Chapter 13 worked solutions — Differential equations

Solutions to Exercise 13A

Let the integration constants be A4, B, C or D.

1la

1b

1c

1d

le

1f

1g

1h

1i

y-y=x

first-order differential equation

y'y =3x

first-order differential equation

y'+4y —y =sinx

second-order differential equation

y' +ycosx =e*

first-order differential equation

Y =300 =0

second-order differential equation

Y +yt=1

first-order differential equation

y +xy=0

first-order differential equation

xy" +y = x?

second-order differential equation

y'—xy'+e*y =0

second-order differential equation
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2a

2b

2d

2f

3a

3b

3c

3d

3e

3f

38

3h

3i

linear

non-linear

linear

linear

linear

one arbitrary constant

one arbitrary constant

two arbitrary constants

one arbitrary constant

two arbitrary constants

one arbitrary constant

one arbitrary constant

two arbitrary constants

two arbitrary constants
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MATHEMATICS EXTENSION 1

Chapter 13 worked solutions — Differential equations

4a  y=5x3
y' = 15x2
Substituting for y and y" in xy' — 3y = 0:
LHS = x(15x2) — 3(5x3)
= 15x3 — 15x3
=0
= RHS

Therefore, y = 5x3 is a solution of xy’ — 3y = 0.

4b  y=x*-1
y' = 2x
Substituting for y and y" in xy’ — 2y = 2:
LHS = x(2x) — 2(x2 — 1)
=2x%—2x%>+2
=2
= RHS

Therefore, y = x? — 1is a solution of xy’ — 2y = 2.

4c y=3e7*

!

y'=-3e™*

Substituting foryand y' iny’ +y = 0:
LHS = —-3e™ + 3e™*

=0

= RHS

Therefore, y = 3e™ is a solution of y’ + y = 0.
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4d y=vVx?+4

= (a2 + 42
y' = %(x2 + 4)_% X 2x
= x(x?+ 4)_%
Substituting for y and y" in y'y = x:
LHS = x(x? + 4)_% x (x? + 4)%
=x(x?+4)°
=x X1
=X
= RHS

Therefore y = Vx? + 4 is a solution of y'y = x.

5a y=[(2x—3)dx
2x2

=2 _3x+C
2

=x?>—-3x+C

56 y=[(12e7%* + 4)dx
=—12—ze‘2x+4x+C

=—6e ** +4x+C

5c  y = [(sec?x)dx

=tanx + C

5d y = [(6cos2x + 9sin3x)dx
=§sin2x —gcos 3x+C

=3sin2x —3cos3x+C
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56 y=[+v1-5x dx

=[(1- 5x)§ dx

3
_ 1- 5x)32 e
5% (3)
3
_ (1-5x)2

+C
(-2)
3
2(1 —-5x)2
5 ¢

5f  y=[4xcosx?dx

du du
Let u=x?% —= 2xso——dx
dx 2x

du

y = [ 4xcosu =
= [2cosudu
=2 cosudu

=2sinu+C

=2sinx?+C

6a y=Ce*—x—-1
y'=Ce* -1
Substituting foryand y' iny’ = x + y:
LHS=Ce* -1
RHS=x+Ce* —x—1
=Ce* -1
= LHS

Therefore y = Ce* —x — 1isasolutionof y' = x + y.
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Chapter 13 worked solutions — Differential equations

6b y =Cxe ™
y' =Cle™*x1+xx—e™)
y' ' =C(e ™™ —xe™)
Substituting for y and y' in xy’ = y(1 — x):
LHS = x(C(e™ — xe™))
=Cx(e ™ —xe™)
=Cxe (1 —x)
=y(1-x)
= RHS

Therefore y = Cxe™ is a solution of xy’ = y(1 — x).

6¢ y =sin (x + C)
y' =cos (x +C)
Substituting for y and y' in (y')? = 1 — y?:
LHS = (cos (x + C))?
=cos? (x + ()
RHS =1 —sin? (x + C)
=cos? (x + ()
= LHS

Therefore y = sin (x + C) is a solution of (y")? = 1 — y2.

6d
y=—+2
=Cx1+2
dy
— = —(Cx2
dx *
C

T X

Substituting for y and in ¥ = 222,
dx x

© Cambridge University Press 2019 6



2-y

Therefore y = £+ 2 is a solution of Z—z =

7a y=x*-2x+3
y' =2x—-2

yll=2

Substituting for y, ¥’ and y" in x%y"" — 2xy’ + 2y =

LHS = x2(2) — 2x(2x — 2) + 2(x* = 2x + 3)
=2x% —4x>+4x+2x> —4x+ 6
=6
— RHS

Therefore y = x? — 2x + 3 is a solution of x?y" —

7b y=2e*+e>*
y' = 2e* + 5e°*

y" = 2e* + 25e5*

Substituting for y, y"and y" iny" — 6y’ + 5y = 0:

6:

2xy' + 2y =6.

LHS = 2e* + 25e%* — 6(2e* 4 5e°%) + 5(2e* + e>%)

= 2e* + 25e%* — 12e* — 30e°* + 10e* + 5e5*

=0
= RHS
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7c

7d

Therefore y = 2e* + e>* is a solution of "' — 6y’ + 5y = 0.

y = cosmx — 3 sinmx

!

y' = —msinmtx — 3w cosmx

y" = —n? cosmx + 3m? sinmx

Substituting for y and y" in y" + w2y = 0:

LHS = —m? cosmx + 3n? sinmx +m?(cosmx — 3 sinmx)
= —nm? cosmx + 3m? sinmx +m? cosmx — 3m? sinmx
=0

= RHS

Therefore y = cosmx —3 sinmx is a solution of y" + 72y = 0.

= e Hsinx
' = (sinx)(—2e7%) + (e7**)(cos x)
= —2e *sinx + e **cosx

y" = (sinx)(4e~?*) + (—2e~"?*)(cos x) + (cos x)(—2e~%*) + (e~?*)(—sinx)
= 4e *sinx — 2e **cosx — 2e **cosx — e *sinx
= 3e " *sinx — 4e"**cosx

Substituting for y, y’and y” iny" 4+ 4y’ + 5y = 0:

LHS = 3e™?*sin x — 4e~?*cosx + 4(—2e " **sinx + e **cosx ) + 5( e"?*sin x)

=3e ?*sinx — 4e"**cosx — 8e **sinx + 4e **cos x + 5e " **sinx

=0

= RHS

Therefore y = e~?*sinx is a solution of y” + 4y’ + 5y = 0.
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7e

8a

8b

8c

y = cos(log, x)

1
y' = —sin(log, x) X o

sin(log, x)
X

x %X (cos(log, x) x % —sin(log, x)(1)

X2
cos(log, x) — sin(log, x)
X2

Substituting for y, y’ and y"" in x2y" + xy' +y = 0:

cos(log, x) — sin(log, x sin(log, x
LHS = x? (— (loge 1) (loge 1) )+x(——( xge ))+cos(logex)

X2

= —cos(log, x) + sin(log, x) — sin(log, x) + cos(log, x)
=0

= RHS

Therefore y = cos(log, x) is a solution of x2y"" + xy’ + y = 0.

yllzz
= [2dx=2x+A

2
y = f(2x+A)dx=%+Ax+B= x>+ Ax + B

y'" = cos2x

= [ cos2x dx=%sin2x+A

y = f(%sin2x+A)dx=—%cost+Ax+B

1 1
= [e?" dx =2ez" + A

1, 1,
y = f(zez +A)dx=4ez +Ax+B
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8d y" =sec’x
= [sec’xdx =tanx + A

y = [(tanx + A) dx

y = f(Sinx-l-A) dx

Cosx

Using substitution:

Letu = cosx

du )
— = —sinx
dx
du
dx = ——
sin x

y = f(Sinx+A) dx

Cosx

=f(s:(i)r;zdx+fAdx
sinx
- 1555

=—f%du+Ax+B

)+Ax+B

sin x

= —log.|u| + Ax + B

= —log.|cosx| + Ax + B

9a Fory =e™*

y'=—e™*

yll — e—x

Substituting y, y" and y" into y" — 2y’ — 3y = 0:

LHS=e™ —2(—e™*) —3e™*
=e ¥4+ 2e7¥—-3e7*
=0
= RHS

Therefore y = e ™ is a solution of y"' — 2y’ — 3y = 0.
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Fory = e3*
y' = 3e3*
yn = Qg3x

Substituting y, y" and y"' into y" — 2y’ — 3y = 0:
LHS = 9e3* — 2(3e3¥) — 3¢3*

— 9p3% _ 3% _ 303X

=0

= RHS

Therefore y = e3* is a solution of y"" — 2y’ — 3y = 0.

9b y=Ae*+ Be3*
y' = —Ae™* + 3Be3*
y" = Ae™* + 9Be3*

Substituting y,y’ and y" intoy"" — 2y’ —3y =0

LHS = Ae ™ + 9Be3* — 2(—Ae™™ + 3Be3*) — 3(de™™ + Be3¥)

= Ae ™ 4+ 9Be3* + 24e ¥ — 6Be3* — 34e™ ¥ — 3Be3*
=0
= RHS

Therefore y = Ae™ + Be3* is a solution of y" — 2y’ — 3y = 0.

10a y=x3+Ax>+Bx+C
y' =3x%?+24x+ B
y" = 6x + 24
y" =6
Substituting y'" into y'"" = 6:
LHS=6
= RHS

Therefore y = x3 + Ax? + Bx + C is a solution of y"’ = 6.

© Cambridge University Press 2019

11



Chapter 13 worked solutions — Differential equations

10b y=Ae ™+ Be * +2x—3

10c

10d

y' = —Ae ™ —2Be ?* + 2

y" = Ae ™ + 4Be~?*

Substituting y,y’ and y" into y"' + 3y’ + 2y = 4x:

LHS = Ae™ + 4Be™2* + 3(—Ae™ — 2Be™?* + 2) + 2(de ™™ + Be™2* + 2x — 3)
=Ae ¥ +4Be ** —34e™* — 6Be * + 6 + 24e * + 2Be ¥ + 4x — 6
= (Ae™ —34e™* + 24e ™) + (4Be™?* —6Be™?* + 2Be™**) + 6+ 4x — 6
=4x
= RHS

Therefore y = Ae™ + Be™2* + 2x — 3 is a solution of y"" + 3y’ + 2y = 4x.

y = Acos 2x + B sin 2x

y' = —2Asin 2x + 2B cos 2x

y" = —4A cos 2x — 4B sin 2x

Substituting y and y" into y"’ + 4y = 0:

LHS = —4A cos 2x — 4B sin 2x + 4(A cos 2x + B sin 2x)
= —4Acos2x — 4B sin 2x + 4A cos 2x + 4B sin 2x
=0
= RHS

Therefore y = A cos 2x + B sin 2x is a solution of y"' + 4y = 0.

y=Ae *cosx

y' =A(cosx X (—e™*) + e~ X (—sinx))
= A(—e ¥cosx —e *sinx)
= —Ae *cosx — Ae *sinx

y" =A((e *cosx +e *sinx) + e *sinx —e™* cosx)
=Ae *cosx +Ae *sinx + Ae ¥*sinx — Ae ¥ cosx
= 2Ae *sin 2x

Substituting y,y’ and y" into y"' + 2y’ + 2y = 0:
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LHS = 24Ae™*sin 2x + 2(—Ae ¥cosx — Ae *sinx) + 2A e *cos x
= 2Ae *sin2x — 2Ae *cosx —2 Ae *sinx + 2A e *cos x
=0
= RHS

Therefore y = A e ™ cos x is a solution of y"' + 2y’ + 2y = 0.

10e y= Ae T

y' —A(——x2xe zx)

= —Axe_Ex

_ =x? 1 —1x2
y' = A(e 2 x1+x><—5><2xe 2 )
= —Ae ™ + Ax2e
Substituting y and y" into y"’ = y(x? — 1):
) 1.2
LHS = —A4e™?" + Ax%e™ 7"
RHS = Ae 2* (x 1)
1 1
= Ax?e 2 — Ae 2"
= —Ae T 4 Ax2e
= LHS

Therefore y = Ae *cos x is a solution of y" = y(x? — 1).

11a y'=1
y=x+A
Substituting (2, 1):
1=2+A
A=-1

Thereforey =x — 1
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11b y'=2x -3
y= % —-3x+A
y=x*-3x+A4A
Substituting (0, 2):
2=(0)2-3(0)+ 4
A =2

Therefore y = x? — 3x + 2

11c y' =3x*+6x—-9

3 2
y=2-+2-—9x+4

y=x3+3x2-9x+4
Substituting (1, 2):

2=(13+3(1)°-9(1) + 4

2=14+3-9+4
2=-5+A4
A=7

Therefore y = x3 + 3x%> —9x + 7

11d y' =sinx
y=—cosx+A
Substituting (7 3):
3=—cost+ A4
3=1+A4
A=2
Therefore y = —cosx + 2

y=2—cCosx
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1le y' =6e?*
y=3e**+ A
Substituting (0, 0):

0=3e+4
0=3+4+4
A=-3

Therefore y = 3e?* — 3
y=3(*-1)

11f  y' =3J/x -2

1
= 3xz2—2

w

3
y=3xx2—2x+A4A
2

3
=2x2—2x+A
Substituting (4, 7):

7= 2(4): — 2(4) + A
7=2(8)—-8+A4
7=8+4

A=-1

3
Therefore y = 2xz —2x — 1
y=2xVx—2x—1

12ai

1
1—x

1
RHS = = +
x
11 —x) + 1(x)
 x(1-x)

_1—x+x
~ x(1—x)
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MATHEMATICS EXTENSION 1

Chapter 13 worked solutions — Differential equations

B 1

T x(1—x)

= LHS
Hence:

1 _1+ 1
x(1-x) x 1-x

Alternatively, using a partial fractions approach:

1 A B
x(1—x)_;+1—x
_A(1—x)+Bx
 x(1—x)
_A—Ax+Bx
x(1—x)
_A—x(A—B)
x(1—x)

Equating coefficients in the numerators:
1+0x=A—-(A—-B)x

A=1 (D

A—B=0 (2)

Substituting (1) into (2):

1-B=0
B=1
Therefore:
1 1 1

x(l—x)=;+1—x

© Cambridge University Press 2019
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12aii

1
yzjx(l—x)dx

=f(%+1ix)dx

= log,|x| + (—log.|1 —x|) + C

= log,|x| —log.|1 — x|+ C

—log, |——| + ¢

12aiii Substituting y (%) = 0 into (3):

1
_ 2
0—loge—1+C
1=3
0 =log.|1|+C
0=0+C
cC=0
Therefore:
_l X
Yy = 108 m|
12bi
RHS = + 1
T 2—x 2+4x
12+ x)+1(2—x)
T 2=-x2+x)
_2+x+2—x
T 2-024+x)
B 4
T 2-024+x)
= LHS
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Hence:

4 1 N 1
Q-x)2+x) 2—-x 2+x

Alternatively, using a partial fractions approach:

4 A B

(2—x)(2+x)_2—x+2+x
_A(2+x)+B(2—x)
T 24+ x02-x)
_2A+Ax+ZB—Bx
2+ x)2-x)
_ x(A—B)+2A+2B
2+ 02-%)

Equating coefficients in the numerators:

Ox+4=x(A—B)+2A+2B
A—-B=0 (D

2A+2B =4 (2)

From (1), A = B.
Substituting A = B into (2):

2B+2B =4
4B =4
B=1
Hence A = 1.
Therefore:
4 1 1

Z-0C+0 2-x 2+x

© Cambridge University Press 2019
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12b ii

12b iii Substituting y(0) = 1 into (3):

13ai

y_j(z—x)(2+x) x

- [ =)
B 2—x 2+4+x x

= —loge|2 — x| + log.|2 + x| +C
=log.|2 + x| —log.|2 — x|+ C

2+ x
2—x

= log,

|+c

1 =log, m|+€
1 =log.|1|+C
1=0+C
1=C
Hence:

2+x
y = log, 2—x|+1

d(x?) N diy*) d(9)
dx dx  dx

o) dy

2
Xt dy dx

=0

2 @ _
x+2y%—0

(or 2x + 2yy' = 0)

© Cambridge University Press 2019
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13aii

dy
From 2x + Zya =0

13aiii ¥’ is undefined when y = 0. That is, at (3, 0) and (—3, 0) where the tangent to the
circle is vertical.

13bi y2=x+4

d(y?) _dX) d(4)
dx dx dx

13bii xy = ¢?

d(X)+xd(Y) _d(c?)
dx dx  dx
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13biii 9x2 + 16y2 = 144

d(9x?) N d(16y?) _ d(144)
dx dx dx

dy
18x + SZya =0

d
32yd—i = —18x

dy  18x
dx 32y

dy 9
dx 16y

13biv x2 — 4y2 =4
d(x?) d(4y*) _d4)

dx dx  dx
dy

2x —8y—=0

x ydx

dy

8y—=2

ydx x

dy 2x

dx 8y

dy x

dx 4y

13bv xy—y?2 =1

dixy) dO?®) _d@)
dx dx  dx

dx) . 40) dy

ydx xdx _23’5:0
dy dy

y+xa—2ydx 0

dy

—(x—Zy)——

© Cambridge University Press 2019

21



Chapter 13 worked solutions — Differential equations

13b vi

14a

dy ___Y
dx x =2y
dy __ ¥
dx 2y—x
x3+y3 =3xy
d(x3)+d(y3) _ d(3xy)
dx dx  dx
ay d(x) d(y)
2
3x% + 3y ax = 3y I + 3x I
dy dy
2 22 _ -
3x° + 3y I 3y+3xdx
dy dy
2 22 _ ol
x“+y x y+xdx
dy  dy
22 _ .2
dx xdx y—x
dy
S =y -2
dy y-—x?
dx y*>—x
y =sinx
y' =cosx
y'" = —sinx

Substituting y and y"” into y"’ + y = 0:
LHS = —sinx + sinx

=0

= RHS

Therefore y = sinx is a solution of y”" +y' = 0.
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14b y" = —sinx

14c

15

© Cambridge University Press 2019

y ==y
Wheny =12,
y'=-12

f"(x) is the negative of f(x) so it is a reflection in the x-axis.

y' =sec?x

y' =tanx + A
, Sinx

Y = Cosx

Since y'(0) =1,

1= sin 0
" cos0
1=0+4
A=1
sin x
Therefore y' = +1
cos x

Letu = cosx

du |
T sinx
du
dx = ——
sinx
So:

sin x
y = j( +1)dx
CcoS X

sin x
= f dx+f1dx
Ccos x

sinx du
=j (— , >+x+B
u sinx

23
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——fl(du)+x+B
u

= —log.lul| +x +B
= —log,|cosx| +x + B
Since y(0) =1,
1= —log.|cos0|+0+B
1= —log,1+0+B
1=B
Therefore y = —log.|cosx| +x + 1

y =1+ x —log.(cosx)

16 y =tanx
y' =sec?x
= (cosx) ™2
y'" = —=2(cos x)~3(—sinx)

2sinx

" cos3x

2sinx 1
= X >
COSX  COS*x

= 2tanx sec?® x

First check
/[
Substituting y (Z) = lintoy = tanx:
I
RHS = tan (Z)

=1
= LHS
Second check

T
Substituting y’ (Z) = 2intoy’ = sec? x:

RHS = sec? (%)
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Chapter 13 worked solutions — Differential equations

1

o ()

&

=2

= LHS
Substituting y,y" and y"" into y"' = 2yy":
RHS = 2 X tan x X sec? x

= 2tanxsec? x

= LHS

Therefore y = tan x is a solution.

17 y=AeH™
y' = Ale™*
yn = AN2eM*

17a  Substituting y,y" and y" into y"' — 4y’ + 3y = 0:
AX%e™ — 4A%e? +3 AeM =0
Ae* (A2 —42+3)=0
Ae™(A—1)A-3)=0
(A=1)(A—=3)=0 (asde™™ #0)
A=1lord=3

17b  Substituting y,y" and y" into y"" + 2y’ +y = 0:
A2*e? + 242e™ 4+ Ae™ =0
AeP* (A2 +22+1)=0
Ae™(A+1)* =0
(A+12%2=0 (asde?™ #0)
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17c

18a

18b

A=-1

Substituting y,y" and y" into y"' — 3y’ + 4y = 0:
AN%e? —3A%e* + 44e?* =0

Ae™(A? —=31+4)=0

A2—31+4 =0 (asde™™ #0)

Using the discriminant for a quadratic to check for any real solutions:

A = b? — 4ac
=(-3)> 4@
= 9-16
= -7

Since A < 0, no real solutions exist.

y = secx
= (cosx)~?!
y' = —(cosx)™? x —sinx

sin x 1
= X

COSX COSX

= tanx secx
y' —ytanx
= tanx secx —secxtanx
=0

Therefore required IVPis y’ — ytanx = 0, y(0) = 1

y? = sec?x

(v)? = (tanx sec x)?
= tan® x sec? x
=tan?x X y?

Now tan?x + 1 = sec? x

© Cambridge University Press 2019
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19a

19b

19ci

19cii

tan?x =sec?x — 1
tan?x =y2 -1
So (y')? = tan? x X y?
=@? -1 xy?
Therefore required IVP is (y")? = y?(y? — 1), y(0) = 1

y(0) =1
y' =—2xy
Substituting y(0) = 1:
y'=-2(0)(1)

=0
y' = —2xy

dy

y" = —2(y><1+x>< 1@)

= -2y — 2xy’

= —2y — 2x(—2xy)

= —2y + 4x2y

= y(4x* —2)

ory"” = (4x% — 2)y

y' = (4x* = 2)y

At (0, 1):

y'=(4x02-2)x1
=2

Since y"" < 0,y = f(x) is concave down.
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19d y" = (4x%-2)y

= 4x%y — 2y
dx?) , d) d(y)
y —4ny+4x XW—ZXW

= 4y X 2x + 4x%y' — 2y’
= 8xy + 4x%y' — 2y’
= 8xy + 4x%(—2xy) — 2(—2xy)
= 8xy — 8x3y + 4xy
At (0, 1):
y"=8x0x1-8x0x1+4x0x1
=0

20 y=cx—c?
y =c¢
Substituting y and ¥’ into (y")? —xy' +y = 0:
LHS = (¢)? — x(¢) + cx — ¢?
=c?—cx+cx—c?
=0
= RHS

Therefore y = cx — c? is a general solution of (y')?2 —xy’ +y = 0.

20b

VA

=W
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They seem to form the outline of a curve (shown dotted)

20c  Forc=p,
y =px —p*
Forc =p+h,
y=@+hx—(p+h)?
At point of intersection:
(@ +hmx—(+h)?=px—p°
px + hx — p? — 2ph — h? = px — p?
hx —2ph —h? =0

hx = 2ph + h?
hx = h(Zp + h)
x=2p+h (h#0)
y=pQ2p+h) —p?
= 2p® + ph —p?
y =p®+ph

Therefore point of intersection is (2p + h,p? + ph).

20d All)r})(x)
= lim (2p + h)
=2p
Jim (y)
= lim (p* + ph)
= p?

Therefore, as h — 0, point of intersection is (2p , p?).
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20e

21

x=2p
X
sop—2

Substitutingp = ginto y = p?:

1
— 2,2
y 4x
, 1
y =5%

Substituting y and ¥’ into (y")? —xy' +y = 0:

s = () = (3¢) + 5
= ZX X 2X 4x

1 1 1
LHS = — 2 _ .2 a2
S 4x 2x +4x
=0
= RHS

Therefore y = %xz is a solution of (y")? —xy' +y = 0.

This is called a singular solution. This means the solution is not obtained from
the general solution but obtained by the usual method of solving the differential
equation. In solving this differential equation, a general solution consisting of a
family of curves is obtained.

Each line in part b is tangent to the parabola. Thus every point in the parabola is
also a point in a general solution. Hence the parabola itself is also a solution.

y@-1 = f 1dx

=x+A1

y(=2) = j(x + A;) dx

x2
=7+A1x+A2
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x?> A;x
y(n_3)=f(?+L+Az)dx

x3 Ax?  Ayx

“3x2 2x11 1

+ A;

Alxz Azx

3
X
(1) —
Y f(3><2Jr

4

2X1+ 1 +A3>dx

X N A;x3 N A,x? N Asx 4
T 4x3x2 3x2 2x1 1 4
Following this pattern gives:
x"? Ax™3 A x™? A, _ax
@ = 1 2 e 237 g
Y =i T =3 T m—an Tt T
x™ 1 Ax™ 2 A,x™3 A, ox
™ = 1 2 e 227 g
e TR ) T e TR TR
x® Apx™t o Axn? A, _.x
) = 1 gt
e e e TR T T TR

Or, absorbing the factorial terms into the constants:

n

y=—+ Cix™  + Cx™ 2 4 -+

There are n arbitrary constants.
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Solutions to Exercise 13B

1la

1b

1c

1d

le

1f

2a

2d

2e

2f

2g

y' =2(1)-3=-1

y' ' =2cos(0)—1=1

y' =4-(1)?=3

,_ 1 1
y 1+(1) 2

) 1

513

y=MDE=2)-1) =-

y—1012345
o - -1 4 o0 4 1 3
2 -3 -1 -4 o Lt 1 1}
R e LI S
o[BS
S T T S S R
I L
I e T N TR

Every entry in that column is the same.

Every vertical line x = k is an isocline.

concave up with a minimum turning point at x = 2

a parabola
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2h

3a yi=x—y

X

-1 =5 0 i 1 2

3b y i

B -2 -3 -1 -} 0 } 1
BRI
0 -1 -4 0 3 1 3} 2
B o+ 1§ 2
-1 0o %+ 1 3% 2 3 3
=+ 1 3 2 § 3 }
-2 1 % 2 3 3 1 4

3e The lines y = x + k are isoclines.

3f concave up

3g,h
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3i y=x-—1

3 Yy =x-y
d
LHS—E(X—l)

=1

RHS=x—-y
=x—(x—1)
=1

Therefore it is a solution.

43

(I T T IS S I I
[ T T £ S
(DTN S N SR T
NN N N NN ON N
4324 L334
VOV L 2E L L
[ T T
[ T T E S B I

4ai x axis

4aii any horizontal line

4aiii The gradients decrease to zero then increase.

4aiv The gradients are the same. It is an isocline.
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4b v A
—_ — = N4t N~ = =
—— \3. NO— = =
— — = N2 N = — —
— — - N1+ N = = =
432} 12347
—_- — = \2 N o == —
— — — \3 N o~ — —
—_ — = N4t N =~ = =

4bi  There are no points or isoclines where y' = 0.

4bii any vertical line

4biii The gradients are the same. It is an isocline.

4biv The gradients decrease to vertical then increase.

4c VA
NN = AAF s — NN
NN — 23K s — NN
NN — S s — NN\
NN — Al s — NN
43211234
NN — 22 s = NN\
NN — <23 s — NN
NN — &4 S — NN\

4ci x=-2,x =

4cii any vertical line

4ciii The gradients are the same. It is an isocline.

4civ The gradients increase from —1 to 1 then back again.
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4d
y

I 1 14t 1 1 7/ 7
| Y B e § Y A
2 /s =N
[ Y B F S N
PP 72+ L1t
I/ 7 =2 AW W T
/7 — 3 AN S |
VAT NI L S U U

4di y=x-1

4dii y=x+C

4diii The gradients increase.

4div The gradients decrease.

4e

4eii

4e iii

4eiv The gradients decrease, but the gradient is undefined at the y-axis.

© Cambridge University Press 2019

y = 0 (excepting the point (0, 0) where the gradient is undefined)

The gradients increase.
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4f

y L
/7 /4T >~ N NN
/S S I3 NN \
/S s w1~ N \
-— o w— — ] ______
AR NEEERE
I F2 vy
I A3+ N VL
I 1 A4+ N v L)

41 y=1lorx=0

4fii  Undefined aty = —1.

4fiii The gradients decrease, but the gradient is undefined aty = —1.

4fiv  The gradients decrease.

5a ’

5b
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5d VAV AV ARVEY VA A

5e
NN N
Ny =
NN N
Vov
4 -3 _ 7?7 3 ;
i/ S B S
/Y s =2~ N NN
2/ 7 s =31+~ NN\
/s s A — N NN
5f

NN N~

o s e

6a All vertical lines are isoclines so y' = f(x).

6b All vertical lines are isoclines so y' = f(x).
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6c

6d

6e

6f

7a

7bi

7b ii

7c

7d

All horizontal lines are isoclines so y' = g(y).

All horizontal lines are isoclines so y' = g(y).

Not all horizontals and not all verticals are isoclines, so y' is a combination.

Not all horizontals and not all verticals are isoclines, so y’ is a combination.

Solution curves through the points (0, —2) and (0, 2) are shown.

The gradients decrease.

The solution curves converge as they cross x = 1 from left to right.

y' = —% everywhere on that line
B 1

Y= 2"
, 1

y =T5xTYy
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7e

8a

8b

8c

8di

8d ii

8d iii

LHS = d(l 1 )
T dx x

RHS=——-x—y
_ 1 (1 1)
2 2 2
_ 1
2

Therefore it is a solution.

The isocline is an asymptote for each one.

Yes, these constant solutions are isoclines.

converge

diverge

yes

© Cambridge University Press 2019
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8div They are the asymptotes for the solution curves.

8e

10

11

12a

12b

See parta.

y'==2-y

Since gradient depends only on y, all horizontal lines should be isoclines
(eliminating options A and B).

Both the remaining solutions show y’ = 0aty = —2 which fits with the DE
given.

Checking D we can confirm that the slope field seems consistent with the
equation given.

All vertical lines are isoclines but horizontal lines are not, so y’' must be a
function of x, eliminating options B and D. At x = 0, the slope is positive, which
eliminates A. Checking C we can confirm that the slope field seems consistent
with the equation given.

r_q_%
y =1 y

Forx = 0,y # 0, slope should equal 1. This eliminates options C and D.
For x = y # 0, slope should equal 0. This eliminates option A.

Checking B we can confirm that the slope field seems consistent with the
equation given.

Along vertical and horizontal lines, the slope increases with increasing x, and
decreases with increasing y. Of the four options given, only B is consistent with
this pattern.

Along all horizontal lines, the slope is 0 at x = 0, and asymptotes to zero again as
x becomes large in either direction. However, under options A and C, the slope
would tend to +oo as x becomes large, so we can rule these out. At (1, 1), option
B predicts a slope of 1 (inconsistent with the graph shown) and D predicts slope
of —1 (consistent with the graph shown) so the only valid answer is D.
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13ai,ii VAV VNN
s 7/ 131 AN NN
~ < 7 /24 A\ ~N O~
- = < /1t N~ =
<4324 [ b22 4
~ ~ N2t /s s s
N~ N NA\\W3y /s s s
NN N 4t 1 1 7 7
13b i,ii Lo o o
- — s )/
A/ A
r 7 /1|
————
SR N
-~ NN\
o~ NN\
Lo~ N N N\
13ci xy =4

Need to show y' = —%

d

d
Ix (xy) = x (4)

d
M)+ ()2 =0

dy __y

dx X
Hyperbola passes through (2, 2) and (=2, —2).

Therefore it is a solution of the IVP in part a.

13cii x2—y2 =4
X
Need to show y' = =y

d d
a(xz -y = 5(4)

dy
2x — (Zy)a— 0
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13c ii

dy —2x
dx =2y
dy x
dx y

Hyperbola passes through (2,0) and (-2, 0).

Therefore it is a solution of the IVP in part b.

13d Atany point where these curves intersect, gradient of the first curve is — % and

gradient of the second curve is ; The product of these two is always —1, hence

the hyperbolas are perpendicular where they intersect.

14ai,ii

/ 7 s
N

NN N =
NN N~

-V

~ N N\ \L
e a4 ]
- s SR
PV N
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14b i, ii y
o A - — N~
////.2"-—\\\
/7 /ﬁ:\\ (Y
REESNEYERE
NN N ~24+ —
NN~ —3 —_—— - s
N~ = -4+ — - -~ -
14ci y=-x2
2y
Needtoshowy’=7
LHS =y’
d
—a()’)
d /1
_ (2.2
dx(2x>
=x
2
RHS = =¥
X
1,
ZZGX)
X
=x

Also the parabola passes through (2, 2).

Therefore it is a solution of the IVP in part a.

14cii x> +2y2 =14

x
Need to show y' = — —

2y
d d
2 2y —
P (x* + 2y9) I (4)

dy
(2x) +(4y) =0
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dx 4y
dy  x
dx 2y

Also the ellipse passes through (2,0) and (-2, 0).

Therefore it is a solution of the IVP in part b.

14c iii

14d  The gradient of the parabola is 273] and the gradient of the ellipse is — %

At any given point the product of these gradients is —1 so the parabola
and the ellipse are perpendicular where they intersect.

15a x> +y? =16

d ., d _i
a(x )+a()’ )_dx(16)

dy X

15b (x—3)2+(y—1)2=4

© Cambridge University Press 2019
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15¢ (x—3)2+@y—-1)?%=4
d d d
S Y a2 &
dx(x 3) +dx(y 1) dx(16)
d d d
_ 2 _ _ 2 _ —_
P (x 6x+9)+dx (y*—=2y+1) P (16)
2x—6+2y-22 =0
x Y dx

d
@2y -2 =—@2x-6)

dy (2x —6)

dx 2y —2)

dy  2(x—3)

dx  2(y—-1)

dy — x—3

dx  y-1

15di
dy x—1
dx y+2
15dii
y

NN N — — s
NN NI — — s/
NN >
{34y L 23437
24 + 00
I 1 /32 — N N\
[/ sAr — ~ NN A
/S S A5 — ~ NN\
/S S T — — ~ NN\

© Cambridge University Press 2019

46



Chapter 13 worked solutions — Differential equations

16a,b

—_— — e - = =

16c  ®(1) = 0.8; a better approximation is 0.8413.

172 x=0andy =0

17b  The rectangular hyperbolaxy = C

17c-i

17ji The advantage of this technique is the exact gradient of the integral curve is
known as an isocline is crossed.

17jii The disadvantage of this technique is it takes a lot of time to sketch the isoclines.

18ai The line elements of the slope field for points on the y-axis other than the origin
are horizontal.

18aii The line elements of the slope field for points on the x-axis are vertical.
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18a iii y

Ve S
/ o
VAV AR

‘4; /‘/ / /1;:

A

ANRRNY \ ~2T
\ N =3
AN }\L-A-:

18aiv circle

18bi y=—

18bii

/i

/N

/

i

-/

\\\\

i

-

N\

NN

~

e

‘\
N
N2
NN Nee=s
=

The straight lines at 30° and 60° to the x-axis.

18b iii Each line element is perpendicular to its isocline because the product of the

gradients

cx 1o
— =

18b iv See graph in part b ii.

18b v Yes, the shape of part c is clearer now. Notice that the innermost line elements
almost join up to give the outline of a circle.
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19a  Any two points on the same vertical line have the same x-value.

Therefore, if y' = f(x), then any two points on the same vertical line give the
same slope, making this line an isocline.

Let D be the domain of f(x). For each a in D, the point (a,y) gives y’ = f(a) for all
values of y. Hence x = a is an isocline for each a in D.

19b  Any two points on the same horizontal line have the same y-value. Therefore, if
y' = g(y), then any two points on the same horizontal line give the same slope,
making this line an isocline.

d(cx+b)
dx
line. Hence all points on the line give the same gradient, so it is an isocline.

19c¢  Ify = cx + b is a solution to this DE, then y' = = c everywhere along the

20a  x3+y3=3xy

Differentiating:
d(x3)+d(y3) _ d(3xy)
dx dx  dx

dy dy
2 227 _
3x* + 3y I 3y+3xdx

Grouping terms:

d
d—i:(By2 —3x) =3y — 3x2

, 3y —3x?
y ~ 3y2 —3x
_y-x
=
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20b

20c

20d

20e

20f

20g

e T .
=V

y' = 0 when y — x? = 0, that is, when y = x2, excluding the points (0, 0) and
(1, 1) where the gradient is undefined.

1 . . .
= approaches zero as y? — x approaches zero, that is, the integral curve is
y

vertical when x = y?, again excluding the points (0, 0) and (1, 1).
See partb.

Although gradients here are undefined, we can see that the curve crosses itself
here.

y = —x — 1 appears to be an isocline.

Substituting this into the DE from part a, we find:

Y =X

y _yz_x
_ —x—=1-x?
C(—x—1)2—x
—x?—x-1

:x2+2x+1—x

© Cambridge University Press 2019 50



Chapter 13 worked solutions — Differential equations

_—x?—x-1
x>+x+1
=-1

Hence the slope field equals —1 everywhere along this line, so it is an isocline.
The gradient of the line is also equal to —1 so it is a solution of the DE.

20h  The curve is symmetrical in the line y = x.

20hi The equation is symmetric in x and y, hence we expect the solution to be
symmetric when we swap x and y by reflecting in y = x.

20hii Swapping x and y in the RHS of the differential equation has the same effect as
taking the reciprocal of the gradient, hence the gradient field is symmetric
around y = x and so we expect the curve to have the same symmetry.
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Solutions to Exercise 13C

Let the integration constants be 4, B, C or D.

1la

1b

2a

dy x—1
dx y+1

dy
(y+1)a—x—1
y+1)dy=(x—-1)dx

f(y+1)dy=f(x—1)dx

f(y+ 1dy = f(x— 1)dx

y+1? (x-1)?
2 2
G+ =(x-1%2+2C

+C

(y+ 1% =(x—1)?%+D, where D = 2C

2

X
In(e¥) =1n 7+C‘

© Cambridge University Press 2019
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2b

3a

3b

2

7+

=In >

d
d—y = 4x3(1 +y?)

) dy = 4x3 dx

f( )= [
1+,2) 7)™

4
tan~ly = 41 +C
Y=

y = tan(x* + C)

Substitute y = 0, where x # 0. Then LHS and RHS are both zero.

dy  y?
dx x

1
dez—;dx

y

— =1 +C
" = —Inlx
1
——=—In|x|+C
y
y 1
1 In|x| + C
_ 1
Y T lxl+C
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53



43

dy  x
dx vy
ydy = —xdx

4b

y?=—x?+2C
y? = —x? + D, where D = 2C

4c  Substituting (1,3):

(V3)" = -(1)*+D
3=-1+D
4=D

Therefore y? = —x? + 4 or y? +x%2 =4

5a

Q..|Q..
x|
=

<

Il
=
o
=

dy

ydy=fxdx

<

—

S
+
)

N|‘<
N|><N

y2=x2+2C
y? =x%+ D,where D = 2C
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5b

5c

Substituting (0, 1):
(D2 = (0)*+D
1=D

Therefore y2 = x2 + 1

Z—y—(1+x)(1+y2)

(&

f(l_l_lyz)dy=f(1+x)dx

(1+ x)?
2

)dy=(1+x)dx

+C

tan"ly =

y = tan(%(l +x)% + C)
Substituting (—1, 0):
0=tan (5(1+(-1)?+C)
0 = tan(C)

0=C

Therefore, y = tan G 1+ x)z)

f—dy f( 2x)dx

Jody= 20

© Cambridge University Press 2019
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5d

y—l 3 _2x2
-1 2

—yl=—x*+C

+C

y—1=x2_C
_xz—C

1
y 1
y 1
1

Substituting (1, %)

11

2 (12-cC

2=1-C

Cc=-1

Theref = !
erefore y = ———

d

%= e Vsec?x

1
(e y) dy = sec’x dx

J-(eéy) dy = f sec?x dx
j(ey) dy = jseczx dx

eY =tanx +C

= In(C + tanx)

Substituting ( In 2)

In2 =In(C + tanz)

© Cambridge University Press 2019

56



Cambricloe

MATHEMATICS EXTENSION 1

Chapter 13 worked solutions — Differential equations

2=C+t z
= an4
2=C+1
1=C

Therefore y = In (1 + tan x)

(More strictly, the solution is only valid in the interval —g <x< g.)

6a

dy 2y+4
dx  x

y = —2 is a constant solution

LHS = RHS

Therefore y = —2 is a solution of the DE.

6b
dy 2y+4

dx  «x

1
2y +4

[mav-[5e
2y+4y_ xx
1-[ 1 d—jld
2) y+2 Y= xx

1
Elnly + 2| =In|x| + B

d —1d
Y=

In|ly + 2| = 2In|x| + 2B
In|y + 2| = In(x?) + In(e?5)

In|y + 2| = In(e?Bx?)
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6cC

7a

7b

7c

y+ 2 =e?Bx? or —e?Bx?

y+2=Cx*whereC =e?for—e?8andC #0

y=Cx%?-2

Allow C = 0.

!

y ==xy
y = 0 is a constant solution

d(o0
Lhs = 49 _ g
dx

RHS=—-—xx0=0
LHS = RHS

Therefore y = 0 is a solution of the DE.

dy

dx 24

1

—dy =—xdx

Inly|=——+B
|y|=e( 2% +B)
1. 1.2
y=e2¥ xePor—e 2" xef
1
y = Ce2* where C = e or —e® and € # 0

AllowC =0
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8a

d—ld
S =T

f— dy = fl dx
x
Inly — 2| = —1In|x|+ B
In|y — 2| = In|x~| + In(e?)
In|y — 2| = In(e®|x71|)
ly — 2| =eP|x7|

y—2=eBx lor —eBx!

y —2=Cx"*where C = e® or —e

8b

dy  xy
dx 1+ x?

x
1+ x2

y
fld —f X 4
y Y= 1+ x2 x

jld _1j 2
y Y=2 1+ 2™

2In|ly| =In|1 + x%|+ B

dy = dx

In(y?) =In(1+x%)+B

In(y?) =In (1 + x%) + In(C) where B =

In(y?) =1In (C(1 + x?))
y2=C1 +x?)
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8c

8d

dy -2y

dx  x

1 2

- dy ( x) dx

fo-f(Ha
x

In|y| = —2In|x| + B

Inl]y|]=In(x"2) +B

In|y| = In (x72) + In(e?)

In|y| = In(eBx~2)

ly| = eBx™2
eB eB
y=gor—

y = — where C = e® or — e?

x2

dy |
dx ysinx

1
— dy =sinx dx
y y

1
—-d =fsinxdx
J 5

In|y| = —cosx+ B
In|y| = In(e~°%) + In(e?)

In|y| = In(eBe™c05%)

—COosXx

ly| = e®e

y = eBe—cosx or _eBe—cosx

y = Ce ¥ where C = e® or —e®
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8e

8f

dy 3y
dx  x2
1d —1d
3y Y=
1 _fld
3y A
1 1d _fld
3)y y=)xe ™
-1
glnlyl——1+B
1l||— +B
3 T

3
In|y| = s + 3B

3
In|y| = In (e_§> +In(e3B)

3
In|y| = In (e33e7)

3
Iyl = e®fe”x

_3
3B,

3
y=e3Be xor -e

3
y = Ce™x where C = e38 or — ¢35

dy y(1-x
dx X

1d_1—xd
y T
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j dy = j——l)dx

Inly|=In|x|—x+B

1lnlyzl = lln |x?|—x+B

2 2

In(y?) = In(x?) —2x + 2B

In(y?) = In(x?) +In(e~?*) + In(e??)
In(y?) = In(e?Bx2e™%%)

y? = e2By2e=2%
y = eBxe ™ or —efxe™

y = Cxe™* where C = e® or —e®

9a cosy =0

_3m wm 3nm d3n

R
9b

d

d—i}=3x2coszy

_ 2,2
COS2ydy 3x° dx

[L = [30a
coszyy_ X

fseczy dy=f3x2 dx

x3
tany =T+C

tany =x3+C
y=tan"! (x3+C)

10a  Constant solution is y = 0 which does not match the initial value.
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10b
dy 2y
dx x—1
1d -2 d
y y_x—l x

y y= x—1 x
[Tay=2[La
y Y= x—1 x

In|ly|=2In|x—-1| +B

In|y| = In ((x — 1)2) +In(e?)
In]y| =In (e’ (x — 1)?)

ly| = eB(x —1)? or —eB(x — 1)?

y = C(x — 1)? where C = e? or —e®

10c  Substituting y(2) = 1:

1=C(2-1)?
1=C
y=(x-1?

11a  Constant solution is y = 1 which does not satisfy the IVP.

11b

dy
T (y—1)tan x

1
p— dy =tanx dx

y—
1
f—ldy ftanx dx

f d f(—sin x) J
Y= cosx /) ¥

Inly —1| = —In|cosx| + B
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11c

12a

In|y — 1| = In |secx| + In(e?)

In|y — 1] = In (eB|secx])

ly — 1| = eB|secx]|

y—1=efsecx or—eBsecx

y —1 = Csecx whereC = e or—ef

y=1+Csecx

Substitutingy(%) =3:
T
3= 1+Csec(Z)
2
3=1+4+C x£
1
3—-1=+/2C
2
C=—=12
V2

Therefore y = 1 + V2 sec x

fdyfdx

Inly| =In|x| + B
In|y| = In |x| +In(e?)
Inly| =1In (e®x])

lyl = e®|x|

y =eBxor—eBx

y = Cx where C = e or — e®
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12b

© Cambridge University Press 2019

Substituting y(2) = 1:

1=Cx2
1—C
5=

1
Therefore y = 5%

y_y

dx 2x

1d ! d
Y= 2x x

[Lay= [k as
[3a=3]5 e

1
In|y| = Eln |x| + B

1
In|y| = In |x|Z +In(e?)

In|y| =In (eBIxI%)

1
ly| = eB|x|2

1 1

y = eBxzor—eBxz
y = C\/x where C = e® or — e”
Substituting y(1) = 2:

2=Cx1
2=C
Therefore y = 2+/x
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12c

12d

dy —2xy
dx 1+ 2
1 —2x
1 —2x
f; - f 1+ x2 dx

fd fod
yy_ T+x2 ™

In|y| = —-In |1+ x?%| +B

In|y| = In((1 + x?)™1) +1n(e?)

In|y| = In(e®(1 +x?)71)
lyl =e?(1+x%)7"

ef eb

1+ x2 1+ x2

y:

YT Tv e
Substituting y(1) = 2:

g=_C
1+1

4 =C

4

+ x?

Therefore y = 1

y_ ¥
dx X
1d— 1d
y T Ty

[t
y 7T
Inly|] =—In|x| + B

In|y| =In|x|™! +In(e?)

© Cambridge University Press 2019
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12e

In|y| = In (e®|x|™)

Iyl = eflx|™

=—or——
Y =% x

y = — where C = e® or — eB
x

Substituting y(2) = 1:

C
1=

2
2=C

2
Therefore y = o

dy

Ty = Yeosx
1

— dy = cosx dx
y y

1
—-d =fcosxdx
J 5

In|y| =sinx+ B

|)’| — e(sin x+B)

|y| — esmxe

y = eBesmx or — eBesmx

y = CeS™* where C = ef or — e?

Substituting y (g) =1:

_ sinE
1=Ce 2
1=_Ce’

1
C=-
e

1
Therefore y = S eSinx
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12f

— esinx % e—l

- esmx—l

In|y| = —In|x| +C
2
In|y| = —;—ln x| +C

2
In|y| + In|x| = —= +C

2
In|xy| = — +C

1
Substituting y(2) = >

2
e—§+C

1
2
1 e—1+C
2
1=

—1-C=0
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13a

13b

d(log.(log, x))
dx
1 1
=—-X
x logex
1

x loge x

(xlog.x)y' =y

Y

Y xloge x
dy__ ¥

dx xlog,x
1 Jv = 1

y y_xlogex

[5o-]m
y Y= xlog, x

logely| = log.(log.x) + B
log.|y| = log.(logex) + log.e®
loge|y| = loge(e”logex)

lyl = e®logex

y = eflogex or —eflogex

y = Clogex Where C = eB or — eB
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14b  (x+2)y'—xy =0

dy  xy
a=x+2
1 X
;dy:x+2dx

5= [0
y YT 2™

In|ly| =x —2In|x+ 2|+ B

In|y| = In(e*) — In(|x + 2|?) +In(e?)
In|y| = In(e*) — In((x + 2)?) +In(e?)

eBex
ln|y| =In (m)

eBex
|)’|=m

eBe* eBe*
Y=Grar * TGy
y=% where C = e® or — e®

Substituting y(0) = 1:

Ce®
1=———
(04 2)2
1_C
T4
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15a

15b

16a

Cc=4

4e*

Therefore y = m

Since cos 2x = 2cos®x — 1

2cos?x =1+ cos2x

dy 2cos*x

dx vy
ydy = 2cos?x dx

fydy=f2coszxdx
fydyzf(1+c052x)dx

1
=x+Esin2x+C

y? = 2x +sin2x + 2C

v’
2

Substituting y(0) = V2:
(v2)? = 2(0) + sin(0) + 2C
2C =2

Therefore y? = 2x + sin 2x + 2

y=xXu
y=uxl+xxu

y' =u+xu
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16bi xy' =2x+ 2y

2x + 2y
X

!

y:

Substituting for y and y":
2x + 2xu

X
2x(1+u)

X

u+xu' =2(1+u)

u+xu =

!

u+xu =

xu'=2(14+u)—u
xu' =24+2u—u
xu' =24+u

2+u
X

!

u =

16bii
du 2+u
dx  «x
1 1

du =- dx
24+u X

1 1
f du=j—dx
24+u X

In|2 + u| = In|x| + B

In|2 + u| = In|x| + In(e?)

In|2 + u| = In(eB|x|)

12 +u| = eB|x|

24+u=eBx or —efx
2+ u = Cx where C = efor —ef

u=0Cx-—2

© Cambridge University Press 2019
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16biiiu = Cx — 2

17a

17b

17c

From parta, u = %

X=Cx—2
x

y =Cx?—2x

x2+1D)y'+@*+1) =0

d
(2 + D=~ + 1)

1

N A i

[ ar=-[ =
1Y 2+1

anly=—tan'x+C

anly+tanlx=C

anly+tanlx=C

tan(tan™!y + tan"! x) = tanC

Using the formula for tangent of the sum of two angles,

y+x

=D whereD =tanC
1—xy

Substituting y(0) = 1:

1+0
1—-0
D=1

y+x
Therefore =1
1—xy

y+x=1—xy
y+txy=1-—x
y1l+x)=1-—x
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_1—x
Y 1+«

18a
Y1 = 1_16954
Substituting x = 2:
1
y1(2) = 16 x 2%
_ 16
16

=1
1
T (+2 _ Q)2
Y2 16 (x*—8)
Substituting x = 2:
72(2) = 75 (22~ 8
2 16
1
=—(—4 2
T

_ 16
16

=1

Both y; and y, satisfy the initial condition y(2) = 1.

18b
, _d x4
1= ax\16
T4

x3\*

2 (2

(1) <4>

x6

~ 16
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1><2(2 8) x 2
=— —8) X
16 X X

x
=z(x2—8)

2
X
(y2)? = (Z (x? — 8))
2
X
= E(Xz - 8)?
= x? ><i(x2 — 8)?
16

= x%y,

Both y,; and y, satisfy the DE (y")? = x?2y.

18c
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x
So y, = 7 (x? — 8) becomes

1
2:

X
xy? = 7\ = 8)2
X
=—|x2-8
4Ix I

When x? — 8 < 0 these two expressions are not equal.
To derive the solution correctly:

dy %

—_— =X

dx y

1
y 2dy =xdx

fy 2dy = fxdx

X s
-+

N[ =

2y
_ % o CwhereC =5
—4 where —2

Substituting y(2) = 1:

1
2

y

22
12—I+C
1=24c

4
C=0

Hence the solution is

19a The result follows from the fundamental theorem of calculus.
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19b i

19bii

dy_
dx Xy

—dy——xdx

[E

X2
logly| = 5 +B

1
->x%+B

lyl| =e2

_ B —2x?
lyl =ee2

1.2 1.

Be™2* or —eBe™2¥

y=e
)
y = Ce 2" whereC = e or— e®

Substituting y(0) = 1:
1= Ce

1=_Ce°

c=1

1.
Therefore y = e™2*

yi(x) =yo + f f(t,y) dt
0

X
= Yo +_[ (=yot)dt
0

X
=1—f tdt (asyp=1)
0
t2]*
:1_[_
2],
1
=1—=x2
5%
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200 =+ [ Fley@) de
=t | n@od
o[ o)
[ b

1 1
=1——t2——t4]
2257,

1 1
— _ a2 L4
=1 2x +8x

y3(x) = o +] f(t;)’2(t)) dt
0
=yo+f (=y2(t)t) dt
0
¥ 1 2 1 4
=1—fo (1—51: +gt )tdt

x 1 1
=1—| (t—=¢3 —t5)dt
fo ( 2t T3

1 1 1"
S P B S
[2 T L
1.1 1
=1-= 2 4 - .6
2% TgY Tag”

Ya(x) = yo + f f(t;}’3(t)) dt
0

= Yo + j (—y5(Ot)dt
0

x 1 1 1
=1- (1——t2+ t4——t6)tdt
fo 2 8 48
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x 1 1 1
=1- (t——t3 +—t5——t7)dt
jo 2 '8 48
1 1 1
=1- _t2__t4' _t6 tS]
[2 8 +48 384
1 1 1 1
=1—— 2 PV _~ .8

72X g T18* t3a”

y (%) = e_%(%) = e_%

Therefore e = (y (%))—8

Applying the formula above,

1
Va (E) = (.882 497 2

1\ "8
and e = <y4 <§>> = 2.7183
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Solutions to Exercise 13D

Let the integration constants be A4, B, C or D.

la y=20
1b
dy_
dx 2

(%) dy = (—1) dx

[er= v

Inly|=—x+C

—-x+C

1c Inly| =Ine

-x+C

lyl =e

—-X

lyl =ee

y=e‘e*or—efe™™

(o C

y = Ae * where A = e or —e

1d y=0whenA =0
le Substituting y(0) = 2:

2 =2Ae "
A=2

—-X

Therefore y = 2e

2a y=0

© Cambridge University Press 2019 80



2b

2c

2d

2e

2f

© Cambridge University Press 2019

X 1
_yzj_

1
X = §1n|y| +C

C—ll
x—C=zly|

Inly| = 3(x - €)

Iyl = e3¢0
|)’| = g~ 3Cp3x
3C ,3x

y=e ‘e’ *or—e”

y = Ae3* where A = e~

y=0whenA =0

Substituting y(0) = —
—1 = Ae3©

A=-1

Therefore y = —e3*
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3a vy —y=0

y' =y

dy

dx y

dx 1

@=y
d—y f dy
x =Inly|+C
x —C = Inly|
ly| = e*~¢

lyl = e Ce*

y=eCe*or—e"
y = Ae* where A=e Cor—e ¢
Substituting y(0) = —3:

—3 = Ae°

—-3=A

X

Therefore y = —3e

3b y' +2y=0

y' =2y
dy
=2
dx Y
dx _ 1
dy 2y

- y———j dy

1
= —=1 +C
x = —lnlyl
In|y| = 2C — 2x

2C-2x

lyl =e
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3c

3d

© Cambridge University Press 2019

—2x

Iyl = e*Ce

y = e2Ce=2%

y = Ae™?* where A = e?

Substituting y(0) = 1:

1= A4e°

1=A

Therefore y = e™*

y'=-3y

dy

2 —-_3

dx Y
dx _ 1] 1 4
dy 73]y Y

1
X = —§ln|y| +C

In|y| = 3C — 3x

ly| = e3¢3x

|)’| = 3Co—3x

y = e3¢e 3% or — e3Ce~

y = Ae 3* where A = e3

Substituting y(0) = 2:
2 =Ae°
2=A

—3x

Therefore y = 2e

y' =2y
dy

Fri
dx 1
dy 2y

or —e%Ce~
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—-y— j dy

x = Elnlyl +C

2x —2C = In|y|

2x—-2C

Iyl =e
|y| = g 2Cp2x
y = e 2Cp2% G _ p=2Cp2x

-2C —-2C

y = Ae?* where A = e % or —e
Substituting y(0) = —

—1 = Ae°

—1=4

2x

Therefore y = —e
4a y =2

4b

j—dy j( 1) dx

Inly-2|=—x+C
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4c

4d

4e

5a

Inly-2|=—x+C

|y _ 2| — e—x+C

y—2=e‘e¥or—efe™

y —2=Ae *where A = e¢
y=2+A4e™*
y=2whenAd =0
Substituting y(0) = 3:
3=2+Ae°
1=4
y=2+e™”*
y=1-y
dy
- 1_
dx Y
dy
—=-1-1)

1
—dy—( 1) dx
f—dy j( 1) dx
Inly—-1|=—x+C
|y_1|=e—x+c
y—1=e‘e¥or—efe™™
y —1=Ae * where A = e¢

y=1+Ae™™*
Substituting y(0) = 3:
3=1+4e°
3=1+4

© Cambridge University Press 2019
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5b

5c

2=A
Thereforey =1+ 2e™*

1

Inly-1]=x+C

x+C

ly—1]=e

y—1=¢e*or—e‘e”

y —1 = Ae* where A = e€ or —e

y=1+A4e*
Substituting y(0) = 0:

0=1+Ae°
0=1+4
-1=A4

Thereforey =1 —e*

Y =30+1)

dy 1

=70t

! oay=ly4
y+1 Y72

[yr=]3
71 ¢ 2

1
Inly +1| = —x+C

ly + 1] = e3¢
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5d

1 1
y+1=eCe? or —e‘e?”

1
y + 1 = Ae?” where A = e€ or —e®

1
y = —1+ Aez"
Substituting y(0) = 1:

1=—1+ Ae°
1=—1+4+A
2=A

1
Therefore y = —1 + 2e7*

y' =23-y)
dy

I 23—y)
dy

T -2y —3)

1
—dy—( 2) dx

f—dy j( 2) dx

Inly -3|=-2x+C

|y _ 3| — e—2x+C
y—3=e‘e X or—efe?*
y —3 = Ae ?* where A = e® or —e®

y=3+A4de

Substituting y(0) = 4

4 =3+ Ae®
4=3+A4
1=A4

Therefore y = 3 + e~ 2%
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6a y' =2y?

dy
— =2y?2
dx Y

1
’/de=j2dx
—y1=2x+C

1
——=2x+C
y

Substituting y(0) = 3:

1—O+C
3=
o 1
3
1
Therefore ——=2x—§
1 6x—1
y 3
y 3
1 6x—1
B 3
Y= Tex—1
B 3
Y =1 "6x
6b  y' =—y?
dy 5
E__y
1
J(55) ar= [ 10
yl=x+C
1
—=x+C
y
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Substituting y(0) = 1:
! =0+C

7=

c=1

1
Therefore ; =x+1

y 1

I=x+1
1

y=x+1

6c Yy =1+y?

tan 11=E+C
4
T
Z=Z+C
=C

Therefore tan™ !y = x

y =tanx

6d y' =-eY
Y_
dx

[(-2) = 1as
[ccen ay= [ 1as
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6e

eV=x+C

In(e™) =In(x + C)

—ylne =1In(x + C)
=In(x + C)

y=—In(x+C)

Substituting y(0) = 0:

0=-InC
C=e"
c=1

Thereforey = —In(x + 1)

y'=e”
dy
= p7Y
dx €

1 —
feTydy—fldX
feydyzfldx

e¥=x+C

Ine? =In(x + C)
=In(x + C)

Substituting y(3) = 0:

=In(3+C)
e®=3+C
1=3+4+C
C=-2

Therefore y = In(x — 2)

© Cambridge University Press 2019

90



6f

7a
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y =ys
dy 2
a:y3
f—zdy=f1dx
y3
_2
jy 3dy=jldx
1
3
yT=x+C
3
1
3y3=x+C

Substituting y(0) = 1:

1
3(13) =0+ C
c=3

1
Therefore 3y3 = x + 3

y%=x+3

3
_ x +3\°
y‘( 3 )
y' =ky
d
sl
jldy=jkdx
y
Inly| =kx+C
ly| = ekx+C

C  kx kx

y =efe* or —e¢

e

y = Ae"* where A = e€ or —e®
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7b Substituting y(0) = 20:
20 = Aek©
A=20

7c  y=20e**
Substituting y(2) = 5:

5 = 20ek®

1

Z:ezk

2%k =1 (1>
k=1 (1>
— 2%
k==In(27%)
k 2><11 2
= — En
k=-In2

7d  y =20eCn2x

y = Zoe—xln2
y = 20em27"
y=20x%x27%
y(3) =20x273
20
8
)
8a y' =ky
dy
— =k
dx Y
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jld jkd
—_ — X
y y

Inly| =kx+C

|y| = glx+C

C ,kx

y =efef* or —e¢

ekx

y = Ae** where A = e¢ or —e®

8b Substituting y(0) = 8:

8 = Aek®
A=8
8c y=8el*

Substituting y(2) = 18:

18 = 8ek(®@
18
§_82k
2=n()
k=1 (9)
—2 ™M1
k=l (3)2
—2 M2
k—2><113
R
k=In—-
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8d

9a

3X
= X | =
y=8 (2)
34‘
4) = =
y(4) 8><(2)
—8><81
- 16
=40=

y = Ae** + Be™** + C cos Ax + D sin Ax
y' = Ale™ — BAle™** — CAsin Ax + DA cos Ax
y" = AA%e? + BA%2e % — €A% cos Ax — DA? sin Ax
y"" = AA3e™ — BA%e™** + €A% sin Ax — D23 cos Ax
y"" = Al*e? + BA*e™** + CA* cos Ax + DA*sin Ax
LHS = y®

= A2*e?™ + BA*e ™ + CA* cos Ax + DA* sin Ax
RHS = Aty

= 1*(4e?* + Be™* + C cos Ax + D sin Ax )

= Al*e™ + BA*e ™ + CA* cos Ax + DA*sin Ax
LHS = RHS

Therefore y is a solution of the DE.
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9b

Oci

Substituting y(0) = 0:

0 = 4e*©® + Be=*) 4 C cos A(0) + D sin A(0)
0=A+B+C (1)
Substituting y"'(0) = 0:

0 = A2%2e*® + BA2e~*® — €22 cos A(0) — DA? sin A(0)
0 = AA%? + BA? — CA?

0=2%(A+B-0C)

0=A+B—-C whered+0 (2)

(1) - (2):

2C=0

C=0

Substituting y(10) = 0 and C = 0:
nm nm nr
0 = A4e101? 4+ Be 101 4 Dsin (1—0 (10))

0 =Ae™ + Be™" + Dsinnn (D
Substituting y"'(10) = 0 and C = 0:

0 = A2%e°* + BA%e~1%% — €22 cos 104 — DA% sin 101

0 = A2(Ae™ + Be ™™ — D sinnm)

0 =Ae™ + Be ™™ — Dsinnn where 1 # 0 (2)
(1 + (2):

24e™ 4+ 2Be™ + Dsinnt — D sinnmt = 0

24e™ 4+ 2Be ™™ =

Ae™ 4+ Be ™™ =0

Ae"™ — _Be—nm

A= —Be 2 (3)
From partb above, A+ B—C =0andC =0

Therefore A+ B =0

A=-B (4)
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Combining (3) and (4):

_B = —Be-2nm

B = Be~-2n7

Either B =0o0re™?"* =1,i.e.n = 0.

If n = 0 then A = 0 and the beam equation simplifiestoy = A+ B = 0.
Without loss of generality we can then set A = B = 0.

If n # 0 then B = 0 and therefore A = 0.

9cii SinceA=B=(C=0,

y = Dsm(rllg )

10a y' =e™”
dy
CANE Y
dx ¢

1 —
feTydy—fldX
feydy=f1dx

e =x+C
Ine? =In(x + C)
=In(x + C)

10b  Log curves with different x-intercepts
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10c ijii y
e — _4 —_—_— — -
—_—— - —3 —_—— — —
e R N
- s - )//

|
‘_"—\r\‘
— —
|
—_— N0
[
N

10ciii Shift left or right

10civ The isoclines are horizontal lines.

10d y=In(x+0C)
Substituting (0, 1):

1=1n(0+C)
el=0+C
C=e

Therefore y = In(x + e)

11la y'y=2
dy
—Zy=2
dx
fydyszdx
2
y7=2x+B
y?=4x+ 2B

y? = 4x + C where C = 2B

11b  Concave right parabolas with vertex on the x-axis.
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11C1,ll y
P | e

~
P ¥
/;/ /

~ N N\

VAT

o
R ERN!

4 3
NN 52 N
NN N ~ ~N N
NS \\

\*4\\

11ciii Shift left or right

11civ The isoclines are horizontal lines.

11d y?=4x+C
Substituting (0, 1):
1=4(0)+C
c=1
Therefore y? = 4x + 1

12a

L(x) =
) 1+e™™

For y-intercept, x = 0.

L(0) =

+ef

N| = =

L(0) =

y-intercept at (0, %)

12b  e™™ > 0 for all x so L(x) is always positive
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12c  Since e™* - 0asx - oo, lim L(x) =1
X—00

and e™* s> wasx - —oo, so lim L(x) =0
X—>—00

12d L(x)=(1+e®?

Lx)=—-1+e™*)2x—e™*

e—x
T A te)?

For stationary points to exist, L'(x) = 0.

e—x
d+e "2

e~ * = 0 which has no solution

Therefore, there are no stationary points.

12ei L'(x)
e—x
“Gre
1
eX(1+ e~%)2
1
eX(1+ 2e=* 4+ e~2%%)
_ 1
(e*+2+e7%)
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12eii

12eiii Point of inflection when L" (x) = 0.

x oz
(2-e2)

x o _x\3
(F+%)

e‘g(e‘x -1)=0

X
e 2 = 0 = No solution

*-1=0
e *=1
—x =1In1l
x=0

LO)=(1+e) =@ =2

POI = (0, %)

© Cambridge University Press 2019
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12f

12gi y'=y(1—-y)

—-X

e
LHS=vy' =L'(x) = ——8——
5=y ) (1+e*)2

RHS = y(1-y)

1 1
:<1+e‘x)(1_1+e‘x)

1 1+e™* -1
:<1+e-x>( 1+ex )

B (1 +1e‘x> (1 i_:—X)

-X

_ e
(14 e7)?

Therefore, since LHS = RHS, L(x) is a solution.

12gii y'=y(1-y)

1 1
=(1+e"‘)(1_1+e‘x)

1 1+e ™ -1
=<1+e"‘)< 1+e™* )

B (1 +1e—x) (1 i_ex-X)

e—x
T A te)?
_ 1
~e*(14+e )2

© Cambridge University Press 2019
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1
CeX(1+2e* +e72)
1
(eX+2+e™™)

12giiiy' =y(1—y) =y — y?
y' =—(y y?) x

=(1-2y) xy

© Cambridge University Press 2019
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13a

13bi

13bii

Let—1 =é+i
yad-y) y 1-y
A(l1—-y)+ By
y(1-y)
_A-Ay+By
- oy@-y)
_A+y(—A+B)

- y@-y

RHS =

Equating coefficients of numerators in LHS and RHS:

A=1
—A+B=0
~14+B=0
B=1
1

1
Therefore —— =—+
yl-y) y 1-y

y = 0andy =

y=y(l-y)

dy
T y(1-y)

fy(ll—y)dy=j1 ax
1

j(y+%>dy j1 dx

Inly| -In|l1—-y|=x+C

4 =x+C
y

— ex+C

|1—y|

© Cambridge University Press 2019
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|1—y|=ecxex
L=ecxex or —e¢ x e*
1-y

y X C C
——— = Ae* whereAd =e“or —e
1-y
y=4e*(1-y)

y = Ae* — yAe*
y + yAe* = Ae*
y(1+ Ae*) = Ae*

B Ae*
Y =1+ 4ex
_ 1
Y= A le~x(1 + Ae¥X)
_ 1
Y = A Tex 11
1 -1
y = BQT-I-I where B=A
_ 1
Y = 1¥Bex
13c
L) = S
Y =1fe=x YT 14Ber
_ 1
Y =1 ¥ Be~
1
T 14emBex
1
= 1+ e—x+lnB
_ 1
" 14 e~ (x-InB)

Therefore there is a shift of In B to the right.
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13d1i

li . =0

Bow 1+ Be—*

Yes, this is one of the constant solutions.
13d ii

_ 1
A T Be>

Yes, this is one of the constant solutions.
14a y=0andy=1

14b  y' =ry(l-y)

dy
T ry(1—y)

fﬁdyzfrdx
f(% lly)dy frdx

Inly| -In|]1—y|=rx+C

n =rx+C

1-y
| = eTx*+C
1—y|
—|=eC><e”‘

y Cc rx Cc rXx
m=e X e or —e- Xe

y rx c Cc
E=Ae whered =e®“or —e
y=4e"(1-y)

y — Ae'l"x _ yAeT'x
y +yAe™ = Ae™
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1+ Ae™) = Ae™
y

Ae™
YT 114
1
Y= AT (1 + Ae™)
_ 1
Y = e
1
Y=oyl where B = A71
1
Y= 1% Be

14c  Substituting y(0) = y,:

1
Yo = 1 ¥Be"©®
_ 1
Yo=1+8B
1
1+B=—
Yo
1
B=—-1
Yo
14d
_ 1
Y = 1+Be™
1
= 14+ elnBe—rx
1
= 14+ e—rx+lnB
1
= 1
1+ e—r(x—;lnB)

Therefore, there is a shift of %ln B to the right.
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14ei
1
B=—-1
Yo

Asy, » 07,B - o0 so y = 0 in the limit.

14eii
1
B=—-1
Yo

Asyy, —» 17,B - 0% soy = 1 in the limit.

15a,b,d

e
VA
e

| SANEANEN
NN
NN A
'\\\\ s o—
— =
\ 5\ i =
\
AN
\
\

~ A
Y|

-
o= -

15c¢

RHS = ! (1 ! )
T l—eX 1—eX

B 1 (1—9"‘—1)
T l—e*\ 1—e*

=—e*(1—e)?
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= LHS

So y=
0T e

16a
1 A B
(y—l)(y—S):y—1+y—3
Ay—-3)+B(y—1)
-Dry-3)
_Ay—-3A+By—-B
- DE-3)
_y(A+B)-34-B
0 -DO-3)

Equating coefficients of numerators in LHS and RHS:

Let

RHS =

A+B=0 (1)
—34-B=1 )
D)+ (2):
—24=1
P

T2

Substituting A = —% into (1):

1
—§+B=O
g=L
2
Therefore
1 1
1 _"2,. 2
-DHr-3) y-1 y-3
1 1

" 20)-3) 2y-1)

1 1 1
=E((y—3)‘(y—1)>

© Cambridge University Press 2019
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16bi y = landy = 3

lébii y'=—-(1-y)3—y)

dy

a——(l—J’)(?’—)’)

f L d —f(-l)d
A-»G-y» "~ " *

J o- 1)1(y —5v =D

%f((yiz)‘@i1))dy:f(‘1)d"

f((ylza) (yll) ty=[2ax

Inly-3|—-Inly—1|=-2x+C

-3
lny |

y—1 =—-2x+C

|y —3 — p—2x+C

I | =exe
y—1
-3
%=ec><e 2X or —e€ x e72X
y—3

y(1—A4e %) =3 — Ae™**
3 —Ae?*
1—Ae2*
3+ Be™%*

y=m where B = —A

y:
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16¢ci AsB — 0%,y — 3,so y = 3 is the constant solution.

16cii AsB — o,y — 1,so y = 1 is the constant solution.

16d
il
(A O A T N B
I N O£ 2 N R B
LS S W W S W W W
-3+ :;—————)

16ei y'=—-(1-y)(3-y)
. d dy
y ——E(l—y)(B—y)xa

d
=——(3-4 2 !
dy(S y+y°) Xy

=—(—4+2y)x-1-y)B-y)
=2(-2+y)1-y»)B-y)
=-22-y)1-»B-y)
=-21-y)2-»GB-y)

16eii For points of inflection, y" = 0
—2(1-y)2-y)B-y)=0
y=12o0r3

However, y = 1 and y = 3 are constant solutions so only point of inflection at
y=2.
ForB =1
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34+
1+e2x

_34e™
C1lte

24 2e X =34¢7%

y:

e ?* =1
x=0

Point of inflection at (0, 2).

17a
1
v=—
y
! 1 !
vV = —F_’y
1
= —v2y’ (as v? = 37)
=—v’ry(1—-y) (asy' =ry(1-y))
1—-y
o ((3)
Y y
1
= —rv?y? (— — 1)
Y y
=—r (l — 1) (asv?y? =1)
y
=—r(v—1)
=r(1-v)
17b v =r(1—v)
dv 1
F 7( v)
dv 1
e r(v )
= j(—r) dx
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Infjv—-—1|=—-rx+C

|v _ 1| — e—rx+C

[lv—1]| = efe™™

v—1=¢e%% ™ or —efe ™™

v—1=Be™ ™ where B=¢eor—e¢

v=1+Be™
17c
1
v =—
y
_1
y_v
_ 1
Y =1+ Be—*

18a y" =2(1-y")
v'=2(1-v)

18b y'(0) =0 so v(0)=0

18c v =2(1-v)

dv

a— 2(1—17)
d

—”= —2(w-1)

j—dy j(—Z) dx

Injlv -1 =-2x+C

|'U _ 1| — e—2x+C
lv—1| = eCe2*
v—1=e¢e%% %X or —ele 2%

© Cambridge University Press 2019 112



Chapter 13 worked solutions — Differential equations

18d

18e

© Cambridge University Press 2019

v—1=DBe ?* where B=c¢e

v=1+Be %

(Alternatively, use r = 2 in your answer to Q17b.)

Substituting v(0) = 0 from part b:

0=1+ Be2©®
0=1+B
—-1=8B

Thereforev =1 — e~ %¥

Sincev = y’,

—2X

y=1-e

fy’ dx = f(l —e ) dx
y=x+ %e‘zx +C
Substituting y(0) = 1:

1
1= 0+§e‘2(°) +C

1
1=E+C
1
2- ¢

1
Thereforey = x + —e 2% + =

2
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19a We are given:

df (x)

=g(f(0)

Substituteu = x — C

du
Note that — =1

dx
Ify=f(x—-0)
y=f)

, df(u) du

du dx

A
_df(w)
T du
=g(f(w)
=g(f(x-0))
=g(f»)

Soy = f(x — C) is also a solution.

19b  Shift right by C

19c  Since translating a solution horizontally gives another solution, all horizontal
lines are isoclines.

19d If a graph is shifted right, its gradient at a given height is unchanged by the shift.
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20ai

d’y d (dy)
dx?  dx \dx

20aii

20b

v%2 4+ y2 = C where C = 2B

© Cambridge University Press 2019
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20c

20d

20e

20f

20gi

20gii

If C is negative, there is no solution.

If C is zero, the solution is a single point, the origin.

If C is positive, the solution is a circle with centre the origin and radius v/C.

Standard parametrisation for a circle: v = rcosx,y = rsinx

y=rsinx
y' = i(7‘sinx)
dx
=71 Cosx
=v

The original DE is autonomous. From Question 19 we know thatif y = f(x) isa

solution to the DE, then y = f(x — D) is also a solution.

Hence the general solution is y = r sin(x — D).

y =rsin(x — D)

=rcosDsinx —rsinD cosx

= Acosx + BsinxwhereA = —rsinD and B =rcosD

y =Acosx + Bsinx

dy .

— = —Asinx + Bcosx

dx

d*y .

W = —Acosx — Bsinx
==y

d?y

aetv=0

© Cambridge University Press 2019
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21a

21b  Substituting y(0) = 1:

os11=0+C
0=0+2C
C=0

Therefore cos™ly = x

21c
dy
-1 =v2
dx y
If y = cosx,

d
LHS = a(cosx) = —sinx

RHS = —/1 — cos? x = —|sin x|

So the two solutions differ when sin x is negative.

21d The DE holds when sin x is non-negative. The largest region containing the
initial point where this is true is 0 < x < m so the solution is:

y=cosx,0<x<m

22a y=1x3
dy
— = 3x?2
dx x
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d
Substituting into the initial value problem d—z =

LHS = 3x?

2
RHS = 3(x3)3
= 3x?2

= LHS

3

Hence y = x* is a solution of this IVP.

dx

22b y=0
dy
dx
Lo - dy
Substituting into the initial value problem —— =
LHS=0
2
RHS = 3(0)3
=0
= LHS

Hence y = 0 is a solution of this IVP.

22c y(0) =0

From parts a and b above, we know the DE is satisfied for x # 0

Forx <0,y =0 and 2 = 0
orx <0,y =0 and -~ =

d
As x - 07,y tends to zero and ﬁ = 3x? also tends to zero.

Therefore at x = 0,y = 0 and Z—z = 0 so the DE and initial values are satisfied

here too.
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22d  y(0) =0

From parts a and b above, we know the DE is satisfied for x # 0

F >0,y=0 ddy—O
orx ,y =10 an Ix

_ d
As x = 07,y tends to zero and d—z = 3x2 also tends to zero.

Therefore at x = 0, y = 0 and % = 0 so the DE and initial values are satisfied

here too.
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Solutions to Exercise 13E

Let the integration constants be A4, B, C or D.

lai

laii

y = ax? + bx

y'=2ax+b

Substituting for y' in y' = 1 — 4x:
2ax +b=1-—4x

Equating coefficients:

2a=-4 andb =1
a=-2andb =1

Therefore y = —2x% + x
e *(acosx + bsinx)

y =
y'=—e*(acosx + bsinx) + e *(—asinx + b cos x)
y' = e‘x(—(a cosx + bsinx) + (—asinx + b cos x))
y'=e*(—acosx —bsinx —asinx + b cos x)
Substituting for y' in y' = 2e ¥ sin x:

e *(—acosx —bsinx —asinx + bcosx) = 2e *sinx

Equating coefficients:
—a—b=2 D
—a+b=0 (2)
(2) + (3

—2a =2

a=-1

Substituting a = —1 into (2):
1+b=0
b=-1

Therefore y = e ™*(—cosx —sinx) or y = —e *(cosx + sinx)
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laiii y=ax+b+3e7*

1bi

y'=a—3e7*

Substituting for y’'and y iny’ = x — y:
a—3e*=x—(ax+b+3e™)
a—3e*=x—ax—b—3e*
—-x+a=—-ax—>

Equating coefficients:
—a=-1soa=1

—b=aso b=-1

Thereforey = x — 14 3e™*

y=ax?+bx+c+4e?*
y' =2ax+b—8e %

Substituting for y'and y in y’ + 2y = x? — 3x — 4:

2ax +b—8e ™ ?* + 2(ax®? + bx +c+4e ) =x?>—-3x—4

2ax + b —8e % + 2ax?+2bx + 2c +8e * =x?>—-3x—4

2ax + b + 2ax? + 2bx + 2c = x* —3x — 4
2ax? + 2ax + 2bx + b+ 2c =x*> —3x — 4
2ax? + (2a+2b)x + (b +2¢) = x?> —3x — 4
Equating coefficients:

2a =1 _1
a=1soa=5

2a+2b=-3

2(1)+2b— 3
5 =

1+2b=-3
2b=-4
b=-2
b+2c=-4
—2+2c=-4
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1b ii

—2x

1
Therefore y = Exz —2x—1+4e

y = ax?+ bx + ¢ — sin 2x

y' =2ax + b — 2cos 2x

y" = 2a + 4sin 2x

Substituting for y”’, y'and y in y"' + 4y = x% + 5x:
2a + 4sin 2x + 4(ax? + bx + ¢ — sin 2x) = x? + 5x
2a + 4sin 2x + 4ax? + 4bx + 4c — 4sin 2x = x? + 5x
2a + 4ax? + 4bx + 4c = x* + 5x

4ax? + 4bx + (2a + 4c) = x* + 5x

Equating coefficients:

4a =1

20+ 4c=0

2(1)+4 =0
g) T

5 1

1
Therefore y = Zx + 4x 3~ sin 2x

1
ory =§(2x2 +10x — 1) — sin 2x
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lc  y=75eM
y' = 51e**
y” = 512

Substituting for y”’, y’and y in y"" + 5y’ + 6y = 0:
52%e* + 5(51e*) + 6(5¢*) = 0

5A%2e* 4 252e™ + 30e* = 0

5e**(A12 +51+6) =0

5e** = 0 (no solution)

orA2+51+6=0

1+3)A+2)=0

A=-3,-2

Therefore y = 5e73% or 5e™%*

2a
drR LR
dt
! dR = k dt
= =
fl dR = fkdt
= =
In|R| =kt +C
R = e***C since R must be positive
R = eCekt

R = Ae*t where A = e€
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2b R =Aek
Whent =0,R = 100, so:
100 = Aekx0
A =100

2c R =100e*
Whent =4, R = 20, so:

20 = 100e%k
1
§:e4k
1 (1>—4k
n 5 =
1

kzzln(S‘l)
k = 11 5
_—Zn

2d R =100e*t wherek = —iln 5
Whent =12,
R = 1008(—%1n5)x12
=100e(31n5)
= 100e™5™

=100 x 573

100
"~ 125

4
5

4
Amount present after 12 days is T

© Cambridge University Press 2019
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2¢ R =100e("im5)

R = 100e(-3t™m5)

1
(ln 5_1t>
R =100e

1,
R=100%x 51
L
_ 1\4
R = 100 x (5)
Whent =12,
3

R—100x(1) 100 x —— =4
- 5/ 125 5

3a
H—kH 25
Fri ( )
H_ZSdH=kdt

1
fH_ZSdszkdt

In|[H — 25| =kt +C

|H — 25| = ekt+C

|H — 25| = eCekt

H—25=ceCe* or —eCekt

H — 25 = Ae*t where A = e€ or —e®

H = 25 + Aekt

3b Whent =0,H =5, s0
5 =25+ Ae*©®
5=25+4
—-20=4
Therefore H = 25 — 20ekt
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3c

3d

4a

4b

Whent = 10,H = 15, so:
15 = 25 — 20e10k

20e1% =10
10
10k _ — —
¢ 20
10k =1 L
= nz
k = 11 )
BET
k = 11 2
BT
When H = 24,

24 = 25 — 20e(-TM2)t

20e(-10m2)t = 1

2710t = !
20
t = 43 mins
av
- = kmr?, for some constant k
dr _ dr » av
dt  dv = dt
dr dr o kr?
ac _av T

h = 3r (from initial proportions) so

1
V=§7tr2x3r=nr3
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4c

4d

av
Therefore — = 3mr?

dr
dr_ 1 o
dt  3mr2 r
dr_l
dt 3
dr_lk
dt 3
f3dr=fkdt
3r=kt+C

1 1
r ==kt + D whereD ==C
3 3
Substituting r(0) = 4:
1
4 = §k(0) + D
D=4

1
Therefore r = gkt + 4

Substituting r(6) = 3.5:

1
35=5k(6) +4

—0.5 =2k
2k = !
)
.= 1
4

Merefore = 1(~ 1) 4 4
ereorer—3 2

PR
TEET
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4e V=mur3

1 3\3
v=n(4-—t)
12
: . 1 :
Since r and V cannot be negative, 4 — —; t must also be non-negative therefore
0<t<48.

S5a  h(0) = 400

dh

The height decreases so FT <O0.

Since Vh = 0, the constant k must be negative.

5b

dh
= kvh

f— dh = fkdt
1
fh_f dh = fkdt
1
2h2 =kt + C
11
h2 = E(kt +0C)
h = ! (kt + C)?
4
Substituting h(0) = 400:
1
400 = Z(k(O) + C)?

1600 = C?
C =140

Therefore h = %(kt + 40)2
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5¢ Substituting h(20) = 100:
100 =7 (k X 20 + 40)?

400 = (20k + 40)?

20 = 20k + 40
20k = —20
k=-1

5d
h—1 t + 40)?
—4( )
When h = 0,
0—1( t +40)?
T4

0 = (—t +40)?
0=—-t+40

t = 40 mins

S5e No, h(t) increases for t > 40, which is impossible.

6a
-0
Gradientzy—zz
x—0 «x
6b
y _y
dx x
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6cC

6d

7a

7b

7c

[Far=]5
y P
In|y| = In|x| + B

In|y| = In|x| =
In |¥| =B
|3’

—|=eB

=eBor—ef

< oRIR RIR g

=Cx

x = 0 because then y’ undefined.

Gradient = —— =

y-0_y
x—0 x

Normal has gradient of — 5

—
<
QU
<
I
|
—
=
QU
=

N
N

y x
- 4C
2 2

X2 y?

Z i+l =c
2 2
x2+y2=2C

© Cambridge University Press 2019
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x% + y? = r? where r?2 = 2C and r is the radius of the circle

8a
-0
Gradient = ﬁ =y
8b
dy
ax 7
8¢

[Lay=[1a
—_ — X
yy

Inly|=x+C

x+C

lyl =e
y =e‘e* or — eCe”

y = Ae* where A = e€or —e®

8d Substituting (0, 1):
1 = Ae®
A=1

Therefore y = e*

9a
dP_kP
dh ~
fldp—fk dh
5 dP =
In|Pl=kh+C

P = e*"*C (from the context of the problem, we can ignore the negative case)

P = eCekh

© Cambridge University Press 2019
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9b

9c

P = Ae*" where A = e€
Substituting (0, Py):

Py = Ae°

A= P,

Therefore P = Pye*"

Substituting (10 000, 40):
40 = P,et0 000k €Y)
Substituting (6000, 80):
80 = P,ef000k (2)
(2) = (1):

80 e6000k
40 _ 210000k

2 = eGOOOk—lO 000k

2 — o—4000k

In2 = —4000k
_ In2
~ 4000
Substituting k = L T (1):

4000

40 =Py e et 000( 41(1)1020)
40 = P, e(-3n2)

40 = P, 2(%3)

40

A3
160V2 = P,

= Py

2
Therefore P = 1602 e\ 2000

When h = 0,
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In
P = 160VZ x e("3000)%°
P =160V2
P = 226 kPa

10a A= (2x,0),B = (0,2y)

10b

dy 2y—-0
dx 0-—2x

R

10c

fl dy = —fl dx

y x

In|y| = —In|x| + B

In|y| + In|x| =

Infxy| =

lxy| = e®

xy = eBor—eB

xy = C where C = eB or — ef

C
ory=;

11a

dC—kS C

f—dC fkdt
f—dC——fkdt

In|C—S|=—kt+B

|C _Sl — e—kt+B
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|C — S| = eBe ™kt
C—S=eBe Kkt oreBekt
C—S=Ae ¥ where A =eBor—e B

C=S+A4e™

11b  Substituting (0, Cy):
Co =S + Ae kO
Chob=S+A
Chb—S=A4A
Therefore C = S + (Cy — S)e™*¢

12a
RHS—1+ !
N 1000—N
_1000—-N+N
~ N(P-N)

_ 1000
~ N(1000 — N)

= LHS

Theref 1000 1 N 1
erelore N(1ooo—N) “ N T 1000 — N
Alternatively, let
1000 _A N B
N(1000—N) N ' 1000 — N
_ A(1000 — N) + B(N)
~ N(1000 —N)
_ 10004 — AN + BN
-Dl-3)
_ N(—A+ B) + 10004
-Dly-3)

Equating coefficients:
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10004 = 1000

A=1

—-A+B=0

Since A =1,

—-1+B=0

B=1

Therefore 1000 -1 !

N(1000—N) N T 1000 =N

12b
an = kN(1000 — N

1
fN(lOOO—N) dN =fkdt

1 f 1000
1000 ) N(1000 — N)

1 1
f (N-FIOOO—_N) dN = f 1000k dt

In|N| —In|1000 — N| = 1000kt + C

dN=fkdt

= 1000kt + C
| | _ ,1000kt+C
1000 — N
N
_ ,C,1000kt . _ ,C,1000kt
Tooo =N = ¢ ¢ or — efe
L = Ae1000kt ywhere A = e€ or - e€
1000 — N

N = Ae'0%%t (1000 — N)

N = 1000A€1000kt _ NAelOOOkt
N + NAelOOOkt — 1000A€1000kt
N(l + AelOOOkt) — 1000A61000kt

1000Ae1000kt
~ 1 + Ael000kt
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1000Ae1000kt A—le—1000kt
- 1 4+ Ael000kt X A~—1g—1000kt

1000

~ A-1g-1000kt 1 |
1000

~ Be-1000kt 1 |
1000

~ 1 + Be-1000kt

where B = A1

12c¢  Substituting N(0) = 40:
1000
1 + Be~1000k(0)
1000

1+B
40(1 + B) = 1000

40 =

40 + 40B = 1000

B 1000 — 40
B 40
B =24
1000
Therefore N =

1+ 243—1000kt

12d  Substituting N(1) = 80:

1000
14+ 24.¢—1000k(1)

80 + 1920e 1000k = 1000

80 =

1920e 1000k — 920

920
1920

1000k = 1 (23>
"\18

I = 1 l (23)
~ T 71000 "\8

k =7.357x107*

o —1000k _
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12e  Whent =35,

_ 1000
- 1 + 24 —1000k(5)

= 622.57

Population will be 623 after 5 years.

13a
RHS = 1+
N P-
_P-N+
~ N(P-N)
P
~ N(P-N)

N
N

= LHS
1

P 1
Therefore ————=—
ereoreN(P_N) N+P—N

Alternatively, let
P _A N B
N(P—-N) N P-N
_A(P—-N)+B()
- N(P —N)
__AP — AN + BN
~ N(P-N)

_N(—A+B)+AP
~ N(P-N)
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Equating coefficients:

AP =P

A=1

—-A+B=0

Since4 =1,

—-14+B=0

B=1

Therefore d ! !

_ = —
N(P-N) N P-N

13b  (Same as Q12b with P = 1000.)

N NN
ar = kN( )

fﬁdN=fkdt
%fﬁszfkdt

f(1+ ! )dN—kadt
N P—N N

In|N| —In|P — N| =kPt+C

= kPt+C
| |_ KPt+C
P—-—N

N

— pCokPt op — oCokPt

P—N
L = Ae*Pt where A = e or-e
P—N

N = Ae*Pt (P - N)

N = PAekPt — NAekPt
N + NAe*Pt = pAekPt
N(1+ AekPt) = pAekPt

© Cambridge University Press 2019
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PAekPt
N=——nr
1 + AekPt
PAeth A—le—th
N = 1 +Aeth ><A—le—th
P
N= g 11
p -1
N = BeTt-l-l where B =4
N = P
1+ Be~kPt

13c  Substituting N(0) = 23.2 and P = 187.5:

187.5
23.2 = 1 + Bo-1875K©
Jay 1875
“ 1+B

23.2(1+ B) = 187.5
23.2 +23.2B = 187.5

_ 187.5-123.2
- 23.2

164.3

23.2

187.5

164 3 —187.5kt
I+5375€

Therefore N =

187.5 23.2

X
12634-23 o-187.5kt  23.2

N =

1+

_ 187.5 x 23.2
"~ 23.21 + 164.3¢ 1875kt
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13d  Substituting N (40, 63.0):

187.5 x 23.2
23.21 + 164.3¢~187.5(40)k

63.0(23.21 + 164.3¢77500%) = 187.5 x 23.2

4350

23.21 + 164.3e77500k —
+ € 63.0

63.0 =

4350
164.3¢77500k = 30 23.21
4350 — 23.21 x 63.0
63.0 X 164.3
4350 — 1462.23
10 350.9 )
1 (2887.77)

~7500 "\10350.9
k=1.702 x 10~%

e ~7500k —

—7500k = 1n<

k =

13e  Whent =80and k = 1.702 X 1074,

_ 187.5 x 23.2
N= 23.21 + 164.3e~187.5(1.702 X 107*)(80)
N = 4350

23.21 4 164.3¢72553

N =120.832 ...

Predicted population is about 120.9 million.

13f The mathematical model needs to be revised. Clearly the carrying capacity is
much larger than the figure of 187.5 estimated in 1850.

Using the model, when t = 168 and k = 1.702 x 1074,

~ 187.5 x 23.2
N= 23.21 + 164.3¢-187.5(1.702 x 10~4)(168)
v 4350

 23.21 4 164.3¢75:3613

N =181.401 ...

Predicted population from the model is about 181.4 million.
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14a

Using the results from Question 13a and 13b,

P

N=—
1+ Be~kPt

Alternatively, the full working is shown below.

P 1
From Q13a, —N(P Ny N +
v _ kKN(P—N

fﬁszfkdt
%fﬁszfkdt

1
I(N-I_ﬂ dN fkpdt

In|[N| —In|P — N| =kPt+C

=kPt+C

"P=w
| |_ KPt+C
P—-—N

N
= eCekPt op _ oCokPt
N = Ae*Pt where A = e€ or -e®
P—N

N = Ae*Pt (P — N)

N = PAe*Pt — NAe*P*
N + NAe Pt = PAe*
N(1+ Ae*Pt) = pAe*Ft

PAe*Pt
N=—-"——
1 + AekPt
PAeth A—le—th
N = 1 _|_Aeth ><A—le—th
P
N= e 1

© Cambridge University Press 2019
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P
N = B’eTt-l-l where B = A_l
N = P
1+ Be kPt

14b  Substituting N(0) = Ny:

_ P
No = 1T e m®
N = P

" 1+B
No(1+B)=P
N0+BNO:P
BNO=P_N0

P—N
B = 0
Ny

Therefi N P

erefore N =

1+(P_N°)e"‘”
0

N P Ny

= X_

ﬂ ket Np
1+( Ny )e
N, P

N = 0

Ny + (P — No)e kPt

14c  Substituting N(t;) = N;:

v NoP
Y7 Ny + (P — Np)ekPta
N, 1

NoP Ny + (P — Ny)e <Pta
NoP Ny + (P — No)e s

N, 1

NyP

L_ NO — (P — N, )e—thl
N,
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14d

NoP — NoN,

— P — N _thl
N, ( 0)e

NOP - N()Nl _ _thl

Ni(P—No)

No(P — Ny)
N;(P — No)
Ny (P — No)
No(P — Ny)

— ,—kPt,

— kPt;

_(Ni(P = Ny)
kP t, = In (m)

oo L (NP —No)
‘EF“(MﬂP—No>

_ NoP
"~ Ny + (P — Ny)e Pk®

By the same logic (as in part c),

1 Nz(P - No)
k=—In|——%
t,P \No(P — Ny

Substitutingt; = 1and t, = 2:

Ny (P — Ny) 1
Pl (—) k=—1In

No(P — N;) 2p

and k =

1

Nz (P = Np)
No(P — N;)

2 ln <N1(P No)) ( 2(P — No))
No(P — Ny)

No(P = N,)

<N1(P No)) < 2(P — No)
No(P — Ny)

No(P = N,)

<M@—%§=M@—%)
NoP=N)) ~ NoP=Ny)

No(P — Np)(N1(P = Ng))” = Ny(P — No)(No (P — Np))”
(P - Nz)(P - No)(N1)2 = NoNz(P - N1)2

© Cambridge University Press 2019
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15a Itrepresents the 200 fish harvested each year.

15b
dy 1
2t = 2t5y6—y)
dy 1
dy 1
E = _ﬁ(y - 16y+48)
dy 1
P 5D -12)
Initial condition: y(0) =5 —2 =3 (where y is measured in hundreds)
15¢  RHS
3 3
T y—12 y—4
_ 3y -H-30r-12)
y-12)(y -4
_3y—12-3y+36
v-12)y—-4)
B 24
v-12)y—-4)
= LHS
15d
Y -9~ 12)

f - 12)(y n» f Ldt
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1
In|ly — 12| — In|y — 4| = —§t+C

| y— 12 1t+C
n =—=
y—4 3
y—12 =e—%t+C
y—4
—-12 1 1
};_4 =eCe 3 orefe 3t
—-12 1
);_4 = Ae 3 where A = e

It
y—12 = (y —4)Ae 3

L L
y—12 = yAe 3" —44e 3

c

L L,
y(l—Ae 3)=12—4Ae 3

1,
12 — 4Ae 3
y=——"—"—7=—
1—Ae73
Substituting y(0) = 3:
_ 12 — 4Ae°
T 1-Ae°
_12-44
1-4
3—34A=12-44

A=9
L
12 — 36e 3
Therefore y = 1,
1—-9e 3
L
12 (1 —3e 3 )
y= 1
1-9¢73"

© Cambridge University Press 2019
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Chapter 13 worked solutions — Differential equations

15e  Substituting y = 0:

1,
12 (1 —3e73 )

1
1—9¢7 3"

0=

1
1-3e3" =0

= 3.3

Fish will die out in approximately 3.3 years.
15fi y(0) =5

15fii

1,
4(3+7e 3)

y = T
1+7e3

1
Ast > o0,e 38 50

Therefore y approaches:
4(3+7(0))
1+ 7(0)
12
1
=12
So skipping the harvest for the first year allows the fish population to stabilise at

1200. This suggests the harvest should be stopped for one year to save the
species.
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16ai Letu = log.x

du_l

dx x

x du = dx
dx

1=]
xlog, x

B x du

) xu

_ du

) u

16aii I =log,|u|l +C

= log.|log.x| + C

16b
dN
I = kN log, N
leoge dN=jkdt
log.|log.N| =kt + C (using part a)
llog,N| = e*t*¢
log,N = eCekt or — eCekt

log,N = Ae*t where A = e€ or —e®

N = e

17 M, =200

dM
P —outflow — decay
dM 5 10
-~ 100 " 100M
15
~ 7100
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3 . . : .
InM = — 2ott C (we can omit absolute value signs since M cannot be negative)

3
M — e—ﬁt+c
3
M=e zoec

M= Ae_23_0t where 4 = e€
Substituting M (0) = 200:
200 = Ae°

200=A

3
Therefore M = 200e 20"

18a

dh
P k(h —20)

1
fh—ZO dhszdt

Inlh — 20| =kt +C

|h — 20| = ekt+C

|h — 20| = e*te®

h —20 = Ae"*t where A = e€ or —e®
h =20+ Ae**

Substituting h(0) = 100:

100 = 20 + Aek©

A =80

Therefore h = 20 + 80e*t

h = 20(1 + 4e*t)
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Substituting h(10) = 80:
80 = 20(1 + 4e'%%)
1+ 4e'% =4

4e10k =3

18bi

i _ k(H—-20+1t)
dat

H(0) = 80

18bii y=H —20+t

dy dH

dt dt+

dy

— =k(H -2 1
ot k( 0+1t)+
dy
dt
y(0) =80 —20 =60

=ky+1

18b iii

d
—)t]=ky+1

d
[Lay=[1a
ky +1 Y=

1f ! dy = | 1dt
i —o=]
y+r
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y +— = Ae** where A = e® or —e®

1
=A kt _
y e X

Substituting y(0) = 60:
1
= A ot _ _
60 e 7

A—60+1
- k

Theref —(60+1) ke _ 1
ereorey— k e k

Sincey = H — 20 +¢, H=y+20—-t

1 1
ekt — 420 —¢
)e T

=(60+k

H(t) = 20 ! t+(60+1) kt
or = X X e

19a
N _ N -
dt
d(P
% = kPy(P - P)

d
P = kP?y(1-y)

dy
i =kPy(1—1y)
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d
& ry(1—y) (since r = kP)
dt
Ny
y(0) =y = P
19 x=rt
dx
ac |
Using the chain rule:
dy dy o 4t dt
dx  dt’ dx
1
=ry(1-y) X -
=y(1-y)

Initial condition: y(0) = y,

19c
1
V==
y
dv 1
dy — y?
Using the chain rule:
dv _dv dy
dx dy dx
1
=z y(1—-y)
- 21—
y y
1
(-}
v
=1—-v

orv  =1—-v
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19d

19e

vV=1—-v

1
fl_vdv=f1dx

1
fv_ldv=—f1dx

Injr—-1|=—-x+C

-x+C

lv—1|=e

v—1=cefe¥or—ele™

c

or —e

v—1=A4e ™ whered =e
v=1+4Ade™*
Sincey = | 1
1ncev—yory—v
_ 1
Y =1+ de~
Substituting y(0) = y, = %:
Ny 1
P 1+ A4e°
1+A—P
=N
A—P 1
=N
Theref 1
erefore y = 2
1+({g—1)e ™
(1)
1 Mo
y= P N
r -x Np
1+(N0 1)ex
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19f  Substituting x = rt = kPt:

Y= No + (P — Np)e *Pt

N = Py
Ny
X
NO + (P - No)e_kpt
~ NoP
N No + (P — No)e_kpt

=P

20a  The curves all have an asymptote y = 0 on the left and an asymptote y = 1 on

the right, an the curves become steeper at (0, %) as the value of r increases.

1.2
1
0.8
0.6
4,
0,
— 0
6 4 2 0 2 4 6
r=1 r=2 r=4 r=8
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20bi Asr > oo,—rx > —osoe ™ - 0andy - 1

20bii Asr > oo, —rx =0soe™ ™ = 1andy=%

20b iii Asr > 00,—rx > 0soe ™ - ocoandy - 0

20c

A

y = u(x)

A
=¥
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Solutions to Chapter review

Let the integration constants be A4, B, C or D.
1la 1st-order, linear, one arbitrary constant
1b 2nd-order, two arbitrary constants

1c 3rd-order, three arbitrary constants

2 xy' =y(1—2x?)

y’=¥(1—x2)

2 x—z—%—l—{;l}élgz
y
2 3 4 0 -3 * 3 0 -% -3
SN B S S B
13§04 30}
b1 % 0 -f* h 0 -f ]
0O 0 0 0 0 * 0 0 0 0
i e L B U
-1 3 =30 3 o* 30 3 3
4 3 -i0 § * G0 g3
-2 -3 -4 0 3 * -3 0 ¢{ 3

2c See part h.
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2d See part h.

2e The linesx = 1and x = —1 are isoclines.y = 0 is also an isocline, ignoring the

point (0, 0) where the gradient is undefined.

2f y = 0.Yes, y = 0is a constant solution.

2g 0dd: y' is unchanged when x is replaced with —x and y is replaced with —y.

2c¢,d,h

32y = Cx%*e*
y' = C(e* X 2x + x? x e*)
Substituting for y and y' in xy’ = y(2 + x):
LHS = xy’
= Cx(2xe* + x?%e*)
=Cx%e*(2+x)
=y(2+x)
= RHS

Therefore, y = Cx? e* is a solution of xy' = y(2 + x).
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1
3b y=Vx2+C=x24C):
1, o -1
y' = E(x +C) z X 2x
_1
y' = x(x?+ )2
Substituting for y and y'" in yy’ = x:
LHS =yy'

1 _1
=(x?+C)2xx(x?+C)2
=x(x% + C)°
=X
= RHS

Therefore, y = vVx? + C is a solution of yy' = x.

3c
y = mz(x2+6)‘1
y' = =(x2+C)"? x 2x
= —2x(x>+C)7?
o
(Z + 0)2

Substituting for yand y' iny’ = —2xy

2

x2+C)

RHS = —2x X (
2x
(x2+C)2
= LHS
1

—2xy?2.

Therefore, y = v is a solution of y’
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43

4b

4c

4d

4e

4f

5ai

y=0

Taking the reciprocal of the DE gives

dx_ 2

dy y

fo o fto

x=—-2Inly|+C

x=—-2Inly|+C

x—C = —-2Inly|

C—x_l 1yl

2 Y
C—x

|y|=e(T)

y = e xelF or— el x ()

y= Ae‘g where A = e(g)or —e(g)
y=0whenA4 =0

Substituting y(0) = 3:

_0
3=A4e 2

A=3

Therefore y = 3e 2

y'=0whenx = 2orx = -2
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5aii Itisanisocline.

5aiii Gradients decrease to —1 then increase.

Sa 1V yl
I/ = N4
I =N
/ _x":;/ — \>
ﬁ' ;/:""'x 17
_Hﬂ_/; "'2"‘{_1
[ )7 = \-2\
;" /s — 3
’f /= 4
vy

5bi y'=0wheny =
5bii Gradients decrease to — % then increase.

5biii Itis anisocline.

5ci y'=0wheny =

A

N~ =7

N =/ } *
N =7/
\H-T//l ,"5;: I."II
,"r.:

eV E:
~ - /,..f'"f
\.___:__,/; J'r
N~ =/

2ory = =2

—X
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5cii  Gradients decrease

5ciii Gradients increase

S5civ

% N N ~ =
[ % N~ ~ -

;|

6a y=Ae*+ Be ¥
y' = —Ae™™ — 2Be™%*
y" = Ae ™ + 4Be™**

Substituting for y",y'and y in y"" + 3y’ + 2y = 0:
LHS = Ae™ + 4Be™2* + 3(—Ae ™ — 2Be™?*) 4+ 2(Ae™™ + Be™%¥)
=Ae ™+ 4Be™** —34e™* — 6Be™** + 24e™* + 2Be™%*

=3Ae* —34e ¥ + 6Be ?* — 6Be~%*
=0
= RHS

Therefore, y = Ae™ + Be™?* is a solution of y"' + 3y’ + 2y = 0.
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6b

6c

y = Ae ¥ cos 2x + Be * sin 2x

y' = A(cos2x X —e ™ + e™* X —25sin2x) + B(sin2x X —e * + e™* X 2 cos 2x)
= A(—e *cos2x — 2e *sin2x) + B(—e*sin 2x + 2e7* cos 2x)
= —Ae *(cos 2x + 2sin 2x) — Be *(sin 2x — 2 cos 2x)

y'" = —A(—e‘x(cos 2x + 2sin 2x) + e *(—2sin 2x + 4 cos Zx)) —
B(—e‘x(sin 2x — 2 cos 2x) + e *(2cos 2x + 4 sin Zx))

= —Ae *(—cos 2x — 2 sin 2x —2sin 2x + 4 cos 2x) — Be *(—sin 2x +
2 cos 2x + 2cos 2x + 4 sin 2x)

= —Ae *(3 cos 2x — 4sin 2x) — Be *(3 sin 2x + 4 cos 2x)
Substituting y"',y’and y in y"" + 2y’ + 5y = 0:
LHS

= —Ae *(3 cos 2x — 4sin 2x) — Be *(3 sin 2x + 4 cos 2x

Ae™*(3 cos 2x — 4 sin 2x) — Be~*(3 sin 2x + 4 cos 2x)
+ 2(—Ae‘x(cos 2x + 2sin2x) — Be *(sin2x — 2 cos Zx))
+ 5Ae ™ cos 2x + 5Be™* sin 2x

=e*cos2x(—3A—4B —2A+ 4B + 5A) + e *sin2x (4A — 3B — 4A — 2B + 5B)
= e *cos2x (0) + e *sin 2x (0)

=0

= RHS

Therefore, y = Ae™ cos 2x + Be™* sin 2x is a solution of y" + 2y’ + 5y = 0.

y = Acosx + Bsinx + Ce?*

y' = —Asinx + B cosx + 2Ce**

y" = —Acosx — Bsinx + 4Ce?*

y'"" = Asinx — B cos x + 8Ce?*

Substituting y'"’, y",y’andyiny""’' —2y" +y' — 2y = 0:
LHS

= Asinx — Bcosx + 8Ce?* — 2(—Acosx — Bsinx + 4Ce?*) + (—Asinx +
Bcosx + 2Ce?*) — 2(Acosx + Bsinx + Ce?¥)

= Asinx — Bcosx + 8Ce?* + 2Acosx + 2B sinx — 8 Ce** — Asinx +
Bcosx 4+ 2Ce?* —2Acosx — 2B sinx — 2Ce?*
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6d

7a

=0
= RHS

Therefore, y = Acosx + Bsinx + Ce?* isasolution of y'"' —2y" +y' — 2y = 0.

y = Ae?* + Be™?* + C cos 2x + D cos 2x

y' = 24e* — 2Be~?* — 2( sin 2x — 2D sin 2x

y" = 4Ae?* + 4Be™%* — 4C cos 2x — 4D cos 2x

y'" = 84e%* — 8Be~%* + 8(C sin 2x + 8D sin 2x

y'" = 16A4e** + 16Be~?* 4+ 16C cos 2x + 16D cos 2x

nr

Substituting y""" and y in y""" — 16y = 0:
LHS = 164e?* + 16Be~?* 4+ 16C cos 2x + 16D cos 2x
—16(4e?* + Be™%* + C cos 2x + D cos 2x)
=0
= RHS

Therefore, y = Ae** + Be?* + C cos 2x + D cos 2x is a solution of y"" — 16y = 0.

dy —2xy
dx 14 x2

fld _ f 2x J
yy_ 1+ x2 X

In|y| = —In|1 + x?| + B

In|y| +In|1 +x2| =B
In|y(1+x?)| =B

ly(1 +x?)| = e®
y(1+x%) =eB or—e?

y(1+ x?) = C where C = eB or —e?
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7b

7c

dy 1—x
dx 2+vy

j(2+y)dy=.[(1—x)dx

2+y2— x2+B
YTy TrET

y?+4y=—-x2+2x+ 2B
y2+4y+4—4=—((x*-2x+1)—1)+2B
+2) —4=—((x-1*-1)+2B
(x—1D?+(y+2)?=1+4+2B
(x—12+(y+2)?*=5+2B

(x—1)%+ (y+2)?2 =CwhereC =5+ 2B

dy _y(x—1)
dx X

[
[Eay= [ (1-2)as

In|ly| =x —In|x| + B

In|x|+In|ly|=x+B

In|lxy| =x+B

x+B

lxyl = e
xy =e* x eP or—e* x e8
xy = e* X C where C = eB or — e®

Ce*
X

y=
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8a

dy 1-y
Ix 5(1—)’)——2
dx 2

dy 1-y

dx_ -2

dy y-—1

—dy = f—dy
x=-=-2log.ly—1|+C

1
logely =1l = -5 (x - 0)

ly =11 = 720

y—1=e 70 or — g 5*0)

1 1 1

y—1l=e 2" xez" or—e 2" X e

1 1

y—1=A4e 2"

X

1
y=1+4+4e 2
Substituting y(0) = 2:

_lxo
2=1+Ae 2
A=2-1
A=1

1
X

Thereforey =1+e 2
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8b

dx

d—y:
dx
dy

—5log.|ly —5|+C

-5
y—5

d—jsd
y y5y

1
logly =51 =~z (x = ©)

1
ly — 5| =579

y—5=e¢s

1
y—5=e_§x><e§C

1 1 1

y—5=Ae s where A =e5 or —es
_1

y=5+A4des"

X

Substituting y(0) = 2:

-1xo0
2=5+4+A4e s

A=2-5

A=-3

1
Thereforey =5 — 3e™ 5"

9a Let
1

A B

= +
1—x%2 1—-x 1+x

_A(1+x)+B(1—x)

530 o _ o750

or—e s Xes

A+x)(1—-x)
_A+Ax+B—Bx
1+x)A-x)
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9b

_(A-B)x+A+B
A+ -x)

Equating coefficients in the numerators:

A+B=1 (1)
A-B=0 )
(1) + (2):
24=1
A=1

2

1
Substituting A = 3 into (1):

11 N 1
1-x2 2(1-x) 2(1+x)

1 _1( 1 N 1)
T e 20 —x"1+x

1
2 2
jdy _[ 1—x+1+x dx

1 1
log, ] = —>log. |1 — x| + 5log |1+ x| + B

1+x|+B
1—x

1
loge |y| = Eloge
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1

1+ x|2
log, |y| = loge [——

T —x| + log, e®

1+x

1
2
-x

log, |yl = log, (eB |1

1

1+x)2
— ,B
vl =e” |7
1 2 1 2
+ x|2 + x|2
— ,B _ pB
y=e or—e |1—x
1
2
y = C|— where C = eB or —eB
s 1+x|
y= 1—x

10a Fordomain: 1—e ™ %0
e *#1
—x # log .1
x#+0

Also L(x) # 0,so there are no intercepts.

10b

1
Asx - ,e™* - 0soL(x) » m.Hence lim L(x) =1
_ X—> 00

Asx » —o0,e™* - 0 so L(x) — —Oo.Hence lim L(x) =0
— X->—00

10c  x # 0 (from part a) so there is a vertical asymptote at x = 0.

1
Asx - 0%, e™ > 17 soL(x) - 0—+.That is L(x) — oo.

1
Asx >0 ,e™* > 1%soL(x) - 0—_.That is L(x) — —oo,
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10d Forx = log, 2:

y = L(log, 2)
_ 1
~ 1 = g-(oge2)
1

= 1
1— elogezf

1

- 1
=3

=2

Forx = —log, 2:

y = L(—log. 2)
1
= 1— elogez

10ei L(x)=(1—-e™1
L'x)=—(1—-e¥)2xe™™*
e—x
- (1—e%)2
e—x
1—2e +e2%
_ 1
eX(1 —2e7* 4+ e~2X)
-1
eX—24e*
-1

e*—2 (eg) (e_g) +e™*
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-2

10eii L'(x) = (ez —e 2)

10f Whenx >0, L"(x) > 0andwhenx < 0,L"(x) < 0.

Hence graph is concave up for x > 0 and concave down forx < 0

10g
A3 >
x
(—In2, —1)
10h  Substituting for y’'and y iny' = y(1 — y):
—-X
LHS = - ———=
(1—e*)2
RHS = ! (1 ! )
T 1—e* 1—e™*
1 1

- 1—e* (1—e%)2
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11

12

13a

(- -1
 (1—e¥)?
—_— e_x

T (1-e™)?
= LHS

Therefore, since LHS = RHS, y = L(x) is a solution of the DE.

The graph in option C corresponds to y’ = %(x2 + y2).

Slope must be zero at the origin (eliminates A) and positive everywhere else
(eliminates B and D which have zero slope on the x and y-axes respectively).

OptionBy' =1+ % corresponds to the graph.

The diagram shows slope of zero on the isocline y = —x, which eliminates

options C and D. For x = 1, slope grows more extreme with increasing y, which

eliminates A.

dy _ Y

dx X
[Far=-]5a
y T

log, |yl = —log, |x| + C
10ge |x| + loge |Y| =C

10ge |xY| =C
lxy| = e
c c

xy=e“or—e

xy = Awhere A = e¢ or —e®

A

y=;
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Substituting y(2) = 1:

A

1==
2
2

A=

2
Therefore y = o

13b

Z—y: (1+2x)e™
f— dy = f(1+2x)dx

feydyzf(1+2x)dx

ey =x+x*+C
=In(x+x%+0C)

Substituting y(1) = 0:

0=In(1+1+C)
=In(2+C)

1=2+4C

c=-1

Therefore y = In(x + x? — 1)

13c

dy ¥

Vx

f—dy f—dx
fy‘zdy fodx

1
-y l=2x2+4+C
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1 1
——=2x2+C
y
1
—y=—3
2x2+C
_ 1
N,
Substituting y(0) = —
_ 1
T 2y0+cC
1=_1
C
c=1
Therefore y = — !
2Vx+1
14a Let
1 A B
yaA-» ¥ 1-y
_A(l—-y)+By
A=y
_A—Ay+By
IECE)
_(B-Ay+A
(-

Equating coefficients in the numerators:
A=1

B—A=0 (D

Substituting A = 1 into (1):

B—1=0
B=1

1 1 1
Therefore

—:_+—
y(d-y) y 1-y
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14b i

14bii

y = 0andy =
dy
2= rya-y)

jﬁdy=f1dx
f(% liy> dy = fldx

logelyl_logell_Y|:x+C

=x+4+C

log 4 |
e 1_y
|1—y|_

y
— — =¢e%eCor—e*eC

1-y
y — X — ,C
——— = Ae* whered =e
1-y
y =A4e*(1-y)
y = Ae* — Ae*y
Ae*y +y = Ae*
y(Ae* +1) = Ae*
B Ae*
Y= der ¥ 1
Ae* A le™™
X
Ae*+1 Ale~x
_ 1
Y= A Tex(de* + 1)
1
1+ A lex

y=

y=

1
— — -1
y = 1T Ber where B = A
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14b iii Substituting (0, 3):

15a

11
4 1+ Be®
11
4 1+B
B=3
Theref = 1
ere orey = 1 n 3€_x
Let
1 A B

C-»G@-y) 2-y 3-y
=A8—y)+B@—y)

2-y)B-y)
34— Ay + 2B — By
T 2-»G-y)
(-A—-B)y+3A+2B
T @-na-y
Equating coefficients in the numerators:
—-A—B=0 (D
34+2B=1 (2)
2% (1) + (2):
A=1

Substituting A = 1 into (1):
—-1-B=0
B=-1
1 1 1

Therefore

1 1 1
r = —
2-y)B-y) y—-3 y-2
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15bi y = 2andy =

15bii y' = -2 3 -»)2~)

dy 1
a——§(3—w(2—}0

! dy=—2d
G-ne2-n»>~ " 5%

[5) o= [-e
y—3 y—2 Y= 5x

1
loge |y =3[ —logely — 2| = —cx+C

5
log, f}%ﬂ = —éx+C
;’%z _ e—%x+c
i—:; = e_%xec or — e_%xec
i—:z = Ae_%x where A = e€ or — e€

1
y—3=4e5(y—2)

1 1
y —3=Ae 5y —24e”5"

1 1

y —Ae 5y =3 —24e5"

1 1
y(1-4e75) =3 - 24e75"

1
3 —24e7 5
y=——7
1—Ae 5¥

Substituting y(0) = 1:
_ 3-24¢°
11— A"
3-24
C1-4
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1-A=3-24
A=2
-1
3 —4e75"
Therefore y = ————
1—2e75"

15biii y = 0 when:

16a

1
1—2e75*

=5In-
X n3

or x = 1.44

1
3 —4¢7 5"

Let

5
N(5 = N)

A B

N+5—N

_A(5—-N)+BN

N(5—N)

_5A—AN + BN

N(5—N)

_(B—AN+54

N(5—N)
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Equating coefficients in the numerators:

54=5s0A4=1
B—-A=0 (D
Substituting A = 1 into (1):

B—1=0
B=1

1
Therefore

16b
dN—kNS N
ar = kN( )
mdi\l:kdt

fﬁszfkdt

fﬁszfSkdt

1
f(N-I_ﬁ dN jSkdt

log, |N| —log, |5 — N| =5kt + C

log, =5kt +C

=
5—N

_ ,5kt+C
|5 — N| ¢
N

SoN ¢

S5kt+C S5kt+C

or—e
C ,5kt C ,5kt

-— =e-e or—e-e

N

——— = Ae** where A =e€or—e

5—N
N = AeSkt(5 — N)
N = 5A4e5kt — NAe>kt
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NAe*t + N = 54e>*
N(Ae®*t + 1) = 54e°t
5A€5kt
T AeSt 11
5Ae5kt A 1 —5kt
= Aeskt £ 1 A-1g-5Kkt
5
A—le—Skt(AeSkt + 1)
5
T 1+ A Te 5K
I
1+ Be~5kt

N =

where B = A1

16¢  Substituting N(0) = 1:

- 5
" 14 Be®
1+4B=5
B =4
Therefore N = >
erefore N = 1 4okt

16d Total salesatt = 2 is 1 million phones already sold at t = 0, plus 0.4 million
phones sold betweent = 0 and t = 2.So N(2) = 1.4 (as N is the number of
people in millions).

Substituting N(2) = 1.4:

5

L = T es@

1 4 -10k — _—
Tae 14

25
1 4 -10k — ——
+ 4e =

25

4 = ——1
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16e

17a

17b

4e—10k — E

7

-10k —
14

10k = 1n2
N1

k= -t
=770 14

k =4.418 x 1072

When t = 3,

5
N =

1 9
1 + 4¢3 )®
= 1.633

Sales during year 3 equals total sales in three years (1.633 million) minus sales

up to year 2 (1.4 million).

That is, the projected sales in the third year will be 0.233 million or 233,000.

y'=x(1-2y)
=x —2xy
y'=1-2yx1—-2xxy'
=1—-2y—2xy'

Turning point when y' = 0:

x(1-2y)=0
x=0
Whenx =0,y =1, so
y'=1-2%x1-2%x0x0
=1-2
= —1

Since y" < 0, the turning point at x = 0 is a maximum.

© Cambridge University Press 2019

179



Cambricloe

MATHEMATICS EXTENSION 1

Chapter 13 worked solutions — Differential equations

17¢ ¥y ' =x(1-2y)

dy
a = X(l — Zy)

1
fl_zydy=fxdx

In|2y — 1| = —x%?+C
2y —1] = e7*"*€
|2y — 1| = eCe™

—x2 —x2

2y—1=e%* or—eCe
2y — 1 = Ae ™" where 4 = e€ or —e€
2y =1+ Ae™™
1
y = 5(1 + Ae‘xz)
Substituting y(0) = 1:
1
1= 5(1 + Aeo)
2=1+4+A
A=1

Therefore y = %(1 + e‘xz)

18a  The solutionsarey = F(x) + C where F'(x) = f(x).

Each is a vertical shift of the other.

18b  The solutionsarey = G~ (x + C) where G'(y) = E'

Each is a horizontal shift of the other.
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19b y; = cos(x + A)

y1' = —sin(x + A)
Substituting y’and y in (y")? = 1 — y2:
LHS = (—sin(x + A4))?

= sin?(x + A)

=1—cos?(x + A)

=1-—y?

= RHS

Therefore y; = cos(x + A) is a solution of (y')? = 1 — y2.

y, = sin(x + B)
y,' = cos(x + B)
Substituting y'and y in (y")? = 1 — y?:
LHS = (cos(x + B))?
= cos?(x + B)
=1 —sin?(x + B)
=1-—y?
= RHS

Therefore y, = sin(x + B) is a solution of (y')? = 1 — y?2.

19¢  cos(x+ A) = cosxcosA —sinxsinA

sin(x + B) = sinx cos B + sin B cos x

LetB=A+ % + 2nm for integer n
Then cos B = cos (A + % + 2n7t)
s
cos B = cos (A + 5)
= cosA cosg —sind sing
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19d

20a

20b

=cosAX0—sindAx1

= —sind
sin B = sin (A +I4 2n7t)
2

sin B = sin (A + g)

. V3 . T
=sin4 cosz+ cosAsmE

=sinAX0+4+cosdAx1

= cosA

Substituting cos B = —sin A andsin B = cos A in the expansion forsin(x + B):

sin(x + B) = sinx X —sinA + cos A X cos x

= —sinx sin A4 + cos A cos x

= cos(x + A)

So the two solutions are identical.

T

B=A+=
2

(More precisely, B = A + g + 2nm, for some integer n.)

Using Pythagoras’ theorem:

AB? + AC? = BC?

y? + AC? = 42
AC? =16 — y?
AC =./16 — y?
Gradient = —ﬁ
AC
dy___ ¥
dx 16 — y2?

—4<y<4y(0) =4
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20c  y = 0, not a solution of the IVP

20d

© Cambridge University Press 2019 183



