection occurs when
x=-landy =2(-1)—1=-2—-1= -3 whichisat (—-1,-3).

Consider the point (1, —1). This satisfies both the inequality x > —1 and
y < 2x — 1 so we shade the region bounded by the two curves that contains the

point (—1,1).

ﬁyi\ /4

=V
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7c Consider the point (1, —1). This satisfies both the inequality x > —1 and
y < 2x — 1 so we shade the region bounded by the each of the curves that
contains the point (-1, 1).

Tyl\ /
1Y

(_1’ _3)

=V

8ai Both inequalities are satisfied by the point (1, 0). Thus, for the union, we shade
the region such that the it lies on the same side as at least one of the two lines.
We include the point (0, 0) as it satisfies the inequality y > —x.

yll

=V

8aii  Both inequalities are satisfied by the point (1, 0). Thus, for the union, we shade
the region bounded that contains that point. We do not include the point (0, 0) as
it does not satisfy the inequality y < x.
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8bi  Both inequalities are satisfied by the point (—3, 0). Thus, for the union, we shade
the region such that the it lies on the same side as at least one of the two lines.
We include the point (=2, 0) as it satisfies the inequality y < —x — 2.

yl

8bii  Both inequalities are satisfied by the point (—3, 0). Thus, for the union, we shade
the region bounded that contains that point. We do not include the point (=2, 0)

as it does not satisfy the inequality y > %x + 1.

9a x=>0andy >0
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9b

9c

9d

9e

of

10a

10b

10c

11a

x<0andy =0
x<0andy <0
x=>0andy <0
x=>0ory=0
x=20o0ry<o0

Note that the point (1, 0) must satisfy the inequalities, this gives
y<xandy<2-—x

Note that the point (3, —3) must satisfy the inequalities, this gives
yS—%x—loryZZ—Zx

Note that the point (0, 0) must satisfy the inequalities, this gives
y<x+Z2ory>4x—1

Substituting (—2,—1) intoy = x + 1 gives —1 = —2 + 1 which is true. Hence this
point lies on the line.

Substituting (1,2) intoy = x + 1 gives 2 = 1 + 1 which is true. Hence this point
lies on the line.

Substituting (—2,—1) into y = —~x — 2 gives —1 = —>(~2) — 2 which s true,
Hence this point lies on the line.

Substituting (0, —2) intoy = — %x — 2 gives —2 = — % (0) — 2 which is true.
Hence this point lies on the line.

Substituting (0, —2) into y = 4x — 2 gives —2 = 4(0) — 2 which is true. Hence
this point lies on the line.

Substituting (1, 2) into y = 4x — 2 gives 2 = 4(1) — 2 which is true. Hence this
point lies on the line.
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Thusy=x+1landy = — %x — 2 both pass through and hence intersect at

(=2,-1),y = x + 1and y = 4x — 2 both pass through and hence intersect at

(0,-2),y=-— %x — 2 and y = 4x — 2 both pass through and hence intersect at

(1,2).

VA

(1,2)

=V

11 The following graphs are obtained by following the method shown at the start of

Section 3F.
11bi
VA ”
1.~
_] R
o e x
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11bii
ya oA 9
4
| LA1,2)
_|1/ -
. 7 bt
‘// /,\‘
v
11biii
YA y
(L7,2)
_1
x
(-2.-1) / \
12a

Yy

T~
Y
\
4

//— N
v \\
f} B

=V

3

"

12b  The whole pl

ane is covered by the union of the two regions.
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13a

13b

14a

14b

14bi

s
-
-
-
-
-
’
e
/‘\ _
v
KJ ’
.
’
e
. ’
e
DN A
’
=V

By observation of the above graph, the regions to not overlap and hence there is
no intersection.

The curves intersect when x? + (4 — x)? = 16 which is when

x> +16—-8x+x%2=16

2x2—-8x=0
2x(x—4)=0
x =04

Substituting this back into y = 4 — x gives the points of intersection as (0, 4) and
(4,0).

Now that we have the points where the curves intersect, follow the method at the
start of Section 3F to obtain the following graphs.
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14bii

15a |x|] < 2meansthatx < 2and x > —2,thatis —2 < x < 2

A A

1 >
2 X

A
£

v v

15b |x—y| <2gives—2 <x—y < 2whichisx—y<2andx—y=—-2or
alternativelyy =2 x —2andy < x + 2.

v

A
/ 2

’\\
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16

17

18

Finding points of intersection of x? + y? = 5and x = —1 gives 1 + y? = 5,
y? = 4 and hence y = 2. Thus the intersections are at (1, 2) and (1, —2).

Finding points of intersection of x2 + y2 = 5andy = 1gives1 + x> = 5,x2 = 4
and hence x = +2. Thus the intersections are at (—1, —2) and (—1, 2).

Finding intersections of x? + y? = 5 with the axis.

When x = 0, y? = 5and hence y = +v/5

When y = 0, x? = 5 and hence x = +V/5

So the points of intersection of the circle with the axis are (0, +v5) and (+V/5, 0).

From this we can draw the graph using the method on page 95.

>

AV
Ny
|
|
4
|
|

Finding the y-intercept of y = x? — 2x + 2.
When x =0,y = 0 — 0 + 2 = 2 and thus the intercept is at (0, 2).

Using this information, we can now sketch the graph using the method on page
95 of the textbook.

ya

Refer to the graph in 18c
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18b  The curve is undefined for x < 0 (as you cannot take the square root of a
negative number) and hence the inequality is undefined in this region.

18c

=V

19a  The curve is undefined when x = 0 (as you cannot divide by zero) and hence
x = 0is a boundary.

19b  Begin by drawing the graph of x = 0 and the graph of y = % Note that there are 4

separate regions which need to be considered. Select a point in each of the
regions. For example, (—2,—2), (—1,0), (1,0) and (2, 2) are points in each of the

four regions. Substituting each of the points into the inequality y > %, we find

that (=1, 0) and (2, 2) are the only two regions satisfying the inequality so we
shade the regions containing these points.

Y

f
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20

21

Begin by sketching the curve y = V4 — x2 (note that you will need to draw a
broken line as we are dealing with a strict inequality). Since the function is only
defined for —2 < x < 2, only points in this domain are able to satisfy the
inequality. Now, we have two regions consider, that above the semicircle and
that below the semicircle. Select a point in one of the two regions, for ease we
select (0, 0). This satisfies the inequality and hence we shade all points in the
region —2 < x < 2 below the semicircle. Note that we do not include any points
such that x = +2 due to the fact that we have a strict inequality.

Note that the inverse of x = |y + 1|isy + 1 = £x and is thus y = —1 + x. Hence
the region is bounded by the two lines y = —1 — x and y = —1 + x. The point

(3, 1) satisfies the inequality x > |y + 1|. Hence, we shade the region enclosed by
the two lines that contains (3, 1).

VA E

3
s
p
’
s
I
#

=V
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22a  There are 6 distinct regions which are labelled in the graph below.

\

\ 6, (1.5, 1.5)
[ ]

2,(-05,05)e e 1,(05/05)

-1 [} 1 2

T 4,(:05,-05) ®

5,(-115,-1.5) \
L]

T

L ]
3,(0.5,-0.5)

22b1i Substituting each of the points given in 22a into the inequality, we find that the
points (0.5, £0.5) all satisfy the inequality, hence we shade each of the regions
containing these points.

v

22bii Substituting each of the points given in 22a into the inequality, we find that the
points (—0.5,0.5), (0.5, —0.5), (1.5, 1.5) and (—1.5, —1.5) all satisfy the inequality,
hence we shade each of the regions containing these points.

Y
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23a

23b

23c

Note that the point (0, 0) does not satisfy the inequality as 0 > 0 is false. Now, in
the first quadrant, |y| = y and |x| = x so we shade the region such that y > x. In
the second quadrant, |y| = —y and |x| = x so shade the region such that —y > x.
In the third quadrant, |y| = —y and |x| = —x so shade the region such that —y >
—x, that is where y < x. In the fourth quadrant, |y| = y and |x| = —x so shade
the region such that y > —x.

v y ”
. .
-, '
Y e
~ 7
N 7
L '
N
.
. .
N
N
>
7z Y
. X
N N
e N
p 7 ~
7/
.
N
) .
7
.

P 2

Begin by drawing the graphs xy = 1 and xy = —1. Note that the graph is broken
into 8 distinct regions. Select 1 point in each region, for example

(£0.5, £0.5), (£2, £2). Substituting these values into the inequality, we find that
the only points that satisfy the inequality are (+2, +2) so shade the region that
contains these points.

y

=

Note that the inequality is undefined at x = 0 and at y = 0 so include these as
boundaries for the graph.

In the first and third quadrant, x < y at all points above the line y = x.
In the fourth quadrant, x < 0 and y > 0 so the inequality x < y is always true.

In the second quadrant, x > 0 and y < 0 so the inequality x < y is never true.
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In the first and third quadrants, i > % at all points below the line y = x.

In the second quadrant, i <0 and% > 0 so the inequalityi > %is false at all

points.
In the fourth quadrant, i >0 and% < 0 so the inequalityi > iis true at all
points.

As such, we can sketch the region satisfied by the inequality as follows:

v y E
N '
N P
. y
N p
N
. ,
N p
Y e
N ,
N e
N s
N e
ol
AN '
-
......................... >
d N
p . X
s N
rd N
td ~
e N
d N
7/ Y
7 ~
rd ~
7/ N
4 N
N
s N
d ~
7 N
& Y
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Solutions to Exercise 3G

Solutions to Exercise 2F

la y=((x-2)*

4,,

b  y=2—-1

y A
Lt
i >
____________ I S
-1
1lc y=x*-4
\ | /
>
-2 2 X
4
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1
x-=3

1d y =

yi\

4.1

w
=V

;
\

1f y =log,(x + 1)

,yl\
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1g y=sin(x+§)

|
M|§°
<
a
(S]]
(
wfg
=

1h
2 For this question, note that a 180° rotation is equivalent to flipping in the x- and
y-axes.
2

2a y=—x

=V
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2b y=27%

=V

Ny

V=

(19 _l)
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2e  x*+y?=4

y
2

\
]
]
]
]
|

2g y = sinx
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2h

43

4b

4c

4d

- V==

In part e, the circle is symmetric in the y-axis. In partg, y
function, and so is unchanged by a rotation of 180°.

= sin x is an odd

Recall that the equation for a circle is (x — h)? + (y — k)? = r?, where the circle

has centre (h, k) and radius r.

Circle with radius r = 2 and centre at (—1, 0)

Circle with radius r = 1 and centre at (1, 2)

Firstly, completing the square:
x2—4x+y2=0
x?—4dx+4+y*=4
(x—2)22+y2=4

Circle with radius r = 2 and centre at (2, 0).

Firstly, completing the square:
x2+y2—6y=16
x2+y2—6y+9=16+9
x2+(y—-3)2=25

Circle with radius r = 5 and centre at (0, 3).
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5ai  Thisis given by a translation 2 units to the right.

5aii Thisis given by a translation 2 units downwards.

5bi Thisis given by a translation 1 unit to the left

YA y=Px+1)

1
2N,
-1 12 X
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5bii Thisis given by a translation 1 unit up.

YA y=P)+1

=V

6ai  y=foh(x)=/(h()=f(x—3)

6bi y=Pok(x)=P(k(x))=P(x+2)
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yl

y=P(x+2) 1

YA y=P)+2

7a  Leftlunit: y = (x + 1)2

Then up 2 units: y = (x + 1)? + 2

1

7b Right 2 units: y = -

Then up 3 units: y = x_iz +3

7c Right % units: y = cos (x — g)

Then down 2 units: y = cos (x - g) -2

7d  Left 2 units: y = e**?

Then down 1 unit: y =e**2 —1
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8a Fromy = —x

v A

=V

8ai  Shiftup 2 (orright 2).

N

8aii Shift down 2 (or left 2).

A

v A

N
_\ x

-2

8aiii Reflect in x-axis or (y-axis) and shift up 4 (or left 4).
v A
4 /

/

e

8b  Fromy = x?:

=W
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v A

=V

8bi Shift 1 unit left.

v A

—_—

2,1

8bii Shift 1 unitleft and reflect in the x-axis.

v A
-1

2-n,/ N, =

8b iii Shift 1 unit left and shift down 1 unit.

v A
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8c  Fromy = x:

8ci  Shift 4 units left.

Vv A

8cii Reflect in the x-axis.

v A

1

)
N x

8ciii Shift 4 units left and reflect in the x-axis.

v A
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8d Fromy = z:

vy A
14 K‘
-2 i

8di Shift down 1 unit.

vA
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8diii Reflectin the x-axis or in the y-axis.

9a
Z_ic] =3x%-3
The tangent is horizontal when Z—z = 0.
3x2—-3=0
3(x2—1)=0
x2—1=0
x2=1
x==1

Whenx =—-1,y=2andx =1,y = —-2.

Hence the coordinates are (—1, 2) and (1, —2).

9bi The equation of a cubic shifted up one unit is given by adding a constant to the
right-hand side of the equation y = x3 — 3x + 1.

9b ii
dy
=3x“—-3
dx x
The tangent is horizontal when Z—z = 0.
3x2-3=0
3(x32-1)=0
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Oci

9cii

10a

x2-1=0
x2=1
x =+1

Whenx = —-1,y=3andx =1,y = —-1.
Hence the coordinates are (—1, 3) and (1, —1).

Thus the x-coordinates where the tangent is horizontal have not changed.

The equation of this third cubic is given by substituting x = x + 1 into the
equation, as this shifts all coordinates 1 unit left.

y=(x+1)3*-3(x+1)
y=x3+3x*+3x+1—-3x—-3

y =x3+3x%-2

dy

o 3x?% + 6x

The tangent is horizontal when Z—z = 0.
3x(x+2)=0

x=0,-2

Whenx = -2,y =2andwhenx =0,y = —2.
Hence the coordinates are (0, —2) and (=2, 2).

Thus the y-coordinates where the tangent is horizontal have not changed.

Finding the intercepts.

When x = 0,
y?—-8y=0
y(y—8)=0

Hence the y-intercepts are (0, 0) and (0, 8).
Wheny =0,
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10b

x2+4x=0

x(x+4)=0

Hence the x-intercepts are (0, 0) and (—4, 0).
x2+4x+y2—-8y =0
x*+4x+4+y*—8y+16 =20
(x+2)2+ (y— 4?2 = (2v5)

The centre is (—2,4) and the radius is r = 2+/5.
y A

2.4

Finding the intercepts.
When x =0,
y2+4y=-1

y: +4y+1=0

—4+V42 4 x1x1 —-4+V12 —-4+2V3

Hence the y-intercepts are (0, —2 + +/3) and (0, —2 — v/3).

Wheny = 0,

x2—2x+1=0

(x—1)?%=0

Hence the x-interceptis (1, 0).
x2-2x+y?+4y=-1
x2—-2x+1+y*+4y+4=4
(x —1)%2 + (y + 22) = 22

The centre is (1, —2) and the radius is r = 2.
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11a

11b

11c

11d

12a

12b

12c

v [ )
-1 1 3
t t >
243 AP t
®
(1,-2)
—2-13
I
-4

The parabola y = x? shifted left 2 units and down 1 unit.

Equationisy + 1 = (x + 2)?

The hyperbola xy = 1 shifted right 2 units and down 1 unit.
Equationisy +1 = x%z
The exponential y = 2* reflected in the x-axis and shifted 1 unit up.

Equationisy =1 — 2%

The curve y = cos x reflected in the x-axis and shifted 1 unit up.

Equationisy = 1 —cosx

The parabola y = x? reflected in the x-axis, then shifted 3 units right and 1 unit
up.
Equationisy = —(x —3)2 + 1

The curve y = log, x reflected in the y-axis, then shifted right 2 units and down
1 unit.

Equationisy = —log,(x —2) — 1

The half parabola y = v/x reflected in the x-axis, then shifted left 4 units and
2 units up.
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13ai

13aii

13bi

Equationisy = —vx +4+ 2

Lety = f(x). Applying 7 gives x = f(y), then H gives x = f(—y), then J gives
—y = f(x) then H gives —y = f(—x). This is equivalent to a 180° rotation
around (0, 0). The functions unchanged by the transformation all have the
property f(—x) = —f(x) and are thus odd functions.

Consider the function y = x?2.
Applying 7 gives x = y? and then H gives x = (—y)? which is just x = y2.

Alternatively, first applying H gives —y = x2 which is y = —x? and then 7 gives

x = —y2

From this we see that applying the two reflections in different orders results in
two different functions. Thus 7 and H do not commute.

Shifting left by a gives y = f(x — a), reflecting in the y-axis gives y = f(—(x —
a)) = f(—x + a). Shifting right then gives y = f(—x + a + a) = f(2a — x).

13bii A reflection in the linex = a

13b iii Reflecting g(a + t) around x = a gives g(Za — (a+ t)) = g(a —t). Thus we

require that g(a + t) = g(a — t) and hence we require that g(x) is symmetric in
X = a.
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Solutions to Exercise 3H

la  y=4x?

yh
4

b y=2x2%=2%+

yA
4
2/
1 X
1c y=1-x2
A
Y 1

=V
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le x*4+9y?=4

=V

1f y = log,(—x)

© Cambridge University Press 2019
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1g y = sin2x

-/
\

[
(S1F|
(1]
=V

=V

2ai Dilate by a factor of % from the x-axis.
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2aii  Dilate by a factor of 2 from the y-axis.

y A
12

2bi Dilate by a factor of 2 from the x-axis.

yh

2bii Dilate by a factor of % from the y-axis.

yA

=V

© Cambridge University Press 2019 164



Chapter 3 worked solutions — Graphs and equations

2ci  Dilate by a factor of 2 from the x-axis (note y = 2h(x)).

2cii Dilate by a factor of 2 from the y-axis.

2di  Dilate by a factor of ; from the x-axis (note y = %g(x)).
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2dii Dilate by a factor of % from the y-axis.

=V

3 Original sketch of graph x + y = 1.

Ay

S

=V

3a Stretch horizontally by a factor of 2.

yl

T

A
1\
2\2
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3b Stretch horizontally by a factor of 2 and vertically by a factor of 4.

\“y

4

2\ E
3c Stretch horizontally by a factor of %

\"y

1

=V

1 .
2\1

4a If the graph is enlarged by a factor of % then x is replaced with 3x and
y is replaced with 3y.

Hence the new equation is:
(Bx—3)2+(By)*=4
9(x —1)2+9y%2 =4

4
(X—1)2+y2=§
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}rﬁ

24

4b If the graph is enlarged by a factor of v/3 then x is replaced with \%x and

. 1
y is replaced with 75

Hence the new equation is:

11
I
73
3
y_x
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5a
y7
\ L)
BN\ !
:_;___4
g
5b
yA
18
6
Ay |
NS R
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6ai
6a ii
6bi
VA
=ty
\ﬁ\/
-3 3 X
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6b ii
VA
1 y=%g(x)
\/\/
B . x
7a
y
3
1 m
>
T ol X
-1
-3
7b
y A
2

N
2
g
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8a

8bi

8b ii

8ci

The tangent is horizontal when Z—z =0.
3x2—-3=0

x2-1=0

x—-Dkx+1)=0

x==1

Substituting this back into the equation y = x3 — 3x gives that the tangent is
horizontal at (1, —2) and (—1, 2).

Replacing y with %:

%=x3—3x
y = 2x3 — 6x
y = 2x3 — 6x
dy 5

a—6x -6

. : d
The tangent is horizontal when é = 0.

x2—-1=0
x—-1Dkx+1)=0
x==1

Substituting this back into the equation y = 2x3 — 6x gives that the tangent is
horizontal at (1, —4) and (—1, 4).

So the x-coordinates where the tangent is horizontal have not changed.

Replacing x with g:

3 1
=@ -3G) -
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. 1
8cii y=;x3—x

dy x
Z=___1

dx 9

The tangent is horizontal when Z—z = 0.

X2

3—1=0
x2-9=0
(x=3)x+3)=0
x =23

Substituting this back into the equation y = 2—17x3 — x gives that the tangent is
horizontal at (3, —2) and (=3, 2).

9a Rearranging the second equation gives % = x2 — 2x so the transformation occurs

by replacing y with %which means the graph is scaled vertically by a factor of 3.

9b The transformation occurs by replacing x with 2x which means the graph is
scaled horizontally by a factor of %

9c The transformation occurs by replacing x with % which means the graph is scaled

horizontally by a factor of 4.

. . . 1 .
9d Rearranging the second equation gives % =750 the transformation occurs by

replacing y with %which means the graph is scaled vertically by a factor of 2.

10a  Replacing y with %:
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10b

10c

10d

10e

11a

11b

11c

11d

11le

12a

12b

Replacing x with g:

Both dilations give the same graph.

Yes, by a factor of V2.

Answers will vary (hint: look at functions with symmetries).

In order to dilate horizontally by a factor of %We must have replace x with 2x so

the new equation is y = (2x)? = 4x2.

In order to dilate vertically by a factor of 4 we must replace y with % so the new

equation is% = x? and this means the new equation is y = 4x2.

We notice that these two different transformations produce the same graph.

The parabolas in parts a and b cannot be produced by an enlargement since they
are not similar to y = x? anymore.

Answers will vary.
M(0)=3x2" 53 =3 X1 =3grams

Half of mass is half of 3 grams.

3
M(t) ZE
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12ci

12cii

13

2753t =271
1t— 1
53
t =53

Hence the half-life is 53 years.

1
The mass has been dilated by a factor of 2,so M = 6 x 275",

D
M) = 6x 2750 = 6 grams
For the half life:

6
M(t) ==
(t) >
6x2‘%t—6

2

1
2753t = 271
! t=-1
53
t =53

Hence the half-life is still 53 years.

Any enlargement will replace x with ax and y with ay.

Thus, the equation becomes ay = amx.

Dividing both sides by a gives y = mx so the line is unchanged by all

enlargements.

© Cambridge University Press 2019
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14a  The unit circle x? + y? = 1, dilated horizontally by a factor of 3 and vertically by
a factor of 2.

Hence the new equation is:

14b  The exponential y = 3%, dilated vertically by a factor of —2.
Hence the new equation is:

y=-2x3*

14c  The curve y = tan x, dilated horizontally by a factor of 3 and vertically by a factor
of 2.

Hence the new equation is:

=2t a
y =2tang

15ai Note thaty = 2¥*t1 = 2 x 2%

Hence to obtain this curve, stretch vertically by a factor of 2, % = 2% or translate
left by 1 unit, y = 2+,

15aii Stretch along both axes by a factor of k, % = %, or stretch horizontally by a factor
k
1

of k?,y =

15aiii Reciprocal,y = 3%, or reflect in the y-axis, y = 37*.

2 2
16 The horizontal stretch causes the curve to become y = (g) = %

2
Hence stretching vertically by a factor of a? gives % = % and hence y = x2.
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17 Begin with y = x® — x, stretch horizontally by a factor of v/3 to give

x\3 x x3
y = (ﬁ) mivAalw- \/_ then stretch vertically by a factor of 3v/3 to give

y _x —
PV ? \/_andhencey x3 + 3x.

© Cambridge University Press 2019 177



Chapter 3 worked solutions — Graphs and equations

Solutions to Exercise 3l

b (=2) _

1 Note that the vertex occursatx = —— = ——— =
2a 2(1)

The x-intercepts occur when y = 0.

0=x%-—2x
0=x(x—2)
x=0,2

The y-intercepts occur when x = 0.

y=0%2-2(0)=0

Hence the graph is:
y A
: >
~1 ,,,,! 2 x
lai
Ay
34

v

=

N

2,-1)

In order to find the new equation, we must replace x with x — 1:
y=@x-1%-2(x—-1)
=x?2—-2x+1-2x+2

=x?—4x+3
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1aii

2,1)

In order to find the new equation, we must replace y with y — 2:
y—2=x*—4x+3
y=x*—4x+5

1bi

i
I
| >
1 X

In order to find the new equation, we must replace y with y — 2:
y—2=x%*-2x

y=x%—-2x+2
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1bii

2,1

s
S

In order to find the new equation, we must replace x with x — 1:
y=(x—-12-2(x—-1)+2
=x2—-2x+1-2x+2+2

=x*—4x+5

1c Yes, they commute (can be applied in any order and still produce the same
result) as the equations and graphs produced by parts a and b are the same.
Furthermore, note that all translational transformations are commutative as we
are simply adding and subtracting linear coordinates.

2ai  Replacing x with %x gives:

= () -2

1
— a2 N
BN %

yli

=V
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2aii  Replacing y with % gives:

1
=-x?—x
3 4
3
y=Zx2—3x
VA

>
X
2bi  Replacing y with % gives:
L= x2 —2x
3
y = 3x? — 6x
Ay
|
i >
) X
—31 -

2bii Replacing x with %x gives:

1= -6

= — 2—3
4x X
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yil

=V

B N i

2c

3ai Replacing x with %x gives:

=)' -2)

3aii Replacing y with y — 1 gives:
1

y—1=1x2—x

y=%x2—x+1

© Cambridge University Press 2019
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3bi Replacing y with y — 1 gives:

y—1=x%-2x
y=x2-2x+1

yl\

=V

3bii Replacing x with %x gives:

- () 2o

3c Yes, they are commutative (can be applied in any order and still produce the
same result) as they produce the same equation and graph.

4ai Replacing x with x — 1 gives:

y=x-1)?%*-2(x—-1)
=x?—-2x+1—-2x+2

=x*—4x+3
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i
L

3
2,-1)

4aii Replacing x with —x gives:

y=(—x)?—4(-x) +3

y“/
3

=x?+4x +3

&

!
L
=Y

4bi  Replacing x with —x gives:
y=(—x)?—2(—x)
=x? + 2x
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4b ii

4c

5a

5b

Replacing x with x — 1 gives:

y=@x—-12?+2(x—-1)
=x?—2x+1+2x—2
=x2-1

v A

=V

_1}/ 1

No, they are not commutative as the order in which the operations are applied
affects the resultant equation/graph.

No

Consider y = x?2, if we reflect and then translate, we first replace x with —x to get
y = x? and then replace x with x — ctogety = (x — ¢)? = x? — 2xc + c2.

If we translate then reflect, we first replace x with x — c to gety = (x — ¢)? =
x% — 2xc + ¢? and then replace x with —x to get y = x? + 2xc + c¢? which differs
from the original result.

No

Consider y = x?, if we dilate and then translate, we first replace y with 2y to get
2y =x%ory = %xz and then replace y withy — cto gety — ¢ = %xz or

y = %xz + c.

If we translate then dilate, we first replace y withy — c to gety — ¢ = x% or

y = x? + c and then replace y with 2y to get 2y = x>+ c ory = %xz + %c which

differs from the original result.
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5c

5d

5e

Yes
Reflection in the x-axis can be considered ‘negative’ dilation and generally

operations of the same form are commutative (although this is not always the

case for some operations).

Yes
All translational transformations are commutative as we are simply adding and

subtracting linear coordinates.

No
Consider y = x?, if we reflect and then translate, we first replace x with 2x to get
y = 4x? and then replace x with x — c to get y = 4(x — ¢)? = 4x? — 8xc + 4c>.

If we translate then reflect, we first replace x with x — ¢ to gety = (x — ¢)?
x% — 2xc + ¢? and then replace x with 2x to get y = 4x? + 4xc + ¢? which differs

from the original result.

5f Yes
Reflection on the x-axis affects the y-component of functions, whilst horizontal

translation affects the x-component. We can safely say that these operations will
not interfere with one another and hence they will commute.

Translate right 2 units: y = (x—1)?

6a
Then dilate horizontally by a factor of Y= 4(x — 1)
Ali\ y A
41 ."I

=V

186

© Cambridge University Press 2019



Chapter 3 worked solutions — Graphs and equations

6b Translate down 1 unit: y=2¥-1
Then reflect in the y-axis: y=27%—-1

v A

6c  Translate down 3 units: y=x2—4

Then dilate vertically by a factor of —1: y =4 — x?

VA
4
-2 2 -
x
6d Translate right 3 units: y = x—ig
Then dilate vertically by a factor of %: y = é
VA |
@2

2
3
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6e  Translate up 2 units: x2+(y—-2)?2=4

Then dilate vertically by a factor of %: x2+Q2y—2)2=4o0rx*+4(y—1)?*=4

VA
2
B
) 2 X
6f Translate left 1 unit: y =log,(x + 1)

Then dilate horizontally by a factor of 2: y = log, (%x + 1)

v

-
i >
|
]
]
|
]
:\

2 X
6g Translate left 7 units: y = sin(x + m)
Then reflect in the x-axis: y = —sin(x + m)
VA
1|

<
d
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6h  Translate up 2 units: y=+x+2

Then dilate horizontally by a factor of —1: y = —/x + 2

=V

7a Take the graph of y = sin x, dilate it horizontally by a factor of % and then

translate it up 1 unit.

yﬁ

7b Take the graph of y = sin x, dilate it vertically by a factor of 2 and then translate
itup 1 unit.

YA
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7c Take the graph of y = sin x, dilate it vertically by a factor of 2 and then translate
it left %units.

yﬁ

LN
\J

7d Take the graph of y = sin x, dilate it horizontally by a factor of % and then

translate it left % units. (Note for this particular example, order does matter).

yh
2
2
: U
—T :. ;TI.‘ X
—17

8a Applying the transformations in order gives the following.
Translate left 1 unit:
y = (x + 1)?
Down 4 units:
y=((x+1)?*-4

Dilate horizontally by factor of 2:

y=(§+1)2—4

y=%(x+2)2—
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8b

8c

8d

Applying the transformations in order gives the following.

Translate down 4 units:
y=x%2—4

Dilate horizontally by factor of 2:

=)
x2
y=4—4

Translate left 1 unit:

1
y=Z(x+1)2—

Applying the transformations in order gives the following.

Translate down 1 unit:
y=2-1

Translate right 1 unit:
y=2*¥1-1

Dilate vertically by factor of —2:

Y
—2
y=—2x2*142

=251 -1

y=_2x—1+1+2
y=2-2*

Applying the transformations in order gives the following.

Translate right 2 units:

1
X —2

y =
Dilate vertically by factor of 2:
y 1

© Cambridge University Press 2019
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9a

9b

10

2
X — 2

y:

Translate up 1 unit:

2

1
x—2+

y:

Shifting 2 units left:
y=(x—1+2)?

y = (x + 1)?
Reflecting in the y-axis:
y = (—x + 1)?
y=@&-17

Hence the new parabola has the same equation.

This can be explained by the graph below. Note that the red curve represents the
graph y = (x — 1)? and the green curve represents y = (x + 1)2.

\\ /Y

N\ . /]

balvid

2

N
(23

Note that reflections on the y-axis switches the two curves whilst a shift left
moves the red curve 2 units left into the position of the green curve. Hence the
shift and the reflection in the order they are performed have the effect of
cancelling one another out to return to the original curve.

Note that the transformations you give may vary from this in the solutions.
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10a  Take the graph of y = cos x, dilate vertically by a factor of 3, shift up 1 unit and
then dilate horizontally by a factor of %

v A
4

10b  Take the graph of y = cos x, shift g units right, move 1 unit up and then dilate
vertically by a factor of 2.

2
3

10c  Take the graph of y = cos x, dilate horizontally by a factor of 2, shift g units right
and then shift up by 1 unit.
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10d  Take the graph of y = cos x, shift g units right, dilate horizontally by a factor of 2

and then shift up by 1 unit.
VA
2 T
| 7
“_ 1 | 3
: | >
_Sn fid X
3 3

11a  Plot the graph by taking y = sin x, begin by dilating it by a factor of 2 from the x-
axis, and then shift it up by a unit of 1. Shift% units left and then dilate it by a

factor of 2 from the y-axis.

VA

1
8‘.'E 101': |
P &

275\4/ 41t

e

11b  Plot the graph by taking y = cos x, begin by dilating it by a factor of 3 from the x-
axis, and then shift it down by a unit of 1. Shift % units left and then dilate it by a

factor of % from the y-axis.
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11c

12a

12b

12c

12d

Plot the graph by taking y = cos x, begin by reflecting it about the x-axis, and
then shift it up by a unit of 1. Shift g units right and then dilate it by a factor of 2

from the y-axis.

yaA

Lety = f(x).
First applying H gives y = f(x — a) and then V givesy = f(x — a) + b.

Alternatively, first applying V gives y = f(x) + b and then H gives
y=f(x—a)+b.

Thus, the operations H and V commute.

Lety = f(x).

First applying E givesy = f (2 x) and then U gives% =f G x).
Alternatively, first applying U gives % = f(x) and then E gives % =f (i X).

Thus, the operations E and U commute.

Lety = f(x).
First applying F gives y = f(—x) and then L gives —y = f(—x).
Alternatively, first applying L gives —y = f(x) and then F gives —y = f(—x).

Thus, the operations L and F commute.

If the transformations are dilations or reflections then they commute. A
reflection is a special type of dilation, and any pair of dilations commute. If one of
the transformations is a translation in a different direction to the other
transformation, for example H and U, then they commute.
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Solutions to Exercise 3)J

la
Note —1 < sinx < 1 and hence —a < asinx < a, this means that the amplitude
of each graph in the question will be given by the coefficient of the sine function.
lai -
2
laii 2
laiii 3

1b In order to obtain this transformation, begin with the graph of y = sin x and then
replace y with % (which corresponds to a vertical stretch by a factor of k) to yield

% = sin x which is y = k sin x.

1c Recall that as k is the coefficient of the sine function, it gives the amplitude of the
graph. Hence it follows that as k in increases, the amplitude increases. The bigger
the amplitude, the steeper the wave.
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2a
yﬁ
lo—=n
4 T /57:
2>
RENVVAVANY/SE:
2ai T=2L=4n
2
2aii T=27n=n
2aiii T=22

2b The graph of y = cos x is stretched horizontally by a factor of %

2c Noting that T = 27”, we see that T is inversely proportional to n. Thus it follows

that as n increases, the period decreases.
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3a
yr\
14
—14+
3ai T==n
1
3aii T=2=2m
2
3aiii T=2Z2
2

3b The graph y = tan x is stretched horizontally by a factor of i

3c Noting that T = %, we see that T is inversely proportional to a. Thus, it follows

that as n increases, the period decreases.
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4a
. T
4ai -
2
4aii w

4aiii 2m or 0. Note that y = sin(x + 2m) = sin(x).

4b The graph y = sin x is shifted a units to the left.

4c The graph is always the same, because y = sin x has period 2.

5a

© Cambridge University Press 2019
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5ai  Range: 0 <y < 2or [0, 2], mean value: 1

5aii Range: [1, 3], mean value: 2
5aiii Range: [— %,%], mean value: %

5b The graph y = cos x is shifted c units up and the mean value is c.

5c As c increases, the graph of y = cos x moves up and the mean value increases.

6a period = m, amplitude = 3

|
e X
> T

6b period = 4m, amplitude = 2

y A

=V

- m

6C period = 2?” no amplitude

© Cambridge University Press 2019
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2n
3

wa
&

I
|
|
|
1
|
|
1
|
|
|
1
|
'/ x
|
I
|
1
|
1
|

6d period = z?n, amplitude = 2

=y

VA

Ll

AR

7a Stretch horizontally by a factor of %:

Then stretch vertically by a factor of 3:

y A
34
2n 4r
3 3 2n
—e
i S5m
3 3
-3}

7b Stretch horizontally by a factor of 2:

Then stretch vertically by a factor of 2:
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Then reflect in the x-axis: y = -2 sing
y A
21
T 2n
X
21

o T . . . s
7c Shift 7 units right: y =sin (x - E)
Then stretch vertically by a factor of 3: ~ y = 3sin (x — g)

Then shift 2 units up: y = 3sin (x N\ —) + 2

y A
54

H\!

-1»/ “ 7“ \2.

a4

8a Stretch horizontally by a factor of 2: Yy = cos %x

Then stretch vertically by a factor of 5 y = 5cos %x

y!\
5

=W

|
A
5
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8b Stretch horizontally by a factor of %: Yy = C0S 2Xx
Then stretch vertically by a factor of 2: y = 2 cos 2x
Then reflect in the x-axis: y = —2 cos2x

Then shift 2 units down: y = —2cos2x —2
v A

A
b YT

8c Stretch horizontally by a factor of %: Yy = C0S 2x

ey T . _ o m
Then shift 7 units right: Yy = cos (2 (x 2))

AN VAR
ENZ NS

9a Stretch horizontally by a factor of %: y = sin 3x

Then shift % units left: y = sin (3 (x + %)) ory = sin (3x + g)
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9b

9c

yl\
5

Stretch horizontally by a factor of i: y = sin4x
Then shift % units right: y = sin (4 (x — E)) ory = sin(4x — 1)
Then stretch vertically by a factor of i: y = %sin(4x — 1)

Then shift 4 units down: y = %sin(4x —m)—4

v A
_I g
—TT 2 2 T
t t +—>
X
2 -
—4
Stretch horizontally by a factor of 2: y = sin%x
Then shift %units left: y = sin ( (x + )) ory = sin (g + g)

Then stretch vertically by a factor of 6:  y = 65sin (g + %)

Then reflect in the x-axis: y = —65sin (’2—6 + %)
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yl\

- /\l" ANE:

10a  Parta: period = z?n, phase =0 + g = g

Part b: period = %ﬂ = g, phase = —m (but this is twice the period, so we can also

say phase = 0.

Part c: period = 4m, phase = %

10bi period = 7, phase = 2 (0 - g) = _-235

10bii period = 67, phase = g
10b iii period = g, phase = 3?”

11a Zsin(x—§)= 1
sin(x—g) =%

. T T 51
Since0 < x < 27'[,—5Sx—5£?. Hence:
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11b 2cos2x = -1

2_1
Cos2x = —5

Since 0 < x < 2m, 0 < 2x < 4m. Hence:

2n 4m 8w 10w

12a  cos(x +0.2) = —0.3 (0<x<ms002<x+02<m+0.2)
x + 0.2 = cos™1(-0.3)
x = cos 1(—0.3) — 0.2
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12b

13a

13b

x = 1.675

tan2x =05 (0<x<mso0 < 2x < 2m)
2x = tan"1(0.5)
2x = tan"1(0.5) or 7 + tan"1(0.5)
X = %tan_l(O.S) or % (7 + tan~1(0.5))
x = 0.232 or 1.803
b —2

The vertex of the parabola occurs when x = — == 1.

Thus y = 12 — 2(1) + 4 = 3. The vertex is at (1, 3).

yh
4 ------ 1
\ 3T
AN
—n\ % 122 N
_3"

Since the curve for y = x? — 2x + 4 is always above the curve for y = 3 sinx,

x% — 2x + 4 > 3sin x for all real values of x.
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14a,b

. . . 1 .
14c  There are three points of intersection, so 2cosx = 1 — 5X has three solutions.

14d P isin the second quadrant (recall that quadrant 1 is the top right and the rest
follow anticlockwise).

14e We know that —1 < cosx < 1 and hence:

—2<2cosx <2
If2cosx = 1—%xthen

1
—ZSI—ExSZ

158 T=-=4
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15b

15c¢

15d

16a

16b

16¢

n

The equation describes any straight line passing through the origin. Hence, the
only fixed point it passes through for varying values of m is the origin.

One solution is when m = 0 as it is tangential to the curve at the point x = 3.
Otherwise, it must have positive gradient that is steep enough to be above the

point (4, 1) (otherwise it will re-intersect the curve). This is when m > i.

The maximum value of 2 cos(g t) is 2 and hence the greatest depth will be
y = 2 + 8 = 10 metres.

The minimum value of 2 cos(g t) is —2 and hence the lowest depth will be

y = —2 + 8 = 6 metres.

This will occur when:

2 cos (;t) = -2

This is 7 hours after 7 am which is 2 pm.
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16d 2cos( )+8—9

2 cos (;t) =1

This is % hours or 2 hours 20 minutes after 7 am which is 9: 20 am.

n

VL e
)
VLAY

17c  Amplitude = 5
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18ai

P
/

18aii 1 (the tangentis the line y = x)

18aiii By observation, 0 < k < 1.

18bi For the arc:

[ =r(20)
400 = 2r0

For the chord:

d=Vr2+4+7r2—2Xrxr xcos20
=7rV2=2cosf
300 = V2 — 2 cos 26
=72 —2(1—2sin2 )

=7y 4sin% 0

= 2rsinf

_ 150
" sin®

Hence:

200 150

0 sin @
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And thus
p_150, 3,
sinb =550% =2
18b ii

0
I

1.5 2 25

. 3 et

3

Drawing the two graphs, their point of intersection appears to be at 8 = 1.3.

18biii ZAOB = 20 = 2.6 radians

Substituting for 8 inr = 2% gives r = 154 metres.

18ci For the arc:
l
l=r2a)so T =&

For the chord:

d=Vr2+r2—2xrxrxcos2a=1rVJ2—2cosa

300 =rv2 —2cos2a

=17y2 —2(1 — 2sin? a)

=ry4sin?a

= 2rsina

150
sina

T =

Equating the expressions for r:

l _ 150
2a sina
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18cii Chord length,d = 300 and ! > d.Hence [ > 300.

19a

150 X 2a

300«

sina =

l

Atx ==
3
LHS =
1+cos%
B 1
143
_1
"3
2
_2
3
T
2_
RHS = (3)
T
_27'[
37
_2
3

Thus x = g satisfies the equation.

Atx = -
LHS =
1+cos§
1
140
1
1
=1
T
2 —_
RHS=—(2)
T

l
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Thus x = g satisfies the equation

19b

(0,0.5) / |

W

19¢  ForZ < x < Zwe have that —— < Z from the diagram in part b. Hence in this
3 2 1+cosx T

domain we have.

1 2x

—<_
l1+cosx m
T < 2x(1+ cosx)

1
T < 2x <1 + (2 coszzx - 1))
1
< 2x (2 coszzx)

T < 4x coszzx

1
And thus 4xcoszzx < nforg <x <§
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Solutions to Chapter review

lai

1aii

1bi

1bii

1ci

1cii

2ai

2aii

2aiil

2aiv

2bi

2b ii

—-1<x<?2

(_1! 2)

-1<x<?2

[_ 1, 2)

(=, 2]

fog(=2)=f(g(-2))=f(24+1D)=f(-1)=(-1)?-1=1-1=0

gof(-2)=g(f(-2)) =g((-2* -~ =g4 -1 =g =3+1=4

fof(=2)=f(f(-2)=f((-2)?-1D)=f4-1)=f(3)=32-1=9-1=8

gog(=2)=g(g(-2))=g(-2+ 1) =g(-1)=-1+1=0

fog)=f(gx)=(@x+1)?-1=x?+2x+1—-1=x%+2x

gof@=g(f®)=*-1)+1=x?

2biii fof(X)=f(f(x)=@E?-1)2?—-1=x*—2x2+1-1=x*—2x2
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2biv gog(x)=g(g(x))=@x+D+1=x+2

3a

1
1 —l —— = lim
im f(x) im T2 A

+ (Rl
o
+

2
X

1

1 : x -

11m f(x) = llm —— = lim = =0
+

+2 x>-o0 4 2
X

Hence the horizontal asymptote occurs when y = 0.

3b

) . x—3
Jm e =l s = M —5=530"2
X

xl—l>r—noof(x):xl—l>r—noon+5:xl—>—oo 5 2—-0 2

Hence the horizontal asymptote occurs when y = %

3c

0

1 x40
x2

= 3 x — 3
o OO il =

+ [RIm

_ 0
1 x40
2

X
lim f(x) = lim = lim
x——00 x +

1
X
——00 _xz 1 X——00 x +

Hence the horizontal asymptote occurs when y = 0.

4a —o<x <
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4b Note thaty = x(x — 3)(x + 3)

The y-intercepts occur when x = 0. This is when:
y=00-3)0+3)=0
Hence there is a y-intercept at (0, 0).

The x-intercepts occur when y = 0. This is when:

0=x(x—3)(x+3)

x=0,+%3

Hence there are x-intercepts at (0, 0), (3,0) and (6, 0).

4c The function is defined at all points so there are no vertical asymptotes. The
function diverges as x tends towards +oo and hence there are no horizontal
asymptotes.
4d
x -1 0 1 4 5 7
y —28 0 10 -8 -10 28

(See the diagram in part e)

4¢  y' =3x?2—-18x+18

= 3(x%2 — 6x + 6) soy' = 0 when:

3(x2—6x+6)=0

x2—6x+6=0

_ (80 +/(-6)

—4(1)(6)

2x1

61412
===

6123
=

=3+3
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v A

3+43

N

=¥

5a —-6<—-3x<12
-12<3x <6
—-4<x<2
[—4,2)

5b —2<2x+1<1

—-3<2x<0

3<<0
5 <X

3
(—5'0)

5c —7<5+44x<7
—12<4x <2

5d —4s1—§xs3
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—4<x<10

[—4,10]

6a Sketch showing y = x — 2 and y = log, x:
v

There are two points of intersection so there are 2 solutions.

6b Sketch showingy = cosx andy = 1 —x?2:

There is one point of intersection so there is 1 solution.
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6C Sketch showing y = x(x — 2)(x + 2)and y = 2 — |x|:
vA

=V

There are three points of intersection so there are 3 solutions.

7ai  Shift the diagram 1 unit to the right

e ——

1 2

7aii  Shift the diagram 1 unit up.

=V
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7bi  Shift the diagram 1 unit left.

yh

=V

7bii  Shift the diagram 1 unit down.

8ai
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Chapter 3 worked solutions — Graphs and equations

8aii Dilate the graph vertically by a factor of %

8bi  Dilate the graph horizontally by a factor of % .

8bii Dilate the graph vertically by a factor of 2.

VA
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9a fx)=((x+1)(x—-3)

fx)<O0for—1<x<3

9% fX)=x(x-2)(x+1)

fx)<O0forx<-lor0<x<2

9¢ f(x)=x*—4x—-5=(x—5)(x+1)

-

-1

yA

X

-5

f(x)<O0for —1<x<5
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9d f(x)=3-2x—x*=—(x+3)(x—1)

f(x) <O0forx<—-3orx=>1

9¢ f()=2x—-x*-x3=—x(x+2)(x-1)

yA

f(x)<0for—-2<x<0orx=>1

of f(x) = x3 +4x% + 4x = x(x + 2)?

yh

=V
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10a

10b

10c

10d

10e

f(x)<0forx <0

The curve is defined for all x such that the denominator is non-zero. That is all x

such that (x — 2)(x + 2) # 0 which is all x such that x # -2, 2.

The y-intercept occurs when x = 0.

4 4

YE0+e-0 3 °

y-intercept is at (0, 1).

lim
x—too

4
I
i (x+2)2—-x)

:xl—l>r-lpoo4 x2
4
= i xZ
) )
e
0
0—-1
0

Hence y = 0 is a horizontal asymptote.

sign| — | *x | + | * | —

Vertical asymptotes occur when this curve is undefined. This is at x = 2 and

X = —2.
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10f

11a

11b

11c

11d

By observation, the range is (—, 0) U [1, )

_ 3(x+1)
T (x+3)(x—-1)

domain: x # 1 and x # —3

The x-intercept occurs when y = 0.
3c+1)=0

x+1=0

x=-1

x-interceptis at (—1, 0).

The y-intercept occurs when x = 0.

3(1) R

“0+no-n 3~ 1

y-interceptis at (0, —1).
So the intercepts are (—1,0) and (0, —1).

The domain is not symmetric around x = 0.

Vertical asymptotes occur when (x + 3)(x — 1) = 0.

So the vertical asymptotes are x = —3 and x = 1.

lim y

x—+oo
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_ 3x+3
x—1>r-|poox2+2x—3

Hence y = 0 is a horizontal asymptote.

Asymptotesarex = —3,x = 1,andy = 0.

11e
I YA K
a —
12a [2x| =
2x = £7
o ¥
x=3-orx=-3-
2
12b  [|3x—=2| =
3Ix—2=4%#1
3Ix=2+%1
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Chapter 3 worked solutions — Graphs and equations

1
x=1orx=§.

12¢  |3x+5| <4
—4<3x+5<4
—-9<3x<1

3< <1
_.X'_3

12d  |6x+ 7| >5
6x+7>50r6x+7<-5

6x > —2o0orb6x < —12

1
x> —gorx< -2

13a  Sketch showingy =x—1andy = 1+ %x:

yl

1
x—1 = 1+§xwhenx24
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13b  Sketch showing y = ﬁ andy = 1—2x:

ﬁ> y = 1—2xwhen0<x<1orx>1—

13c  Sketch showing y = |2x|andy = x + 3:

-3

o 3

[2x] < y=x+3when —1<x<3

=V

13d  Sketch showing y = Ex + 1| andy = i(x + 5):

v A

%l/z

< | >
-5 3 -2

|§x+1|> y=%(x+5)whenx<—30rx>1
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14a  We find the point of intersections by solving the equation

x2—2x+1=1+4x — x?
2x2 —6x=0

2x(x—=3)=0

Hence the solutions are x = 0 and x = 3. Substituting this back into the
equations gives the points of intersection as (0, 1) and (3, 4)

14b

15a  Shift right 2 units:
y=@&-2)°
Then shift up 1 unit:

=(x—-2)?%+1

15b  Shift left 2 units:

1
x+2

y=

Then shift down 3 units:
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1
x+2

y = -3

15¢  Shift left%units:

) T
y = sin (x + g)
Then shift down 1 unit:

y=sin(x+%)—1

15d  Shift right 2 units:

X—2

y=e
Then shift up 1 unit:

y=e*?2+1

16a  Dilate horizontally by a factor of 2:
X\ 2 X
=) -2(3)

1
— 2 _
2 X

16b  Dilate vertically by a factor of %:

16c  Dilate vertically by a factor of é:

3y = cosx

1
y =gcosx
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16d

17a

17b

Dilate horizontally by a factor of 2:

Yy=x
§+2
2

x+2

Yes, consider y = f(x).

Perform a reflection in the y-axis:

y=f(=x)
Then perform a reflection in the x-axis:
y=—f(=x)

Now in the other order.

Perform a reflection in the x-axis:

y=—fk)
Then perform a reflection in the y-axis:
y=—f(=x)

Both orders produce the same result so the operations commute.

No, consider y = x.

Perform a vertical reflection:
y=-X

Then translate 2 units up:
y=—-x+2

Now in the other order.
Translate 2 units up:
y=x+2

Then perform a vertical reflection:
—y=x+2

y=-x-—2
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17c

17d

Hence we see that the operations do not commute.

No, consider y = x.

Translate 2 units left:

y=x+2

Then dilate horizontally by a factor of %:
y=2x+2

Now in the other order.

Dilate horizontally by a factor of %:
y =2x

Then translate 2 units left:
y=2(x+2)

y=2x+4

Hence we see that the operations do not commute.

Yes, consider the function y = f(x).

Perform a vertical translation of a units:

y=fx)+a

Then dilate horizontally by a factor of b:
X

y=f (E) +a

Now in the other order.

Dilate horizontally by a factor of b:

X

y=f (E)

Then perform a vertical translation of a units:
X

y = f (E) +a

Hence both orders produce the same result so they commute.
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18a  Start with y = 2*%.
Reflect in the y-axis: y=-=2%
Then shift up 4 units:

v A

_§4

=V

12

18b  Start withy = x2.

Shift right 2 units: y = (x — 2)?

Then dilate vertically by a factor of %:

y=—2%44=4-2%

y =50 —2)

Then shift 1 unitdown:  y=—(x—2)> -1

vy A

L
r\i"f
“Mi ﬁ
K‘i"—"‘\
V

18c  Start with y = sinx.

ey T . . T
Shift Z units left: y = sin (x + E)

Then dilate vertically by a factor of 2:

Then shift 1 unit up:

© Cambridge University Press 2019

y=Zsin(x

y=25in(x+§)

+%)+1

234



Chapter 3 worked solutions — Graphs and equations

VA
31 4
2/\

\ﬂ/ :

] | 3
’ %__

19a amplitude is 4, period is 2;“ orm

19b amplitude is %, period is —Zli or 4m
2

y A

X
20a Startwith y = tanx.
Reflect in the x-axis: y=—tanx
Then shift up 1 unit: y=—tanx+1=1-—tanx
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20b

21a

21b

21c

22a

| i ey

(S
S
=V

I

|

|

I

I

I

I

I

I

I

I

I

|
L_

TC!

=

2

|

I

|

I

I

I

I

I

I

I

Start with y = cos x.
Reflect in the y-axis: y = cos(—x)
Then stretch vertically with a factor of 3: y = 3 cos(—x)

Then shift down 2 units:  y = 3 cos(—x) — 2

Actually, the first transformation, reflect in the y-axis, is unnecessary because

Yy = cos x is even.

Start with y = cos x.
Stretch horizontally with a factor of %: Yy = cos 4x

Then dilate vertically by a factor of 4: y = 4 cos 4x
Then shift left ZZT- units: y = 4 cos (4 (x + g))

There is no need to shift left g units because the period is 2.

Start with y = cos x.

Stretch horizontally with a factor of Yy = CO0S 2Xx

(2 x—— )=cos(2x—§)

Then shift right % units:
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22b 4 (0 + g) = 2m or more simply 0.
22c 0-Z=-Z

23a 3

23b 3 solutions as there are 3 points of intersection. 1 positive solution as one
solution lies above the x-axis.

23c  Therange of the sine curve is —1 < y < 1. Outside the the domain, the line is
beyond this range and thus there are no solutions.

© Cambridge University Press 2019

237



