Chapter 12 worked solutions — Further calculus

Solutions to Exercise 12A

1la

1b

2a

2b

2c

2d

X -1 —0.7 | =0.5|-0.2 0.3 0.6 0.8 1
d_y undefined | 1.40 | 1.16 | 1.02 1.05 | 1.25 | 1.67 | undefined
dx

X -1 —-0.7 | =0.5 | —=0.2 0.3 0.6 0.8 1
d_y undefined | 1.40 | 1.16 | 1.02 1.05 | 1.25 | 1.67 | undefined
dx
d -1
—_— -1 fr
ax O8N = e
d
—_— -1 e
dx(tarl x) 1+ x2
d
a(sin‘lzx)

—( x)

1—(2x)2
A 2

V1 —4x2
d
“ -1
dx(tan 3x)

1

“Tr G0 5@
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_ 3
14 9x2

2e

2f

o (sin™! —x)

Y
-1
=v1—x2

2g

2h
d
a(tan‘1 x3)

1

T1r 002 Ndx ("3)
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3x2

2i

4 (tan™(x + 2))
dx
1
1+ (x+ 2)2

_ 1
C x24+4x+45

(x+2)

2j

d _
= (cos™(1 —x))

d
—a o &Y

~ 1

C1-(-2x+x2)
1

T VZx—x2

X =1

2k

d
= (xsin~t
dx(xsm x)

d d
=sin"tx x —(x) +x x —(sin"1x)
dx dx

X

i<

=sin"tx+

21
4 ((1+x*)tan"1x)
dx
=tan"lx X 4 (1+x3)+(1+x*)x 4 (tan'x)
dx dx
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=tan"1x X 2x + (1 + x?) X

=2xtan 'x+1

2m

o 5%)
dx Sin

vl

2n

20

- ()
1—+x
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— (tan™ Vx)
1
X (VF)
+ (\/E) x
()
—(x
1+(Vx)" 9
1 1 _%
—=X
1+(Vx)" 2
1
2vx(1 + x)
2q
d 1
—_ -1
dx (tan x)
_ 1 d (1)
S E
1+ (3)
1 \ 1
17,2
1+ 2 x
- 1
o241
3 For this question you only need to provide the gradient. We also provide the

equation of the tangent for your benefit.
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3a

3b

3c

dy 2
dx 1+x2
Atx=0,y=2tan‘10=0and3—z=1+202=2.Hence,thetangentwillbegivenby
y—y1=m(x —x)
y—0=2(x—-0)
y =2x
dy V3
dx  V1—x2
Atx=%,y=\/§sin‘1%=\/6—§and3—z= ﬁlz=£§=2.Hence,thetangentwillbe
1= \E
given by
y=y1=mx—x)
V3
y——=2(x-0)
6
=2x+ 3
y=eaxT
dy 2
dx 1+ 4x?
— 1 _tan? ) =_~ @ov__ 2 _2_
Atx = 2,y—tam (2( 2))— 4anddx—1+4(_1)2— = 1. Hence, the

tangent will be given by
y =y =mx —x)

T
— (- =1(x—0)
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3d

43

1
dy -7 B 1
dx w2  Ah—x2
-(2)
_ _ 1¥3 _ ™ y _ _
At x \/§,y—cos > = dd =
given by

y—y1 =m(x —x;)

T
y—g=—1(x—0)

y=-x 6

dy 1 6
e x2x3=-

dx /1 —(3x)? V1 —9x2
Whenx =0

y =2cos™13(0) = 2(2) = 7,

dy _ 6 1

ol oD = —6and myyrm = —(dj)

dx

For the tangent:

y =y =mx = x)
y—m=-6(x—0)
y=—-6x+m

For the normal:

y—y1 =m(x —x;)

1
y-—m=2-x-0)

y=gx+m
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4b

dy 1 o1
dx 2 )
1-(3)
When x = /2
— qi —1@ _r
y=sin" ==
d—y = 1 =
e V2
For the tangent:

y—y1 =m(x —x;)

1
1=
_ X 4.
y_\/f 4

For the normal:
y—w=m&—m)
y -2 = —V2(x—7)

s
y=—x\/§+2+z

5a

d
> (sin™!x + cos™1x)

d d
= —(sin"'x) + — (cos™?!

dx dx
1 1

_\/1—x2_\/1—x2
=0

5b As the gradient of the function is zero, it must be flat along its entire domain and
hence constant. Letting x = 0 gives sin"0 4+ cos™1 0 =0 +§ = g, hence the

. T
function has a constant value of >
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6a

6b

7a

— (cos™1 x + cos™1(—x))

dx
R
T VI-x2 J1—(—x)2
1

o VI-x2 V1—«2
=0

As the gradient of the function is zero, it must be flat along its entire domain and
hence constant. Letting x = 0 gives cos 10 + cos™ 0 = §+§ = m, hence the

function has a constant value of 7.

d
= (2sin™*vx —sin"*(2x — 1))

1 1 1
= X2X-x2

Sx 2+ ! =
/1_\/}2 J1-Q2x-1)

1 2

S ViVI—x J1— (4x? —4x+ 1)
_ 1 2
Vx —x?  V4x — 4x?
1 2
Vx —x2  2vx — x?
1 1
Vx —x2 Vx—x2
=0

(=2)

As the gradient of the function is zero, it must be flat along its entire domain and
hence constant. Letting x = 0 gives 2sin”*v/0 — sin~*(2(0) — 1) = 2sin™1 0 —
sin"1(-1) =0 — % = % hence the function has a constant value ofg.

1 1 2x
’ — -1
f'(x) =1 xtan x+x><1_|_xz—z><1_|_x2
x X

14+x2 1+x2

=tan lx +

=tan"lx
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Hence

fre =17
7b f'(-1) = % > 0, hence the curve is concave up

8 By the quotient rule

dy *X ;—x (sin"'x) —sin™lx x ;—x (x)

dx x2
x X 1 —sin"lx
e
- =
When x ==
1 1 N
b ()
dy 1-(3)

1.1 _r
2 \/E 6
_ 4
- 1

4
1.2 _=m
273 6
-1

4
1
_V3 6
1

4

3
_.(B.m

3 6
2
=§(2\/§—n)
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9a

d (xcos x—\/l—xz)

dx
1

=xX—
V1 —x2
X 1 X
+cos " x +

V1 —x2 V1 —x2

=CoS X

9b

9c

1-— 16 (4x%2—12x +9)

\/1 (2x — 3)
2
&
4

4J16 — (4x2 —12x +9)
2

V7 —4x? + 12x
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(=)
dx an 1—x

_ 1 xd(l)
B 1 % dx\1—x

1+(1—x)

(1—x)?

T d—x2%+1
1

T d-x)2+1
1

=1—2x+xz+1
1

x2—2x+2

X—1x—-1x(1—x)"2

9e

d—(sin‘1 e¥)

m <

of
% (loge \/sin~1 x)

c?_x (Vsin~1x)
"~ sinlx
1
x (sin"1x)72 x c;i_x (sin1x)

Vsin~1lx

N =

T osinlx dx o X
1

2V1 —x%2sin"1x
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%
d
o (sin™! {/log, x)
1 d 1
- b ((aoge 72)
1
j 1- (<1oge x)f)
—— X = x(logex) 2>< (logex)
\/ loge
1/1
“3()
\/logex(l—logex) 2 \x
_ 1
2x4/log, x (1 — log, x)
9h
d
— (Vx sin —x
- (Vxsin V1 —x)
o d d, . _
= sin 1V1—xxa(\/§)+\/§xa(sm 1V1—x)
1 1 d
=sin‘1\/1—x><F+\/§x xa(\/l—x)
x
\/1—(\/1—x)2
1 1 1 1
=—Xsin!Vl—x+Vx X ————=Xx=-Xx—-1x
2Vx 1-1-x 2 1—x
1 1 1 1
=—xXsin!Vl-x+Vxx—=Xx=-x-1x
2/x vx Vx 2 v1—x
1 1
=—=xsin"'vV1l—x—
2v/x 2Vl —x
9i
d (t _1x+2)
dx\ T o
_ 1 N d (x+2>
_1 x+2\2 dx\1-2x
+H(i22%)
B 1 L (1=20 = (-2)(x +2)
Bl x + 2\ (1-2x)?
1+ (7=7%)
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_ 1 ><1—2x+2x+4
B x + 22 (1 —2x)?
1+(7=2%)
B 5
S (1-20)%+ (x +
(1-2x)2+ (x+2)2
B 5
T 1 —4x4+4x24+x2+4x+4
B 5
" 5x2 45
_ 1
1+ x2
10ai
' 9% 1 o 2sin"lx
= sinTlx = ——
Y 1 — x2 V1 —x2
1 -1 N S
ZXWX 1—x —ZX(—ZX)X(l—x)ZXZSln x
yll_ 2
(=)
2xsintx
y R T
V1 —x2
1 — x2
_2(1+xsin"x)
= 3
(1-x2)2
10aii
(1-x)y" =xy' =2
2+2xsin‘1x
U x?) VI— 2 . 2sin"!x _
1—x? V1 —x?

2xsin"tx  2xsin"lx

+ — —
T2 Vi=
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10b

11a

11b

11c

yl — 1 esin‘lx
V1 — x?
y” — —1(—2.’)6)(1 _ xZ)—%esin‘lx + 1 1 esin'lx
2 V1 —x2V1 —x?
xesin‘lx esin‘lx
= +
3 42
(1—x2)2 1—x
(A—x?)y" —xy' —y
xesin‘lx esin‘lx 1 - h @
=(1- xZ) + _ x( esin x) — gSinT'x
(1- xZ)% 1—x? V1—x2
-
— xe’m ¥ + esin‘lx _ X esin‘lx esin 1y
V1 —x2 V1 —x?
=0

The range is the same as that of sin™* x which is —

TP
IA
<
IA

NIE

y =sin™1 2x

2x =siny

—1 1
x=gsiny
dx

1 . -
o — 2Cosy,as the square root function always returns positive numbers, and as

the division of one number by another positive is always positive, this derivative
function will always be positive.
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11d

cosy
2
J1=sin?y
B 2
1—(2x)?
2
TVi-a
Note that taking the derivative normally yields
dy 2 2
dx J1—(2x)2 TV 4

12a
1
y=sin‘1§x
x_ -
5 =siny
x = 2siny
dy 1
dx =@
dy
1
" 2cosy
_ 1
0\ 2
2J1-(2)
_ 1
Vi—x2
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12b

12c

y =cos H(x—1)

x—1=cosy

x=cosy+1
dy 1

dy

_ 1

_—siny

_ 1

—/1 —cos?y
_ 1
—/1—(x—1)?

-1

J1—(x2—2x+1)
_ -1

V2x — x?
y =tan"1/x
Vx =tany
x =tan?y
dx—2>< ! X t
dy 1+ y? y
dy 1

dy

_ 1

2>< 1 X ta

T+yz Yy

_1+y

~ 2tany

14 (tan"V%)’
~ 2tan(tan~1vx)
14 (tanVx)’
B 2vx
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13a

13b

13c

13d

13e

From the domain of the inverse cosine function we know that -1 < x? < 1.
Furthermore, x? > 0 for all real x. Hence 0 < x? < 1.

Hence the domainis—1<x <1

f(=x) = cos™1(—=x)? = cos™* x? = f(x), hence the function is even and
symmetric about the line x = 0

f'x) = x?)

d
N

-1
=——X2x

2x
Vi-x

f"(x) = 2cos 1 x? + 4x? cos™1 x?
f'0)=0
£1(0) = —m <0

Hence at x = 0 the derivative is zero and the curve is concave down, so it is a
maximum turning point.

Whenx = -1, f'(—-1) = — \/% = j—awhich is undefined.
’ 2(1) 2 . . .
Whenx =1, f'(1) = T = \/—Ewhlch is undefined.

This means that the gradient is vertical at that point.
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13f

/N

14a
4
tan 2ZTEP = —
X
4
£TEP =tan™! p

3
tan ZBEP = —
X

3
ZBEP =tan™! p

Hence

3
@ = LTEP — 4BEP = tan"!— —tan"1—

14b

~ +
xVx2 —16  xVx? —
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When x = 2V/3

dae
—= +
Y i) eva —16 (@E)/(2v3) -9

Hence there is a stationary point

When x = /3, % > 0 and when x = 3+/3, g < 0. Hence this is a maximum

turning point.

14c  Whenx = 2V3

0 = tan~! A tan~! 3
2V3 23
tan @
= tan (tan‘1 2t tan~?! i)
2V3 23

4 3
tan (tan™?! —) — tan (tan‘1 —)
B ( 243 243
- 4 3
1+t (t )t (t -1 )
an (tan~ e an [ tan Wi

4 3
_ 23 23
L4 3
2V32V3
1
_ 2V3
1+1
1
443
_\/§
12
Hence
V3
6 =tan 1 —
an 12
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15a

15b

15c¢

16a

0 = £ OPA (equal alternate angles on parallel lines)

tanf =t AOPA—OA—6
an = tan _AP_x
Hence
6
6 =tan"1—
1 d (6
dx 62 a(;)
1+(3)
-—5x(-3)
- )
1+38 x
X
-6
"~ x2+36
Now % = 600
dt
Hence
de _ do dx
at dx e
= %7136 <%
_ —3600
"~ x2+36
When x = 3,
de _ —3600
dt  32+36

Hence it is travelling at 80 radians per hour which is 4—15 rad/s.

Note that tan™?! x is defined for all values of x, the only value for which the
function is undefined is when x = 0 as % is undefined when x = 0. Hence the

domain is all x such that x # 0.
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f(=x) = tan"1(—x) + tan~! (—ix>
= —tan"!(x) —tan™?! (%)

- (tan‘l(x) +tan?! G))

= —f()

Hence the function is odd so it has rotational symmetry about the origin.

16b
) = 1 N 1 ><d(l)
fx_1+ 2 " 12" dx \x
+(5
1 1 1
T 1+ a2 1X(_x_2)
1+
X
1 1
T 14x%2 14x2
=0
16¢

fe) = [ fredx
=f0dx
=C

Now as this function has a point of discontinuity at x = 0, this constant may be
different on either side of the discontinuity.

For x > 0, substitute in x = 1.

C=f(1)=tan'1+tan"11=

NI

n
4

-M:\

For x < 0, substitute in x = —1.

¢ = f(=1) = =f(1) = = (as the function is odd)

Hence for x > 0, f(x) =§andf0rx <0, f(x) = —g

© Cambridge University Press 2019 22



17a

17b

'
(2]
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17c

17d

17e

17f1i

17f1ii

When x > 1,
Ix=
) T
When x < 1,

1
() = -
4 xVx2 —1

For x > 1 we use the equation

s 1
f(x)——x o

Hence x > 0and vx? —1 > 0 thus f'(x) > 0

For x < —1 we use the equation

1 1
wWaZ—1 —xVxZ-1
Hence —x > 0and vx? — 1 > 0 thus f'(x) > 0

fie) = -

. 11 . _ ot
lim cos™ - = lim cos~10* ==

X—00 X X—00

. 11 . _ _ T
lim cos™'== lim cos™10 ==

X—00 X X—00

© Cambridge University Press 2019
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17g

18a ;—x(tan‘1 e3%)
1
1

T 1+ (e3)?

383x
1 + eo%

X (e)

X 3e3%¥

a .. 1.3
18b dx(sm x>)

_ 1 _( 3)
B 1—(x3)2 dx

1
= ———— X 3x?

. 3x?

V1 —x¢

a -1
18c ;. (cos™'log, x)

-1 g d Q )
= —— U0ge X
J1—=(log,x)? dx ¢
-1 1
= X -

J1—(log,x)? X

1

x4/ 1 — (log, x)?
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19a

19b

19c¢

The restrictions on x are
-1<x<1

and

—1<y1-x2<1
Butmzo,so
0<J1-x2<1
0<1-x*<1
-1<—x%2<0
0<x*<1

Hence the domainis —1 < x < 1.

1

g'(x) =

_ 1 N 1
Vi J1-(1-x9)

1 1 X
Vv1—x2 +/x2 V1 —x2
1 1

X

=——-—X

i W Vi-x?
1 x

VI —x2 [x]V1 — x2

+
Vv1—x Jl_(m)z

x%( 1)

1 1
X (E X —2x X (1— xz)"Z)

g(x) is constant when g'(x) = 0, hence

g'(x)=0

1 X _
V1—x2 |x|V1—x2

1 x

Vi—xZ ~ |x[Vi—x2

Forx #1landx # 1

[x|v/1—x2% =xy1—x?
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20

21a

21b

|x| = x
x| —x =0

This is true for x = 0. But x # 0 so the function is constant for x > 0.

-1

2. _ _ 1 . _ _
tan f_—+2x1551mplytan 1x + tan 12forx<5,andlstan lx +tan™12 — 7 for

1
x> -
2

(this can be proven by applying tan to both equations and then using double
angle formulae to show they have the same result)

As sin x is defined for all real x, and because —1 < sinx < 1, this function will be
defined for all real x.

Now since —1 <sinx <1

sin"!(=1) < sin"!(sinx) < sin~1(1)

s s
——<sin"(sinx) < =
2 ( ) 2

So the range is

T[< <T[
2=Y=3

f'0)

_d o
—a(sm (sin(x)))

1
=—————— X—(sinx)

J1—(sinx)? dx
1
=———— X CoSX

V1 —sin?x

COS x

Vcos? x

Cos x

" |cosx|
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21c  Whencosx =0, f'(x) = ﬁ which is undefined. Hence f'(x) is not defined when

cosx = 0.

21d  Since |cos x| = cosx or |cos x| = — cos x. Hence

f'x) =

COS x

CoOSs x

or

Cos x

f'x) = =-1

— COS X

Now f'(x) = 1 when cosx > 0 which is when —§+ 2mn < x < —§+ 2nn for all

integers n.

Now f’(x) = —1 when cos x < 0 which is when g +2mn < x < 3771 + 27n for all

integers n.

21e

AV\/\
MY R

22a
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Solutions to Exercise 12B

1 Answers will vary

2a

1
j— dx =cos 1x+C
1—x2

2b

1
dx
Vi—x2
1
=f 2dx
/ X
2 1_T
1 1
ZJEX de
X
\/1—(7)

= sin™! (;) +C

2C

© Cambridge University Press 2019
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2d

2e

2f

3
= sin‘l(zx) +C

[77
2+x2x

]1 1 J
= - X
2 2
1+(L>

V2

=—tan 1—+C

1
f - dx
5—x2

jfj—

= Cos

1(\/5
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3a

3b

3c

[ 7w
04+x2x
2

=fl 1 dx
o f1e(3)
2

=3l G,

= (tan 11 —tan"10)

2
_Tl’
8
1 1 d
X
0o V2-x2
1 1
=f dx
0 2
V2 1—(1)
V2
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3d

= [tan‘l(Zx)]%/§

= tan~!(2V3) — tan~1(1)
T

12

3e
1
6 -1 J
f\@ 1 g
6 |2 _ 2
9 x
1
jg -1 d
= x
1= G
1
fE -3 d
= x
31— (3x)?
1
1 6
[cos (3x)]£
6
V3
=cos '=—cos™!—
T 2
"6
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3f

4
1 V2
=sin! 5 sin~1t (— —)

2
_sn
12

4a

y' = (1=2?)7 = ——
i

y=sinlx+C
Substituting in (0, )
T=sin"10+C
n=0+C
C=m
Hence
y=sinlx+m

4b

y' =416+ x?)1

1
~ 4(16 + x2)

© Cambridge University Press 2019
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5a

4x16 1+(§)2
11
)

Substituting in (—4, 0)

O=tan'1—1+4C

T
0=——+C
4_+
c T
4
Hence
—tan‘1x+n
Y= AR
, 1 1
y =
2
V36 —x 6\/1—(
X
_ 1(*
y = sin (6)+C
Whenx =3,y =-
T 1
g—sm 1§+C
C=0
X
=1 (2
y = sin (6)
When x = 3V3
LB
=sinT!t—=—
y 2 3
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5b

6a

6b

!

Y =4+x2=21+(§)2

x
y =tan‘1§+C

Whenx=2,y=§

T -1
§=tan 1+C
T T
3731¢

T
k)
y=tan‘1—+£

2 12

Whenx=\/2—§

. 1 T T
y = tan ﬁ-l_E:Z

! d
fm"
_J 1
) J1=(2x)2
1.
—Esm 2x+C

1
— - 4
f1+16x2 x

_f1+(4x)2 x

1
= Ztan‘1 4x +C
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6cC

1
- dx
f V1 —2x2

f m

=—cos “1V2x+C
V2

6d

6e

1
fzs T oxz X

1 1

R 5 dx

1+ (%)
3x

« AN
15t s

6f
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1 2x
=-cos'—=+C

2 V3

7a

7b

73 2
fl dx

1+ 4x2

_J%ﬁ 2 4
- 1 1+ 2x)z™

_ 3
= [tan"1(2x)] i
z

7c

1
2 1

- [[——u
1

z /1—(\/—96)

1
=T[sm 14/3x ?_
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7d

fzv— 1 dx
_% VO — 4x2

3

22 1
= 2\E—dx

3 2
a1 (%)
3
o (G
=3 sin 3 _%
5m

T 24

7e

© Cambridge University Press 2019

38



7f

EC
dx
_[%\/1—0 5+ 2x2
7301 1
=f1 g zdx
ZVT0 1+(@>
\5
V30
tan - —
o cane
=120\/_

8a
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8b

%(xsin_lx +4/1— xz)

% (xsin1x) + 4 (\/ 1- xz)

dx

d d d 1
_ -1 o1 2\5
= (x)sin"tx +x P (sin™tx) + P ((1 X )2)

. _1 x
=sin" "X+ ——=+=-X—-2x X

-
=sin “x + -

V1—x2 1 -—x?
=sin"1x

8c

N| =

f sin~!x dx
0

= Zd x sin” x+m dx
[ )

dx

= [x sinT'x +1— xz]i

= (% + %\/§ - 1) square units
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9a

9b
T

6
A =J siny dy
0

T

—[cos y]g

= (1 \ %\/5) square units

9¢ Note that the area formed by combined regions of the previous two questions is

. T 1 b3 .
that of a square with area cXo=5 units?.

Thus, the area in this question will be 1—”2 — (% + %\/5 -D=1- %\/5 units?
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10a

% (cos_1(2 —x))

mdx

= X -1

\/1—(2—x)

1

=\/1—(4—2x+x2)
1

V4x —x2 -3

10b

2 1
[
1 V4x —x%2 -3

= [cos™'(2 - DI}

sT10—cos 11

NTIE -

11a
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11b

12a

12b

—1t ! 3+C
=gtan ox
d
t -1
—dx(x an~ ' x)

d d
— -1 -1
=tan ' x X P (x) + x X T (tan™*x)

X
1+ x2

=tan lx +

d( tan"'x) = tan"tx + ad
—(xtan"'x) =tan"'x
dx 1+ x2
d X
tan lx = —(xtan 1x) —
dx( ) 1+ x2

1
f tan~ ! x dx
0

1/d . x
=L (a(xtan x)—1+x2)dx

bd b x
=f —(xtan‘lx)dx—j > dx
o dx o 1+x

= [xtan™1x]} [ ln(1+x2)]1
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13a 0 as thisis an odd function

13b 0 as this is an odd function

13c

D w

f cos L xdx

Blw

_L/sz 3

13d 0 as this is an odd function

13e 0 as this is an odd function

13f
This is a semicircle of radius 6. Hence
f_66\/36 — x2dx
L (% 62)
=—X (m X
> T
= 18w square units
; _ -1 —
14ai f(0) = 1+02 tan~"0=0—-0=0
14a ii
d
- _ -1
f'x) = (1 n xz) P (tan ™" x)
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_(1+x2)x%(x)—xxj—x(1+x2)_ 1
(1 + x2)? 1+x2
14+x%2—x(2x) 1+x?
T (A +x2)? (1 +x2)?
—2x2
T (1 +x2)?

14bi Firstly consider f'(x)

As the numerator —2x2 < 0 for all x > 0 and the denominator (1 + x2?)? < 0 for
all x > 0. It follows that f'(x) < 0 forall x < 0.

Since f(0) = 0, and as the function is strictly decreasing for all x > 0, it follows
that f(x) < 0 forall x > 0.

14b ii
X 4

J, e
1 1
2|, Gt
1 1

= _Efo f'(x)dx
1

= —E[f(x)](l,

= 21/~ FO)
1
=—5f)
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15a,b

=W

15c¢  From the graph the domain is —2 < x < 2 (note that this is strictly less than) and

= =@

] 1 . 1
> —y — =
the range is x > > [ts symmetry is even as f (—x) ()2

15d

s .
= 3 square units
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15e

16a

16b

16¢

21— 27)2
o @)

=sin"'1 —sin71(-1)
T T
=7-(3)

= 1T square units

4 4
(—x)2+4 x2+4

f(=x) = = f(x)

Hence the function is even and thus has an axis of symmetry about the y-axis.

The function is defined for all real x so the domain is all real x.

is0< f(x) <1

£
= Laar o

dx
=—-1x4(x*+4)"%x :—x(xz)

=—1x4(x*+4)"%2x2x
_ 8x

NGETE
Hence
f'(0)=0
and

f(O)=1
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16d

So there is a turning point at (0, 1).

Testing for maximum

X —-110 1

flecy| 8 1o _8
25 25

Thus the curve is increasing before the turning point decreasing afterwards.

Thus it is a maximum

lim f(x)
B 4
T xow x2 4+ 4
4
2
= lim —=% 7
X—00
1 +F
B 0
140
=0
VA
"
\\
F oA
S]]
&/,,I.’_’_{_’:: ______ I
| [?I__ |
1 -
-2 5 2
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16e

2V3 4
A= d

2V3 1
=f o dx
23(z) +1
2V3
— -1
Z[tan 2] .
= 2(tan™* V3 — tan"1(—V3))

= 1T square units

16f

A t_ d
_f_ax2+4 x

a 1
=f > dx
)+

a

=2 [tan‘1 ;]_a

=2 (tan‘1 % —tan! (— g))

—1a .
=4tan™! ~ square units

16g

lim 4tan~la

a—>oo

=4 limtan la

a—>oo

-4

= 2m square units
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17
. - dy 1
Sincey = sin"1x, = = —.
y Tdx  V1-x2

Whenx=£,y=£,d—y=2. Hence the tangent is
2 3 dx
R E
ym3=4\* 7
T
y=2x—\/§+§

Rearranging this gives
1 T
=z (r+v3-3)
Also note that for the tangent, whenx =0,y = —/3+=

Hence the area can be calculated by
Y

i
3 3
A= ] ytangent dx — f Yeurve AX
\/§+§ 0
T

V[
3 1 T 3
_jﬁ+zz(y+\/§—§)dx—fo siny dx

3 n
+ [cosyl3

1[y? T
o3l

1 .
= square units

18a
1
I = d
fo £(x) dx

b _»
: —a(f(a) FF(B) +2(F () + Fa) + )

= 5oy SO + F(1) + 2 (0:25) + (0.5) + f(0.75))
1/ 1 (16
—§<1+§+2<17+08+064)>
5323

= zgog Sduare units
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L | i
I=jo 1+x2dx= [tan~1x]} =7
Hence
w5323
4 " 6800
SO

5323
T =1700

19

5
tan (tan 1 %) + tan (tam‘1 (— %))

1—tan (tan-1 g) tan (tan‘1 (— %))
3_1
_ 53 4 .
1-(5)(-3)
=1
Hence
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20a

20b

Letx = u?, dx = 2udu

1
f\/}u—x)dx:

Foru>20

1
f\/}u o™

1
= jmxhidu
1
-2
=2tan ‘u+c
=2tan /x+c
Foru <0

1
f\/E(l —x) 4

1
=IWXZUC1U

=—-2|——-d
f(1+u2) v
=—2tan"tu+c

=—2tan"'Vx+¢c

Letu = e*, du = e* dx hence du = u dx and so% du = dx

© Cambridge University Press 2019
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21a

(0™ (z1on)
dx an Zanx

9.2
1+ Ztan X
1 3 1

- X =
9sinx ~ 2cos?x
4 cos? x
3 1

==X
2

cos? x + %sin2 X
6

" 4cos?x+9sin2x
6

~ 4sinZx + 5(sin? x + cos? x)
6

=4$in2x+5

21b

7 6
A= | ————d
]o AsinZx+5

7 d 1 3
= j —(tan (—tanx)) dx
o dx %

7

o @)

3 3
= tan~! (E tan 7) —tan! <§ tan 0)

= 0.153 square unit

21c  The integrand is well-defined in the interval [0, 7], and lies between 14 and 19,
so the area lies between 74 and 79, which is much larger than the answer of
0.153 that was calculated in part (b). The primitive, however, is undefined at two

. ) 3 .
values within the interval, at x = % and atx = 7" , which renders the argument

completely invalid.

© Cambridge University Press 2019



Chapter 12 worked solutions — Further calculus

22a

22b

This is a GP with a = 1 and r = —t2. Hence T}, = (—t)*™1, solving for T}, = t*"

tin = (_1)k—1(t2)k—1

As 4n is even, k — 1 must also be even and hence (=1)¥~1 = 1. Thus

t4n - (tZ)k—l
dn =2k — 2
k=2n+1

Hence there are 2n + 1 terms so the sum must be

a(rn _ 1) (_t2)2n+1 -1

Since 2n + 1 is odd

S = =
T 2 t2 4+ 1
Hence it follows that for positive values of t

1 t2 1
<
t2+1 t2+1
And thus

<1—t24t*— - t™

t2+1

As we are adding one extra term to the previous sum, this will be S,

Hence there are 2n + 2 terms so the sum must be

a(rn _ 1) (—t2)2n+2 -1

Since 2n + 2 is even

t4n+4— _ 1 _t4n+4- + 1

S = =
mrz T g2 q t2+1
Hence it follows that for positive values of ¢

From parta
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<1—t?24+t*r—to 4+ 4t

t2+1
1 4n+2 2 4 6 4n an+2
t2+1_t <1l—te4+t"—t° +--4+t" -t
in+4
1 B 4n+2<—t +1
t2+1 t2+1
1 _t47’l+4+1

+ t4n+2

<
t2+1 tZ+1

4n+4
LA™ 1
t2+1 t2+1

1
1—t2+t4—t6+---+t‘“‘<m+t4"+2

1 <_t4n+4+1
t2+1 t2+1

1 <—t4”+4+1
t2+1 t2+1

1 1 + t41’l+2 + t4n+4—
<
t2+1 1+1¢2
1 1 t4-n+2 + t4n+4—
< +
t24+1 1+1t2 1+t2
1 1 t4 2 (1 + %)
< +
t24+1 1+t 1+¢2
1 1

+ t4-Tl+2

<
t24+1 1+1¢t2
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22¢c

22d

22e

The inequality

1
1+t2<1—t2+t4—t6+---t4"<m+t4n+2

Istrue forall 0 < t < x, hence

X 1 X X 1
dt < 1—t24+t*—to 4+ .- t™)dt <J t4n+2y dt
jo 1+t2 fo ( * * ) 0 (1 izt )

3 5 7 pAn+1 pan+3 1
[tan™" x]§ < t—gte -ttty 0 < tan_1x+4n_|_3]0
Thus
tan~!x < x —£+x—5—£+ et . <tan"'x + * P8
3 5 7 in+1 in + 3

1 .
For0 < x < 1weknowthat0 < x*"*3 <1andasn — o, ——— 0, hence it

4n+3

followsthatasn—>00,x -0
4n+3
Thusasn — o
tan"lx < xB+x5 x7+ <tan"'x+0
an tx<x——+———+-- an~ ‘' x
3 5 7
tan"lx < x3+x5 x7+ < tan~?!
an T x<x——4+———+ - an~ -+ x
3 5 7
And so
tan™" x3+x5 x7+
an T x=x——+———+ -
3 5 7
Astanxisodd, tan"! —x = —tan"lx

and hence for —1 < x < 0, (where 0 < —x < 1)

tan™!x

= tan"*(—(—x))

= —tan"1(—x)

_ (- 1)3 (—1)5 (=17

= <( 1) — T + )
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22f

22g

23a

23b

+2 +
R T
3 5

Substituting x = 1 into the above equation

O R QUL
e A

3—1+7—5+11—9
3x5 5x7 9x11°7°
2 N 2 N 2
3x5 5x7 9x11°7"
1 1 1
+
3%x5 5><7 9x 11

n
4
T
4
n
8

Using 10 terms gives

m = 3.092, error = 0.050

All rectangles have the same width of 1 unit and their height is given by tan™1 n

for the nth rectangle . This means that

S,=tan"'1+tan"'2+--+tan"1n

1
E;(xtanx)=tanx+x><1_|_x2
Hence
jd(t ﬁi—jt +x X ! d
Iy rtanx)dx = | tanx +x X ——dx

dx

X
xtanx=jtanxdx+J
1+ x2

1
xtanx = jtanxdx+§ln(1 +x3)+C

1
ftanxdx = xtanx—zln(l +x2)+C
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23c

Firstly note that since

1
jtanxdx = xtanx — Eln(l +x3)+C
Substituting x = u — 1 into the equation gives

f tan(u — 1) du

1
=(u-1tan(u—1) —Eln(l +u-1D3»+cC
1
=(w-Dtan(u—-1) —Eln(l +u?—-2u+1)+C
1
=u—-1tan(u—1) —Eln(u2 —2u+2)+C

The area in the boxes is overestimated by the area under tan™! x but
underestimated by the area under tan~(x — 1), hence

n+1 n+1
f tan(x — 1)dx < S, < f tan(x) dx
1 0

n+1 n+1
f tan(x — 1)dx < S, < f tan(x) dx
1 0

n+1
[(x —Dtan'(x—1) — %ln(x2 —2x + 2)] < Sy
< [(x) tan~1(x) —%ln(l + xz)]
1
(n) tan"1(n) — %ln(l +n?) — (0) tan"1(0) — %ln(l) <S,
a 1 B 1
<(n+Dtan"'(n+1) - Eln(l +(n+1)?) - (1) tan"1(1) — Eln(Z)

1
(n) tan~(n) — Eln(l +n?) < S,

<(+1Dtant(n+1) - %ln(l +(n+1)?) - % - %ln(Z)
1
(n) tan"1(n) — Eln(l +n?) <SS,

1 M?+2n+2\ =
<(m+Dtan"!(n+1) —Eln (T) ~2

2
“1n — 2 ln(n? St 1) — s (T T
ntan 'n 2ln(n +1)<S, <(n+1)tan""(n+1) 2ln 2+n+1 2
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23d  Substituting n = 1000 into the above equation gives

1
1000 tan™* 1000 — >In(1000% + 1) < S1000
2

B 1. {100 T
< (1000 + 1) tan™*(1000 + 1) — >In +1000+1 )~

1562.89 < Sy40 < 1564.02
1563 < Sy000 < 1565

Hence

1563 <tan"'1+tan"'2+tan 13+ -+ tan"1 1000 < 1565
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Solutions to Exercise 12C

la
cos 2x = cos? x —sin? x
cos2x = 1 —sin? x — sin® x
cos2x =1 —2sin?x
2sin?x = 1 — cos 2x
sin® x = z —lcos 2x
2 2
1b
cos 4x = cos 2(2x)
cos 4x = cos? 2x — sin? 2x
cos 4x = cos? 2x — (1 — cos? 2x)
cos4x = 2cos?2x — 1
2cos?2x =1+ cos 4x
cos? 2x = z + 1cos 4x
2 2
1c
1 1
3 sin 6x = A sin 2(3x)
1
=5 (2 sin 3x cos 3x)
= sin 3x cos 3x
1d

cosx = cos 2 (;) = cos? (;) — sin? (;)
cosx = 1 — sin? (g) — sin? (;)
cosx = 1 — 2sin? (;)
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2a

2b

2C

2d

2 sin? (;) =1-—cosx

cos? 15°
+ —cos 30°

V3
2

sin 105° cos 105°

~1q 210°
= sin
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3a

3b

3c

sin? 0 = %— %cos 26 (see 1a)

fsinzxdx
= [ (5-geos2x)d
= | (5 —zcos2x)dx

X sin2x+C
2 4

f sin? 2x dx

- [ (Ggeosae)a
= > 2COS.?C X

X sin4dx

2 8

J e g
sin‘“ —x dx
4

[tk
= 2 2C052x X
.1
smix
1
2(3)

= _ —gin— C
> sm2x+

+C

N xR
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3d

f sin? 3x dx

- [ (Ggeosor)a
= > 2COSX X

x sinb6x

2 12

4 cos? 0 = % + %cos 20 (see 1b)

43
f 2xd —f(1+1 2x)dx = 2 +
cos®xdx = | |5 +5cos2x |dx =7
4b
1 1
fcosz 6x dx =f(§+zcos 12x>dx L
4c
f 21 J —f(1+1 )d X
cos®sxdx = | (5+zcosx)dx =
4d
1 1
fcosz 10x dx = f <§+§cos ZOx) dx =
5a

T
j sin? x dx
0

- [} (g-5e0s22)s
—0 2 2COSX X
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5b

5c

5d

X sin Zx]”
0

12 4
m
2
Vs
4
fcos x dx
0

- [{ e
= . > 2COS X X

T
_[x+sin2x]4
12 4 |,

=g(™+2)

ol

1
f sin?=x dx
0 2

s
- [Fa-ten)s
= . > 2COS.')C X

3

I sinx]é

2 21,

—12(7r )
T
16

f cos? 2x dx
0

[Pt
= . 2 2COS X X
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T
_ [x 4 sin 4x]6
12 8 |,

1
=3—2(T[+2\/§)

5e
T
6
f_zcos (x+12)d
6
T
_[*Lis 2(
__IEZ 2“8 12
6
T
6
x sSin2{x+
e, 2+ 8)
2 4
=—(4n+9)
5f
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6a
fsin 3x cos 2x dx
1 1
= f (E sin(2x + 3x) + Esm(3x — 2x)) dx
—f L 5 +1 i d
= (Zsm X 2smx) x
= ! 5 1 +C
= 10cos X 2cosx
6b
fcos 3xsinx dx
_f(l in2x — Ssin4 )d
= 2sm X 2sm x | dx
—1 2 L 4x + C
_4cos X 8cos ve
6c
T
4
f2c052xcosxdx
0 T
7 1
:f in(cosx+c033x)dx
0
4
=] (cosx + cos 3x) dx
0 T
1 4
= [sinx + =sin x]
3 0
22
3
6d
T
3

f sin 5x sin 2x dx
0
s

31
=j —(sin3x — sin 7x) dx
0 2
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s
3
[— —cos 3x + - cos 7x]

2 0

28

7a
(m,0)
2 0 2 ¢ X
7b
y = %(1 + cos 2x) is shown in blue and y = %(1 — cos 2x) is shown in green.
7{ (—n._()) ? 0 / (7, 0) \\
7c

By observation firstly note that sin? x = %(1 — cos 2x) and that

cos?x = % (1 + cos 2x). By observation of the graph, we see that these two

graphs always add to 1 and hence sin? x + cos? x = 1.
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8a Letu = sinx, du = cosx dx

f sin3 x cos x dx

=fu3du

u4

=—+¢C
i

_sin4x+C
4

8b Letu = sinx, du = cosx dx

f sin® x cos x dx

=fu6du

u7

=7+C

sin” x

7

8c Letu = cosx,du = —sinx dx

f cos® x sin x dx

8d Letu = cosx,du = —sinx

f cos® x sin x dx

= j —uddu
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u9

=——+C
5

8e Letu = e*, du = e*dx
f e*sine”* dx

= fsinudu

=—cosu+C

= —cose*+C
8f Letu = e*, du = e*dx
f e* cos 5e”* dx
= Jcos S5udu
1
=—sin5u+C

5

1
= gsinSe" +C

8g Letu = cosx,du = —sinx

f tan x dx
sin x

= dx
CcoSs x

1
= f——du
u

=—Inju|+C

=—In|cosx|+c
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8h Letu = sin7x, du = 7 cos x

fcot7xdx
cos7x

=f - dx
sin 7x

_f L

— ) 7

—11 lul +C
=~ Infu

1
=7ln|sin7x|+C

9a
Yy = cosxsinx = Esian
Hence the range is
1 1
9b i

fcosxsinxdx

 [Lonaxd

= 2sm x dx

= L 2x +C

— 4cos X
9b ii

Method 1:

Letu = sinx, du = cosx dx

j sin x cos x dx

=fudu
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U2
= 7 +C
sin? x
2
Method 2:

Letu = cosx,du = —sinx dx

j sin x cos x dx

9¢ Note that cos 2x = cos? x — sin®x = 2cos?x —1 = 1 — 2 sin? x. Thus

——cos2x +c
4

1 2
= —Z(Zcos x—1)

cos? x
= - +c
> 2
sin? x
= B
> 3

Note at ¢, c; and c, are not the same constant.

10a sin*x = (sin? x)?

_(1 1 2>2
=5 —5cos2x

1
cos 2x + Zcos 2x

.-Mr—\ -Mr—\
Nlr—\ Nlr—\

22+ (5 + cos x)
c0os 2x + 7| 5 + cos x
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=3~ Scos2x+zcosd
—8 ZCOSX 8COSX

10b  cos* x = (cos? x)?

OOIUJ »-PIP—‘ »-PIP—‘

10ci

T
f sin* x dx
0

—jn(g L oos2xat 4)d
—0 3 ZCOSX 8C05x

—[3 1'2 +1_4]7T
= 8x 4sm X 2sm x0
_37'[

)

10cii

B

f cos* x dx
0

—j%(3+1 2+t 4)d

—0 3 2C05x 8C05x
3

—[3 +Lsinz +1'4]4

= 8x 451n X ZSln xo

-1 anss

—32(7T )
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10d
T
3
j sin3 x dx
0
T
3
=.[ sin x (sin? x)dx
0
T
3
=.[ sinx (1 — cos? x)dx
0
3
3
=f (sin x — sin x cos? x)dx
0
T T
3 3
=f sinxdx—f sin x cos? x dx
0 0
Now for f03 sin x cos? x dx, let u = cosx, du = —sinx
T 1 1
3 5 z udlz 1
f sin x cos xdx=f u“du=|—| =—
. . 3| 24
1
Hence
1
3 - L [0 ER
fo sin® x dx = [—cosx]; — [?l =2
1
11a
ftanz 2x dx
= f(secz 2x — 1) dx
1
=—tan2x—x+C
2
11b

1 1
j cotzzx dx = j(cosecz(zx) —1)dx
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1
=—2cot§x—x+C

11c

I

3tan? 3x dx

S EIINSTS

n

9
fn 3(sec?3x + 1) dx

12

9
= fn (3sec?3x + 3)dx
12

= [tan 3x + 3x]

= 1-~
=V3- 12

s|=~='='

11d

cot? 4x dx

NEIISTS

T

8
= fn (cosec?4x + 1) dx

24

_[1 t1 +]
= 4c02xx

SERED

1 T
=3 - —
4\/_ 12

12a Letu =tanx, du = sec? x dx

j tan x sec? x dx

=judu

=—+C
2
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tan® x
2

12b

j sin? x
dx
1+ cosx
f 1 —cos?x
= | ——dx
1+ cosx
f (1 =cosx)(1+ cosx)
= dx
1+ cosx

= f(l — cosx)dx

=x—sinx+C

12c

1+ cos3 x
[Lrews,

cos? x

1
=f( > +cosx)dx
cos? x

= j(sec2 x + cos x)dx

=tanx +sinx + C

13a

X

F(x) =j sin? t dt
0

- [} G- gns)e
—0 2 2COSX X
X

_[1 1_2]
= 2x 4sm x0

_1 1'2 (0-0)
=%~ sin2x
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1 1 . )
=X —gsin2x
13b
F' _1 1><2 2
(x)—2 2 cos 2x
11 5
=5~ 5C0s2x
= sin? x

13bi F(x) is stationary when F’(x) = 0 this is when sin? x = 0, sinx = 0 and hence
when x = 0, m, 2m.

13bii F(x) is increasing when F’(x) > 0 this is when sin? x > 0. This is all x such that
sinx # 0 and hence when x # 0, , 2.

13b iii The curve is decreasing when F'(x) < 0. However, sin? x > 0 for all x. Hence
there are no values of x for which the curve is decreasing.

13c

. . 1 1, 1 1 1 1 1. 1
Smce—lSstxS1,—ZSZsm2xSzandthuszx—zszx+zsm2xSzx+

%, thus %x = % < F(x) < %x + i. Thus F(x) never differs from %x by more than %.

13d We know that the stationary points are x = 0, , 2m. As the curve is always
increasing, these will all be points of inflection (if there is a maximum or
minimum the slope would have to be decreasing on one side).
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13e

13fi

13fii

A

fk_z 3
sin“xdx = —
0 2

fk<1 1 2>d _3m
. > 2COSX x—z

X sian]k 3w
0

2 4 2
k sin2k 3m
2 42 2
k 3m

22

k=3m

£ 8§ nm
sin“xdx = —
0 2

f""(l 1 2>d _nm
3 5 cos2x | dx = =

2 4

x sin Zx]k nm
0 2

k sin2k nm

2 4 2
k_mr
2 2

© Cambridge University Press 2019
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_ i 1 1<sin2R)
T Roe\2 2\ R

Now as —1 < sin 2R < 0, then as R gets large Sin% - 0, hence

i (1 R_Zd _1 ot ]
jim (), sinede) =3 =500 =
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Solutions to Exercise 12D

1la

d
du =—(1+x?)
dx

d d
_ - 2
—dx(1)+dx(x)
=0+ 2x
= 2x

1b
f 2x(1 + x%)3dx
- f (1 + x2)? (2x dx)

=fu3du whereu = 1 + x?

1c

1d

d ((1+x?)*
%( 4 )
_4Qx)(1 +x%)?
B 4

=2x(1+x?)3
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2a Letu =2x + 3,du = 2dx

f 2(2x + 3)3 dx

=fu3du

u4-

=I+C

2x + 3)*
=( : ) +C

2b Letu =1+ x3,du = 3x? dx

f 3x2(1 + x3)*dx

=fu4du

u5
——+C

5
(1433

z +C

2c Letu =1+ x?, du = 2x dx

J‘ 2x d

a+x02 ™
1

= Jﬁdu

= fu‘z du

=—-ut+C

S
T 14«2
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2d

2e

2f

3a

Letu =3x —5,du =3 dx

3
dx
V3x —

f—du
fu 2du

1
=2uz+C

=2V3x—-5+7C

Letu = sinx, du = cosx dx

f sin x cos x dx

=fu3du

u4-

=I+C

sin* x
4

Letu =1+ x*, du = 4x3

f 4x3 4
T+xt

1
=f—du

u
=Inju|+C
=In(1+xMH+C

(as 1 + x* is positive)

Letu =1 —x?,du = —2x dx hence x dx = —%du
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3b

3c

4a Letu = x*+ 1, du = 4x3 dx

fx3(x4 +1)° dx

1
= Jzusdu

i

=—+C
24+

(@t +1)°

+C
24
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4b

4c

4d

Letu = x3 —1,du = 3x? dx

fxzx/x?’ —1dx

9(x —1)2+C

Letu = x3, du = 3x?% dx

3
fxzex dx

— 1ud
—fge u

eu

1
Letu = 1 ++/x, hence du = %x“idx, hence 2 du = \/% dx

-\ )
Vr(1 +Vx)

f_du

© Cambridge University Press 2019
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4e Letu = tan 2x, du = 2 sec? 2x dx

f tan? 2x sec? 2x dx

_fuzd
= > u
u3

=€+C

tan3 2x

4f Letuzi,duz——dx
X X

5a Letu =2+ x3,du = 3x% dx
Whenx =0, u =2
Whenx =1, u=3

1
fx2(2+x3)3 dx
0
31
=j —uddu
-[5],
=§(39—29)
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5b

5c

© Cambridge University Press 2019

65
12

Whenu = 1+ x* du = 4x3
Whenx =0,u=1

Whenx =1, u=2

1 2x3 p
X
0 V1+X4
1Y 4x3

2Jo V1 +2x*
3 2du
2); Vu

3]
= [val,
=v2-1

Letu = cosx,du = —sinx
Whenx =0,u=1

Whenx=§,u=0

N

0
=f —u?du
1
1
=j u?du
0
Bl
31,

3

f cos? x sin x dx
0
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5d Letu =1—x?,du = 2x dx
When x = =3, u = =
2 4
Whenx=1,u=0
1
fl xV1—x2%dx

2
1

21
45\/& du

0

l
4-
=35+

i
_3u .

3
_1(1)7
- 3\4

1

24

5e Letu = Inx, du =§dx
Whenx=1,u=1ln1=0
Whenx =e?,u=1ne? =2lne=2

2
¢ Ilnx
—dx
. X

2
=J udu
0
u?)’
e
0
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5f Letu = /x, du=%x_%dx=%dx
4 oVx
fo4\/§dx
=f2£du
0 2

1
= E[e“]%

_1 2
—5(9 -1

5g Letu = sin 2x, du = 2 cos 2x dx

T

4
f sin* 2x cos 2x dx
0

1u4-
= —du
3

1

— win—1 u
5h Letu =sin""x,du = N dx
L(sin'x)3
dx
0 V1 — xz

s

2
=judu

NI=I
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5i Letu = x? + 2x,du = 2x + 2 dx

2 x+1

—— dx
o Vx2 + 2x
1% 2x+2

- | —— dx
2Jo VxZ + 2x
181
=—j?du
18 1
=—ju3du
=3[3

@)

=3

5j Letu = tanx, du = sec®x

T2

3sectx
dx

7 tanx

2

V31
=f —du
1 u

= [Inful]}®
=Inv3—-In1l

—113
_Zn

6 Note that the area to be found is shown in green in the diagram below

—~0:6

Tt y .

Y
Pedananaan

0 0.2 04 06 0.8
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7a

7b

Letu = x3, du = 3x? dx. The area bounded will be given by

1 xZ
A= d
,[01+x6 *

_1.[1 3x? p
“3) T+
_1}1 1 p
“3)1+uz™

1
=3 [tan 1 u]}

I

= —— Sqguare unltS
12 %4

For all following subsections, let u = sinx, du = cos x dx

3

6 cosx
[F o g
o 1+sinx
1
_fi 1 4
L Teu™

1
= [In|1 + u]]?

3

ff vosx
———dx
o 1+sin?x

_fl L
L Tr2™

= [tan|ul]§

T

4
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7c
T
2
jcos3xdx
0
T
J, s cos?
= COS X coS“ x dx
0
T
2
=.[ cosx (1 —sin? x) dx
0
T Vs
2 2
=f CcoS X dx—f cos x sin? x dx
0 0
(s 1
= [sinx]? —f u? du
0
-],
B 3
0
N 3
_2
3
7d
T

2 cos3 x
——dx
n sin* x
VA
2 cosx (1 — sin?x)
Ty dx
u sin

T
2 COSX COSX
Ty P dx

ﬂ sin*x  sin
1

———)du

<u4 uz)
1

w*—u?du

[e))

N| =

Il
Nh

© Cambridge University Press 2019 90



Chapter 12 worked solutions — Further calculus

w3 oy
- IT_TL
Z

4
3

8a Letu = e?*, du = 2e%* dx

Vizem

1
= du
f2V1+u
1 1
= f§(1+u)_5du

1
=1+w2z+C
=v1i4+u+C

1+e>*+C

8b Letu=lnx,du=§dx

1
dx
xInx
1
= | —-du
u

=Inlu|+C

=In|lnx|+C

sinx

8c Letu =Incosx, du = — dx = —tanx dx

tan x
dx
Incosx

1
= f——du
u

=—Inju|+C

Ccosx

= —In|lncosx| + C
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8d

9a

Letu = tanx, du = sec®x dx

f tan® x sec* x dx

= j u3sec?x du

= fu3(1 + tan? x) du
= ju3(1 +u?)du

= f(u3 +u®)du

u* ub

——+—+C
I

tan* x N tan® x
4 6

dy B er
dx 1+ e

er
y:f1+e4x dx

Letu = e?*, du = 2e%* dx
er
Y= f 1+ e*x dx

_1f 1
2 Tz

—1t Tu+cC
—Zan u
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Hence C = 0 so the equation of the line is

1
= —t -1 ,2x
y=gtan e

9b

X

(4 - x2)2

14

y:

Letu =4 —x?,du = —2x dx hence—%du = dx

1
=@4-x¥)"2+C
Whenx =0,y =1

1

1=4"2+4+C
1=1tc
2
ool
2
So

‘f<z -G
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10a

10bi

© Cambridge University Press 2019

= sin™? (;) +§+ D

Whenx=0,y=%

1
5=0+0+D
D_l
S 2
X x 1
1(_ 4
y = sin (2)+2+2
d
a(secx)
=a(cos‘1x)

= —1X —sinx X (cosx) ™2

1 sin x

X
COSX COSXx

=secxtanx

Letu = secx, du = secxtanx dx

T

3
f 25¢X sec x tan x dx
0

2
f 2% du

2u 12
L
2
1n2 In2
B 2
" In2
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10b ii

1
= T [us]f

=é(4\/§— 1)

11a Letu = sin?x, du = 2 cos x sin x dx = sin 2x dx

T

f? sin 2x d
———dx
o 1+sin?x

1 1 p
_fo 1+uz

= [tan" u]}

11b Letu=xlnx,du=1><lnx+xx§dx=lnx+1dx

€ Inx+1

; (xInx +1)? dx

1
_Jo (u+1)2 du
e

=[_u+10
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12

13a

13b

Letu=+vx—1,du =

1
dx
fo\/x—l
1
=.[—du
X

_f L
_1+u2u

=tan 'u+C

=tan 'Vx—-1+C

Letu = Vx, du = — dx and u? = x

2vx
1
-fw/x(l—x)dx
By
Ja —x)2Vx
2
=

=2sin"tu+ (¢
=2sin"'Vx + ¢

Letu=x—%,du=dx,x=%+u

[
1— (2u)?

=sin"1(2u) + G,

=sin"1(2x — 1) + C,

© Cambridge University Press 2019
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2vVx—-1
Ifu=+vVx—1,thenu? =x—1andx =1+ u?

dx
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13c

14

Since

1

[ a

Jvx(1—x)
=2sin"'Vx + C;
=sin"1(2x - 1) + G,
[t follows that
sin“!'(2x — 1) = 2sin™*x + C3
Substitutingx = 0

sin™1(—=1) = 2sin"1V0 + 5

C_T[
37 2

Hence we can conclude that

T
sin“'(2x — 1) = 2sin"'vx — >

Letu=x—l,du=1+i2 dx,
X X

Hence x? du = x* + 1 dx

Whenx=1,u=0
When x = 1(\/g+\/§),

u= 2 (V642 ~ g
LW +vD)

(G Nz) - 2
7(6—2)

= 2 (V6 +42) 3 (V& —V2)
-2

1
ur=x*-2+—

X2
4
u2=x +1_
xz
5 x*+1
uc+2= 5
X
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1 x?2

W+2 1+t

dx

j%(‘/g’”/i) 1+x2
1 1+x*

V2,2
= d
fo T+t

V2o q
N fo u?+2 du
12 1
= EL - (l>2 du
V2
- Ll ()]
2 V2

0

= g (tan™'1-0)
1
-=(3)

T

T4z

© Cambridge University Press 2019

98



Chapter 12 worked solutions — Further calculus

Solutions to Exercise 12E

1la

1b

1c

1d

2a

_a a — _
dx = ™ (w) + ™ (1)du = 1du = du

= [x(x—1)°dx

= .[(u + 1) (w)® du

I=[(u+1DW)?®du

= f(uﬁ +u®) du

u’  u®
=—+—+C

7 6

x—1)7 ((x-1)°
=( ) +( )

C
7 6 *

d (x—1)7 (x-1)°
E( 7 6 )

= -1+ (x—1)°
=(x—-1+1(x=1)°
=x(x—1)°%+¢C

ey a4
=
| =
=
U
=

g

+

=
U
<

I
w| Nw| N — —

%Ir—ké

—
+
- :
N

>du

3
24 2u2+C

u

(x—1)2+2\/x— +C
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2b

3a

3b

3c

| &

-0z
u+1

=.[ " du
1 1

=||-t—=]) du

f(u uz)

1
=1n|u|—a+C

1
=Inlx—-1]|———+C
x—1

dx = 2u du

=]xmdx

= [@ - DV =1+ 1 2udn
=zf(u2—1)\/¥udu
=2j(u2—1)u2du
=2f(u4—u2) du

]=2f(u4—u2) du

u®  ud
=(€‘?%”

_ 2((@)5 _ (~/x_+1)3> i

5 3
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3d

5 3

%<2 ((«mf _wmf’))

_ 2<2 (vxST> 3(«2?))

= (Vx+1) - (Vx+1)
=(x+DVx+1—-vVx+1
=(x+1-DVx+1
=xvx+1

4a
fxzx/m dx
= f(u2 ~12/uz 2udu
= Z'I(u2 —1D?uudu
=2 j(u2 —1)%u?du
= Zf(u4 —2u?+ Duldu
=2]ku6—2u4+nﬂ)du

u’ 2u® ud

=g rpe

7 5 3
2+ 12 4(x+ 1)z 2(x+1)2
_264 12 4Gt DZ 2412

7 5 3

4b

2x + 3
Vvx +1
2x+2 1

Vx+1 \/x+1
j(Z(x+1) 1
Vx+1 \/x+1

dx

) dx

) dx
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= .[(Z(uz) +L2u) du
AN

Ve
=f(4u2+2u) du
4
=-uw+u’+C
3
4 3 1
=§(x+1)2+2(x+1)2+C

5a Letx =u—2,dx =du
fx—zd
x+2 x

_fu—Z—Zd
“Ju—2+2%

u—=4
=f du
u

[ o2

=u—4Injul+C

=x+2—4In|x+2|+C

5b Letx=%(u+1),dx=%du,u=2x—1

2x+1

dx
V2x —1

2<%(u+1)>+1
= Edu
\/2(%(11+1))—1

u+1+11

——du
Vit1-12
_1 u+2

1 vu 2
=5 (vi+ ) au

—1(2 2 au) 4 C
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3
=-u2+2Vu+C

3
= - (Qx-1)2+2V2x—1+4C

5¢ x=%(u2+5),dx=%udu,u2=4x—5,u=\/4x—5

j 3xV4x — 5dx

—3[1(2+5)41(2+5) 5><1 d
= 7@ 7 @ S u du
1 1
=3]Z(u2+5)\/u2+5—5x§udu
1 1
=3]Z(u2+5)\/u2x§udu

1
= 3]§(u2+5)u2 du

3
=— | (u*+5u?) du
8

3/u®> 5ud
= (—+=|+cC

8\5 3
_3<u5+5u3>+c
8\5 3
(V4x = 5)5 5(\/4x——)
8< 5 3 ) te

5d x=w-1%dx=2u-1)du
Hencevx =u—1,u=1++x

jl+1\/de
=f%><2(u—1)du

=2 f (1 — %) du
= 2(u — In|u|)
=2(1+vx)—In(1++vVx))+C (as Vx positive)

=2(1++vVx)—2In(1++Vx) +C
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6a x=u—1,dx =du
1
jx(x+1)3dx
0
2
=.[ (u—1Dud du
1

2
=f(u4—u3)du
1
B u utl
|5 4
1
~20

6b x=1—u,dx =—du

1

f§1+xd

o 1—x *
1

ZLEZ;u (—du)

=g(§—1)du

= [2Infu| - ul}
2

=2In2 -
= n >

6cC Letx=§(u—1),dx=%du,u=3x+1

dx
0 v3x +1
f4u—1d
= u
1 Vu
4 1
=j (x/ﬂ—u_f) du
1
4

2 3 1
= [§u2 — 2u2]1
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6d Letx=u—2,dx=du,u=x+2

1 2% 4
s 2+3

B 34 —u
, ()3

3,4 1
=f2 (E‘ﬁ) dx

[+
L u? ol

dx

6e Letx =4 —u? dx = -2udu,u=+vV4—x
4
f xV4 — x dx
° 0
= j (4 —u®u (—2udu)
2
= f (4 —u®)u udu)
0

2
= j (8u? — 2u*) du
0

8u3  2us]°

3 51,

_ 128
~ 15

6f x=%(u2+1),dx=udu,u2=2x—1,u=v2x—1

5 X
f 3 dx
1 (2x—1)2

© Cambridge University Press 2019 105



Chapter 12 worked solutions — Further calculus

5 x
e
1 2x—1)2

32 (u? + 1)
=f f——— udu
1 (u2)z
Sw?+1)
udu

Sw?+1) 4
u

6g x=wW-3)%dx=2w—-3)du,u=+x+3

4
dx
fo3+\/§
51
=] —2(u—3)du
3 U
5 6
=] 2——du
3 u
= [2u — 61In|ul]3

=4—-61 5

6h x=ud—1,dx=3utduu=3Vx+1

7 42
dx
f03\/x+1
2 (43 — 1)2
1 u

2
= f Bu(® —1)?du
1
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2
= .[ 3u(u® — 2u® + 1)du
1

2
= f (Bu” — 6u* + 3u) du
1

I3u8 6u’ N 3112]2
8 5 2 L
2517

40

7a Letx =u—2,dx =du

R
5 4x—x2

du

f\/S 4(u— 2)—(u—2)2

jJs 4u + 8 — (u?2 — 4u + 4)

V9 — u2

j3 ’1— —
(9

= sin_l(T) +C

7bi  Letx=u—1,dx =du

1
fx2+2x+4dx
1

w—Dr+2u—D+a™

1
_ju2—2u+1+2u—2+4du
1
__Iu2+3du

1] 1 d
=— u
3 2
1+<”>
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= ﬁtan‘1 (i> +C

3 V3

1t _1x+1+C
= —tan

V3 V3

7bii Letx=u—1,dx =du

fm

du

fJ4 2(u—1)—(u—1)2

du
IJ4 2u+2—(u2-2u+1)

\/5——ui e
=f du
% [1- ()
= sin 1(%)+C
=sin‘1x+1 C
V5

7biii Letx =u+4+1,dx =du

[
1 V3 +2x —x2
1

1
= du
04/3+2u+1)—(u+1)?
s 1
= du
0 3+2u+2—(W2+2u+1)
= du
0o V4 —u?
ul
— |ein—1_"
—[sm 2]0
_r
6
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7biv Letx =u+ 3,dx =du

7 1
————d
Lx2—6x+25 *
4

1
@il 6wt M
4 1

du

~ ), wW+3)2—6(u+3)+25

4
1
- d
,[Ou2+6u+9—6u—18+25 “

4 1 d
_fou2+16 “

1 4
= Zﬂ[tan‘1 %]0
~ 16

8a Letx = 2sinf,dx = 2cos 8 dfo

Hence

1
=Iﬁx2cosed9

1
=]W

= | ———X 2cos08de
fZVcosze
1
= X
chosH 2cos 0 do

- [1a0

=0+C

X 2cosf8do

X 2cos 0 do

Since

x =2sin@
. e_x
sin =3

Hence
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x
0 = sin 15
Thus
] = sin'= + C
2

8bi Letx =3tan6,dx =3sec’8dfand b = tan‘lg

dx

9 + x2

1
= _— 2
f9+ (3tan9)235ec 6.df

N 2
f9+9tan2193SeC 6 d6

1 sec? 9
=§f1+tan29d9

1 [ sec?8
=§fsec29d9

1

—19+c
3

= ltan i+ ¢
3 3

8bii Letx =+3cosf,dx =—V3sin6 db, 0 = cos™!

Gl =

1
— dx
V3 —x2

x —V/3sin @ do

§ j_\/3—(\/§C089)2
\3sin@

do
V3V1 —cos2 6
\/_sme

\/_\/sm2
vV3sin 6
do

vV3sin 6
=j1d9
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=0+C

-1

= cos +C

X
V3
8biii Letx = %sin 0,dx = %cos 6 df and 8 = sin~! 2x

1
——dx
j\/l — 4x2

1 1
= —cos 6 do

J1—4(%gn9f2
1 cos 6
== do

V1 —sin2 @
1 cos @
== deo

vVcos? 0
_ ljcostt9
"~ 2) cos@
= 1]1d9
2

—19+c
2

1
= Esin‘1 2x + C

8biv Letx = %tan 0,dx = %sec2 6 d6 and 6 = tan ' 4x

1
J~14-16x2dx
1 1
=J >—sec? 6 do
1
14-16(Ztan9)
_1j sec? 0 10
" 4) 1+tan?6
_1jsec2t90u9
"4 sec2d
Y
T4

—19+c
T4

—1t Tax +C
—4an X

© Cambridge University Press 2019

111



Chapter 12 worked solutions — Further calculus

8bv Letx = 6sinf,dx = 6cos8 df and 6 = sin~ ! g.
Whenx =0, =0
Whenx = 3,0 =sin" 1= =Z

2 6
—dx
fo\/36—x2

1

= 6cos6db
0 /36 — (6sinH)2
VA

6 1

= | ——————6cosHdbO
fo 6V1 —sin% 0

s

_ [® 6cosb 40
_fo 6vcosZ 0
%6c059
=f0 6cost9d9

=fld9
0

T
6

SIE

olAg
e

8b vi
Letx = %tan 0, dx = gsec2 6 d6 and 0 = tan‘lgx
Whenx =0,0 =0

Whenx=§,9 =tan" 11 =%

2
j§ 1 d
o d+9x2 ™
s
7 1 2
=j > 5sec”0do
3
0

449 (Ztan 9)

3

T

_f4 1 2 040
=) T aanre3%e

_1stec Ode
~6), sec?f
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s

—1f41d9
=5

1 =
=g[9]g
_TL'
24

9a Letx = sinf,dx = cos@df and 6 = sin" 1 x

1
R
(1—x%)2

'[ (1 —sin%0)2

1
f ——cos60do
(cos?0)2

1
= fcos39cosl9d9

—f ! do
~ ) cos?6

= jsec2 6 de

=tanf6 +C

. . X
Now since sin8 = x = "

3 cos0do

it follows, from the Pythagorean theorem that

9bi Letx =2tan6,dx = 2sec?0d6f

1
[
(4 + x2)2

1
=f =2 sec”6do

(4 + 4tan?0)2

f (4sec?6)2

© Cambridge University Press 2019

=2sec” 6 db

113



Chapter 12 worked solutions — Further calculus

—f ! 2 20de
~ ) 8sec3 8 Sec

_1[ 1 6
"4 secH

1
=Zf cos 6 do

—1 inf +C
—4sm
1 X

== +C
N

9bii Letx =sinf,dx = cos8do

2 X
dx
o\/l—xz
T
% sin%6
————cos 6 do

\/ —sin2 @

6 sin? @
cos 6 do

cos? @

n .

6sin? 0

= cos6do
o Ccosf

T

6
= f sin? 0 d6
0

1 (s
=—j (1 —cos26)do
2 0

T
_ 1 [9 sin ZB]E
) 2 Iy

T V3

“12° 8

9biii Letx = 2sinf,dx = 2cos6db

2
f V4 —x?dx
0
2
=f 4 — (2sin@)22cosHdo
0

s
2

=j 241 —sin?0 2 cos 0 do
0
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n

2
=4f cos? 6 do
0

s
= 2.[2(1 + cos 20) dO
0

sin 2672
S
0

=T

9biv Letx =5cosO,dx = —5sin0df

1
——
x2425 — x2

1
=f X —5 sin 6 df
(5 cos 9)2\/25 — (5cos0)?
1
= X —5sin 6 d@
,[25c05295v1—c0529
1
= X —5sin 6 d@
,[25 c0s?205sin0 St
:_E coszede
1
= 5T sec?6do
= 1t 6+C
~ 250
1 V25 —x2
=——X——+C
25 X
V25 — x2
= ——¥C
25x

9bv Letx =3tan6,dx = 3sec?8db

——dx
fxzm

1
= f 3sec?0do
(3tan 9)2\/9 + (3tan 6)?

3sec?6do

.I (3tan 9)23\/ 1+ tan?6
3sec?0do

f (3tan 9)23 secl
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secH
(3tan 6)?2 a9
1 ( cos?6 1
,[ sin? 6 X cos 6
1 (cosB 1
f sinf sin@

= 5[ cot @ cosec 6 dB

1
= —§cosec9 +C

1 V9+x2
+C

=—=X
9 X

NeEe=:
+C
9x

9bvi Letx =2secO,dx = 2secftanf db

——dx
.L x2Vx2 —4

T

3 1

- jo (2secB)?,/(2sech)? — 4
s
3 1

B jo (2secH)?2vsec?6 —1
s

3 1

= 2secHtan 6 db
jo (2sech)?2vVtan? 6

s

3 1
= 2 Otan 6 do
_’; (2secH)?2tanb secotan

2secBtan 6 do

2secBtan b do

T

1 ™
= —[sin 0]}

| &%

10 Letx = 3secH,dx = 3secftanfdf and 8 = sec‘lg

f)

© Cambridge University Press 2019 116



Chapter 12 worked solutions — Further calculus

11

= .[f’(x)dx
fm

x
B .[V9sec29—9
B 3sect

3tanf
=f 3secHtan b do
3secH

=3.[tan29d0

dx

3secHtanf do

=3f(sec29—1)d9
=3(tanf —6) + C

x
=\/x2—9—3sec‘1§+C

Now note that

\/x2—9=\/9sec29—9=3tan9

x2—9

. 9=t -1
an 3

f3)=0

1/ 32 — 3sec” 13+C—0
C=3

Hence,

f(x) =3[tan — 0] + C

x2 -9
=yx2—-9—3tan?! 3

Letx = /3sin @, dx = V3 cos 6 db

x

= Omdx

B & 3v3sin30
o V3 —3sin26
3v3sin® 6

= — /3 cosHdb
o V3cosH

V3 cos 6 do
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n

6
= f 3v3sin3 6 do
0

Letu = cos8,du = —sin 6 dé
V3

2
A=f —3v3sin% 6 du
! 1
_ e
—3\/§f£1 cos“ 6 du
2
1
— _ 2,2
—3\/§fﬁl u”du
—3\/_[11——
\/_

=3 (6\/§ — 7+/2) square units

12a Letx =rsinf,dx =rcos6df
r
A=2f Ve —x2dx
-r
r
=2f Vr2 —x2dx
-r

7
= zjﬂ\/r2 — (rsinB)?rcos 6 db

T
2
=2]ﬂr\/1—sin29rc056d6

ol

= Zrzf cos?0de

ST

2
=r? f 7T(l — cos 20) df
2 VA

sin 2072
=r*|o =]
2 1.r

= nr?

12bi Let P be the x-position of chord AB
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. a P P
o T0a™
Hence
L«
P =rsin—

2

The area is twice the area from P to r under the semicircle

-zjmdx—zf P dx

T sm—

12bii Letx =rcosf,dx = —rsin6do

r
A=2] Ve —x%dx
rsin%
r
2 f Vi —x2dx
rsin%

Zf —\/r2 — (rcos@)?rsin6 do
rsm—

Zfl —ry1—cos?260rsinfdo

Ea

0
=2] —rsin@rsinf do

12b iii

r
A=2J VT2 —x2dx
rsin%
0

= —2r? ; sin? 8 d@

Ea

EO.’
= Zrzf sin? 8 d@
0

E(X
= 2r? j (1 —cos26)do
0
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1 2¢
= 2r? [9 — —sin 29]
2 0

1
= Erz(oc — sina)

12c  Foran ellipse

ve y

E-l-ﬁ_l
2 X2
Yy X
b2 a?

Letx = asin@,dx = acos0 db

The area will be given by

a x2
A=2] b |1-—dx

—-a a

s

2 a?sin? 0

=2] b 1——2ac059d9

_r a

2

s
2
= Zabjn\H —sin%20 cos 0 df
Z
2
= Zabjncoszede
\
2
= Zabjncoszede
E__
2
=abjn1+c0529d9

1 2
=ab [6 + —sin 29]
2 I

= mab

The unit circle has area &, dilating it a units horizontally causes it to become ar

and then dilating it a further b units vertically causes the area to become mab.
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13a

13b

© Cambridge University Press 2019

Letx = —u,dx = —du

2 2 .
f_zex+1 x

-2 (.2
=f (—uw) (—dw)
2

e v +1

fz u? J

= u

et +1

= u
,1+e¥

= u
,et+1

Nowletx =u

fz uzeu d fz
u =
,et+1 e

Hence

2,2 2
dx =
,f_ze"+1 x f_ze

\Nl\
Q]

x+x

N, NPk NP NP NRR NR

—
N IN)

X

N NN N N
| ) | )
N N NN
N
Q
=
N~

NN

—
w|><W

|
N

+1d

e*+1
x2(1 +e*)
e*+1

(usingwhen x = —2,u = 2and when x = 2,u = —2)
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Solutions to Exercise 12F

1la

1b The radius will be r = 3(3) = 9 units and the height will be 3 units.

Hence
V= §m‘2
1
= §7T(9)2(3)

= 81 cubic units

1c
3
nf 9x? dx
0

= 3n[x*]3

= 81w cubic units
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2a

(-3, u)‘T

2b This is a sphere of radius 3, hence the volume is

4
V =-— 3
37'[7"

= %n(3)3

= 367 cubic units

2c

3
nj (9 —x?)dx
-3
-3
=n|9% — —
3 -3

= 367 cubic units

3a This is a cylinder of radius 2, height 4. Hence
V =mnr?h
=m(2)? x 4

= 167 cubic units

3b This is a cone of radius 3 and height 3. Hence
1

V ==nr2h
3

1
= §T[(3)2 X 3
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= 97t cubic units

3c

2
V=7rf y?dx
0

2
=nf x*dx
0
el
=1 |—
51,

32w

= = cubic units

3d

4
V=7rf y?dx
2

4
=7Tf x dx
2

s
= E[XZ]E}

= 67 cubic units

3e

2
V=7tf y? dx
0

2
=j (4 —x?) dx
0

= |4 X32
= X 3
0

16w ) )
= 3 cubic units
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3f
0
V= nf y?dx
-1
0
= nf x® dx
-1
<[]
-1
_n b- -t
= = cubic units

3g

%4

-2
nf y?dx
-5
22
= n] (x +2)?dx
__52
=T[f (x%2 + 4x + 4) dx
-5
x3 2
=7TI?+2x2 +4xl

-5
= 97 cubic units

3h

3
V=7rf y?dx

-3

3 4
=T[J (4——x2)dx

_3 9

4 P

_ _* .3
—rr[4x 27x]_3

l6n ] )
= = cubic units
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4a This is a cylinder of radius 1, height 3, hence

V =nr’h
=m(1)%(3)

= 371 cubic units

4b This is a cone with radius 2, height 4, hence

V—1 2
=37

1
ELORe)

256 ) )
= —— 7 cubic units

4c

[T
| 5

30931

z cubic units

4d

1
Vznf x%dy
0

1
=ﬂfydy
0

1
-t
2
0

T
= 0 cubic units
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4e This is a sphere of radius 4, hence
V= §m'3
4
=—1(4)3
~(4)
256

= Tn cubic units

4f
0
V= nf x%dy
-3
0
= ﬂf (—=y*)?dy
-3
0
= nf y*dy
-3
0
o
5
-3

2431 ) ]
= z cubic units

4g
2
Vznf x%dy

0
2

=nf Qy —y»?*dy
02

=nf (4y* —4y3 +yH dy
0

52
I43 0, Y

= — — + —
T 3)’ y 5 .

_1671 bi .

= 15 cubpic units

© Cambridge University Press 2019 128



4h

-1
16w

= 3 cubic units

1
Vznf y?dx
0

1
=T[] e?* dx
0

T
= g[ezx]é

i
=5 (e? — 1) cubic units

4
Vznf y? dx
2

41
=7Tf —dx
5 X

=n[lnx];
=n[ln4 — In 2]

=mwln2 cubic units
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7
6
V=77.'f x%dy
1

[
=1 —
1Y Y

= n[lnyl}

= 1 ln 6 cubic units
8a tan’x = sec’?x —1

8b
Vznf y?dx
1

=nf tan® x dx
1

3

=nj (sec’x — 1) dx
' T

= m[tanx — x|}

=1 (\/§ - g) cubic units

. 1 1
9a sin? x = — - cos 2x

9b

N

V=7Ij y?dx
0

ol

=r[f sin? x dx

0

i

=nj sin? x dx
0
T

[ onn)s
—77,'0 5 2COS X X
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A

Lo
—H[EX—ZSII’I X]O

2
= T cubic units

10a
5
V=7Tj y?dx
3
5
=] (x +3)%dx
3

CEOHE
=[5

2961 ) )
= 3 cubic units
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10b

4
V=7ij2dx

1

4 2
=nf (1+7)" dx

14
=nf1+2w/§+xdx

1

4 1
=Tl'.[ 14 2x2 + xdx

—nlx+ x2+ I

1197

= cubic units
6

4

\
\

10c
5
V=7tf y?dx
0
5
=r[f (5x —x%)%2dx
0

5
= nj (25x%2 — 10x3 + x*) dx
0

3 s T3
_6257t
6

IZSx3 10x* xsr
=1
0

cubic units
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|

10d

1
Vznf y?dx
-1

1
=7TJ (1—-x%)%dx
-1

1
nf (1-2x%2 +x%)dx
-1

16w

—— cubic units
15

yaa

11a
2
V=7tf x%dy
1
2
[ w-22dy
1

2
=7Tf (y>—4y +4)dy
1
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y? ?
= TL'I?— 2y2 +4yl
1

T
= 3 cubic units

11b
1
Vznf x%dy
0
1
=nf(y2+1)2dy
01
=nj O*+2y2+ 1dy
0
5 3 1
|y 2y
—n[5+ 3 +yl0

28m

= —— cubic units
15

i
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11c
2
V=7l"f x%dy
0
2
=nf y*(y —3)*dy
02
=nf y2(y* =6y +9)dy
02
=nf (v* = 6y* +9y*) dy
0
81m

= —— cubic units
10

11d

1
V=7tf x%dy
0
1
=nf 1-y)dy
0

1
:nly—y—z
2 0
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T
= 3 cubic units

4 N

12
3
V=7rf1 y?dx
2
3 1\ 2
=T[f <1+—) dx
1 x
2
3 1
=1 (1+ + )dx
1 X
2
3
—7T[x+21n|x|——]1
s
=g(25+121n6) cubic units
13

1
2
V=T[f y?dx
0
1

2
= nj (e* —e™™)?dx
0

2
= r[f (e?* —2+ e ) dx
0

1

er e—2x§
=”[7‘2x‘ 2 l
0

T
= E(e — 2 —e™1) cubic units
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14
61T
V=77.'f y?dx
41T
=T[f (4+4sin—) dx
41 4
61T x x
=16nf (1+25in—+sin2—)dx
A 4 4
- 16 jén 1+2'x+1(1 x) d
= n4n sm4 > cos2 X
=16 fsn(3+2 l )d
= n4n 5 sm4 cos2 X
=16n [x—8cosf—25inf] "
B 4 21,

= 71.62 mL

15a
16
V= nf y?dx
0

16
=nj 42 dx
0

= nl42x]ie
= 2567 cubic units

15b

%4

16
nf x%dy
0

16
=7 f ydy

0 16
oz

2 0
= 128m cubic units

15¢ V = 256w — 128w = 128w cubic units
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16ai

2
V=7Tj y?dx
0

2
=nf x*dx
0
el
=17|—
51,
321

= —— cubic units

5

16aii

4
V=7rf x%dy
0

4
=nfydy
0
B
2

= 8m cubic units

16bi

1
V=7r><52><1—nf y?dx
0

1
=7T><52><1—T[f 25x2% dx
0

25x3
=nrXx5x1—-m

50 ) )
= = cubic units
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16b ii

5
V=7Tj x2dy
0

2 i

= ? cubic units

16c¢ci

4
Vznf y?dx
0

4
=7Tf xdx
0
-+[3],

0

= 8m cubic units

16cii
2
V=T[X42X2—7Tf x?dy
e
=T[><4-2><2—7Tf y*dy
0
592
=nx42x2—nly?l
0

128m

= z cubic units
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16di

1
V=7T><42><1—.[y2dx
0

1
=167T—7Tj (x? +3)%dx
0

1
=16n—7rj (x* + 6x%2 +9) dx
0

5 1
x
=16n—nlg+2x3+9xl
0

241 ) )
= —— cubic units
5
16d ii
4
V= nf x%dy
3
4
= f (y—3)dy
3
2 4’
_ Y
=7 I > Syl
3
T
= — cubic units
2
17a

/

-0:5

/
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17bi

1 1
V=7Tj ylzdx—nj y2 dx
0 0

1 1
=Tl'.[ x4dx—7tj x6 dx
0 0

= fl(x —x%)dx

-]

=— cublc units
35

17bii

1 1
V=7rf xfdy—nf x2 dy
0 0

1 1 4
—nf yldy—nf y2dy
0 0

1 3
[
2 5
=a|Y——Zvy2
. 5]

=— cublc units
10

18a

\%

-4

N

—~—

2

N
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18b
5
v=r| 0t-y)dx
1
5 5 2
=Tl'.[ (6—x)2—<—) dx
1 x
5 25
=nf (36—12x+x2——2)dx
) X
x3 25
=7 [36x —6x% + =+ —
3 X
64m
= —— cubic units
3
19

V=mu| (yf —y3)dx

2 22
Ca [ (- (2-2) )
1 x
= jzl ! 4+8d
—nl( 7 x) x

SRy
—nl( 7 x)x
2

4
=n[—3x+—+81nx
X 1

= (81In 2 — 5) cubic units
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200 y=x3+2

Whenx =1,y =3 and Z—z = 3. Hence the equation of the tangent is
y—3=3(x-1)

y =3x

20b

/(L‘J)
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20ci

1
V=nj 2 - y2) dx
-2

1
= n.[ (x® —9x?) dx
-2

x”7 !
=T I7 — 3x3l
-2

157 ) )
= — cubic units

20cii

3
V=nf (2 — x2) dy
-6

3 /2 y?
=1 y?——)dy
L( ;

3

T
= = cubic units

21

V=7r><22><ln2—7tj
0
In2

=4mIn2 —nj (e¥)?dy
0ln2

=47Tln2—nf e?¥ dy
0

In2
=4rln2—m Ie—l
2
0
2In2

2

42 eln4 eO
=4nln2 —m| ——-—
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— 47In2 (4 1)
= 47T I1n 7T22

— 47In2 (3)
= 47T I1n 7T2

T
=3 (8In2 — 3) cubic units

22a

22b
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22ci
s
V= nf y?dx
=T
T
=nf (r? —x?)dx
_r )
3
X
_ 2. X
—nlr X ==
-Tr
-3
= nl(rzr ——) - (rz( r) — (
3
4
=§m”3
22cii
T
V= nf y?dx
r—h
= nf r? —x%dx
r—h
_ 3 T‘
X
=7 rzx—?
L r—h
3
= _(rzr - ?> - (rz(r
. 3
=n_<r2r—?>—<r3—r
= Znh2(3r = h)
23a sec@
secf +tanf
=secf X ——
secd + tan 0

sec? 6 + secHtan 6

secf +tan @
secftan 8 + sec? 6

secf +tan @

j secO do

fsethanG + sec? 6
secl + tan @
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=In(secfd +tanf) + C

23b

Lety =sin6,dy = cos 0 df

1
V=7Tfﬁx2dy
0

s
3 jz 16sin? 0 do
- 0 1—sin?g >
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147



Chapter 12 worked solutions — Further calculus

20 cos 6 do

A

2165sin? 6
—df

0 cos 6

f%m sin2 6
0

f4 16(1 — cos? 0)
T do
0 cos 6

s
2

= 1671] (secB — cos 0) do
0

T

= 16m[In(secd + tan @) + sin 9]3
= 16m(V2 — In(v2 + 1)) cubic units

24a
xn — xn+1
xn _ xn+1 =0
x"(1—x)=0
Hence x = 0 or 1. Substituting back into the equations gives the points of
intersection as (0,0) and (1, 1).
24b

1 1
Vznf f(x)zdx—nff(x)zdx
o 0
= rtf (x™? dx — rtf (x™* 12 dx
0 0
1 1
=nf xzndx—nj x2+2 dx
0 0
Ix2n+1 1 Ix2n+3 ll
=1 -
o 2n+3 o

2n+1
_ ( 1 1 )
"\ 2n+1 2n+3

24c  Itis the cone formed by rotating the line y = x from x = 0 to x = 1 about the
X-axis.
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24d
hm (Vl + VZ + V3 + b + ]/n)
n—oco

_ 1 ( 1 1 )+ < 1 1
“ae\"\2+1 7243/ T2+ 1 2 +3

1 1
* "'+”<2(n) 1 2+ 3))
11 1

)+x(

=7 i ( PR S S

S e\3T 55T 7T g 2n+1 2n
_ i (1 1 )

e \3 T 2n+3

-s-o)

T
= 3 cubic units

24e

25a

)
+3

1

1

23)+1

25b y=-x*+6x—8
y=-x*+6x—9+1
y=—(x*—6x+9)+1

© Cambridge University Press 2019
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Chapter 12 worked solutions — Further calculus

y=—(x—-3)+1
(x=3)=1-y

x—3=/1—-yfor3<x<4andx—-3=-—/1—yfor2<x<3

Hence

x=3+/1—-yfor3<x<4andx=3-,/1—yfor2<x<3

25c
v=n[ Gty [ G-VT9) &

- [ (G+T - 6T )
nfol((9+6m+(1—y))—(9—6m+(1—y)))dy
=7TL1(12«/T;V)dy
=L1(12ﬂ«/TY)dy
- jo 1(127r(1—y)%)d:v

=12m [—g(l — y)%]:

=12 ( 2x0+2><1)
- 4T3 3

= 8m cubic units
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Solutions to Chapter review

1la

d
= (sin~!3x)

,/1—(3x)2 a( %)

3
v1—9x2

1b

1c

d _
- (cos™(1 —x))

d
= 1_(1_x)2><a(1—x>

\ 1
CJI-(-2x+2)
1

_\/Zx—xz

X —1

© Cambridge University Press 2019
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1d

o
= (x?tan"1x)

d d
_ -1 2 2 -1
= (tan™"' x) X Ix (x%) + x* X P (tan™* x)

=2xtan"lx + x? X
2

=172 + 2xtan"lx

1+ x2

le

(a7 (32 +1)

dx an 2x

= ! xd(1 +1
= > d——x )
1+(%x+1) x

1f

Il
[u=y
[u=y
X
I
=
Nl =
N——

1/x4_x2
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2a  y=tan"lx

1
_— =(1 2)-1
Y T 1vx2 (@ +x7)

y'=—1x(1+x?)"2x2x=—

Substituting for y'and y"':
(1 +x2)y" + 2xy’

=(1+x?)x- + 2x X
2x 2x

O+ T a o

3a

= 2><%( 1—x2)
J1-(6T==)
1

1 _1
= ><-2—><(1—x2)2><—2x

J1—(1-—x2)

1 X
Ve Ve

1 X
Ve NI-x
For0<x<1,VxZ=x

Hence

© Cambridge University Press 2019
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_4 -1
= (cos™ x)

3b The functions differ by at most a constant.

This constant is zero,socos ' x = sin"'v1 —x2for0 < x < 1.

4a

4b

4c
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—1t ‘12x+c
“5 M 3

4d

5a

5b
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3

_1[_ L 2x74
—zsm \/_

6a
j cos? x dx

—f(1+1 2>d
= | |5+ 5cos2x |dx

=i ldnavsc
—zx 4‘SII'I X

6b

fsinzxdx
= [ (5-geos2x)d
= | (5 —zcos2x)dx

iy sinzi+C
—ZX 48111 X

6cC
f cos? 2x dx

= [ (545 c0s4x)a
= | |5+ 5Cos4x |dx

=i lhnaxsc
—Zx 8sm X

6d

j sin? 4x dx

- [ (Ggeosa)a
= 5 2COS.)C X

© Cambridge University Press 2019

156



Chapter 12 worked solutions — Further calculus

7a

7b

1

1
—Ex—1—651n4x+C

Wiy

f sin? 3x dx
0

3101
=f0 (E—Ecos6x)dx
T
3
[zx——sm4x]0

cos? =x dx

o bl
ols
N R

s

2 2 0
T T T
2 z2/1 1 1 1 2

j cos? 2xdx=j (—+—cos4x) dx = [—x+—sm4x]
0 o \2 2 2 8 0

7 71 1 7
j cos?4x dx = j ( + —cos 8x) dx = [zx + —sm 8x]
0 0

2 2

© Cambridge University Press 2019
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s
4
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9a Letu=5x—1,du=5dx

f 5(5x — 1)°

=fu5du

u6

=€+C

_ (5x—1)°
B 6

+C

9b Letu = x? +2
du = 2x dx

f 2x(x? + 2)% dx

=fu2du

u3
——+C
3
3 (x% +2)3

3 +C

9c Letu = x* + 1, du = 4x3

.f(x4-+1)2dx
1

=J‘§du

=Ju‘2du

=—-ul+C
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9d

9e

of

Letu =4x + 3,du = 4 dx

1
dx
Vidx + 3

1
=§v4x+3+C

Letu = sinx, du = cosx dx

f sin? x cos x dx

=fu2du

u3

=?+C

_sin3x+C
-3

Letu = tanx, du = sec® x dx

f tan3 x sec? x dx

=ju3du

u4

=—+C
4

tan* x
4

© Cambridge University Press 2019
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10a Letu =1+ x3,du = 3x%dx and%du = x%dx

0
fx2(1+x3)4dx
-1
1 1
=—j utdu
l q.

15

10b Letu = cosx,du = —sinx

T

2 3 i
cos® x sinx dx
0

1
=2 [—u*]?

1
- __ 3_12
203 —12)

1

10c  Letu =x%—-1,du = 2x dx and%du = x dx

V2
f xvx2—1dx
1

1 1
=—f Vudu
20

1 (' 1
25-’; uzdu

1[2 5]1
= —|—uz2
213 0
_1(2 0)
2\3
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10d Letu=Inx,du= i dx

je (Inx)? i

10e Letu —l du=——dx
x X

10f  Letu = tan2x, du = 2 sec?2x dx
f% sec? 2x 4
o 1+tan2x X
_1j1 1 g
“2) 1+u™

1
=5 [In]1 + u|]}

© Cambridge University Press 2019
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11a

11b

11c

1
=E(ln2—ln1)

—112
_zn

Letx=u+1,du =dx

Pt
x—1x

1
=f(1+—)du

u
=u+Injul+C

=x—1+Injx—-1]+C

Letx =u—2,du = dx

x—1 d
X
Vx + 2
]u—Sd
= u
Vu
1 _1
=f(u2—3u 2)du
2 3 1

—ZuZ—6uz+C
3u u

3

1 1
Letx=5u2—5,dx=udu

Note that 2x + 1 = u?

jxv2x+ 1dx

_ j (luz —1> (Vo) u du

2 2
1
=§j(u4—u2)du

© Cambridge University Press 2019
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5 3
1{2x+1)2z (2x+1)2
- E( 5 3 te

1 5 1 3
=—(2 1)2 ——=(2 1)z2+C
10(x+) 6(x+)+

11d Letx = (u—4)? dx =2(u—4) du

1
dx
f4+\/§
B 2(u—4)d
_,[4+u—4 U

8
=f(2‘a)d“
=2u—8lInfu| +C
=2(Vx+4)-8In(Vx+4)+C

12a Letx=u+1,dx =du
2
fx(x—l)‘*dx
1
1
=f (u+ Du*du
0
1
=fu5+u4du
0
_Iu6+u5r
6 5 o
1 1
=—+4 -

6 5
11

" 30
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12b

12c

12d

Letx =u—3,dx = du
5 & .
jlx+3 *
8u—-3
=f du
s U

[

= [u—3Inful]§
= (8—3In8) — (4—3In4)

=4—3In2

Letx =u®—1,dx =2udu

15
dx
fo Vvx+1

X 2u du

= f4(2u2 —2)du

2 4
=[?ﬁ‘241

= 36

Letx = u?+2,dx =2udu

3
1
fix\/x—de
2 )
=f E(u2+2)\/u2x2udu
0

1
= j (u* + 2u®) du
0

w2 1
N L
=[5 +3v]

0

1 2

~573
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13
15

13a  The domain is all x such that 9 — x > 0 and hence the domain is x < 9. As the
square root function always returns a positive number, the range is y > 0.

13b
= 5
-h\
\\
-10 5 0 5 10
| |
13c
9
=f V9 —xdx
0
9 1
= j (9—x)zdx
0
4 9 31°
= —— — 2
3 [( *) ]0
= 18 square units
13di

9
V=7rf y?dx
0

9
=n-fo (9 —x)dx

219
=T[I9X—7
0

81m ] )
= - cubic units
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MATHEMATICS EXTENSION 1

Chapter 12 worked solutions — Further calculus

13dii
3
V= nj x2dy
0
3
=ﬂf (y*—=9)?*dy
0
3
= nf (y* —18y% +81) dy
0
5 3
= n[z - 6y3 + 81y]
5 0
648n
= cubic units
5
14

33
4
4 =f wy?dy
0

32 1 2
= T dx
fo (\/4—x>
3
_fz s 4
), 4-x *

33
= —m[In|4 — x[] ,*

= 471 In 2 cubic units
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= Y byt 436 6
"l5x18 T18x3” T 7|
2688

c cubic units

16 cos?2x = % + %cos 4x

16b

T

vernl|®y2d
—T[-f_zy X

6
=7 [Ex +§sin4x]_E

T
= o (47'[ + 3\/§) cubic units

17

3
Vznf y? dx
1

3
= T[f (14+e™™)%dx
1
3
= nJ (1+2e*+e ) dx
1

1 3
=7 [x —2e ¥ — —e‘zx]
1

=n <(3 —2e73 - %e“’) - (1 —2e71 - %e‘2)>

= 8.49 cubic units
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18a

-10

18b
T

7
Vznf y?dx

0
Vs
4

=nj (1 —tanx)?dx
0
4

=7Tf (1 —2tanx + tan® x) dx
0
4

=nj (1 —2tanx +sec?x — 1) dx
0

T

2 2 sinx )
=7 (— + sec x) dx
0 coS X

s
= m[2In|cos x| + tanx]}

=7 ((2 In (2‘%> + 1) —(-2In1+ 0))

=n((-In2+1) - (0+0))

= (1 — In 2) cubic units
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19a

dy 1
=1
dx x2

2

d? ) .
Whenx = -1,y = -2, # = —2 < 0, hence the curve is concave down and this

is a maximum.

d? \ .
Whenx =1,y =2, d_xJZI = 2 > 0, hence the curve is concave up and this is a

minimum.

Hence there is a minimum at (1, 2) and a maximum at (—1, —2).

[
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19b

5_ 1
2 =Ty

2
5=2x+-
x

5x = 2x%2+2
2x2—5x+2=0
2x-1D)x-2)=0
Hence

1
X ==-0r2
2

19c

= — cubic units
4
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20a <To come>
20
10
- e —
3 2 1 0 1 2
21a
3
V= nf y?dx
1
3
— T[J (2x+1)2 dx
1
3
— T[J 22x+2 dx
1
21b

Vemxil 10 (f(l) +£(3) +2(f(1.5) + f(2) + f(2.5))

=Z(22 +28 +2(254+25+27)

= 1807 cubic units
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21c

3
V=7rf y?dx
1

3

— Tl'.[ (2x+1)2 dx
1
3

— n.f 22x+2 dx
1

3
2x+2
i j el 2™ dy
1

3
— n.f e(2x+2)ln2 dx
1
L
" 2In2

B 120w
" In2

[e(2x+2) In 2]3
1

= 173w cubic units

The exact answer is smaller than the trapezoidal-rule approximation because the
curve is concave up.
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