Chapter 2 worked solutions — Mathematical induction

Solutions to Exercise 2A

1

2a

A
Whenn =1,
RHS = 12
=1
= LHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
Thatis, suppose 1 + 3+ 5+ -+ (2k — 1) = k? (*%)

We prove the statement forn = k + 1.

Thatis,weprove 1 +3+5+ -+ 2k—1)+ 2k +1) — 1) = (k + 1)?

LHS=1+3+5+-+QRk—-1D)+Q2k+1)-1)
=14+3+5++Qk—1)+Q2k+2-1)
=14+3+5++2k—1)+ 2k + 1)
=k?+Q2k+1) by the induction hypothesis (x*)
=k%?+2k+1
=(k+1)2
= RHS

C
[t follows from parts A and B by mathematical induction, that:

1+3+5+-+(2n—1) =n?forallintegersn > 1.

A
Whenn =1,

RHS = %(1)(1 +1)

=1
= LHS

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
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2b

Thatis, suppose1 +2+3 + -+ k = %k(k +1) (**)
We prove the statement forn = k + 1.
Thatis, weprove1+2+3+ -+ k+ (k+1) =%(k+1)((k+1)+1)

LHS = 14243+ +k+ (k+1)
= %k(k +1D)+k+1) by the induction hypothesis (xx)

=(k+1)(%k+1)
=%(k+1)(k+2)

= %(k +D((k+1)+1)
= RHS
C

It follows from parts A and B by mathematical induction, that:

1+2+3++n =%n(n+ 1) for all integers n > 1.

A
Whenn =1,
RHS =2'-1
=1
= LHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 1 + 2 + 22 + -+ 2k"1 =2k — 1 (*%)
We prove the statement forn = k + 1.

That is, we prove 1 + 2 + 22 4 -+ + 2k=1 4 2(k+1)=1 = pk+1 _q

LHS =1+ 2+ 2% + -+ 4 2k-1 4 2(k+ D1
=2k —1 4 2(k+D-1 by the induction hypothesis (x*)
=2k 4+ 2k -1
=2x2F-1
— 2k+1 -1
= RHS

© Cambridge University Press 2019 2



Chapter 2 worked solutions — Mathematical induction

2C

C

It follows from parts A and B by mathematical induction, that:

1+2+2%2+.-42k1 4271 =2"_1forallintegersn > 1.

A
Whenn =1,
1
RHS :Z(Sl -1)
1
—1(5— 1)
4
4
=1
= LHS

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 1 + 5 + 52 + - + 5k71 = %(5" -1) (*%)
We prove the statement forn = k + 1.

That is, we prove 1 4+ 5 + 52 4 - 4 5k~1 4 5(k+D-1 — %(5"+1 -1)

LHS — 1 + 5 + 52 + 4 5k—1 + 5(k+1)—1
= %(5" —1) + 5k+D-1 by the induction hypothesis (*x)

1
— k_1 4 (k+1)-1
%(5 +4x%5 )
=Z(5k—1+4X5k)

1

=Z(5 x 5k — 1)
1

=Z(5k+1 _ 1)

= RHS
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2d

C

It follows from parts A and B by mathematical induction, that:

1+5+5%2+.-4+5"1= i(S" — 1) for all integers n > 1.

A
Whenn =1,
1
RHS = 5(1)(1 +1)(1+2)

—1x2x3
3

=1x%x2
= LHS

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
Thatis, suppose 1 X2 +2x3+3x4+--+k(k+1) = %k(k + 1) (k + 2) (x%)

We prove the statement forn = k + 1.

Thatis, weprove 1 X 2+ 2x3+3 X4+ +k(k+ 1)+ (k+1D((k+1)+1)
1
=3k +D(k+D+1)((k+1)+2)

LHS=1x2+2x3+4+3x4+-+k(k+1)+(k+1)((k+1)+1)
= k(e + D)k +2) + (k + D)((k + 1) + 1)

by the induction hypothesis (**)
1
= gk(k +1D)k+2)+k+1D)(k+2)

- (k+1)(k+2)<%k+1)
=%(k + Dk + 2)(k + 3)
=%(k +D(k+D+1D)((k+1)+2)

= RHS
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2e

C

It follows from parts A and B by mathematical induction, that:

1><2+2><3+3><4+---+n(n+1)=§n(n+1)(n+2) for all integers n > 1.

A
Whenn =1,

RHS = %(1)(1 +1)Q2+7)

L 1x2%9
==X1X24ZX
6
18

6
=3
=1x3
= LHS

so the statement is true forn = 1.
B
Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose:
1X3+2X4+3X5++k(k+2) =<k(k +1)(2k +7) (%)

We prove the statement forn = k + 1.

Thatis, weprove 1 X 3+2X4+3 x5+ +k(k+2)+ (k+ 1)((k+1) +2)
=%(k+1)((k+1)+1)(2(k+1)+7)

LHS=1X2+2x3+3x4++k(k+2)+ (k+1)((k+1)+2)
=2k + 1)k +7) + (e + D((k + 1) + 2)

by the induction hypothesis (xx)
1
= gk(k +1DRk+7)+ (k+1)(k+3)

= (k+1)(%k(2k+7)+k+3)
_ %(k +1)(k(2k +7) + 6k + 18)

1
= g(k + 1)(2k? + 7k + 6k + 18)
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2f

1
g(k + 1)(2k? + 13k + 18)

= %(k + 1) (k+2)(2k+9)

— %(k +D(k+1D+1)QK+1)+7)

= RHS

C

It follows from parts A and B by mathematical induction, that:

1><3+2><4+3><5+---+n(n+2)=%n(n+1)(2n+7) for all integers

n=>1.

A
Whenn =1,

RHS = %(1)(1 ENCICOES,

! 1x2x3
==—X1X2X
6

=1
= LHS

so the statement is true for n = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 12 + 22 + 32 + .-+ k2 = %k(k + 12k + 1) (*%)
We prove the statement forn = k + 1.
That is, we prove 12 + 22 + 32 + -+ k? + (k + 1)?
= %(k +D(k+ 1D+ 1)QR%K+1)+1)

LHS = 12 + 22 + 3% + - + k* + (k + 1)?
= %k(k + D2k + 1) + (k+1)° by the induction hypothesis (*)

=(k+1) X (%k(2k+1)+(k+1))
=%(k + 1)(k(2k +1) + 6k + 6)

1
=g(k+1)(2k2+k+6k+6)
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2g

1
= g(k + 1)(2k? + 7k + 6)

= %(k + Dk +2)(2k + 3)

_ %(k +D(k+1D+1)QRE+1D +1)

= RHS
C

It follows from parts A and B by mathematical induction, that:

124224324+ 4n%= %n(n + 1)(2n + 1) for all integers n > 1.

A
Whenn =1,

RHS = %(1)(2(1) -1D(2(1)+1)

1
==X1Xx1x3
3

=1
= LHS

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 12 + 32 + 52 + -4+ (2k — 1)? = %k(Zk -1DR2k+1) (*%)
We prove the statement forn = k + 1.
That is, we prove 12 + 32 + 52+ -+ 2k — 1)+ 2(k + 1) — 1)?
= %(k +D)2k+1)-1D)2Kk+1)+1)

LHS=12+324+5%2+-+ 2k—1)?+ 2k +1) —1)?
= ék(Zk — 12k + 1)+ (2(k + 1) — 1)? by the induction hypothesis (**)

= %k(Zk - DRk+1)+ 2k +2-1)?
= %k(zk — 12k + 1) + (2k + 1)?

=2k+1) (%k(Zk -1+ Qk+ 1)>
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2h

1
=2 2k + D (k(2k — 1) +3(2k + )

1
=§(2k+ 1)(2k? — k + 6k + 3)

1
= 5(2k + 1)(2k? + 5k + 3)

- %(Zk + Dk + 1)(2k + 3)

= %(k + 1)(2k + 1)(2k + 3)
= 2+ DM+ D)~ DEMK+ 1) +1)
= RHS

C

[t follows from parts A and B by mathematical induction, that:

12432+ 524 -+ (2n — 1)? = sn(2n — 1)(2n + 1) forall integers n > 1.

A

Whenn =1,

RHS = !
141
1
2
1
T 1x2
= LHS

so the statement is true for n = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose % + % + ﬁ +..+ k(k1+1) = ﬁ (%)
We prove the statement forn = k + 1.
That is, we prove 1712 + i ﬁ " k(k1+1) (k+1)((i+1)+1) - (k’:)1+1
LHS = ! + ! + ! +...+ ! + !
1x2 2x3 3x4 k(k+1) (k+D((k+1)+1)
= 41 by the induction hypothesis (xx)

k+1 | (k+1)((k+1)+1)
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2i

k 1

T kri T kT DKL 2)

Kk +2) 1

ST Dk+2) T kE DK+
k? + 2k 1

ST D+ kEDK+D)

_k2+2k+1

ST Dk+2)

o (k+1)?

S+ Dk+2)

k+1

k42
= RHS

C

It follows from parts A and B by mathematical induction, that:

1 1 1 1
—+—+—..
1x2  2x3  3x4 n(n+1)

= " forall integersn > 1.
n+1

A
Whenn =1,
RHS = ———
S 2(D) +1
1
3
1
T 1x3
= LHS

so the statement is true for n = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.

1 _k

That is, suppose @ + % + % oot (2k-1)(2k+1) _ 2k+1 ()
We prove the statement forn = k + 1.
That is, we prove

S SR S L L _ (k4D

3 T Ter Tt (2k-1)(2k+1) + QH+1D-1D@K+1D+1)  2(k+1)+1
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3h

3i

4a

1 1 1 1
S =3t sxs sy T " T ks D@k D
1
T kT DDk +D+ D)

=5t (2(k+1)_1)1(2(k+1)+1) by the induction hypothesis (xx)

k 1
Sk +1 Ck+DZk+3)
_ kQk+3) 1
- (2k+1)(2k + 3) + 2k + 1) (2k + 3)

2k? + 3k 1

S kT DEk+3) T Zk+ D2k +3)

2k? +3k+1
2k + D)2k +3)

2k + D(k + 1)
T Ck+ D2k +3)
k+1
~2k+3
k+1
T2(k+ D +1
= RHS
C

[t follows from parts A and B by mathematical induction, that:

1 1 1 1 n .
—+t—=+—=++ = for all integersn > 1.
1x3  3x5 = 5x7 (2n-1)(2n+1)  2n+1
. n . 11
lim—=lim—=—=-=1

n-ooo n+1 n—-oco 1+Z 14+0 1

. n . 1 1 1
lim =lim—m=—=-
n-oo 2n+1 n—oo 2+; 240 2

A
Whenn =1,

RHS = %1(1 +1DA+2)(B+1)
1
=17 W@B®)

L
=17 (29
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=2
=1%2x2
= LHS

so the statement is true forn = 1.
B
Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose 12 X 2 + 22 x 3+ 32 x4+ -+ k?(k + 1)
= —k(k+1)(k +2)(3k + 1) (%)
We prove the statement forn = k + 1.
That is, we prove
12x2422x34+32 x4+ -+ () k+D+(k+D*((k+1)+1)
== (e+D((k+1) + D((k+1) +2)(3%k +1) + 1)

LHS =12 x2+22x3+32 x4+ -+ (k)?(k +1) + (k+ 1)?((k + 1) + 1)
= —k(k + 1)(k +2)(3k + 1) + (k + 1)?((k + 1) +1)

by the induction hypothesis (**)
1
= Ek(k + Dk +2)Bk+ 1)+ (k+ 12k +2)

=(k+1(k+2) (%k(Bk + 1) +k+ 1)

= %(k + 1) (k+2)(k(Bk + 1) + 12k + 12)
= %(k + D (k +2)(Bk* + k + 12k + 12)
= %(k + 1) (k + 2)(3k? + 13k + 12)

_ %(k + 1k + 2)(k + 3)(3k + 4)

= %(k +D(k+1) + Dk +1) +2)Bk + 1) + 1)
= RHS
C

[t follows from parts A and B by mathematical induction, that:

12X2+22X3+32 x4+ -+n*(n+1) ==n(n+1)(n+2)3n+1) forall

integersn > 1.
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4b

A
Whenn =1,

RHS = %1(1 +1)(1+2)(3+5)
1
=7 W@OG®

1
_E(48)
=4
=1x22
= LHS

so the statement is true forn = 1.
B
Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose 1 X 22 + 2 X 32 + 3 x 42 + - + k(k + 1)?
= —k(k +1)(k +2)(3k +5) (%)
We prove the statement forn = k + 1.

That is, we prove
1><22+2><32+3x42+...+k(k+1)2+(k+1)((k+1)+1)2
== (k+D((k+ D+ D((k+ 1) +2)B(k +1) +5)

LHS=1x2242x324+3x4%2+ 4+ k(k+ 1%+ (k+ D((k +1) +1)?
= Lk + Dk +2)Bk +5) + (k+ D((k + 1) + 1)

by the induction hypothesis (xx)
1
= Ek(k + 1)(k+2)(Bk+5) + (k+ 1)(k+2)2

= (k+ 1Dk +2) (%k(Sk +5) + (k + 2))
= %(k + Dk +2)(kBk +5) + 12(k + 2))
= %(k + 1)(k + 2)(3k? + 5k + 12k + 24)
= %(k + 1)(k +2)(3k?* + 17k + 24)

= %(k + 1) (k +2)(k +3)(3k + 8)
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4c

= %(k +D((k+1)+1D)((k+1)+2)3(k+1)+5)
= RHS
C

It follows from parts A and B by mathematical induction, that:

1x224+2x32+3x 42+ +nn+1)? =—n(n+1)(n+2)(3n+5) forall

integersn > 1.

A

Whenn =1,

RHS =1 x 21
=2
=2x1
=2x29
= LHS

so the statement is true forn = 1.
B
Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 2 X 20 + 3 x 21 + 4 x 22 + -« + (k + 1) x 2k~1
=k x 2k (*%)
We prove the statement forn = k + 1.
That is, we prove
2x20+3%x2 +4x 22+ + (k+ 1) x 21+ ((k+1) + 1) x 2(k+D1
= (k+1) x 2D

LHS=ZXZO+3X21+4X22+'"+(k+1)X2k_1+((k+1)+1)><2(k+1)_1
=k x 28 + ((k + 1) + 1) x 2041 by the induction hypothesis (**)
=kx28+((k+1)+1)x2k
=k x 28 + (k +2) x 2¥
= (k+k+2)x2k
= (2k + 2) x 2
=(k+1)x2x2k
= (k + 1) x 2k+1
= RHS
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5a

5b

C

It follows from parts A and B by mathematical induction, that:
2x2043x21+4%x2%2+ -+ (n+1)x2"1 =nx2" forall integers n > 1.

A

Whenn =1,
RHS=(1+1)!—-1
=2!—1
=2-1

=1
=1x1!
= LHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.

Thatis, suppose 1 X 11 + 2 X 21 +3 x 3!+ k x kl = (k+ 1)! -1 (**)

We prove the statement forn = k + 1.

Thatis,weprove 1 X 1!+ 2 x 2!+ 3 x 3!+ k x k! + (k+ 1) X (k + 1)!
=(k+2)-1

LHS=1X 114+ 2x21+3x31+kx k! + (k+1) X (k + 1)!
=(k+1)! -1+ (k+1)x(k+1)! bytheinduction hypothesis (xx)
=k+D!'+G(k+D)xk+1D!-1
=k+D!'A+k+1)—1
=k+DIk+2)-1
=(k+2)!-1
= RHS

C
It follows from parts A and B by mathematical induction, that:

1x114+2%x21+3x3+nxn!=((n+1)!—1forallintegersn > 1.

A
Whenn =1,
RHS =1(1 + 1)!

= 2!
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5c

=2
=2x1!
= LHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose 2 X 1! + 5 x 2! + 10 X 3! + -+ + (k2 + Dk! = k(k + 1)! (%)

We prove the statement forn = k + 1.

That is, we prove

2X 1 +5%x21+10x 3!+ -+ (k2 + Dk!'+ ((k+ 1D?+ 1) (k + 1)!
=(k+1)(k+2)!

LHS =2 X 1! +5X 21+ 10 x 3! + -+ (k2 + Dk! + ((k + D? + 1) (k + 1)!
=k(k+1)!'+ ((k+1)>+1)(k+1)! by the induction hypothesis (x*)
=(k+D!(k+ ((k+1)?*+1))
=(k+D!(k+ Kk*+2k+1+1))
=(k+ D! (k?+3k+2)
= (k+ D! (k+ 1)k +2)
=(k+1(k+2)(k+ 1)
= (k + D (k +2)!
= RHS

C
[t follows from parts A and B by mathematical induction, that:

2X114+5%x2!+10 X 3!+ -+ (n? + 1)n! = n(n + 1)! for all integers n > 1.

A

Whenn =1,

RHS=1-—

1+ 1)

B 1
_1_Z
B 2
_1
)
_1
~ 2!
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6a

= LHS
so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.

1

That is, suppose - + + et (k+1)| =1- G D (*%)

We prove the statement forn = k + 1.

k+1 1
That is, we prove — + + et (k+1), k+2)! - (k+2)!
LHS—1+2+3+ - k +k+1
21 31" 41 (k+ D! (k+2)!
1 k+2 : . ;
=1-— oo + G by the induction hypothesis (xx)
4 k+2 k+1

k+2)k+D! Kt
k+2  k+1
REDICED]

1
(k + 2)!
= RHS

=1-

C

[t follows from parts A and B by mathematical induction, that:

1 _|_ _|_ _|_ e — (n+1)' =1- m for all integersn > 1.

Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose 1 + 3+ 5+ -+ (2k —1) = (k)> + 2 (%)

We prove the statement forn = k + 1.

Thatis,weprove 1+3+5+ -+ Q2k—-1)+Q*k+1)—-1)=(k+1)*+2

LHS=14+34+54+-4+QRk-1D+Q2k+1)-1)
=k*+2+QKk+1)-1) by the induction hypothesis (x*)
=k*+2+@Qk+2-1)
=k*+2+4+2k+1
=k®+2k+3
=k?+2k+1+2
=(k+12+2
= RHS
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6b

7a

7b

Whenn =1,

RHS =12+ 2
=3
#+ LHS

so the statement is not true forn = 1.

A
Whenn =1,
RHS=1(1+1)+1
=2+1
=3
= LHS

so the statement is true for n = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
Thatis, suppose3+6+9+--+3k=k(k+1)+1 (%)

We prove the statement forn = k + 1.

Thatis,weprove 3+ 6+9+--+3k+3k+1D)=(+D(k+D+1)+1

LHS=3+6+9+ - +3k+3(k+1)
=k(k+1)+1 +3(k+1) Dby theinduction hypothesis (**)
=k(k+1) +3(k+1)+1
=(k+3)(k+1)+1
=k?*+4k+3+1
=k*+ 4k +4

But:

RHS=(k+D((k+1)+1)+1
=k+Dk+2)+1
=k*+3k+2+1
=k?>+3k+3
# LHS

So the proof breaks down.

If it is true for n = k, it does not follow that it is true forn = k + 1.
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8a

8b

P(—1) = 4(-1)3 + 18(—=1)? + 23(—=1) + 9 = 0, hence n + 1 is a factor.
P(n) =4n3+18n% +23n+9
= (n+1)(4n? + 14n + 9)

A
Whenn =1,

RHS = %(1)(4 +6-1)

_ W Wl o

X 3
= LHS

so the statement is true for n = 1.
B
Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose 1 X3 +3X5+5%x 7+ -+ 2k—1)(2k + 1)
= Zk(4k?+6k—1)  (+%)
We prove the statement forn = k + 1.

That is, we prove

1x3+43%x54+45x7+-+QRk—1)2k+1D)+QRk+1)-1DR2Kk+1)+1)
=2 (k+ D)4k + D2+ 60k +1) — 1)

LHS=1x3+4+3x5+5%x7+-+R2k—1)2k+1)
+QRUhk+D-DRKk+1D+1)
=%k(4k2+6k—1)+(2(k+1)—1)(2(k+1)+1)

by the induction hypothesis (xx)
1
=§k(4k2+6k—1)+(2k+2—1)(2k+2+1)

= %k(4k2 + 6k — 1) + 2k + 1)(2k + 3)
= %(k(élkz + 6k —1) + 32k + 1)(2k + 3))

1
= §(k(4k2 + 6k — 1) + 3(4k? + 8k + 3))

© Cambridge University Press 2019 18



Chapter 2 worked solutions — Mathematical induction

1
=§(4k3 + 6k* — k + 12k + 24k +9)

1
= —(4k3® + 18k? + 23k + 9)
3

1

=-(k+ 1)(4k? + 14k + 9) using answer to question 8a

1
=§(k+1)(4k2+8k+4+6k+6—1)

1
=§(k+1)(4(k2+2k+1)+6(k+1)—1)

= g(k +D@K(k+1D2+6(k+1)—1)
= RHS

C

It follows from parts A and B by mathematical induction, that:

1><3+3><5+5><7+---+(2n—1)(2n+1)=§n(4n2+6n—1)fora11
integersn > 1.

A
Whenn =1,

RHS = %(1)(1 +1)(1+2)

1
=L@
=1
= LHS

so the statement is true forn = 1.
B
Suppose that k > 1 is a positive integer for which the statement is true.

Thatis, suppose 1+ (1+2)+(1+2+3)+ -+ (1 +2+3+--+k)
= k(e +1)(k+2)  (+%)
We prove the statement forn = k + 1.

Thatis,weprove 1+ (1+2)+(1+2+3)+ -+ (1 +2+3+:-+k)+
(14243 ++k+Kk+1D) =+ D(k+1D+1)((k+1) +2)

LHS=1+1+2)+(1+2+3)+-+A+2+3+--+k)
+(1+2+3++k+(k+1))
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10

=ck(k+ Dk +2)+ (1 +2+3++k+ (k+1))

by the induction hypothesis (xx)
1
=gk(k+1)(k+2)+(1+2+3+--~+k)+(k+1)
= 2kl + 1)(k +2) + 2 k(k + 1) + (k + 1) from Question 2a

1 1
= (k+1) <g(k)(k+2) okt 1)
=%(k + D((k)(k +2) + 3k +6)

1
=€(k+1)(k2+2k+3k+6)

1
=€(k+ 1)(k?* + 5k + 6)

= %(k + 1)k +2)(k +3)

= %(k +D(k+1D+1)((k+1) +2)
= RHS

C

It follows from parts A and B by mathematical induction, that:

1+(A+2)+(A+2+3) + -+ (1 +2+3++n) ==n(n+1)(n + 2) forall
integersn > 1.

A
Whenn =1,

RHS = 21(1)
=2
=(1+4+1)
= LHS

so the statement is true forn = 1.
B
Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose (k + 1)(k + 2)(k + 3) X ... X 2k
=21 x3x5x..x (2k—1)) (*%)

We prove the statement forn = k + 1.
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11a

Thatis, we prove ((k+ 1)+ 1)((k+ 1) +2)((k+ 1) +3) x .x 2(k + 1)
=211 x3x5x..x (2k—1)2(k +1) - 1)) (%)

LHS=((k+ 1D+ 1)((k+ 1D +2)((k+1) +3) X ..2k X 2k + 1) X 2(k + 1)
=(k+2)(k+3)X.x2kx2k+1)x2(k+1)
=2(k + 1)(k +2)(k +3) X ...x 2k X (2k + 1)
=2%x2K(1x3x5x%x..X(2k—1)) % 2k + 1)

by the induction hypothesis (xx),
=2k1(1x3 x5x ..X 2k —1) X 2k + 1))
=2M1(1x3x5x..x2k—1) X Q2k+1)—1))
= RHS

C
It follows from parts A and B by mathematical induction, that:

m+1Dn+2)(n+3)X..x2n=2"(1%x3x%x5X..x (2n — 1)) for all integers
n=>1.

A
Whenn =1,

RHS = %(1 — DA+ DA +2)

=0
1
LHS = Z(r3 -7)
r=1

=13-1
=0
= RHS

so the statement is true for n = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose Y.¢_,(r3 —r) = i(k —1Dk)(k+1)(k+2) (*%)

We prove the statement forn = k + 1.
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That is, we prove Y**1(r3 —1r)

= Z((k + D -1D)(k+D)(k+D+1)((k+1)+2)

k+1

LHS = Z(r3 -71)

k
= (k+ 17 = (k+ D+ ) (= 1)
= (k+1)* - (k+1) +{(k — (k) (k + 1) (k + 2)

by the induction hypothesis (**),
1
= (kD [+ 17 = 14+ 0= DRk +2)

:%(k + D[4k +1)% — 4+ (k= 1) (k) (k + 2)]
= %(k + D[4k +1)% — 4+ (k% — k) (k + 2)]
:%(k+1)[4(k2+2k+1)—4+k3+k2—2k]
= %(k + 1)[k3 + 5k? + 6k]

= %(k + Dk(k? 4+ 5k + 6)

— l(k + Dk(k+2)(k +3)

4
= %k(k + Dk +2)(k +3)

_ %((k +1) = 1)((k + D)(Ck + 1) + 1)((k + 1) +2)
= RHS

C

It follows from parts A and B by mathematical induction, that:

n@di-r)= %(n —1D(M)(n+ 1)(n+ 2) forall integersn > 1.

11b A
Whenn =1,
RHS = = (1)3(1 + 1)3

N[ ON]| —~
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=4

1
LHS = Z(er +13)

=3+1
=4
= RHS

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose YX_,(3r> + %) = %k3(k +1)3 (*%)
We prove the statement forn = k + 1.

That is, we prove Y**1(3r5 +13) = (k +1)3(k + 2)3

k+1

LHS = Z(3r5 +73)
r=1

=3k+1)°+(k+1)3+ Z(3r5 +73)
r=1

=3k+1)°+(k+1)3+ %k3(k +1)3 by the induction hypothesis (*)
1
=(k+1)3 [S(k +1)?%2+1 +§k3]

1
=E(k + 1)3[6(k? + 2k + 1) + 2 + k3]

1
= E(k + 1)%[k3® + 6k* + 12k + 8]

1
= E(k +1)3(k +2)3
= RHS
C

[t follows from parts A and B by mathematical induction, that:

L @Bri+rd) = %n3(n + 1)3 for all integersn > 1.
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11c A
Whenn =1,

RHS = (1-2+3)x21*1 ¢
=2x4-6
=2

1

LHS=ZT2><2r

r=1
=1x2
=2

= RHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose ¥X_, r? x 2" = (k? — 2k + 3) x 2k*1 — 6 (*%)
We prove the statement forn = k + 1.

That is, we prove Y¥t17r2 x 2" = ((k +1)? — 2(k + 1) + 3) x 2k+D+1 _ ¢

k+1

LHS=Zr2X2r

r=1

k
=(k+1)2><2"+1+2r2><2r
r=1

=(k+1)? x 281 + (k2 -2k +3) x 2kl —6

by the induction hypothesis (xx),
=2k (k+ 1)+ (k? -2k +3)] -6
=2k k2 + 2k +1+k?>—-2k+3]—6
= 2k+*1[2k% + 4] -6
=2(k?+2)x2k-6
= (k? +2) x 2k*2 — ¢
=(k?+2k+1—-2k—2+3)x2k2 ¢
=((k+1)>=2(k+1)+3) x2KktD+1 _¢
= RHS

C
It follows from parts A and B by mathematical induction, that:

Yr_r?x 2" =(n%—2n+3)x 2" —6 forallintegersn > 1.
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A

Whenn =1,

RHS =1x H(1)
=1x1
=1
= LHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose k + H(1) + H(2) + -+ H(k — 1) = k x H(k) (%)

We prove the statement forn = k + 1.

That is, we prove (k + 1) + H(1) + H(2) + -+ H(k — 1) + H(k)
=(k+1)xHk+1)

LHS=(k+1)+HQ)+H2)+ -+ H(k—1)+ H(k)
=(k+HL)+HR)++Hk-1))+(1+H(K))
=k X H(k) + (1 + H(k)) by the induction hypothesis (xx)
=kxH®) +1+HKk)
=1+ (k+ 1)H(k)

1 1 1
=1+(k+1)(1+—+—+---+—)

2 3 k
—k+1(1+1+1+ +1+ ! )
= ( ) 2 3 k k+1
=(k+1)xHKk+1)

= RHS

C
[t follows from parts A and B by mathematical induction, that:

n+H(A)+HR)+:-+HMm—1) =nx H(n) forall integersn > 1.
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13a

cosa — cosa cos 2f3 + sin a sin 23
2sinf

_cosa—cosa(l—Zsinzﬁ)+sina><251nﬁcosﬁ
B 2sinf
_ 2cosasin’® + 2sinasinf cos B
B 2sinf
= cosasinf + sina cos
= sin(a + f)
= RHS

LHS =

~ 2sin#
_1-(1-2sin’6)
N 2sin @
_2Sil’129

~ 2sin®

=sin@
= LHS

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.

1—cos2k6

That is, suppose sin 8 + sin 36 + -+ + sin(2k — 1)0 = g %)

We prove the statement forn = k + 1.

That is, we prove

1-cos2(k+1)60

sin@ + sin36 + --- + sin(2k — 1)6 + sin(2k + 1)0 = > sing

LHS = sinf + sin360 + -+ + sin(2k — 1)6 + sin(2k + 1)6

= % + sin(2k + 1)0 by the induction hypothesis (xx),
1 — cos2k6 + 2sin0sin(2k + 1)6
- 2sinf
— 1-cos 2k9+(cozsSZiI:lee—cos(2k9+29)) using part a witha = 2k6 and = 6
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_ 1 —cos(2k0 + 26)

2sinf
_ 1—cos(2(k +1)0)
B 2sin 6
= RHS

C

It follows from parts A and B by mathematical induction, that:

1—-cos2n6
2sin@

sinf + sin30 + -+ sin(2n — 1)0 = for all integers n > 1.
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Solutions to Exercise 2B

1

2a

A

Whenn =1,7"—1=7' -1 =7 —1 = 6 which is divisible by 6

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 7% — 1 = 6m, for some integer m. (%)

We prove the statement forn = k + 1.

That is, we prove 751 — 1 is divisible by 6.

7Rl _1=7x7F-1
=7XxX7"-7+6
=7(7*-1)+6
=7(6m)+6 by the induction hypothesis (x*)
= 6(7m + 1), which is divisible by 6 as required.

C

[t follows from parts A and B by mathematical induction that the statement is
true for all positive integers n.

A

Whenn =1,5" — 1 =5 — 1 =5 — 1 = 4 which is divisible by 4

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 5% — 1 = 4m, for some integer m.  (xx)

We prove the statement forn = k + 1.

That is, we prove 5%¥*1 — 1 is divisible by 4.

5+l _1=5x5F—-1
=5x5f—-5+4
=505-1)+4
=504m) + 4 by the induction hypothesis (x*)
= 4(5m + 1), which is divisible by 4 as required.
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2b

2c

C

It follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.

A

Whenn =1,9" + 3 = 9! + 3 = 12 = 2 x 6 which is divisible by 6

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 9% + 3 = 6m, for some integer m. (%)

We prove the statement forn = k + 1.

That is, we prove 9%*1 + 3 is divisible by 6.

9k*t1 +3=9x%x9%+3
=9(9%+3)-9x3+3
=9(9%+3)—-27+3
=9(6m) — 24 by the induction hypothesis (xx)
= 6(9m — 4), which is divisible by 6 as required.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.

A

Whenn =1,324+7 =9+ 7 = 16 = 8 X 2 which is divisible by 8

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 3%¢ + 7 = 8m, for some integer m. (*x)

We prove the statement forn = k + 1.

That is, we prove 32(K*1 + 7 is divisible by 8.

32(k+1) +7 = 32k+2 +7
=32 x3% 47
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2d

3a

=9x3% 47

=9x(B*+7)—-7x9+7

=9 x (8m) —56 by the induction hypothesis (xx)
=8X9Im—-8X%X7

= 8(9m — 7), which is divisible by 8 as required.
C

It follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.

A

Whenn = 1,52 — 1 = 25 — 1 = 24 which is divisible by 24

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 52k — 1 = 24m, for some integer m. (xx)

We prove the statement forn = k + 1.

That is, we prove 52¢+1) — 1 is divisible by 24.

52(k+1) _ { = 52k+2 _ |
=52x5% -1
=25x 5% —1
=25x (52 -1)+25-1
= 25X (24m) + 24 by the induction hypothesis (*x)
= 24(25m + 1), which is divisible by 24 as required.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.

n 01 2 3 4

11" —=1|0| 10| 120 | 1330 | 14 640

From this we can hypothesise that the expression will always be divisible by 10.
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3b

4a

A

Whenn =1,11° — 1 = 1 — 1 = 0 which is divisible by 10

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose , 11¥ — 1 = 10m, for some integer m. (x%)
We prove the statement forn = k + 1.

That is, we prove 11%¥*1 — 1 is divisible by 10.

111 —1=11x11% -1
=11(11F-1)+11-1
=11(10m) + 10 by the induction hypothesis (xx)
= 10(11m + 1), which is divisible by 10 as required.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn = 0,03 + 2(0) = 0 + 0 = 0 which is divisible by 3

so the statement is true forn = 0.

B

Suppose that k > 0 is an integer for which the statement is true.
That is, suppose k3 + 2k = 3m, for some integer m. (%)
We prove the statement forn = k + 1.

That is, we prove (k + 1)3 + 2(k + 1) is divisible by 3.
k+1)3+2k+1)

=k+D((k+1)%+2)
=k+1Dk?*+2k+1+2)

= (k+ 1) (k?+ 2k +3)
=k3+2k?+3k+k?+2k+3
=k3+3k?+5k+3

= (k3+2k) +3k*+3k+3
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4b

4c

=3m+3k?+3k+3 by the induction hypothesis (*x)
= 3(m + k? + k + 1) which is divisible by 3.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn =0,8°—7(0) + 6 =1+ 0 + 6 = 7 which is divisible by 7
so the statement is true for n = 0.

B

Suppose that k > 0 is an integer for which the statement is true.
That is suppose , 8% — 7k + 6 = 7m, for some integer m. (x%)
We prove the statement forn = k + 1.

That is, we prove 8¥*1 — 7(k + 1) + 6 is divisible by 7.

gkt —7(k+1)+6

=8x8-7k-7+6

=8x8K—-7k—1

=8(8%—-7k+6)+ 56k —48 -7k —1

= 8(8% — 7k + 6) + 49k — 49

=8(7Tm)+7(7k - 7) by the induction hypothesis (xx)
= 7(8m + 7k — 7) which is divisible by 7.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn = 0,9(9° — 1) — 8(0) = 9 x 0 = 0 which is divisible by 64
so the statement is true forn = 0.

B

Suppose that k > 0 is an integer for which the statement is true.
That is, suppose 9(9% — 1) — 8k = 64m, for some integer m.

Note that rearranging this gives 9(9% — 1) = 64m + 8k. (xx)
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5a

We prove the statement forn = k + 1.
That is, we prove 9(9%*! — 1) — 8(k + 1) is divisible by 64.

9(9%*1 - 1) —-8(k + 1)
=9(9x9%k—-1)-8(k+1)
=81x9%—-9—-8k—8
=81x9%—-17 — 8k

=81 x9%—81+ 64— 8k

=81(9%—-1) + 64 — 8k
=9x9(9%-1) + 64 — 8k

= 9(64m + 8k) + 64 — 8k by the induction hypothesis (*x)
=9 X 64m + 9 x 8k + 64 — 8k

=9 X 64m + 8 X 8k + 64

= 9 X 64m + 64k + 64

= 64(9m + 1k + 1) which is divisible by 64

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn = 0,5%+ 2 x 11° = 1 + 2 = 3 which is divisible by 3

so the statement is true forn = 0.

B

Suppose that k > 0 is an integer for which the statement is true.
That is, suppose 5% + 2 x 11¥ = 3m, for some integer m.

Note that rearranging this gives 5 = 3m — 2 x 11k, (xx)
We prove the statement forn = k + 1.

That is, we prove 5%*1 + 2 x 11%¥*1 js divisible by 3.

5k+1 +2X% 11k+1

=5x 5K +2 x 11k+1

=5x (3m—2x11%) 4+ 2 x 11+*1 by the induction hypothesis ()
=15m—10x 11¥ + 2 x 11 x 11*%

=15m —10 x 11¥ + 22 x 11*

=15m+ 12 x 11%

= 3(5m + 4 x 11%) which is divisible by 3.
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5b

5c

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn = 0,33 + 2042 = 1 4+ 22 = 1 + 4 = 5 which is divisible by 5
so the statement is true forn = 0.

B

Suppose that k > 0 is an integer for which the statement is true.

That is, suppose 33 + 2k*2 = 5m, for some integer m.

Note that rearranging this gives 33% = 5m — 2k+2, (*x)
We prove the statement forn = k + 1.

That is, we prove 33*+1 4 2(k+1D+2 i5 djyisible by 5.

33(k+1) + 2(k+1)+2
— 33k+3 + 2k+3

= 33 x 33k 4 2 x 2k+2

= 27 X 33k 4 2 x 2k+2

= 27(5m — 2K+2) + 2 x 2k+2 by the induction hypothesis (*x)
=27 X 5m — 27 x 2k*2 4 2 x 2k+2

= 27 X 5m — 25 x 2k+2

= 5(27 x m — 5 x 2¥*2) which is divisible by 5.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integersn > 0.

A

Whenn =0, 1192 + 1291 = 112 + 12 = 133 which is divisible by 133.
So, the statement is true forn = 0.

B

Suppose that k > 0 is an integer for which the statement is true

That is, suppose 11%*2 + 122k*1 = 133m, for some integer m.

Note that rearranging this gives 11¥*t2 = 133m — 122k+1, (*%)
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We prove the statement forn = k + 1.

That is, we prove 11*+D+2 4 122(k+1+1 g djyisible by 133.

11Gk+D+2 4 192(k+1D)+1

— 11k+3 + 122k+3

=11 x 11%+2 + 122 x 122k+1

=11 x (133m — 122F*1) + 122 x 122¥*1 by the induction hypothesis (**)
=11 X 133m — 11 x 122k+1 4 122 x 122k+1

=11 x 133m + (122 — 11)122k+1

=11 x 133m + 133 x 122k+1

= 133(11m + 12%**1) which is divisible by 133.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn =1, x! — 1 = x — 1 which is divisible by x — 1.

So, the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose x¥ — 1 = m(x — 1), for some integer m. (%)
We prove the statement forn = k + 1.

That is, we prove x**! — 1 is divisible by x — 1.

xk+1 -1

=xxxk—-1

=x(xF-1D+x-1

=xm(x—-—1)+(x—-1) by the induction hypothesis (*x)
= (x — 1)(xm + 1) ,which is divisible by x — 1

c

It follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.
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7

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 8k? + 14 = 4m, for some integer m. (xx)
We prove the statement forn = k + 1.

That is, we prove 8(k + 1)? + 14 is divisible by 4.

8(k+ 1)+ 14

=8(k*+2k+1)+ 14

=8k? + 16k + 8 + 14

= (8k? +14) + 16k + 8

=4m + 16k + 8 by the induction hypothesis (xx)
= 4(m + 4k + 2) which is divisible by 4.

Now we show that 8n? + 14 is never divisible by 4 if n is an integer.
Firstly, we show by induction that 8n? + 14 = 4a + 2 for some integer a.
Whenn =1, 8(1) + 14 = 22 = 4 X 5 + 2 which is in the form 4a + 2.
So, the statement is true forn = 1.

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 8k? + 14 = 4m + 2, for some integer m. (%)

We prove the statement forn = k + 1.

That is, we prove 8(k + 1)? + 14 = 4a + 2 for some integer a.
8(k+1)?+ 14

=8(k*+2k+1)+ 14

= 8k* + 16k + 8+ 14

= (8k? +14) + 16k + 8

=4m+ 2+ 16k + 8 by the induction hypothesis (**)

= 4(m + 4k + 2) + 2 which is in the form 4a + 2 where a is an integer

4a + 2 always has remainder 2 upon division by 4 and hence is never divisible by
4 (assuming that n was a whole number).

This shows that the first step of the proof, showing true for a base case such as
n = 0orn = 1, is necessary.
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8a

8b

Show that the statement is true for n = 0.

f(0) =0—0+4 17 = 17 which is prime.

Suppose that k > 0 is an integer for which the statement is true.
That is, suppose k? — k + 17 = P, where P is a prime. (x%)
We attempt to prove the statement forn = k + 1.

That is, we attempt to prove (k + 1)?2 — (k + 1) + 17 is prime.

k+1D?—-(k+1)+17

=k*+2k+1—-k—-1+17

= (k* —k+17)+ 2k

=P+ 2k by the induction hypothesis (xx)

And now we are stuck!

Hence, we require the step showing that the statement is true forn = k + 1
given that it is true for any n = k. Below we list the first 17 outputs of the
function. Note that the first 16 are prime.

n 0 1| 2 3 4 5 6 7 8 9

f(m) | 17 | 17 | 19 | 23 | 29 | 37 | 47 | 59 | 73 | 89

n 10 11 12 13 14 15 16 17

f(n) | 107 | 127 | 149 | 173 | 199 | 227 | 257 | 289

Note that 289 = 172 and hence it is not prime.

Show that the statement is true for n = 0.

f(0) =0+ 0+ 41 = 41 which is prime.

Suppose that k > 0 is an integer for which the statement is true.
That is, suppose k? + k + 41 = P, where P is a prime. (%)
We attempt to prove the statement forn = k + 1.

That is, we attempt to prove (k + 1)? + (k + 1) + 41 is prime.

(k+ 1%+ (k+1)+41
=k?®+2k+1+k+1+41
= (k* +k+41)+ 2k + 2
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10

=P+2k+2 by the induction hypothesis (xx)
And now we are stuck!

Hence, we require the step showing that the statement is true forn = k + 1
given that it is true for any n = k.

Note that f(40) = 1681 = 412 and hence is not prime, thus providing us with a
counter-example.

A

Whenn =0, 32° —1 =3! —1 =3 — 1 = 2 which is divisible by 21
so the statement is true for n = 0.

B

Suppose that k > 0 is an integer for which the statement is true.
. k T
That is, suppose 32" — 1 = 2¥*1m, for some positive integer m.

Note that rearranging this gives 32° = 28*1m + 1. (*%)

We prove the statement forn = k + 1.
That is, we prove 32" — 1 is divisible by 2¥+2,

32k+1 _ 1
— 32><2k -1

2
=(3%) -1

=2Mm+1)2-1 by the induction hypothesis (x*)
— 22k+2m2 + 2k+2m +1-1

= 2k+2(2km?2 + m), which is divisible by 2%+2,

C

[t follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn = 3, (3 —2) x 180° = 180° which is the angle sum of a triangle or
1 straight angle so the statement is true for n = 3.
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11

Ags1

B
Assume that a k-gon, where k > 3, has angle sum (k — 2) x 180°. (*x)

Prove that a (k + 1)-gon has angle sum (k — 1) X 180°.

Az

Ap_q

The angle sum of the (k + 1)-gon A1 A, ... A Ay 41
= the angle sum of the k-gon A4, ... A + the angle sum of AA; A Ay 44

= (k —2) x 180° + 180° by the induction hypothesis (xx)
= (k — 1) x 180° as required.
c

[t follows from parts A and B by mathematical induction that the statement is
true for all integers n > 3.

A

A 0-member set is the empty set which has 2° = 1 subset (itself) so the result is
true for n = 0.

B
Assume that a k-member set has 2% subsets. (x%)

Prove that a (k + 1)-member set has 2¥*1 subsets.
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12

Suppose we have a k-member set, and we add a new member.

Then each subset of the k-member set (there are 2% of these by (x*)) is also a
subset of the (k + 1)-member set, and we get 2¥ new subsets when we add the
new member to each of the previous 2¥ subsets.

So the resulting number of subsets for the (k + 1)-member set is
2K + 2k = 2 x 2k = 2k*+1 a5 required.
C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

% (x1) = 1 = 1x° so the result is true forn = 1.

B

Assume that ;—x (xk) = kxk-1, (%)

Prove that%(xk“) = (k + Dx*.
d

LHS = — (x x x*)
dx

=x X :—x (x*) + xF x ;—x (x) by the product rule

=x X kxF1+xkx1 by the induction hypothesis (*x)
= kx¥ + x¥

= (k + Dx*

= RHS

C

It follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.
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13a

13b

A

Whenn = 0,72 + 2n = 0% + 2(0) = 0 which is a multiple of 8

so the result is true for n = 0.

B

Assume that the result is true for n = k, where k is even.

That is, assume that k? + 2k = 8m, where m is a positive integer. (x%)
Prove the result is true forn = k + 2.

That is, prove that (k + 2)? + 2(k + 2) is a multiple of 8.

(k+2)?2+2(k+2)

=k*+4k+4+2k+4

= (k?+2k) +4k +8

=8m+4k + 8 by the induction hypothesis (xx)
=8m+4x2l+8 (kiseven,sok = 2l for some integer l)

= 8(m + [ + 1) which is a multiple of 8.

C

It follows from parts A and B by mathematical induction that the statement is
true for all even integers n > 0.

A

When n = 1, 3! + 71 = 10 which is divisible by 10

so the result is true for n = 1.

B

Assume that the result is true for n = k, where k is odd.

That is, assume that 3¥ + 7% = 10m, where m is a positive integer.
This can be rearranged as 3¥ = 10m — 7%. (*%)
Prove the result is true forn = k + 2.

That is, prove that 3¥*2 + 7%*2 js a multiple of 10.

3k+2 + 7k+2

=32 x3k 72 x 7k

=9 x 3% 449 x 7K

=9 x (10m — 7%) + 49 x 7% by the induction hypothesis ()
=90m —9 x 7 + 49 x 7%
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=90m + 40 x 7%
= 10(9m + 4 x 7%) which is divisible by 10.

C

It follows from parts A and B by mathematical induction that the statement is
true for all odd integersn > 1.
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Solutions to Chapter 2 Review

1la

1b

A
Whenn =1,

RHS = 1(2(1) — 1)
=1
= LHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
Thatis, suppose 1 +5+9+ -+ (4k —3) = k(2k — 1) (*%)
We prove the statement forn = k + 1.

That is, we prove
1+5+9+ -+ Uk-3)+@k+1D-3)=(Ck+DRKk+1 -1

LHS= 1+5+9+ -+ (4k—3)+ (4(k + 1) —3)
=1+54+9+ -+ MAk—-3)+@k+4-3)

1+5+9+ -+ “4k—-3)+@k+1)

=kQRk—-1)+ 4k +1) by the induction hypothesis (xx)

=2k*—k+4k+1

=2k*+3k+1

k+1DRk+1)

=k+DQRE+1) -1

= RHS

C

[t follows from parts A and B by mathematical induction, that:

1+54+9+4+ 4+ 4n—-3)=n2n—1) forall integersn > 1.

Whenn =1,

(7' -1

=
jam
wn

Il
N -

=N O

an
W
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1c

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 1 + 7 + 72 + -+ + 7F71 = %(7" -1 (**)
We prove the statement forn = k + 1.

That is, we prove 1 + 7 + 72 + -+ + 7k~ 4 7k+1-1 = %(7"+1 -1)

LHS =1+ 7 4 72 + - 4 7k-1 4 7k+1-1
=1+7+7%>+- 47147k

= %(7" —1)+ 7% by the induction hypothesis (xx)
1

=g(7k—1+6x7")
1

=2 (7x 7 — 1)
1

— g (7k+1 _ 1)

= RHS

C

It follows from parts A and B by mathematical induction, that:

1474724+ 7"1 = 2 (7" — 1) for all integers n > 1.

A
Whenn =1,

RHS = %(1)(1 +1)(2x 1+ 13)

1
=z(M@)([A5)
=5
= LHS

so the statement is true for n = 1.
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1d

B
Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose 1 X5+ 2X 6 +3 X7+ -+ k(k + 4)
= ~k(k + 1)(2k + 13) (%)
We prove the statement forn = k + 1.

Thatis,weprove 1 X5+ 2X6+3x 7+ +k(k+4) + (k+1)((k+1) +4)

=2 (k+1)((k+1) + 1D(2(k + 1) + 13)

LHS=1Xx54+2%X64+3x7++k(k+4)+k+1D((k+1)+4)
= 2k + 1) (2k +13) + (k + D)((k + 1) + 4)

by the induction hypothesis (**)
1
=2+ D[k +13) +6((k + 1) + 4)]

= %(k + 1) [k(2k + 13) + 6(k + 5)]

1
= g(k + 1)[2k? + 13k + 6k + 30]

1
= g(k + 1)[2k?* + 19k + 30]

= %(k + 1)(k + 2)(2k + 15)

= %(k +D((k+1)+1)2k+1)+13)
= RHS
C
[t follows from parts A and B by mathematical induction, that:
1X54+2X6+3x7+--+nn+4)= %n(n + 1)(2n + 13) for all integers

n=1.

A
Whenn =1,

RIS =20+

1
"203)
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1
6
= LHS

so the statement is true forn = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.

(%)

. 1 1 1 1 k
Thatis, suppose 7= + =2+ 2o+ - + e+ D) (k+2)  2(k+2)

We prove the statement forn = k + 1.

: At 1 L — _ (k+1D)
That is, we prove 3 T e tTos Tt (k+1)(k+2) + (k+D+1)((k+1)+2)  2((k+1)+2)

1 1 1 1 1
2x3 3x4axs Ut AT DGk TG DT DRI D+ D)
k 1
- 2(k+2) T ((k+1D)+1)((k+1)+2)
_k 2
S22 (2T DI DGRID T2
k 2
S22+ 2) T2 v Dk ¥ 3)
_ k(k+3) 2
~2(k +2)(k +3) * 2(k +2)(k + 3)
kP +3k+2
"~ 2(k +2)(k +3)
_(k+ D) (k+2)
~ 2(k+2)(k +3)
_(k+1)
- 2(k+3)
o (k+1)
C2((k+1)+2)
= RHS

LHS =

by the induction hypothesis (xx)

C

[t follows from parts A and B by mathematical induction, that:

1 1 1 1
=t oatos T T mime) - 2r)

for all integers n > 1.

© Cambridge University Press 2019 46



Chapter 2 worked solutions — Mathematical induction

le

2a

A
Whenn =1,
1+2
RHS =2 — o1
B 2
_1
)
= LHS

so the statement is true for n = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose - + + -+ + —=2- % (**)
We prove the statement forn = k + 1.
That is, we prove - + + S+ + =+ :};11 =2- ;;31
1 2 3 k k+1
LHS_§+2—2+2—3+ +2 +F
=2- % + ;%11 by the induction hypothesis (xx)
2(k+2)—(k+1)
e 2k+1
2k+4—-k—-1
4T 2k+1
k+3
T AT ok
= RHS

C

It follows from parts A and B by mathematical induction, that:

1 2 3 n n+2 .
E+2—2+2—3+---+2—n—2—2—n for all integers n > 1.

A
Whenn =1,72"1 + 5 =7 + 5 = 12 which is divisible by 12

so the statement is true for n = 1.
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2b

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 72¥~1 + 5 = 12m, for some integer m.

Note that rearranging this gives 72¢~1 = 12m — 5. (*%)
We prove the statement forn = k + 1.

That is, we prove 72¢+1-1 4 5 js divisible by 12.

72(k+1)—1 +5

— 72k+2-1 ; 5

— 72k+1 +5

=7%x7%k"1 45

=7?(12m—-5)+5 by the induction hypothesis (x*)
=49(12m —5) +5

=49%x12m—-5%x49+5x%x1

= 49 x 12m + 5(1 — 49)

=49x12m—-5%x12x4

= 12(49m — 20) which is divisible by 12.

C

[t follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.

A

Whenn =0,2°+ 6(0) —1 =1+ 0 — 1 = 0 which is divisible by 9
so the statement is true forn = 0.

B

Suppose that k > 0 is an integer for which the statement is true.
That is, suppose 2% + 6k — 1 = 9m, for some integer m.

Note that rearranging this gives 22 = 9m — 6k + 1. (*%)
We prove the statement forn = k + 1.

That is, we prove 22¢+D + 6(k + 1) — 1 is divisible by 9.

220D 4 6k +1) — 1
=2%*2 4+ 6k +6—1
=22x2%%+6k+5
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2C

=22x(Om—6k+1)+6k+5 by theinduction hypothesis (xx)
=36m—24k+4+6k+5

=36m— 18k +9

= 9(4m — 2k + 1) which is divisible by 9.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

A

Whenn = 1,2* + 5! = 16 + 5 = 21 which is divisible by 21.

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose 22¥*2 + 52k~1 = 21m, for some integer m.

Note that rearranging this gives 22k*2 = 21m — 52k~1, (*%)
We prove the statement forn = k + 1.

That is, we prove 22(+1D+2 4 52(k+1)-1 g djvisible by 21.

22(k+1)+2 + 52(k+1)—1
— 22k+2+2 | 52k—1+2

_ 22 5 p2k+2 4 52 5 52k-1
=22 X (21m — 52k~1) 4 52 x 52k-1 by the induction hypothesis (*x)
=4 x (21m — 5%~1) 4 52 x 52k-1

=4 x 21m — 4 x 52k=1 4 52 x 5Zk-1

=4 x21m — 4 x 52k=1 4 25 x 52k-1

=4 x 21m + 21 x 52k71

= 21(4m + 5%~1) which is divisible by 21.

C

[t follows from parts A and B by mathematical induction that the statement is
true for all integersn > 1.

© Cambridge University Press 2019 49



Cambride

MATHEMATICS EXTENSION 1

Chapter 2 worked solutions — Mathematical induction

2d

3a

3b

A

Whenn =0,0+ 13 + 23 = 0 + 1 + 8 = 9 which is divisible by 9

so the statement is true for n = 0.

B

Suppose that k > 0 is an integer for which the statement is true.

That is, suppose k3 + (k + 1)3 + (k + 2)3 = 9m, for some integer m.

Note that rearranging this gives (k + 1)3 + (k + 2)3 = 9m — k3 (*%)
We prove the statement forn = k + 1.

Thatis, we prove (k + 1)3 + ((k+ 1) + 1)3 + ((k + 1) + 2)3 is divisible by 9.

k+13+((k+D+1)3+((k+1)+2)3
=k+1)3+k+2)3+k+3)3

=9m—k3+ (k+3)3 by the induction hypothesis (xx)
=9m — k3 + k3 +9k? + 27k + 27

=9m + 9k? + 27k + 27

= 9(m + k? + 3k + 3) which is divisible by 9.

C

It follows from parts A and B by mathematical induction that the statement is
true for all integers n > 0.

n o(1, 2| 3

23" —3" 10| 555485

The expression is always divisible by 5 for all whole numbersn > 0.

A

Whenn =0, 2°— 3% =1 — 1 = 0 which is divisible by 5

so the statement is true forn = 0.

B

Suppose that k > 0 is an integer for which the statement is true.

23k

That is, suppose — 3k = 5m, for some integer m.

Note that rearranging this gives 23% = 5m + 3%, (*%)
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43

We prove the statement forn = k + 1.

That is, we prove 23*+1) — 3k+1 5 djvisible by 5.

23(k+1) _ gk+1

— 23k+3 _ 3k+1

=23 x 23k -3 x 3*

=23 x (5m + 3%) — 3 x 3k by the induction hypothesis (*x)
=8 x (5m +3%) — 3 x 3¢

=5x8m+8x3F—3x3k

=5x8m+5x3*

= 5(8m + 3%) which is divisible by 5.

C

It follows from parts A and B by mathematical induction that the statement is
true for all whole numbersn > 0.

A
Whenn =1,
RHS=(1+1)!—-1
=21-1
=2-1
=1
1
LHS=Zr><r!
r=1
=1x1!
=1
= RHS

so the statement is true forn = 1.

B

Suppose that k > 1 is a positive integer for which the statement is true.
That is, suppose ¥X_,r xrl = (k+ 1)! — 1 (%%)

We prove the statement forn = k + 1.

Thatis, we prove Y**lrxrl=((k+1)+1)! —1.

k+1

LHS=Zr><r!

r=1
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k

=Zr><r!+(k+1)><(k+1)!

= E;1+ D!'—1+(k+1) x(k+1)! by the induction hypothesis (xx),
=k+DI+k+D)xk+1D)!-1

=(1+k+1)k+1)!-1

=k+2)(k+1)! -1

=k+2)!-1
=((k+D+1D! -1
= RHS

C
It follows from parts A and B by mathematical induction, that:

Ypoqr Xrl=(m+ 1) =1 forallintegersn > 1.

4b A
Whenn =1,
1
RHS—I—?
=1-1
=0
1
r—1
LHS=Z
r!
r=1
1—-1
1!
=0
= RHS

so the statement is true for n = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose Z’T‘zlrr;,l =1 —% (**)

We prove the statement forn = k + 1.

k+1 -1 _ 1
That is, we prove X — =1 D
k+1
r—1
LHS = _—
T!
r=1
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zk:r—1 k+1)—1

T LT T

=
—1— F + ('E:i)'l by the induction hypothesis (x*),
_ 1 k+1 +(k+1)—1
T T kT D (k+ 1!
B k+1—k
T kD!
_ 1

k + D!

= RHS

C

It follows from parts A and B by mathematical induction, that:

" 1rr| =1-= for all integers n > 1.

The limiting sum of the series in part b is:

1
lim (1 — —)
n—co n!

=1
5 A
Whenn =1,
1
RHS =§(1)(6—3 -1)
_2
)
=1
LHS = 17
=1
= RHS

so the statement is true for n = 1.
B

Suppose that k > 1 is a positive integer for which the statement is true.
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That is, suppose 12 + 42 + 72 + -4+ (3k — 2)? = %k(6k2 —3k—1) (*%)
We prove the statement forn = k + 1.
That is, we prove 12 + 42 + 72 + -+ (3k — 2)? + (3(k + 1) — 2)?
=2 (k+1)(6(k + 1)? = 3(k +1) — 1)
LHS=124+4*+ 72+ -+ Bk —2)* + (3(k + 1) — 2)?
= %k(6k2 —3k—1)+ (3(k+ 1) —2)? by the induction hypothesis (x*)
1
= 5k(6k* =3k = 1) + (3k + 3~ 2)?
1
= Ek(6k2 —3k—1)+ Bk + 1)?

1
:§(6k3—3k2—k)+9k2+6k+1

1
=§(6k3 —3k? —k +18k? + 12k + 2)

1
= 5(6k3 + 15k? + 11k + 2)
= %(k + 1)(6k? + 9k + 2)
RHS = %(k +D(6k+12=-3k+1)—-1)
=%(k+1)(6(k2+2k+1)—3k—3—1)
=%(k + 1)(6k? + 12k + 6 — 3k — 4)
= %(k + 1)(6k? + 9k + 2)
= LHS
C
[t follows from parts A and B by mathematical induction, that:
12442 +72+--+(3n—-2)*= %n(6n2 —3n — 1) for all integers n > 1.
6 A

Whenn =1,

RHS = 12(2-1)
=1
=13

= LHS
so the statement is true forn = 1.
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B

Suppose that k > 1 is a positive integer for which the statement is true.

That is, suppose 13 + 33 + 5% + - + (2k — 1)3 = k?(2k%? — 1) (*%)

We prove the statement forn = k + 1.

That is, we prove 13 +33 +53+ .-+ 2k —1)3 + 2k +1) — 1)3
=(k+12QEk+1)*-1)

LHS=13+4+33+53+ .+ k- 13+ 2k +1)—1)3
=k?(2k?* = 1)+ 2(k+ 1) —1)®* by the induction hypothesis (x*)
=k?Q2k? -1+ 2k +2-1)3
=k?2Q2k* - 1)+ 2k +1)3
=k?(2k? — 1) + 8k3 + 12k* + 6k + 1
=2k*—k?+8k3+12k*+ 6k + 1
=2k*+8k3+11k* + 6k + 1
=(k+12Q2k?*+ 4k + 1)
=((k+1?QK*+2k+1)—1)
=(k+1D?Qk+1)?2-1)
= RHS

C
[t follows from parts A and B by mathematical induction, that:

134+33+53+.-+(2n—1)> =n?(2n? — 1) forallintegersn > 1.
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