Chapter 11 worked solutions — Trigonometric equations

Solutions to Exercise 11A

la sin2x —cosx =0
2sinxcosx —cosx =0
cosx(2sinx—1) =0
Hence

) 1
cosx = 0orsinx =3

1b Forcosx =0

3

X = ,7

NI

. 1
Forsinx = 5

2

s
"6

3w 57
276

2a cos2x —cosx =0
cos?x —sin?x — cosx = 0
cos?x — (1 —cos?x) —cosx =0
2cos’x —cosx—1=0

(2cosx +1)(cosx—1) =0

1
cosx = 1or—5

2b Forcosx =1

x =021
Forcosx = —%
_27t 4

*=7373
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3a

3b

43

Hence

sin(x+%) =2cos(x—%)

T T T T
sinxcosZ+sianosx=2cosxcosZ+25inxsinZ
1 N 1 2 N 2
—sinx + —cosx = —cosx + —sinx
vz 2 vz TVz
0 L. + 1
= —sinx + —cosx
vz 2
sinx+cosx =0
sinx = —cosx
tanx = —1
tanx = —1
3m 7m
S

. n . 71-
sm(9+g)—251n(9—g)
N6 cos— + cos 0 sin— = 2 sin @ cos—~ — 2 cos § sin —
Sin COS6 COS Sln6 = Sin COS6 CoS Sln6

3 cos @ sin— = sin § cos —
COoS Sln6—Sln COS6

3tan— = tan 0
an6— an

— =tané

V3
tan =+/3

T 4T
Hence 6 = 3

3
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4b

4c

4d

cos(9—§)=2cos(9+g)

T ) T T ) T
cos O cos— + sin @ sin— = 2cos 8 cos— — 2sin @ sin—

6 6
) T T
351n051ng = cochosE
1
tan @ = §cotg = ﬁ
m 7w
=%

cos 46 cos O + sin460 sinf = %
1
cos(460 —0) = 3

cos 30 =

N =

Now since 0 < 8 < 2m,0< 30 <61

36_71 57 7n 11w 13w 17n
3’3’3’7 3’3’3

Hence

9_71 57 7m 11w 13w 17w
9’9’9’ 9’79’9

cos 30 = cos 20 cos @

cos(26 + 0) = cos 20 cos 6

cos 20 cos 8 — sin 260 sin@ = cos 26 cos 0

sin260sinf =0

Hence sinf = 0 orsin26 =0
Forsinf = 0:

0=0,m2n

For sin 26 = 0:

Since0 <0 <2m,0<20 <A4m

20 =0, m, 2m, 3w, 4
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, 2T

Which gives 6 = 0, g ,32_7:

. 3
So the solutions are 8 = 0,%, T, 7”, 21

5a sin2x = sinx
2sinx cosx = sinx
2sinxcosx —sinx =0
sinx(2cosx—1) =0
sinx = 0orcosx =%
For sinx = 0:
x=0,m2m

1
Forcosx = >

W 57
*=373

Hence

_On 5m )
X = 13177:13177:

5b  sin2x ++v3cosx=0
2sinxcosx +V3cosx =0

cosx(Zsinx +\/§) =0

. V3
cosx = 0orsinx = -5

For cosx = 0:

m 3w
=27
Forsinx=—\/§
_47t 5w
*=7373

Hence the solutions are

© Cambridge University Press 2019 4



5c

5d

3sinx + cos2x = 2
3sinx + (1 —2sin?x) =2
3sinx +1—2sin?x =2
2sin?x—3sinx+1=0

Using the quadratic formula

—(-3)+/(-3)2-4x2x1

sinx =

_3%41
4

2X2

1
=1lor-

2
Forsinx = 1:

XZE

. 1
Forsinx = 5

T 51
56

Hence the solutions are

51

X = ,?

NS

T
6;

cos2x +3cosx+2=0
2cos?x—1+3cosx+2=0
2cos?x+3cosx+1=0
(2cosx+1)(cosx+1) =0

1
Hence cosx = —1orcosx = -3

Forcosx = —1:

X =T
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For cosx = —%:
2w 4m
=3y
Hence the solutions are
2w 4w
SRy

5e tan2x +tanx =0

2tanx

——+tanx =0
1 —tan?x

2tanx +tanx —tan3x =0
tan®x —3tanx =0
tanx (tanx — v3)(tanx +v3) = 0

Hencetanx = 0 ortanx = i\/§

Fortanx = 0:

x=0,m 21

For tanx = /3:
m 4

*=373

Fortanx = —V/3:

Hence the solutions are:

_0n27t 4n57r2
x_r3)3)n-r3131n-

5f sin 2x = tanx

sin x

2sinxcosx =
COS X

2 sinx cos? x = sinx

2sinxcos?x —sinx =0

© Cambridge University Press 2019 6



Chapter 11 worked solutions — Trigonometric equations

6a

sinx (2cos?x—1)=0

) . 1
Hence the solutions are sinx = 0orcosx = + =

Forsinx = 0:

x=0,m 21

F _ 1,
orcosx = —:
m 7T

T

F —_ 1.
Orcosx = — ==
_37r 5m

Ty

Hence the solutions are

x = O,E,g—n,n,s—n,7—n,2n
4’ 4 47 4

2sin26 +cosf =0

2(2sinfcosf) +cosf =0

cosf (4sinf+1)=0

4 1
Hence cos@ = 0 orsin@ = g

For cos@ = 0:

6 =90°,270°

Forsinf = — i:

6 = 194°29’',345° 31’
Hence the solutions are

6 =90°,194°29',270°,345° 31’
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6b

6c

6d

2c0s?6 +cos20 =0
2cos?0+ (2cos?20—-1)=0

4cos?0 =1
20=_

cos 2
6=+

cosf =+

6 = 60°,120°,240° 300°

2cos20 +4cosf =1
2(2cos?0 —1) +4cosf =1
4cos?’0+4cosf—-3=0

Using the quadratic formula gives

—4+V42 —4 x4 x -3
2X4
—4 ++/64
=—
—4+8
8

cosfO =

1 3
=-or—-
2 2
But —1 < cosf < 1, hence
1. .
cosf = 5 8ives the solutions

6 = 60°,300°

8sin? 6 cos?0 =1
2(2sinfBcosh)? =1

1
in? 20 = =
sin 5
in260 =+ !
sin26 = +—

V2

Since 0 < 6 < 360° hence 0 < 260 < 720°
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6e

6f

20 = 45°,135°,225° 315°,405°,495°,585°,675°
6 = 22°30',67°30’,112°,30',157°30',202°30’, 247°30', 292°30', 337°30’

3cos260 +sinf =1

3(1 —2sin?0) +sinf =1
3 —-6sin?6 +sinf =1
6sin?f —sinf —2 =10

Using the quadratic formula

(-1 +J(-1)2—4x6x%x-2

sinf = X
1++49
T 12
17
T 12
13
T 2a
Forsin@ = — =
2
6 = 210°,330°

Forsin@ = E:

4
6 = 41°49’,138°11’
Hence the solutions are

0 = 41°49',138°11’,210°,330°

cos 20 = 3 cos? 6 — 2sin? 0

cos? @ —sin? @ = 3 cos? 0 — 2sin? 9
sin? @ = 2 cos? 6

tan? 0 = 2

tan @ = +V2

6 = 54°44',125°16’,234°44',305°16'
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6g

6h

10 cos 6 + 13cos%9 =5

1 1
10 (ZCOSZEH — 1) + 13c0559 =5

1 1
ZOCOSZEQ— 10 + 13c0550 —-5=0

1 1
20C032§9 +13 cosEG —15=0

Now using the quadratic formula

1 —13++V132 —4 x 20 x —15
cos50 = 2 %20
—13 437
T 2x20
5 3
A

But—-1< cos%@ <1

16—
cos > =3

19 = 53°8’
50 =
0 = 106°16’

tan g = 3tan%9

1
2tan79

1 —tan219

2

=3t 19
= E:ll’l2
2t 19—3t 19 3t 319
anz = an2 anz

31 1
3tan EQ—tanze =0

1
tan§9(3tan29 -1)=0

Hencetan-6 = 0 ortan @ = ii
2 V3

Since 0° < 6 < 360°, 0° < g < 180°
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Fortan%@ =0:

19 = 0°,180°
2 - )

6 = 0°,360°

1 1
For tanEH =5

1t9—30°
50 =

6 = 60°

1 1
Fortanze = -5

19 = 150°
50 =

6 = 300°
Hence the solutions are

6 = 0°,60°,300° 360°

6i cos? 26 = %—%cos 26
2cos?260 =1 — 1cos 20
2c0s?20 +cos20 —1=0
(2cos260 —1)(cos20+1)=0
Hence cos 20 = —1 or%

Since 0° < 6 < 360°,0° < 20 < 720°
For cos 260 = —1:

260 = 180°,540°

6 =90°,270°

For cos 26 = %:

260 = 60°,300°,420°, 660°

6 = 30°,150°, 210°,330°

Hence
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6 = 30°,90°,150°,210°,270° 330°

6j cos20 + 3 = 3sin 20
cos 26 + 3 cos? 6 + 3sin® 6 = 3sin 20
cos? 8 —sin? @ + 3 cos? 6 + 3sin? 6 = 3(2sin 6 cos H)
4c0s? 0 + 2sin®?6 = 6sinf cos
4c0s?6 —6sinfcosf + 2sin?20 =0
(2cosB —sinB)(2cosO —2sinf) =0
(2cos@ —sinB)(cosB —sinf) =0
Dividing both sides by cos? 8
(2—tanf)(1 —tanf) =0
Hencetan6 = 1 or 2

0 = 45°,63°26',225°,243°26'

7a
tan (E + 9) =3 tan(E —-0)
4 4

tan%+tan9 3tan%—3tan9

T = T
1—tanZtan6 1+tanZtan9

1+tan6 3(1—tanb)
1—tanf  1+tan6

(1 +tan@)? =3(1 —tanH)?

14+ 2tanf +tan’f =3 —6tan6 + 3tan? o
2tan’f —8tanf+2 =0

tan’ —4tanf +1=0

7b Using the quadratic formula

4+V42 —4x1x1
2

tanf =
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8a

8b

9a

9b

_4%2V3
=—

=243
6 =tan™'(2 £ V3)

W 5
12’12

2cosx—1=2(2cos’x—1)
2cosx —1=4cos’x—2
4cos?x—2cosx—3=0

Using the quadratic formula

~(=2) £V(=2)? - 4x 4% (=3)
2X4

COS X =

_2%2V5
- 2x4

=%(1i\/§)

sin(a + B) sin(a — B)

= (sina cos ,8 — cos a sin B)(sin a cos B + cos a sin 8)
= sin? @ cos? f — cos? a sin?

=sin?a (1 —sin B) — (1 —sin? a) sin? B

= sin? a — sin® a sin? B — sin? B + sin? a sin? B

= sin? @ — sin? B

sin? 30 — sin? 8 = sin 26
sin(36 + 0) sin(360 — 0) = sin 26
sin 46 sin 260 = sin 260
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sin460 sin20 —sin20 =0

sin 260 (cos40 —1) =0

Hence sin260 = 0 orcos46 =1

Since0 <0 <m0<20<2mand0 <46 <2rm
For sin 26:

20 =0,m, 27
9 =02
- ;er[

For cos 46:

T 57
2’2
T 3

6 =—,—
44

40 =

Hence the solutions are

51

9:0 )
8

T
) T

T
) 8’
10a sin3x

= sin x cos 2x + cos x sin 2x

= sinx (1 — 2sin? x) + cos x (2 sin x cos x)
= sinx — 2sin® x + 2 sin x cos? x

= sinx — 2sin® x + 2sinx (1 — sin?x)
=sinx — 2sin®x + 2sinx — 2sin®x

= 3sinx — 4sin®x

10b  sin3x + sin2x = sinx
3sinx — 4sin3x + 2sinx cosx = sinx
4sinx — 2sinx — 2sinxcosx = 0
2sinx (2sin®x—1—cosx) =0
2sinx (2(1 —cos?x) —1—cosx) =0
2sinx(2—2cos?x—1—cosx) =0

2sinx (1 —2cos?x —cosx) =0
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11a

sinx (2cos?x +cosx—1)=0
sinx (2cosx —1)(cosx+1) =0
Hence sinx = 0, cosx = %or cosx = —1

Forsinx = 0:

x=0,m 21
Forcosx = —1:
X=T

1
Forcosx = 5

T 5

3’3

Hence the solutions are

X =

_On 57r2
X = 13177:13;7-[

sin (9 +%) = CoS (9 —%)

in 6 cos— + cos 6 sin 0 cos— + sin § sin —
SIn ¢ COS — CoOSU SINn— = COS U CoS — SIn ¢ Sin —
6 6 2 2

V3 1

1
—sinf@ +—-cos@ = —cos O + —sin 8

2 2 V2 V2
Dividing both sides by cos 6

\/§t gol_ 1.1
——tan - =—=+—=tan
2 2 2 2
(\/§ 1>t 5 1 1
———=|tanf = —=—=
2 2 2 2
<\/E—2>t 4 2 -2
an =
242 22
g 2 -2
an =
V6 -2
Hence
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(2-vV2)(V6 +2)

tan 0 =
(V6 —2)(V6 + 2)
_2V6+4-12-2V2
B 6 —4
_2V6+4—4V3—2V2
B 2
=v6—-V3—-v2+2
_7m 1om
11b 6_24’24

12a  sec’a —2seca =0
seca(seca—2)=0
Butseca # 0, hence
(seca—2)=0
seca = 2

1
cosa =

a = 60°,300°

12b  sec’a—tana—3 =0
1+tan’a —tana—3 =0
tanla —tana —2 =0
(tana — 2)(tana + 1) =0
tana = —1or?2
Fortana = —1:
a = 135°,315°
Fortana = 2:
a = 63°26',243°26'
Hence the solutions are ¢ = 63°26’,135°,243°26',315°
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12c

12d

cosec3 2a = 4 cosec 2«
1 4
sin32a  sin2«a

Note that sin4a # 0 and sin 2a # 0
sin 2a = 4 sin® 2a
Now as sin2a # 0

4sin?2a =1

in2a = +=
Sin 2z T3

Now, the domain is

0 <a<360°

which means

0 <2a<720°

Hence

2a = 30°,150°,210°,330°,390°,450° 570°, 690°
a = 15°,75°105° 165°,195°,255°,285°,345°

1 1

\/§cosec2§a + cotza =43

1 1
\/§(cot2—2-a +1) + cotza = V3

1 1
@c0t25a+cotza =0

1 1
cotza (@cotia + 1) =0

1 1 1
cot=a =0orcot-a = ——
2 2 V3

For cot%a = 0,%0{ = 90° and hence a = 180°

For cot=a = ——, - @ = 120° and hence 2a = 240°
2 V3 2
Thus the solutions are

a = 180° or 240°

© Cambridge University Press 2019
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12e

12f

V3 cosec?a = 4 cota
V3(cot? a + 1) = 4 cota

V3cot?a—4cota+vV3=0

Using the quadratic formula

S0+ [0 4xVE X

cota =

2V/3

_4tV4
23
Y
T 23

1
—\/—EOF\/§

Hence

a = 30°60° 210°,240°

cota + 3tana = 5coseca

cosa sina 5
+3 =

sina cosa sina

Multiplying both sides by sin a cos a
cos?a + 3sin?a =5cosa

cos?a + 3(1 —cos?a) = 5cosa
cos’a+3—3cos’a =5cosa
2cos’a+5cosa—3=0

Using the quadratic formula

—5+4+V52—4x2x -3
2 %2
—5++/49
4
—5+7
4

cosa =

1
=-—-3o0r-
2

© Cambridge University Press 2019
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As—1<cosa <1

1
cosa =3
a = 60°,300°

13a  2cosAcosB = cos(4 + B) + cos(A — B)

1

Le tA——andletB =

P+Q P-Q

(P+Q+PZQ)+COS(

P+Q
2cos( )cos(

2

P+Q
2cos( > )cos(

Hence

oz (L4 on (5

)
)=

cos(P) + cos(Q)

13b  cos4x +cosx =0

) (4x+x) (4x—x)_0
cos > cos > =

) (5x> (3x>_0
cos > cos > )=

Hence cos (52_x) = 0 or cos (%x) =0

For cos (%x) = 0:

Note thatsince0 < x <, 0 <—S?”

5x_7T 3w 5w

2 22’2

m 37T

*=5 5

Forcos( )—O:
NotethatsinceOSxSn,OS%xSZ—”
3x_rr 3T

2 22
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14a

14b

15a

T
X=§,T[

Hence the solutions are

3

5T

™
5’3

sin@ + cos 6 = sin 260

Squaring both sides gives

(sin@ + cos 8)? = sin? 26

sin? 6 + 2 sin @ cos 6 + cos? 6 = sin® 20

sin? @ + cos? @ + 2sinf cos O = sin? 26

1+ 2sinf cos 8 = sin? 26

sin?20 — 2sinfcosf —1=0

sin?26 —sin20 —1=0

sin?20 —sin20 —1 =0

Using the quadratic formula gives

—(-D+J(=1)2-4x1x-1

in260 =
Sin 2 v 1
1445
2
1 14++/5
0 = Esin‘l — " = 160°55’,289°5’
cos 36

= cos 8 cos 20 — sin O sin 260

= cos0(2cos?6 —1) —sinb (2sin 6 cos )

= 2co0s®0 — cos @ — 2sin? G cos O

= 2c0s30 — cosO — 2(1 — cos? ) cos 8
=2c0s30 —cosO —2cos O + 2cos3 0
= 4cos®*0 —3cosH
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15b

15c¢

16a

x3—3x—-1=0
Letx = 2cos@

(2cos0)3 —3(2cos0)—1=0
8cos*0 —6cosf—1=0
4cos39—3c059—%=0

cos30 —==0 (from part a)

cos 30 =

Nl»—\ N""

36 = 60°,300°, 420°
6 = 20°,100°, 140°

x = 2c0s(20°),2 cos(100°), 2 cos(140°)
= 2 co0s(20°),— 2sin(100° — 90°), —2 cos(180° — 140°)
= 2 cos 20°,—2sin10°, —2 cos 40°

x3 —12x =83
Letx = 4cosf@
(4 cos )3 —12(4 cos6) = 8V3

64 cos3 0 — 48 cos = 8V3

3
4cos39—3c059=—2—

V3

cos 30 = ) (from part a)

6 =10°110°,130°
x = 2cos10°,2cos110°,2cos 130°
x =—2.571,—1.368,3.939

tan 4x

_ 2tan2x
" 1—tan?2x
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16b

16¢

2t
_ 2 (1 — tz)
2t \°
1= (1 — tz)
2t
_ 2(=%)
B 4t2
Tamer
2201 -t?)
(1 —t2)2 —4¢2
B 4t(1 —t?)
T 1—2t2 + ¢t — 4¢2
A4t —-t?)
C1-—6t2+t*

tan4xtanx =1
4t(1 — t?)
— " Xt
1—6t2+t*
4t2(1—t?) =1 — 6t% + t*

=1

412 —4t* =1 — 6t2 + t*

5¢4 —10t2+1=0

1
3 (cos(A— B) — cos(4 + B))
1
=3 (cosA cos B + sinAsin B — (cos A cos B — sin A sin B))

1
= 5(2 sinAsinB) = sinAsin B

1

3 (cos(A—B) + cos(A + B))
1

=3 (cosA cos B + sinAsin B + (cos A cos B — sin A sin B))
1

=3 (2cosAcosB)

= cosAcosB
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16d sinAsinB = %(COS(A —B) —cos(4 + B)) (1)

cosAcosB = %(cos(A — B) + cos(A + B))(2)

cos(A—-B)—cos(A+B)
cos(A—B)+cos(A+B)

tanAtan B =

(1) +(2)

Hence tan 4x tan x = <2SG0-0sGx)
cos(3x)+cos(5x)
Thus for tan4x tanx = 1,

cos(3x) — cos(5x)
cos(3x) + cos(5x)

cos(3x) — cos(5x) = cos(3x) + cos(5x)
2cos(5x) =0
cos(5x) =0

o 3w

Sx = — — .
=

3 : .
Hence 110 and 1—7; both satisfy the equation.

T T 3T 3T
16e x =tan—,—tan—,tan—,—tan—
10 10 10 10
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Solutions to Exercise 11B

1la

1b

2a

Rsina =+/3
Rcosa=1
tana = V3
o
*=3

R?sina + R%*cos?a=3+1
R%*(sin®a + cos? a) = 4

R*> =4

Rsina =3
Rcosa=3

tana =1

a=Z

R?sin”? a + R? cos? a = 32 + 32
R?(sin” a + cos?* a) = 18

R? =18

R=3V2

Rsina=5
Rcosa =12

5
tana = —
12

5
= tan™! — = 22°37'
a an 12

R?sin? a + R? cos? a = 5% 4 122
R%(sin? a + cos? a) = 25 + 144

R? =169
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2b

3a

3b

3c

3d

R =13

Rsina =4 (D
Rcosa =2 (2)
tana = 2 1)+

a =tan"12 = 63°26’

R%?sin?a + R?cos?a =22 +4%> (1)?+ (2)?
R%(sin?a + cos?a) =4 + 16

R?2=20

R =2V5

Acos(x+a) =Acosxcosa —Asinxsina = cosx — sinx
Equating coefficients gives

Acosa=1 (1)

Asina=1 (2)

A%?sin?a + A%cos’a =1%2+1% (1% + (2)?
A%(sin? a + cos? a) = 2

A2 =2

A=+2

tana =1 1)+

— T
a = tan 11=Z

Note that since —1 < cos (x + %) <1,—/2 <+2cos (x + %) < /2 and hence

—v/2 < cosx — sinx < V2. Hence the maximum value of the function is v/2 and

the minimum value is —V/2.

The maximum value occurs when V2 cos (x + %) = /2 and hence
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cos(x+%) =1(Notethat0SxSZnso%Sx+%s%n)

T
x+Z=2n
7

=7

. T
The minimum value occurs when /2 cos (x + Z) =

cos(x+%) =—1(N0tethat0SxSZnso%Sx+%S%n)

3e cosx —sinx = —1

\/Ecos(x+%)=—1

s 1
cos(x+z) = _ﬁ
nm  3m 5w
Sy

n
XZE,T[

3f The amplitude is equal to the value of A which is V2. The period is ZT"

Graph of y = cos x — sin x is shown below.

¥ [
V2

1
in /
) T =n .

5
4
g
4
=3
[
|
-
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4

5a

5b

5c

5d

Graph shows y = sinx (blue curve),y = cosx (green curve) and
y = cos x — sinx (purple curve).

This appears the same as the graph in the previous question.

Bcos(x 4+ 0) = Bcosx cosf — Bsinxsinf = v3cosx — sinx
Equating coefficients gives

Bcosf =+/3 (1)

Bsinf =1 (2)

B?sin?0 + B%cos?0 =3+ 1 (1% + (2)?
B2(sin?0 + cos?0) = 4

B?=4

B =2

tan g =

(2)+ @D

Gl

The greatest possible value is 2 and and the least value is —2 as B = 2 is the
amplitude of the new periodic function.

13
Note that since 0 < x < 27‘[ T<x+Z <T”

For the point of maximum value
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2=2cos(x+%)

+%)=1

=2n

CoS (x
T
x+g

_117‘[
*=7%

For the point of minimum value

—2=2cos(x+%)

cos (x +%) =-1

T
X+g:T[

5
x=-—

6a Asin(x —a) = Asinxcosa — Acosxsina = 4sinx — 3cosx
Equating coefficients gives
Acosa=4 (1)
Asina=3 (2)

6b  A%sina+A%cos?a =3%2+4%2 (1)%+ (2)?
A%(sin? @ + cos? a) = 25
A%? =25
A=5

tana = % 1)+ ()

-1

a = tan 4

© Cambridge University Press 2019
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6cC

7a

7b

4sinx —3cosx =5

3
; _ -1 —
5sin (x tan 4) =5

sin (x —tan~?! E) =1
4
x — tan"1E = 9(°
4

3
x =90°+ tan‘lz
x = 126°52'

B cos(x —0) = Bcosxcosf + Bsinxsinf = 2cosx + sinx
Equating coefficients gives

Bcos8 =2 (1)

Bsinf =1 (2)

B%sin?0 + B2cos?0 =22 +1%2 (1)?+ (2)?

B2(sin?0 + cos?0) = 4

B? =4
B=+5
tan @ =% )+ @)
1
= 1
0 = tan 5

2cosx +sinx =1

1
V5 cos (x —tan~! E) =1

1 1
cos (x —tan! E) =

1 1
x =cos !—+tan? )

V5
x = 323°8

Testing 90° and 270° gives a second solution of 90°

© Cambridge University Press 2019

29



Chapter 11 worked solutions — Trigonometric equations

8a D cos(x + ¢) = Dcosxcos¢p — Dsinxsing = cosx — 3sinx

Equating coefficients gives
Dcosp =1 (1)

Dsingg =3 (2)
D%sin?¢ + D?cos?¢p =1+9
D?(sin? ¢ + cos? ¢) = 10

D? =10

D =10

tang = 3 )+

¢ =tan"13

8b cosx —3sinx =3

V10 cos(x 4+ tan~13) =3
3
cos(x +tan13) = —

V10
x = 306°52'

Testing 90° and 270° gives a second solution of 270°

9a Csin(x + a) =Csinxcosa + Ccosxsina = V5sinx + 2 cos x

Equating coefficients gives
Ccosa =+/5 (1)

Csina=2 (2)

C*sina+ C%?cos?a=4+5
A%(sin?a + cos?a) =9
c?=9

C=3

tana =

Gl

a=tan 11—

V5

© Cambridge University Press 2019
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9b

10a

10b

2
V5sinx + 2 cosx = 35in<x+tan"1—)
V5

V5sinx + 2cosx = —2

3 sin (x + tan_li) = -2
V5
sin (x +tan~?! i) = —E
\5 3
x = 360° + sin"1 (— 3) ~tan' 2 = 276°23"
3 V5

Testing 0°, 180° and 360° gives a second solution of x = 180°

3sinx +5cosx =4

5
V34 sin (x + tan~! §) =4

sin (x +tan! E) = i
3/ /34
x = 180° —sin~?! A tan‘lE 360° + sin~! A tan~ 1=
V34 3’ V34 3

x = 77°39" or 344°17’

6sinx —5cosx =7

5
V61 sin (x —tan! E) =7

5 7
sin (x —tan~?! —) = —

6 61
in~1— +t 18 180° — sin™?! 4 +t 18
X = Sln pp— an =, — Sin — an -
V61 5 V61 5

x = 103°29' or 156°8’
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10c

10d

11a

11b

7cosx —2sinx =5

2
V72 + 22 cos (x +tan?! —) =5

7
2y 5
cos<x+tan —>=—
7 53
10 tan 2360° 10 t 12
X = COS —_— - — COS — — an -
V53 7’ V53

x = 30°41" or 297°26'

9cosx+ 7sinx =3

9
130 sin (x +tan?! —) =3

7
sin (x + tan™?! 2) = 3
7/ 130
x = 180° — sin™?! 2 tan‘12 360° + sin™? Gl tan‘12
V130 7' V130 7

x = 112°37' or 323°8’

Asina =1 (D
Acosa = —/3 )
A%sina + A%cos’a=1+3 (1)? + (2)?

A%(sin? a + cos? a) = 4

A% =4
A=2
1
tana = % (1) +(©2)
_5m
“=%
Asina = =5 (D)
Acosa = =5 (2)

A%sina + A%cos?a =5%+5%2  (1)2+(2)?
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12a

12b

A?%(sin? a + cos? a) = 50

A? =50

A=5V2

tana =1 1)+
m

)

Asina = —4 (D

Acosa =5 2

A? sin? a + A? cos? @ = 4% 4 52

A%(sin? a + cos? a) = 41

A% =41

A=+41

tana = —% D)+ (2
a = 321°21'

Asina = —11 (D
Acosa = -2 (2)

A%sin? a + A% cos? a = 112 + 22
A%(sin? a + cos? a) = 125

A% =125

A=5V5

tana = % 1)+ (@)

a = 259°42'
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(12 + (2)?

(D? +(2)?

33



Chapter 11 worked solutions — Trigonometric equations

13ai

13aii

13bi

Acos(x+6) =Acosxcosd —Asinxsinf =
Equating coefficients gives

Acos@ =+3 (1)

Asinf = -1 (2)

A?sin? 6 + A% cos? 0 = \/§2 + (-1)? (12 + (2)?

A?%(sin? @ + cos?0) = 4

A% =4
A=2
tan49——i
V3
p = L1
6

Hence V3 cos x + sin x = 2 cos (x + HT")

V3cosx +sinx =1

11n
2 cos (x +T) =1

23w

. 11m 11m
SmceOSx<2n,TSx+T< .

+11T[_77T 11w
T e T 373
W 11n
*=27%6

B sin(x + a)

= Bsinxcosa + Bcosxsina

= cosx —sinx

= —sinx + cosx

Bcosa =Bcosa = —1 (D

Bsina =1 (2)

B?cos?a + B?sina=1+1 (12 + (2)?

© Cambridge University Press 2019
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B?(cos?a +cos?’a)=1+1
B?2=2

B =2

tana=-1 (2)+1

_37‘[
“=7

Hence

3w
\/_Sln<x + ” ) = coSx —sinx

13bii cosx —sinx =1
3w
\/_sm<x+ ) 1
4
i ( +3n> 1
sin|x+—)=—
4) 2

11m

Now, note that since 0 < x < 2m, 0<x+—<—

Hence
+37T_3T[ o
Ty T2y
3w
x=0—

2

13ci Csin(x + B)
= Csinxcosf + C cosxsinf
= sinx — V3 cosx
Equating coefficients gives
Ccosf=1 (1)
Csinf = —/3 (2)
C%sin?B + C%cos?p =12+ (—\/§)2
C2(sin? B + cos? B) = 4
C*=4

© Cambridge University Press 2019
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13cii

13di

C=2

tanf = —/3 (2) + (1)
_5m

=3

Hence sin x — V3 cos x = 2 cos (x +5?n)

sinx —v3cosx =-—1

5
Zcos(x+?) =-1

57‘[) 1
2

cos<x+? =

11
Now, note that since 0 < x < 2, O<x+—<—”

+57T_117T 197
T3 T3
_m3m
T2
D cos(x —¢) =Dcosxcos¢p + Dsinxsinff = —cosx —sinx

Equating coefficients gives
Dcos¢ =—-1 (1)
Dsing = -1 (2)
D?sin? ¢ + D? cos? ¢ = 12 + (1)? (1)? + (2)?
D?(sin? ¢ + cos? ¢) = 2
2=2
D=2
tang =1 )+

_7T
?=3

. 51
Hence — cos x — sin x = /2 cos (x — T)
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13dii —cosx —sinx =1
5
\/_cos<x—T> =1

( 5n> 1
cos|{x—— | =—

1) V2

Nownotethatsmce0<x<27t—T<x——<%n
Sn_ T T

T T Ty,

_ 3w

x—n,z

14ai Rsin(x + a)
= Rsinxcosa + Rcosxsina
=2cosx —sinx

= —sinx + 2cosx

Rsina = 2 (D

Rcosa = —1 (2)

tana = -2 1)+
— -1_

@ = —tan 3

R%?sin?a + R?cos?a=1+4 (1)? + (2)?
R?(sin* a + cos®*a) = 5

2 5
R =15

Hence 2 cosx — sinx = /5 sin(x — tan™! 2)

14aii 2cosx —sinx =1

VSsin(x —tan"12) = 1

sin(x —tan™12) =

G-

© Cambridge University Press 2019
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14b i

14b ii

15a

1 1
x=—sin"!—+tan"12,180° + sin"'—+tan"! 2

V5 V5
= 36°52',270°

Scos(x — )

= Scosxcosf + Ssinxsinf

= —3sinx —4cosx

= —4cosx —3sinx

Ssinff = -3 (D
ScosfB =—4 (2)

tanf = z D)+ (2
B = tan‘lg

S2sin? 8+ S%cos?B =9 + 16 (1?2 + (2)?
S%(sin? B + cos? B) = 25

§2 =25

§=5

. _13
Hence —3sinx — 4 cosx = 5cos (x — tan 12)

—3sinx —4cosx = 2

3
5 cos (x —tan?! —) =2

4
(e -t 3) =2
cos(x —tan"l ) =¢
2 3 2 3
X=m+ cos‘lg + tan‘lz,n + cos‘lg +tan~1—
= 2.63,4.94

2secx —2tanx =15

Multiplying through cos x
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2—2sinx = 5cosx

2sinx + 5cosx =2
) 5
v/ 22 4+ 52sin (x + tan! —) =2
_ 5
V29 sin (x + tan! E) =2
in x-+ tan3) = =
sin[x +tan™ 1= ) = —
2 29

2 5
x =360°+sin"!——tan 1=

V29 2
= 313°36’

15b 2 cosecx +5cotx =3
Multiplying through by sin x
2+ 5cosx =3sinx

3sinx —5cosx =2

5
v/ 32 + 52 sin (x —tan! —) =2

3

5
V34 sin (x —tan~?! §) =2

5 2
sin (x —tan~?! —) = N

3 34
in~1 2 +t 12 180° — sin™? 2 +t 12
X = SIn ~— an -, — Sin — an oy
V34 3 V34 3

= 79°',218°59’

16a sinf + cosf = cos 20
sin @ + cos O = cos? § — sin? 6
(sin@ + cos ) = (cos @ — sinB)(cos b + sin G)
0 = (cos B —sinB)(cos O + sinh) — (sin 6 + cos H)
0 =(cos@ —sinfB — 1)(cos 6 + sinH)

Hence cosf —sin@ —1 =0orcosf +sin@ =0

© Cambridge University Press 2019
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16b

17a

17b

Thus

cosf —sinf—1=0
and

cosf —sinf =1

or

cosf +sinf =0

So
sinf = —cos @
tanf = —1

For tan & = —1 the solutions are 8 = %n,—
For cosf —sinf = 1,2 cos (x + E) = 1 which has solutions x = 0, 37”

Hence the solutions are 8 = 0,—,—,—

sinx —cosx =+v1.5
T
\/Ecos(x+z) =+1.5

cos(x+%) =\/7§

_77'[ 117
T2’ 12

V3sin2x — cos2x = 2

\/Zcos(x+%) =2

cos (Zx +E) =1

4 2
2x+£=11—n,35—n
4 12 " 12
T 4m
*=373
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17c

18a

V2 cos <4x +tan~ ! — —) =1

4 S A 7t 9t 157w 177w 23w 257 31w
XTAT T a4 T4 T T g
_Onn 5 9w 3w 13w )

X = ’8’2, 8;7-['8; 2; 8 ) T

Acos(2x — a)

= Acos2xcosa + Asin2xsina

= (V3 +1)cos2x + (V3 —1)sin2x

Equating coefficients gives

Acosa=(V3+1) (1)

Asina=(vV3-1) (2)

A?sin?a+ A?cos’a = (V3+1) +(V3—-1)

A%(sinfa +cos2a)=34+2V3+14+3-2V3+1

A2 =38
A=22
(1) + (2) gives
tana=@
V3+1
. (-v
T (V3+1)(V3-1)
_3-2V3+1
=
=2-2V3

a=tan"1(2 - 2V3) = 1—712

(V3+1)cos2x + (V3 —1)sin2x =2

© Cambridge University Press 2019
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19ai

19aii

I
2V2 2x——) =2
V2 cos(2x 12)

s 1
cos(2x—E =ﬁ
s 7 T
XTI TTTT
St m m llm
e TR T)

Asin(x —a) = Asinxcosa — Acosxsina = sinx — cosx
Equating coefficients gives

Acosa=1 (1)

Asina=1 (2)

A%sina + A%cos?a=1%2+1%2 (1)? +(2)?

A%(sin?a + cos? a) = 2

A% =2

A=+2

tana =1 1)+ (@)
m

)

. . s
Hence sinx — cosx = \/ESID (x - Z)

N

19aiii§<x<n
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19bi

Noting that the points of intersection of the two graphs are when
3 n —
2 sin (x + §) =1

m 117
=276

We can read from the graph that 2 sin (x + g) < 1 when g <x <.

19bii sinx —V3cosx < —1

2sin(x —tan"*V3) < —1

1
sin(x — tan"1v/3) < $

i N A
% N4 N

. . 3 ) .
Noting that the solutions are %, 7" 2m, we see that the inequality holds when

3
0Sx<§or7”<x32n
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19D iii |w/§sinx + cosx| <1
|2 sin(x +%)| <1

Solving the equation
|2 sin(x +%)| =1

Zsin(x+%)= +1

) s 1
sm(x+g)—i§
_27'[ 5w )
X = 3:77:!3: T

NN /\
\VA GORAVARRILV

5 ° :

Hence, by observation of the graph, the inequality is satisfied when

2 5
?n<x<7tor?n<x<2n

19b iv
1
cosx —sinx = E\/_Z-

2cos(x+%) 2%\/5

171

Solving for the intersection of the two graphs gives x = 1—”2 5 2m

Hence by observation of the graph, the inequality is satisfied when
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T 171
0<x<—or—<x<2m
12 12

20ai cos (9 —g) = cochos§+ sinBsing
= cos 6 (0) +sin6 (1)

=sinf

20aii sin (9 + g) =sinf cosg + cos @ sing
=sin 6 (0) + cos 6 (1)

= cos @

20b  sinx +V3cosx
) T
= 2sin (x +§)

=251n(x+§—27t)

) 5n
= 2sin(x + ?)

sinx+\/§cosx
] T
= 251n(x+§)

=2cos(x+%—%)

= 2 cos(x 6)

sinx + V3 cos x
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20c

21

11m
= 2 cos(x + T)

cosx —sinx

=\/§cos(x+%)

cosx —sinx

=\/§cos(x+%)
=\/§cos(x+%—2rt)

—\/_cos(x—%r)

cosx — sinx

= \/ECOS (x +%)

=\/§sin(x+%+%)

3w
=+/2sin (x + T)

coSx —sinx

= 2cos(x+Z)

—\/_sm(x+ )

= 251n(x+——27r)
—v2oin(x - )
sin(0 + )

=sinfcosm+ cosfsinm

=sinf (—1) + cos 6 (0)
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= —sind

21bi —/3sinx + cosx
= V3 sin(—x) + cos(—x)
= 2sin (—x + E)
6
) T
= 2sin (n — (—x + E))

_ s ( +5n>
= 2sin|(x 6

21bii —V/3sinx — cosx

= —(\/gsinx + cos x)
) T
= —2sin (x + E)

- ZSin(— (x+%))
=Zsin<n+(x+%)>

— s ( +7n)
= 2sin|x c

21biii V3 sinx — cos x

= —(—\/§sinx + cos x)
= —(V3 sin(—x) + cos(—x))
= —2sin (—x + %)

_ _2sin <_ (x_g)>
= 2sin (x —%)

22a  cos(x —a) = cosf
cosx cosa + sinx sina = cos

cosf

cota + tanx = —
SiIna CoS x
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Squaring both sides gives

cos? B

cot? @ + 2 cotatanx + tan’ x = —————
sinZ @ cos? x

5 5 cos 5
cot® @ + 2 cotatanx + tan“x = ——sec“ x
sin? a
2
cot’? @ + 2 cota tanx + tan® x = —— (1 + tan® x)
sin?
cos? 5 5 cos? B
1————|tan“x + 2cotatanx + cot® a — —
sin? a sin?
Using the quadratic formula
tan x
cos? cos?
—2cota i\/(Zcota’)2 —4(1 —— 'B) (cotza ——Zﬁ>
_ sin? a sin? a
B cos?
sin?
2 cos a\* sin? a — cos? B (cos? a@ — cos?
—zeotat |(575) —4 (M) ()
2cota + sina 4 sin? a sin? a
- cos?
(1)
sin?
cosa\? (sin?a — cos? B (cos? a — cos? B
—zeotax2|(58) - (i £) (e )
_ 2 cota —2\/ sina sin? a sin a
a cos?
2(1— : 2[’))
sin?

cos? a sin? @ — sin? @ cos? @ + cos? a cos? B + sin? @ cos? B — cos* B
Scotat sin* a

( cos? /3)
1 - )
sin? a

2 2 in2 2 1

cos= a cos- f + sin“ a cos“ § — cos

—cota + B — B B
sin* «

( cos? ,8)
125
sin? a

Ccota + J((sinz a + cos? a) cos? f — cos* /3)

sin* a
cos? p
1-25
sin? a
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22b

sin* a

) _CotaiJ<coszﬁ—cos4ﬁ)

cos? B
1 - A 2
sin? a
_cosa , cos B
J1—cos?p
sina + sin? a
cos? B
1 - A 2
sin? a

cosa , cosfsinf
sina —  sin?a

( cos? ﬁ)
128
sin?

—sinacosa * cos S sinf

sin? a — cos? B

sina cosa + cos B sinf

cos?  —sin? a

_sin(@xp) sin(a+p) sin(a—p)

~cos(a+B)  cos(a+ ) cos(a+B)

sin(a + B) sin(a — B)

- cos(a + )’ cos(a — B)
= tan(a + B),tan(a — )

Acos(x —0) = Acosxcosf + Asinxsinf = 2cosx + 11sinx

Equating coefficients gives
Acos8 =2 (1)

Asinf =11 (2)

A?sin? 0 + A% cos? 0 = 4 + 117
A?%(sin? 0 + cos? ) = 125

A? =125

A=5V5

tan @ = 171 )+

11
6 =tan ! —

Hence 2 cos x + 11 sinx = 5v/5 cos (x —tan! %)
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22ci 2cosx+ 11sinx =10

11
5v5 cos (x —tan~! —) =10

2
cos (x —tan™?! E) _2
2/ 5
cos (x — tan™! E) = cos <cos‘1 i)
2 V5

Hence, from part a the solutions are

x = tan(a + B)
= tan (tan‘1 U4 cos? i)
- 2 V5.

tan (tan‘1 %) + tan (cos‘1 %)

1 —tan (tan‘1 %) tan (cos‘1 %)
11 1
- i2171
-3

WD

or

x =tan(a — B)
_ -111 -1 i)
= tan (tan S —C0sT =

tan (tan‘1 %) — tan (cos‘1 %)

11 2
-122 -1_4_
1+ tan (tan > ) tan (cos \/E)

11
_ 2 2
11\ /1
1+(2)Q)
\ 24
-7
. 4 _14
22cii tanx = p hence x = tan 3
tanx = —274, hence x = 7 — tan~—1 22

-1

Thus, the roots are tan g and T — tan
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22ciii

4
tan(2t ‘1—)
an( an 3

( )
3 3

4 4
_ 13 -1X
1 — tantan 3 tan tan 3

4 4

_ 3 3
4N\ 74

1-(3)(3)
B 24
7

) ( tan-1 24)
=tan|(m —tan™t —
an(m —ta 7
Thus, it follows that

4 24
2tan' = =m—tan"' —
an 3 T an 7

And thus, one root is twice the other.
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Solutions to Exercise 11C

1la

1b

1c

2a

cosx —sinx =1
1—t? 2t
14+t2 14t
1—t?2—-2t=1+t?

2t2 4+ 2t =0

t?+t=0

tt+1)=0
t = —1or0, hence

tang =—1or0

t =—1o0r0, hence

tang =—1or0

—0n2
x—,z,n

Now, testing points where tan %x is undefined which is where x = 7 the

solutions are

~02
x=0,—,2m

V3sinx +cosx =1

V3 x =1

1+t2 1+ t2
2V3t+1—t2 =1+ t2

2V3t—2t2 =0
243t = 2t2
t2 =+/3t
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2b  t2—-+3t=0
t(t—v3)=0
t=0o0rv3
tan§=00r\/§

Now, testing points where tan %x is undefined which is where x = 7 the

solutions are

21
X = O,?,ZT[

3a 4cosx+sinx=1

Lett = tan%x

4 1—t? N 2t _ 1
1+4+t2)  1+4t2

41—t +2t=1+t?

4 —At2 42t =1+t
5t2—-2t—3=0
5t+3)(t—1)=0

3b Gt+3)(t—-1)=0
t=10r—z
5

1 3
Sotan;x = lor—g

Now, testing points where tan %x is undefined which is where x = 180° the

solutions are

x = 90° or x = 298°4'
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43 3sinx —2cosx =2

3( 2t ) ) 1—t2 B
1+ ¢t2 1+1¢t2)

6t —2(1—t?) =2(1+1t?

6t — 2 4 2t% = 2 + 2t?
6t —4 =
3t—2=0

4b

x =2tan~!

= 67°23'

Now, testing points where tan %x is undefined which is where x = 180° the

solutions are

x = 180°or x = 67°23’

5a 6sinx —4cosx =5

6( 2t ) A 1 — t2 3
14 t2 1+¢t2)

12t — 4 + 4t2 = 5(1 + t?)

12t — 4 + 4t> = 5 + 5¢t2
t2 —12t+9=0
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5b Using the quadratic formula

. 1
anz x

=t
_ —(-12) +/(-12)2 =4 x 1 x 9
- 2

_ 124108
===

_12+6V3
2

=6+3V3

5¢ tan%x= 6+ 3V3

1
SX = tan~1(6 + 3V3)
Now, testing points where tan %x is undefined which is where x = 180° the
solutions are
x = 2tan"'(6 £ 3V3)
= 77°35' or 169°48’

6 Note for all following parts, as 0° < x < 360°,0° < g < 180°
6a 5sinx +4cosx =5
5( 2t >+4 1—t? 3
1+ ¢2 1+¢t2)

10t + 4(1 — t?) = 5(1 + t?)
10t + 4 — 4t? = 5 + 5t2
9t2—-10t+1=0
Gt—1D(t-1)=0
t=1or9

tan-— x—1ortan x—9
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%x — 45° or%x = 6°20'25

Sox =90°orx = 12°41’

6b 7cosx —6sinx = 2

. 1—t? 6( 2t )_2
1+ t2 1+¢2)

7 —7t% — 12t = 2 + 2t>

9t2+ 12t —-5=0

Bt—-1)@Bt+5)=0

Hencet=lor—E
3 3

. x_1 5
an2—30r 3

X = 36°52',241°56'

6c

3( 2t ) ) 1 — t2 3
1+ t2 1+t2)
6t —2+2t?> =1+ t>

t?4+6t—3=0

Using the quadratic formula gives

—6+V62—4x1x -3
- 2

—6 V48
2

-6+ 4+/3

x = 49°48',197°35'
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5cosx + 6sinx = =5

s(1= +6( ot )=-s
1+ t2 1+t2)

5 —5t%2 4+ 12t = —5 — 5¢2

12t = —10
L 5
6
. X 5
M=%

x =100°23' or x = 280°23’

However, after substitution we find that x = 100°23’ is not a solution.

Since the terms in t? have cancelled out, we need to check t = 180°.
LHS = 5cos 180° + 6 sin 180°

=5x-14+6x%0

= -5

= RHS

So the solutions are x = 180° or x = 280°23'.

8tanf — 4secH =1

8sin 0 4 B
cos @ cosf

8sinf — 4 = cos @

8( 2t > 4o 1 — t2
1+ t2 T \1+4¢2

16t — 4 — 4t> =1 —t?

3t2 —16t+5=0

Using the quadratic formula

—(—16) £/(-16)2 —4x3 x5
- 2x3

16 + 14
~ T 6
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9a

1
x =2tan~ ! 5,2tan‘1§

2sin2x + cos2x = 2
Lett = tanx

2( 2t >+1—t2_2
1+t2) 1+¢t2

4t +1—t2 =2+ 2t
3t2—4t+1=0
Bt-D(-1)=0
t=1or§
tanx=10r§

x = 45°,225° or x = 18.4°,198.4°

acosx =1+sinx

1 — t2 W o 2t
N1+e2) 7 14 t2

a—at>?=14+t>+2t

t?+at>?+2t+1—-a=0
1+a)t?+2t+(1—a)=0

Using the quadratic formula

—2+./22-4(1+a)(1-a)

b= 21+ a)
—24./22 —4(1 - a?)
- 2(1 + a)
—2 +V4a?

2(1+a)
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9b

10

-2+ 2a

“2(1+a)
—1+a

- 1+a
=_1 r—1+a

Hence t = Z—: ast = —1 is not a solution for 0° < x < 90°

2cosx —sinx =1
2cosx =1+ sinx
_2-1 1
2+1 3
Hence

el 1
anzx—3

L~ 18026
2% =
x = 36°52

6cos@ + 17sinf = 18

6 -t +17( p )—18
1+ t2 1+4t2)

6(1 — t?) + 34t = 18 + 18t>

24t2 — 34t +12=0
12t - 17t+6 =0

Hence, using the quadratic formula

—(=17)£V172 -4 x12x6
B 2x12

17+ 1
24

3 2
=-0r-
4 3

. 6, 3
Hence the solutions are tan ?1 =2 tan ?2 =
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6, 6,
_ tan7 — tan == 2

1+ tan%tan%
3_2

—

1+(7)(3)

1

T 18

as required

1la acosx+bsinx =c

1 —t? +b( 2t )_
N1+¢e2 1+¢e2) " ¢

a(l —t?) +2bt = c(1 + t?)

c(1+t’)—a(1—-t?)—-2bt=0
ct+ct’?—a+at?—2bt=0
(a+c)t?—2bt—(a—c) =0

where t = tang

11b  In order for the roots of this equation to be real, the discriminant must be greater

than 0, hence

A=b%*—4ac=0

(—=2b)?2 —4(a+c)(-(a—c)) =0
4b2+4(a+c)(a—c)=0

4b2 +4(a? —c?) =0

4b* +4(a*—c*) =0

4b* + 4a* —4c* =0
b2+a?—c?2>0

c? <a®+b?
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11c  The roots of the equation are given by the quadratic formula

_—(=2b) VA
b= 2(a+c)

_2b+ V4b2 + 4a? — 4¢?

2(a+c¢)
bV T =

(a+c)

b+Vb2+a?—c?

So let tan 1 a =
2 (a+c)

1
tani (a+pB)

1 1
_ tansa +tan7[3

1 1
1- tanzataniﬁ

and tan%ﬁ =

b—Vb2+a?—c?

b+\/b2+az—c2_|_b—\/b2+a2—c2

bt a

_ (a+c)
1_<b+ b2+a2—c2><
(a+c¢)
2b
_ (a+c¢)
B b% — (b% + a2 — c?)
1_( (a+c)? )
2b
__Gro
= 2 _ g2
1~ (o)
2b
_ (a+c¢)
. (c—a)(c+a)
1_( (a+c)? )
2b
__(a+o
1_(2+Ccl)
B 2b
Tat+c—-(c—a)
_2b
" 2a
_ b
T a
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12

13

1-t2
1+t2

2k - 1) (
k-1 -t +2tk+2)=QRk+ 1)1 +t?)
RE+1DA+t)—QRk—1D(2—-1)—-2t(k+2)=0
2t2 —2t(k+2)+4k =0

)+ k+2)(25) =2k +1

1+t2

t?2—tk+2)+2k=0

t_(k+2)iJ(k+2)2—4x1x2k
B 2

t_(k+2)i\/k2+4k+4—4><1><2k

2
k) VKT 4k T4

2

t_(k+2)i,/(k—2)2
B 2

k+2)t(k—-2)
b= 2

t=k?2
Noting that
2t
1-1t2
it follows that

4 2k
tan9=§,k2_1

tanf =

acos460 + bsin40 =c
a(cos? 0 —sin?8) + 2bsinf cosh = ¢

Lett =tan@

1—t2\? ( 2t )2 +2b( 2t ) 1-t%\
Wire 1+ t2 1+e2)\1T+e2) €

a((1—t3)2—-2t)2) +2b x 2t(1 —t?) = c(1 + t?)?

a(l—2t? +t* —4t%) + b(4t — 4t3) = c(1 + 2t2 + t*)

(a—c)t*—4bt3 — Ra+2c+Dt? +4bt+(a—c) =0
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Hence it follows that the product of roots is

a—~c¢C

t1t2t3t4 = 7 — =1

Since t = tan @ and the solutions are 6, 8,, 85, 8,, it follows that

tanf; tan @, tanfs; tanf, = 1
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Solutions to Chapter review

1la sin2x +sinx =0
2sinxcosx +sinx =0

sinx (2cosx+1)=0
. 1
sinx =0orcosx = -3

Forsinx =0,x = 0, m, 2m.

1 21T 41
Forcosx =—-,x =—,—.
2 4’3

o 2 4
Together this gives x = 0, Tn, T, ?n, 2

1b cos2x +cosx =0
2cos?x—1+cosx=0

(2cosx—1)(cosx+1) =0
CcoS x =%or—1

51

Forcosx = 5

NID—\

x:

w3

)

Forcosx=-1,x=m

51

Together this gives x = =

wlﬁ

, T,

1c cos2x +5sinx+2=0
1—2sinx+5sinx+2=0
2sin?x—5sinx—3=0
(2sinx + 1)(sinx —3) =0
sinx = —%or 3,but —1 < sinx < 1 so the only solution is sinx = —%

7t 11m
Hence, x = —,—
6’ 6
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1d

2a

2b

Zsin(x—%)=cos(x—g)

. 7T 3 n n 3 3 7T
ZSmxcosE— 2cosxsmg = cosxcos§+ smxsm§

2sinx (?) —2cosx G) = cosx (%) + sinx (?)

(?) sinx = 3 (%) COS X

tanx =

el

Rsin(x —a) = Rsinxcosa — Rcosxsina = sinx — cosx
Equating coefficients gives

Rcosa=1 (1)

Rsina=1 (2)

R%?sina + R?cos?a=12+1%> (1% + (2)?

R?(sin a + cos? a) = 2

R? =2

R=+2

tana =1 (2) = (1D

a:Z

. . T
Hence sin x — cos x = V2 sin (x - Z)

sinx — cosx = V2

\/isin(x—%) =2

sm(x—%)=1
T T
*TyT2
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3a

3b

43

Acos(x —0) = Acosx cos@ + Asinxsin@ = V3 cosx + sinx

Equating coefficients gives

Acosf =+/3 (1)

Asinfd =1 (2)

A%sin? 0 + A% cos? 0 = 1% + \/§2 (1?2 + (2)?
A?%(sin? @ + cos? 0) =

A% =4

A=

tanf =

(2) + (D)

-

9_7‘[
6

Hence V3 cos x + sinx = 2 cos (x 4 g)

V3cosx +sinx = —1

2cos(x—g) =—1

C%@_g=_l

Rsin(x 4+ a) = Rsinxcosa + Rcosxsina = 2sinx + /5 cosx
Equating coefficients gives

Rcosa=2 (1)

Rsina =5 (2)

R%sin?a + R?cos? a = 22 + \/gz (1?2 + (2)?

R?(sin?a + cos?a) =9
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R=3

tana = \/2_3 )+
V5

a = tan -

Hence 2 sinx + /5 cos x = 3 sin (x + tan™?! \/2_3)

4b 2sinx +V5cosx =3

V5
3 sin (x +tan~?! 7) =3

5
sin (x + tan! g) =1

V5
x + tan‘17 = 90°

= 90° — tan™' —
X an )

x = 41.8°

5a Acos(x+6) =Acosxcosf —Asinxsin® = 3cosx — 2sinx
Equating coefficients gives
Acos8 =3 (1)
Asinf =2 (2)
A%sin? 0 + A%?cos?0 =2%2+32  (1)%2+(2)?
A?(sin? 0 + cos? 9) = 13
A% =13
A=+13
tan @ = g )+

2
0=t -1_
an 3
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5b

7a

Hence 3 cosx — 2sinx = v13 cos (x + tan™?! g)

3cosx —2sinx =1

2
V13 cos (x +tan~?! §) =

2
cos (x +tan~?! 5) = —

12 -1

x + tan™ §:COS e

1
———tan

V13
x = 40°12" or 252°25’

x =cos !

. 1
SInx = tanzx

2t
Ty °
2t =t+t3
t>—t=0
t(t?—1)=0
tt—-1D(t+1)=0
t=0,%1

tan%x =0, +1

1 m 3T
§X=O,Z,T orm
m 3T
X = 02 > or 2m

7sinx +cosx =5

7( 2t >+1—t2_5
1+¢2) 1+¢t2

14t +1—t?> =5 + 5¢t2
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6t> —14t+4=0

3t2—7t+2=0 wheret=tan§

7b Using the quadratic formula

(=D *J(=7?—4x3x2
B 2X3

_7%+25

6
7+5
6
1

=—-or2
3 Or

t x_1 2
an2—30r

“1_ or tan~12

x_t
A

1
x=2tan?! 3 or 2tan~12

8a 4sinx —2cosx =3

Lett = tang

4( 2t ) ) 1—t?2 _ 3
1+ t2 1+¢2)

42t) —2(1—t?>) =31+ t?

8t — 2+ 2t%? =3 + 3t?
—8t+5=0

Using the quadratic formula

(-8 +/(-8)2—4x1x5
B 2x1

8144
===
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Chapter 11 worked solutions — Trigonometric equations

_ 81211
==

=4+v11

Since 0 < x < 2mthen 0 < g

Recalling t = tang
tan§= 4 ++11or4 —+11
g = tan"1(4 + Vll) or tan_1(4 — \/11)

x =2 tan‘1(4 + \/ﬁ) or 2 tan‘1(4 — \/ﬁ)
x = 2.87 or 1.20

9a cos 3x

= CO0S X COS 2x — Sin x sin 2x

= cos x (2 cos? x — 1) — sin x (2 sin x cos x)
= 2 cos®x — cosx — 2sin® x cos x

= 2cos3x —cosx — 2(1 — cos? x) cos x

= 2cos3x —cosx —2cosx + 2 cos3 x

= 4cos®x —3cosx

9b cos 3x +sin2x + cosx =0
4 cos®x — 3 cosx + sin2x + cosx =0
4cos3x —3cosx+2sinxcosx + cosx =0
4cos3x—2cosx+ 2sinxcosx =0
2cosx (2cos?x —1+sinx) =0
2cosx (2(1 —sin?x) — 1+ sinx) =0
2cosx (2—2sin?x—1+sinx) =0
2cosx (1 —2sin?x +sinx) =0
2cosx (2sin?x —sinx—1) =0
2cosx (2sinx + 1)(sinx —1) =0

. . 1 .
Hence the solutions occur when cosx = 0, sinx = — > and sinx = 1.
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T 3T
Forcosx=0,x ==,—
2’ 2
. 1 7t 11m
Forsinx = —= x = —,—
2 6’ 6

. T
Forsinx =1, x =3

3t 11m
27 6

o |3

Hence the solutions are x =

Nlﬁ
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