Chapter 10 worked solutions — Projectile motion

Solutions to Exercise 10A

la Initially, x =y = 0, and,

x =30
Tobegin, % =0 (D
Integrating, x = C;
Whent =0, x =30
30=0;
o x =30 (2)
1b To begin, x = 30

Integrating, x = 30t + C3
Whent =0, x=0

0=20_C;

so x =30t (5)

1c Wheny =0,

From (6):

0 = —5t? + 30t
5t —30t =0
5t(t—6)=0
t=0ort=26

% = 30V/2 cos 45°

y = 302 sin 45°
y =30
To begin, y=-10 3)
Integrating, y = —10t + C,

Whent =0, y =30

30 =C,
SO y =-10t + 30 (4)
To begin, y=-10t + 30

Integrating, y = —5t? + 30t + C,
Whent =0, y=0

0=Cc,

So y = —5t? + 30t (6)

Particle returns to the ground at t > 0 seconds, so at t = 6 seconds.

1d When t = 6,

From (5):
x=30X%X6
=180 m

The horizontal distance travelled by the particle is 180 m.
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le Wheny =0,

From (4):
0 =-10t+ 30
10t = 30

t = 3 seconds

The particle reaches its greatest height after 3 seconds.

1f Whent = 3,

From (6):
y=—-45+90
=45m

The greatest height of the particle is 45 m.

2a Initially, x=y=0, and,

To begin, Xx=0 (D
Integrating, x = C;

Whent =0, % =20V3

20V3 = C;

S0 x=20vV3 (2)

2b To begin, x =203
Integrating, x = 20tv3 + C;
Whent =0, x=0
0=20_C;
SO x=20tv3  (5)
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x = 40 cos 30°
% = 20V3

To begin,

Integrating,

y = 40sin 30°
y =20
y=-10 (3)

Whent =0, y=20

20=C2

SO

To begin,

Integrating,

Whent =0,

0=C4,

SO

y = —10¢t + 20 4)

y = —10¢t + 20
y = —=5t2 420t + C,

y=0

y = —5t? + 20t (6)



Chapter 10 worked solutions — Projectile motion

2ci  The particle returns to the ground when y = 0.

Substituting into (6):

0 = —5t2 + 20t
5t2—20t =0
5t(t—4) =0
t=0ort=4

Since t > 0, particle returns to the ground at t = 4 seconds.

2cii  From (5):
When t = 4,
x=20%X4X%X+3

=80vV3m

The horizontal distance travelled by the particle is 80v/3 m.

2ciii Particle reaches greatest height when y = 0.

Substituting into (4):

0=-10t+ 20
10t = 20
t=2

Substituting into (6):
y=—-20+40
=20m

The greatest height reached above the ground is 20 m.

3a Initially, x=y=0, and, x=20cos60° y = 20sin 60°
x =10 y =10V3
To begin, Xx=0 (D To begin, y=-10 (3)
Integrating, x =1C(; Integrating, y = —10t + C,
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Whent =0, x=10 Whent =0, y=10vV3
10 =¢, 10V3 =G,

s0 =10 @) s y=—10t +10v3 (4
3b  Tobegin, x=10 Tobegin, ¥ =—10t + 10V3

Integrating, x =10t + C3 Integrating, y = —5t2 + 10tV3 + C,

Whent =0, x=0 Whent =0, y=0

0=2Cs 0=_C,
SO x =10t (5) SO y = =5t + 10tv/3  (6)

3ci  Since the particle starts at the origin and moves to a point with horizontal
component x and vertical component y, we can consider a right-angled triangle
whose hypotenuse equals the distance travelled.

Pythagoras’ theorem can be used to calculate this hypotenuse.
r? =x%+y?
r=,x%+y?

From (5) and (6):

r= \/ (106)2 + (=5t2 + 10ty3)°

When t =1,

r= J102 +(=5+10V3)’

= /100 + 25 — 100v/3 + 300

= /425 — 100V3
=159 m

So the distance of the particle from the origin after one second is about 15.9 m.
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3cii The particle’s speed can be calculated by applying Pythagoras’ theorem to the
particle’s velocity vector v = xi + yj.

v?2 =x2+y?

v = FT5

From (2) and (4):

p = \/102 + (~10t + 10V3)°

When t =1,

v = J102 + (=10 + 10v3)

= /100 + 100 — 2003 + 300

=+/500 — 200V3
=12.4m/s

The speed of the particle after one second is about 12.4 m/s.

4a Initially, x=y=0, and, x=60cos (tan‘1 g) y = 60 sin (tan‘1 g)
X =36 y =48
To begin, X = (D To begin, y=-10 (3)
Integrating, x =C(; Integrating, y = —10t + C,
Whent =0, x =36 Whent =0, y=48
36 =C; 48 = C,
so % =36 2) so 3 y = —10t + 48 (4)
4b To begin, x =36 To begin, y = —10t + 48
Integrating, x = 36t + Cj; Integrating, vy = —5t? + 48t + C,
Whent =0, x=0 Whent=0, y=0
0=0C, 0=_C,
SO x = 36t (5) SO y = —5t? + 48t (6)
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4c  drP=x%+y?

SN

From (5) and (6):

d =/(36t)2 + (—5t2 + 48t)2
When t = 3,

d = /1082 + (—45 + 144)2

=21 465
= 146.5m

The distance of the particle, from the point of projection, after 3 seconds is about
146.5 m.

4d  v=xi+yj
From (2) and (4):
v = 36i + (—10t + 48);

Whent = 3,

v =361+ 18]

v? = 36% + 182

v =367 T 182
= /1296 + 324
= 1620
=324 x5
=18v5m/s

tan 0 —£=%

] =tan‘1%
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So, the velocity of the particle after three seconds is 18v5 m/s at an angle of

tan~?! % above the horizontal.
5a Initially, x=y=0, and,
To begin, x=0 (1)
Integrating, x=0C

Whent =0, x=8
8:C1
SO x =8 (2)

Now v =xi+yj

SO 8i + (— 10t+6)]

=8i+(6— 10t)]

5b To begin, x=8
Integrating, x = 8t + (5
Whent=0, x=0
0=20_Cs
SO x =8t (5)
r=xi+yj

SO r = 8ti + (-5t + 6t)j

= (8t)i + (6t — 5t)j

5ci v=8i+6j

v? =82 + 62
b= VBT 6
=64+ 36
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y==6
To begin, y=-10 3)
Integrating, y=-10t + G,
Whent = 0, y=
6 =0C,
S0 y=-10t+ 6 (4)

To begin, y=-10t+6
Integrating, y = —5t? + 6t + C,
Whent=0, y=0

0=,

SO y = —5t? + 6t (6)
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100
=10m/s

The initial speed of the particle is 10 m/s.

S5cii = (8t)i+ (6t — 5t2)]_'
When t = 2,
r =160 + (12 — 20)j

= 16i — 8]

5ciii From (4):

Wheny =0,
0=-10t+6
10t =6

t = 0.6 seconds
When t = 0.6,
r=48i+ (3.6 — 1.8)]_‘

= 4.8+ 18]

6a  Tobegin, x =40t (D To begin, y = —=5t% + 25t 3)

Differentiate, x = 40 (2) Differentiate, y = —10t + 25 (4)
Whent =0, % = 40 Whent =0, y = 25

6b From (2) and (4):
= 40i + 25]
v? = 40% + 252
v = VAT 257
= V1600 + 625
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2225
= 5v89m/s
tan @ = 25 5
MY=207 3
6 =tan!
0 = 32°

7a Initially, x=y=0, and,
To begin, ¥=0 (D
Integrating, x = C;
Whent =0, x =Vcosa
Vcosa =C;
) x=Vcosa (2a)
Integrating, x =Vtcosa + C,
Whent =0, x=0
0=20C,
SO x =Vtcosa (3a)
Whent =2, 8 =2Vcosa
SO Vcosa =4
Hence, v = 4i + 4j
From (2a): x =4 (2b)
From (3a): x =4t (3b)
7b r=xi+yj
From (3b) and (6b):

= 4ti + (—5t% + 4t)j

Whent = 0.5,
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x=Vcosa y=Vsina

To begin, y=-10 (4)

Integrating, y = —10t + (3

Whent =0, y=Vsina

Vsina = C3

SO y=-10t+Vsina (5a)

Integrating, y = —5t?+ Vtsina +C,

Whent=0, y=0

0=20C,

SO y = =5t> + Vtsina (6a)

Whent =2, —12=-20+4+ 2V sina

SO Vsina =4

From (5a): y=-10t+4 (5b)

From (6a): vy = —5t%+ 4t (6b)
9
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r=2i+(-1.25+2)j

=2i+0.75]

8a Initially, x=y=0, and, x=Vcosf@ y=Vsinb
To begin, =0 (D To begin, y=-10 (4)
Integrating, x = (C; Integrating, y = —10t + C;
Whent =0, x=Vcosf@ Whent =0, y=Vsiné
VcosO =C; Vsinf = C;
SO x =V cos0 (2a) SO y=—-10t+Vsinf (5a)
Integrating, x =Vtcosf + C, Integrating, y = —5t% + Vtsin8 + C,
Whent =0, x=0 Whent=0, y=0
0=0C, 0=20C4
) x =VtcosH (3a) SO y = —5t? + Vtsin 6 (6a)
Whent =2, 30 =2V cosé Whent =2, 30 =—-20+ 2Vsiné
SO VcosO =15 SO V'sin@ = 25
From (2a): x =15 (2b) From (5a): y = —10t+ 25 (5b)
From (3a): x = 15t (3b)  From (6a): y = —5t%+ 25t (6b)

8b V=Vcosfi+Vsinbj
SoV =15i + 25j
V2 =152 + 252
V =152 + 252
=225+ 625
= /850

= 5V34m/s

g 255
v =1573
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5
6 =tan"
an™
9a Initially, x=y=0, and, x=12cos(—30°) y = 12sin(—30°)
x =63 y=—6
To begin, Xx=0 (D To begin, y=-10 (3)

Integrating, x = C;

Whent =0, x=6v3

6v3 = C;

S0 x=6V3 (2

9b To begin, X =63
Integrating, x = 6tV/3 + C3
Whent =0, x=0
0=2C;
SO x = 6tV3 (5)

9c The stone will hit the ground when y =
Substituting into (6):
—11 = —5t% — 6t
5t24+6t—11=0
Gt+11)(t-1) =0

t=——ort=1
501'

Integrating, y = —10t + C,

Whent =0, y=-6

_6=C2

SO y=-10t -6 (4)

-11.

To begin, y=-10t -6
Integrating, y = —5t? — 6t + C,
Whent=0, y=0

0=0C,

SO y = —5t? — 6t (6)

Butt > 0, so the stone hits the ground when t = 1 second.

9d From (5):

x = 6tV3
Whent =1,
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x=6V3
=10.4m

9e

10a

The stone hits the ground about 10.4 m from the base of the tower.

= %+
From (2) and (4):

= 6tV/3i + (=10t — 6)]
Whent =1,

v = 6V3i - 16j

-1 83
9

So the stone will hit the ground at an angle of tan below the horizontal.

Initially, x=y=0, and, x=6cos45° y = 65sin45°
x =32 y=3V2

To begin, X=0 (D To begin, y=-10 (4)
Integrating, x = C; Integrating, y = —10t + C;

Whent =0, x =32 When t = 0, y=3\/§

3WV2=0( 3V2 = C,

S0 x=3V2 (2) S0 y = —10t + 3v2 (5)
To begin, x=3V2 To begin, y = —10t + 3v2
Integrating, x = 3tV2 + C, Integrating, y = —5t% + 3tV2 + C,
Whent =0, x=0 Whent=0, y=0

0=20C, 0=0C4
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SO x = 3t\2 3) SO y=-5t>2+3tvV2 (6)

The ball will hit the ground when y = —2.
Substituting into (6):
—2 = —5t2 +3tV2

t2—3tV2-2=0

Using the quadratic formula:

3ﬁiJ(—3ﬁ)2 —4x5x%(-2)
B 2%5

_ 3V2+V18+40
B 10

_3v2++58
B 10
t=-0.340r t=1.19

But t > 0, so the stone hits the ground when t = 1.19 seconds.

10b  From (3):

x = 3tV2

3v2 ++/58
When ¢ = Y2+ V58

10
3v2++/58
ro3x 2V o
10
= 5.03m

The horizontal distance travelled by the ball is about 5.03 m.

11 Let  V be the initial speed of the projectile

Initially, x=y=0, and, x=Vcos36° y = Vsin 36°
To begin, Xx=0 (D To begin, y=-10 4)
Integrating, x = (C; Integrating, y = —10t + C3
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Whent =0, x =V cos36° Whent =0, y=Vsin36°
V cos36° = (C; V' sin36° = (5
SO x =V cos 36° (2) SO y = —10t + Vsin36° (5)
To begin, x = V cos 36° To begin, y = —10t + V sin 36°
Integrating, x = Vtcos36°+ C, Integrating, y = —5t%+ Vtsin36° + C,
Whent =0, x=0 Whent =0, y=0
0=2C, 0=0C,
SO x = Vtcos36° 3) S0 y = —5t2 + Vtsin36° (6)
From (3):
Lo X

V cos 36°

Substituting for t in (6):

——5( ad )2+( vx )sin36°
Y= V cos 36° V cos 36°

B —5x?

"~ V2 cos? 36°

+ x tan 36°

If the projectile just clears the wall, it will reach a point where x = 20 and y = 10

10 = —520)° + 20 tan 36°
" V2 cos236° an
10=——2090 L 0tan3ee
" VZ2cos? 36° an

10 — 20 tan 36° = 2000
an " VZ2cos236°
—2000
2 2 o
Vo cost 36" = 10 20 tan 36°
2000
2 2 o
Vo cost 36" = S an 36° — 10
2000

2 _
cos? 36° (20tan 36° — 10)

. 2000
~ |cos236° (20tan 36° — 10)
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12

V =26m/s

The initial speed of the projectile is about 26 m/s.

Initially, x=y=0, and, x=20cosa y =20sina

To begin, Xx=0 (1) To begin, y=-10 (4)
Integrating, x = C; Integrating, y = —10t + (3

Whent =0, x=20cos« Whent =0, y=20sina

20cosa =(C; 20sina = C3

) x =20cosa (2) o) y=-10t + 20sina (5)
To begin, x =20cosa To begin, y = —10t + 20 sina
Integrating, x = 20tcosa + C, Integrating, y = —5t? + 20tsina + C,
Whent =0, x=0 Whent =0, y=0

0=0C, 0=2C,

) x = 20tcosa 3) SO y = —5t% + 20tsina (6)

As the ball reaches its highest point, y = 0.
Substituting into (5):
0=-10t+ 20sina
10t = 20sina
t=2sina
Substituting for t in (6):
y = =5(2sina)? + 40sin a
= —20sin? a + 40sin? a
= 20sin?a
In order to clear the wall at its highest point, y = 3 when y = 0.
3 =20sin?a

3
02
sin“ a 20
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20
_ 3.5
207 5
Vi
V100
VIS
- 10
. V15
a=sin""—5
13 For P;
Initially, x; =y, =0, and, x; =20
To begin, ¥ =0 (1a)

Integrating, x; = (;

Whent =0, x; =20
20 =C,
so X% =20 (2a)

To begin, x, =20
Integrating, x; = 20t + C,
Whent =0, x; =0

0=20C,

so x; = 20t (3a)

For P,

Initially, x, =y,=0, and, x, =60
To begin, X, =0 (1b)

Integrating, x, = (;
Whent =0, x, =60
60 = C;
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y1 =30

To begin, V1

Integrating, 1y,

Whent =0, y;
30 = G5
SO V1

To begin, V1
Integrating, y;
Whent =0, y;
0=20_C,4

SO V1

V2 =
To begin, Vo
Integrating, vy,
Whent =0, y,
50 = C3

= —10 (4a)
= 30

= —10t + 30 (5a)
= —10t 4+ 30

= —5t2+ 30t + C,
=0

= —5t2+30t (6a)
50
=-10 (4b)

= —10t + C,
=50

16
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) X, = 60 (2b) SO y, = —10t + 50 (5b)
To begin, X, = 60 To begin, y, = —10t + 50
Integrating, x, = 60t + C, Integrating, vy, = —5t% + 50t + C,
Whent =0, x, =0 Whent=0, y, =0

0=_c, 0=C,

) x, = 60t (3b) ) y, = =5t2+ 50t  (6b)

Since P, is projected two seconds after P;,
then x, = 60(t — 2)

and y, =—-5(t—2)>+50(t—2)

If the particles collide, the same value of t must allow x; = x, and y; = y,.
From (3a) and (3b):

20t = 60(t — 2)

20t = 60t — 120

40t = 120

t=3

From (6a) and (6b):

—5t% 4+ 30t = =5(t — 2)? + 50(t — 2)
Checkwhent = 3,

LHS = —45+ 90 = 45

RHS = —5 + 50 = 45

Hence LHS = RHS.

P; and P, collide at 3 seconds after P; is projected (2 seconds after P, is
projected).
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14a

14b

Initially, x=y=0, and, x=20vV2cosh y = 20v2sin@
To begin, ¥=0 (1) To begin, y=-10
Integrating, x = (C; Integrating, y = —10t + (5

Whent =0, % =20v2cos6
20V2cos 0 =,

S0 x = 20v2cos 6 (2)
To begin, x = 202 cos 6
Integrating, x = 20tv2cos6 + C,
Whent=0, x=0

0=20C,

S0 x = 20tV2 cos 0 3)
Attime t,x = 20 and y = 15.
Substituting x = 20 into (3):

20 = 20tv2 cos 0

S0 V2tcosf =1
Substituting y = 15 into (6):

15 = —5t% + 20tV2 sin 6

) 42 tsinf —t2 =3

From (7):
_ 1
 V2cos@

Substituting for t in (8):

t

42 ( 1 )223

— sinf —[———
V2 cos @ V2 cos @

1
4tan @ — =3
an 2cos% 8
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Whent =0, y=20v2sin@
20+/2sin 6 = C;
SO y = —10t + 202 sin 6

To begin, y = —10t + 202 sin 6

(4)

(5)

Integrating, y = —5t? + 20tV2sin6 + C,

Whent=0, y=0
0:C4_

so y = —5t% + 20tv/2 sin 6

(7

(8)

(6)

18
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4tan 0 —

2 cos2 0

—8tanf+6=0

cos2 0
sec’0 —8tanf+6 =0
Butsec?8 =tan?6 + 1

sotan’f —8tanf +7 =0

14c tan’f —8tanf+7 =0
(tanf —1)(tan6 —7) =0
tanf =1 or 7
6 = 45° or tan"1l7
0 = 45° or 0 = 81°52’
15a Initially,
To begin, X=0 (D
Integrating, x = C;

Whent =0, x =50cosé

50cosf = C;
S0 x =50cosf (2)
To begin, x =50cos 8

Integrating, x = 50t cosf + C,
Whent=0, x=0

0=2C,

SO x = 50t cos@ (3)

At point P, x = 100 and y = 25.
Substituting x = 100 into (3):

100 = 50t cos @
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x=y=0, and, x=50cosf

y =50sin6
To begin, y=-10 (4)
Integrating, y = —10t + C3

Whent =0, y=>50sin6

50sin8 = C;
SO y =—10t + 50sin 6 (5)
To begin, y = —10t + 50sin 6

Integrating, y = —5t? + 50tsind + C,
Whent=0, y=0

0=,

SO y = —5t? + 50tsin  (6)

19
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15bi

o2 )

cos @

Substituting y = 25 into (6):

25 = —5t%2 4+ 50t sin

t2 —10tsinf +5 =0 (8)
Substituting (7) into (8):

4 20sin @
cos2 0 cos @

4sec’d —20tanf+5=0

5=0

sec’d —5tan6 +1.25=0
Butsec?8 = tan?6 + 1

tan’8 — 5tanf + 2.25 =0

(ino - ) (ano -2) =0
an > an > =

t 9—1

an —201‘2

0 =tan"l= tan~1=
an > or tan >

For6 =tan™',

or an >

consider a right-angled triangle with angle 8 and opposite side 1 unit, adjacent
side 2 units and hypotenuse V12 + 22 = +/5 units.

1 5 2 2
Hence, sin 8 =—=£ and cosf = — V5
V5 5 \/_ 5
Substituting for cos 6 in (7):
. 2
" cos@
2
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= /5 seconds

For @ = tan 1=

2,
consider a right-angled triangle with angle 8 and opposite side 9 units, adjacent
side 2 units and hypotenuse V9% + 22 = /85 units.

9 985 2 2485

Hence, sinf = — = and cosf =

V85 85 NCEREE
Substituting for cos 6 in (7):

2
cos @

2
B (2@)
85

85

V85
= /85 seconds

15bii To begin, v = xi + yj
From (2) and (5):

v=50cos 0 i+ (—10t + 50sin6)j

1 45 2 2v5

1
When 6 =tan‘1§,sin9 =—=— and cosf = —=—,

55 NE

v? = (50 cos8)? + (—10v5 + 50sin 0 )’

2 2

= (50 ><25£> +<—10\/§+50 x?)

= (20vV5)” + (—=10V5 + 10v5)’
= (20V5)°
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v = 20V5
=44.7m/s
—10V5 + 505sin 8
50cos 8

_ —10V5+10V5
~ 20v5

tanf =

=0
So6 =0°

When 8 = tan=12 sing = 9@(1 g 2 2+/85
enf =tan” " -,sinf = — = andcos = — = ——
2 V85 85 V85 85
2
v?2 = (50 cos9)? + (—10\/@ +50sin@ )
2 2
50 x 2v/85 50 X 9v/85
=|————] +(-10V85 + ———
85 85
2 2
20+/85 90+/85
_< - ) +<—10\/%+ - )
2 2
20 X V17 x /5 90 x V17 X /5
= V17 + (=10 x V17 x5 + vi7
17 17
2 2
B (20\/3) N (—80\/3)
V17 V17
_2000+32 000
17 17
34000
17
= 2000
=+/2000
= 20V/5
= 44.7 m/s

—10+/85 + 505sin 8
50cos @

tanf =
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90v85
—10\/_+< 17 )

(zo@)
17

—170+/85 N 90+/85
17 17

(57

—80/85
17

(20@)
17

= —4

So 6 = 76.0°

For each possible angle of projection, the velocity of the particle is about
44.7 m/s at angles of 0° and 76.0° to the horizontal.

16ai Initially, x=y=0, and, x=Vcosf y=Vsinf
To begin, =0 (D To begin, y=—g (4)
Integrating, x = C; Integrating, y = —g + (5
Whent =0, x =V cos@ Whent =0, y=Vsinf
VcosO = C; Vsinf = C;
SO x =Vcos0 (2) SO y=—gt+Vsiné (5)
To begin, x=VcosH To begin, y=—gt+Vsinf
Integrating, x = Vtcos6 + C, Integrating, y = —%tz + Vtsin@ + C,
Whent =0, x=0 Whent =0, y=0
0=_C 0=,
S0 x =Vtcos ®) SO y = —%tz +Vtsin8 (6)

A particle reaches its greatest height when y = 0.
Substituting into (5):

0=—gt+Vsinb
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gt =Vsin@
V'sinf
- g
Substituting for t in (6):

g (Vsin6\* VZsin?0
=gy e

2\ g g
V2sin?6 VZ?sin%6
- +

29 g
_stinZH
=3

metres

~ VZ?sin%6
Hence the greatest height is T metres.

16aii The particle returns to the ground wheny = 0and t > 0.

Substituting for y in (6):

0=—%H+me9

t(%t—VsinH) =0

2V sin @
t=0ort=
)
2V sin @
Butt >0sot =

Substituting for t in (3):

2V sin @
x=V( 7 )cosH

2V?%sin 6 cos 8
X =
9
But sin 260 = 2sin 0 cos 6
V2 sin 26
SO x = ——— metres
_ ~ V?sin26

Hence the horizontal range is T metres.

© Cambridge University Press 2019
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16b

17

If the horizontal range is five times the maximum height,

VZsin®0 V?sin26 1

29 ' g 5
gV?sin®6 1
2gV2sin26 5
sin6 1
2sin260 5

5sin% 6 = 2sin 260
5sin?0 = 2 X 2sin 6 cos @
5sin? @ = 4 sin 6 cos @

5sin 8 = 4 cos 8 wheresin8 # 0

sinf 4

cos @ - 5

4

tan @ = <
sof = tan‘1f = arctanf
5 5

The usual equations of motion are:
x=VcosH and y=—gt+Vsinf
x =VtcosH y=—“;—7t2+Vtsin9

The maximum height occurs when y = 0.
V'sin@

7
V'sin@

g

That is,when t =

Sowhen t = , y=2

Hence,

g V?sin?0 _ Vsin@

2 =——><—2+Vsm9><

2 g g
V?sin% 0
2= "

2g
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4
sin? @ = V—'Z

2,9
sinf = v (@ is acute)

2V sin @
The time of flight is :

2V sin 0
Whent = 7

2V sin 6

x =Vcosf X

2V2sin @ cos @
x =
g

2/3

If sinf = ——,
sin 7

consider a right-angled triangle with angle 8 and opposite side 2\/5 units,

hypotenuse V units and adjacent side sz — (2/9)? =/V? — 4g units.

V2 —4g
Hence,cos = ———
%4
Therefore,
212 y 2,\/g y JVZ —4g
T Ty v

4
x=—=4/V?—4g

T

16
x = /?(Vz —4g) asrequired.
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18a

18b

x =V cos@ and

x =VtcosH y=—§t2+Vtsin9

The greatest height occurs when y = 0
Vsin@
7

V sin@
Sowhen t = 7 , y=h

That is, when t =

Hence,

g V?%sin?0 Vsin@
—Ix—

h= 2>< + Vsin @ X

h = V?2sin% 6
=3
V?sin2 9 = 2gh (D

Wh —h
eny =z,
h t2
§= —gT+Vtsin9

t2— (2VsinO®)t+h =0

Using the quadratic formula:

_ 2Vsin6 +./4V2sin? 6 — 4gh
= %

_Vsing + JVZ2sin20 — gh
9
From (1), V?sin? 8 = 2gh hence,

J2gh +\/2gh — gh
9

_V2/gh+fgh
9

t =

© Cambridge University Press 2019
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18c

_Joh(¥2+1)

g
_ (V2+1)Vh
Ja
Hence,
(VZ+1Vh  (VZ-1)VR
= ort=————"—
Va N

Aty = h, y = 0, so the speed is equal to the horizontal speed, which is V cos 8.

h
Aty = > while the projectile is rising,

_(VZ-1)Vh
N
SoV cos @, and
(VZ - 1)Vh
N
y=Vsind — (V2 -1),/gh

From (1) in part a:

y=Vsinf — g X

V?sin? 0 = 2gh

V?2sin% 0
gh = >

VsmH
Joh =

Hence

Vsin@

y=Vsinf — (\/_—)

\/EVsine—\/iVsine +Vsiné

as required.

Y= V2
. Vsinf
NG
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At —h
y_z’

speed = /(%) + (¥)?

V2sin2 6
= |V2cos?0 + ———

2

vV
= —+/2cos? 6 +sin2 0
V2

So the ratio of the speed is:

v 7 —
\/E\/ZCOS 0 + sin G_E
V cos @ 2

V2 cos? 6 + sin? 6
cos @

V5 cos@ = V2 cos2 6 + sin2 6

V5

5cos? 6 = 2cos? 6 + sin% 6@
5cos?6 =2cos?’8 +1—cos?6
4cos?0 =1

1
29:—
CoS 4

cosf = (as cos@ > 0)

2

0 =21 or60°
—30r
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Solutions to Exercise 10B

1la

1b

5 4
y = —ﬁx +3x
When x = 12,
5 4
y = —32—4><122+3><12
T
324
=132m
9
ory =13.8m

The height of the particle is about 13.8 m.

When y =19,

19=_ 2 2 0
=55 t3¥

5x% —432x + 6156 =0

Using the quadratic formula:

432 +/4322 — 4 x5 x 6156
2X%X5

X =

_ 432+63504
- 10

4324252
B 10

=43.2—-125.20r43.2 + 25.2

Sox =18 mor 68.4.m

The particle has travelled a horizontal distance of 18 m or 68.4 m.
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1ci

dy ~ 2Xx5 +4

dx 324 ° 73
5 _+4
T 7162773

When x =0,

dy 5

- 162X07%3
4
3

Let a = angle of projection

) _dy_4
anoc—dx—3

a =tan 1=
3

_14

So the angle of projection is tan 3 above the horizontal.

1cii Whenx = 18,

@ _ > X 18 + i
dx 162 3
7
9
Let @ = angle of projection
. dy 7
ana =--=g
7
=t -1_
@ =tan"" g

So the direction of motion is tan™?! 7

1ciii When x = 54,

D5 syt
dx 162 3

© Cambridge University Press 2019
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3
Let @ = angle of projection
. B dy 1
ana =——=-z
1
()
@ = tan 3

-1 % below the horizontal.

So the direction of motion is tan

2a Initially, t =0 =x =y.

x = 48t
X
sot = YR (1)
and
y = —5t2 + 20t (2)

Substituting (1) into (2):
2
y= -5 (:8) +20 (1:58)

5 .,5
ot T @

y=-

2bi  Wheny =0,

0=—5— > 2+ix
2304 12
5 . 5 _
mx —Ex—O
5x2 —960x = 0

5x(x —192) =0
x =00r192

Therefore, horizontal range of particle is 192 m.
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2bii Using symmetry, greatest height is at midpoint of horizontal range.

_1o2_
x = > =

Thus, x = 96 m at greatest height.

Substituting into (3):

5
24
2304><96 +12><96

=20m

y=-

. d . L .
Alternatively, % = 0 for maximum/minimum height.

5x + 5 _0
1152

5x 1152
12

5x =480

5x —

x =96
d’y
dx? 1152
Substituting x = 96 into (3):

C 2 9624+ x96
Y = 72304 12
=20m

The greatest height of the particle is 20 m.

2biii Initially, t =x =10

dy __sx 5
dx 1152 ' 12
When x = 0,
dy 5x0 5
dx ~ 1152 ' 12
5
12

Let @ = angle of projection
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2biv

3a

3b

. _dy_ 5
M= T 12
5
=t -1_
a an 12
a= 22.6°

The angle of projection is about 22.6°.

When x = 120,
ﬂ= _5><120+i
dx 1152 12
25 5
T a8 12
5
T

Let « = angle of projection

dy 5
T
a =tan™?! (—i) = —6°
48

The direction of the particle will be 6° below the horizontal.

v| = V3 ¥ 12
=+/10
The initial speed is v/10.

To begin, x=3

Integrating, x = 3t+ (;

Whent =0, x=0

Thus, C; =0

SO x =3t (D
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3c

3di

To begin, y=1-10t

Integrating, y =1t —5t%+C,

Whent=0, y=0

Thus, C, =0
) y=t—5t2
x =3t

x

X x
y=3-5(3)
x 5x?
~3 9
9y = 3x — 5x?
dy 1 10
== 9"
When x = 0.15,
Z—Z:%—g—oxo.ls
6 3
18 18
3
~18
1
"6

Let « = angle of projection

. _dy_l
ana—dx—6

© Cambridge University Press 2019
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3dii

43

1
a =tan" ! (g) = 9,5°

The direction of motion of the particle will be 9.5° above the horizontal.

dy 1 10

dx 3 9

When ¢t = 0.15,x = 3 X 0.15 = 0.45

d—yzl—gxo.zls
dx 3 9
6 9
18 18
3
T 18
1
G

Let « = angle of projection

dy 1
tana = a = —g
a =tan~ ! (—1) = —9.5°
6

The direction of motion of the particle will be 9.5° below the horizontal.

To begin, x=05

Integrating, x = 5t+ C;

Whent =0, x =
Thus, C; =0
SO x = 5t

To begin, y=—10t
Integrating, y = —5t%+ C,
Whent=0, y=0

© Cambridge University Press 2019
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4b

4c

Thus, C, =0
SO y = —5t2 (2)
From (1):

X
— into (2):

Substituting t = c

=53

y=-z5*

2

Objectlandsaty = —20m
1
—-20 = —gxz

100 = x2

x=10m (asx > 0)

The object hits the ground 10 m from the base of the tower.

Object hits the ground when x = 10 m.
10
5
=2s
dy 2
ax - 5%
When x = 10,

dy 2
—=—-=x10
dx 5
=—4
Let @ = angle of projection
dy
t =—=—4
ana = -

a =tan"1(—4) = -76°

© Cambridge University Press 2019
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5a

5b

5c

The direction of the particle will be 76° below the horizontal.

Tobegin, % = 24cos30°=12V3
Integrating, x = 12V3t+C;
Whent =0, x=0

Thus, C; =0

SO x = 12v/3t (D

To begin, y = 24sin30°—-10t = 12 — 10t
Integrating, y = 12t —5t*+C,
Whent=0, y=0

Thus, C, = 0
SO y = 12t — 5t (2)
From (1):
X
1243
. . X .
Substituting t = 23 into (2):
r=12(50) 5 ()
12V3 1243
1 5
= ﬁx - mx

When the ball hits the ground, x = Dandy = —
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5D% — D—-2592=0

432+/3
3

5D2 — 144+/3D — 2592 = 0

5d Using the quadratic formula:

1443 + \/(144\/5)2 — 4% 5x (—2592)

D =
2X5

1443 +/62208 + 51 840
- 10

_ 14443 ++/114048
- 10

D = —-8.80r58.7

ButD >0soD = 58.7m.

6 To begin, x =V cos27°
Integrating, x = Vtcos27°+ C,
Whent =0, x=0
Thus, C; =0
SO x = Vtcos 27° (D

To begin, y =—Vsin27° - 10t
Integrating, y = —Vtsin27°—5t?+C,
Whent=0, y=0

Thus, C, =0

) y = —Vtsin 27° — 5t2
From (1):

_ X
" Vcos27°

Substituting (3) into (2):

© Cambridge University Press 2019
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X

X ) .
y=-v (V cos 27°) Sin27° =5 (V cos27°

= —tan27° 5x*

Y s A X Ty 082 27°
= tan 27° 5x*

y = Txan V2 cos?27°

6bi Sincey = —60 when x = 35,

60 = —35tan27° 5(35)2
B an V2 cos?27°
60 — 35tan27° = 5(35)2
an " V2cos227°
5(35)2
2 2 o
Vocos® 27 = e =35 tan 27°

) 5(35)2
~ €0s227°(60 — 35 tan 27°)

. 5(35)2
.| cos227° (60 — 35 tan 27°)

V =13.5m/s

The initial speed of the stone is about 13.5 m/s.

6b ii
dy 10x

— = —tan27°— —————
dx an V2 cos?27°

When the stone lands in the ocean, x = 35and VV = 13.5.

dy . tan 27° 10 x 35
dx an 13.52 cos2 27°

= —2.9285 ...

Let @ = angle of projection
d

tana = cd =-293
dx

a =tan"1(-2.93) = -71°
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7a

7b

The direction of the stone will be 71° below the horizontal.

_ tang gx*sec? 6
y = xtan VE
y = 0 when particle lands

2

0=xtanf — —
A T V2 cos? 6
_ xsin@ gx?

T cos® 2VZcos26

_ xsinf (2V?cos 6) gx?

2V?cos? 6 ~ 2V2cos? 6
0 2VZ%xsinf cos @ _ gx?
2V?2cos? 6 2V?2cos? 6
gx?—2V2xsinfcosf =0 (for non-zero range, cos @ # 0 and V # 0)

x(gx —2V?sinf cosf) = 0
x =0orgx = 2V%sin6 cos 8

x = 0 is not a feasible solution so

2V?%sin 6 cos 0
X =
g
V2 sin 20 _ _
X = T (as sin 26 = 2sin 6 cos )
_ . V?sin26 _
So the horizontal range is T as required.

V =30m/sand x = 75 m. Assume g = 10 m/s?.

o V?sin26
Substituting into x = T gives:
Jo _ 30%xsin26

a 10
o 75X 10
Sin = 302

© Cambridge University Press 2019 41



Chapter 10 worked solutions — Projectile motion

i 29—5
sin26 = =

20 =56.4°,123.6°

0 = 28.2°,61.8°
8a
— tano gx?sec? 6

y = x tan e
g

y =xtanf — V7028 sz
g

— =t 9 —

d an V2 cos26

dy
Vertex when — =0
dx

_ __9
0 =tan@ 72 COSZ‘9x
g
VZeoszg ™t~ N0
g _sin6

V2 cos? Hx ~ cosf
sinf VZ?cos?8

X
cos 6 g

V2 sin 6 cos 6
x=T wherecos 8 # 0

V2 X 2sin@ cos @
29
V2 sin 26 _ _ _
x = T (since sin 260 = 2cos 8 sin 0)
d’y g
dx?2 V2 cos?@

VV?sin 26

X =

Hence x = ———— gives the maximum turning point of the parabola.

2g
V?sin 26

Whenx = ————
en x Zg
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_(Visin20\ g (V?sin26\’
Y= 29 an 2V?2 cos? 6 29
V?sin 20 g V22 5sin 6 cos 0’

=(————|tanf —

29 2V?2 cos? 6 29
_ (V?sin@cos@ « sin @ g « V*45sin? @ cos? 9
B g cosf® 2V2cos?6 492
_ V?sin?6  V?Zsin’6

g 29
_ 2V?sin®6  V?sin’6
2 29
_ V?%sin®6
=~

Thus the coordinates of the vertex are (

8b V=20m/sandy = 15m

At the greatest height,
_ VZsin?6
y= 29
20)%sin% 0

15 = (20)“ sin

2x10
2g = 300
sin®6 = 255

3
sin? 8 = —
_ V3
sinf = i?

VZ

sin26 V?sin?6
29 ' 2g '

For angle of projection above the horizontal, sin 8 > 0.

So 6 = 60°.
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9a x =Vtcosa (D
y = —%gt2+Vtsina (2)
Rearranging (1):

R
" Vceosa

Substituting for t in (2):

1 X 2 X
—— 174 i
y ZQ(Vcosa) + (Vcosa)sma

2
- _2V2g:osza+( ; )sina

cosa
2
= —%+xtana
gx?sec’a
= —T+xtana
gx? (1 + tan? )
= — Ve +xtana

2yV2 = —gx? (1 +tan?a) + 2xV?tana
2yV? + gx? (1 + tan®?a) — 2xV2%tana = 0
2yV? + gx? +gx*tan® @ — 2xV%tana = 0

gx*tan? a — 2xV%tana + 2yV? + gx?) =0

9b V =200m/s
x =3000m
y =500 m
gx*tan?a — 2xV2?tana + 2y V2 + gx?) =0
(10)(3000)? tan? & — 2(3000)(200)? tan a + 2(500) (200)2 + 10(3000)2 = 0
90 000 000 tan? & — 240 000 000 tan a + 130 000 000 = 0
9tan’a — 24tana + 13 =0

Using the quadratic formula:

24 ++/242 — 4 x 9 x 13
2%9

tana =
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g 24 +£108
ana = 18
g = 2AE6V3
an a = 18

4443
tana =

3

4++3 4—+3

tana = or tana =

3
a = 62°22" or 37°5'

10a To begin, x = 34 cos O
Integrating, x = 34tcosf + (C;
Whent =0, x=0

Thus, C; =0

SO x = 34t cos 0
q B X

an " 34cosf

To begin, y =34sin6 — 10t
Integrating, y = 34tsinf — 5t% + C,
Whent=0, y=0

Thus, C, = 0

) y = 34tsin @ — 5t
Substituting (1) into (2):

2
y =34 (34 cxos 9) Sinf =5 (34 cxos 9)

( X ) N0 5x?

= sinf — ————

Y cos @O 1156 cos? 0
— tano 5x2% sec? 6

y=xtan 1156
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10b

11a

x=30m

y=11m

5(30)?sec? 0
1156

4500(1 + tan? 6)
1156

12 716 = 34 680 tan § — 4500 (1 + tan? )

11 =30tanf —

11 =30tan @ —

12716 = 34 680tan 8 — 4500 — 4500 tan? @
4500 tan’0 — 34 680tan6 + 17216 =0
1125 tan?6 —8670tan @ + 4304 =0

Using the quadratic formula:

8670 + ,/(—8670)% — 4 x 1125 x 4304
2 x 1125

8670 + /55 800 900
tanf = 5750
8670 + 7470
© 2250

1200 16140
~ 2250 °' 2250

ong 8 538
an —1501'75

0=t =8 t -1238
= tan 15 ortan 75
538

0 = arctan s or arctan LT

tanf =

tanf =

tan @

Initially, x=y=0, and, x=Vcos45°
To begin, X=0 To begin,

Integrating, x=10_; Integrating,

Whent =0, %=Vcos45°=-<  Whent =0,

vz
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.=
SO x—ﬁ(Z)

vt
\/_§+ C3

Whent=0, x=0

Integrating, x =

O=C3
_ve_vei
SO X=75=- (D

11b  From (1):

Substituting for t in (2):

—g (VZx\" VW2 V2Zx
y=—X + X
2 V 2 V

g
y = V2 +x
2
gx
y=x—"57 (3)

11c

S0 5/=—gt+%

tZ
L+ =

Integrating, y = +C,

5
Whent =0, y=0
O=C4_

_ ot velt
LR (g

SO

J &@OCOS 8)-—-é0§i.f@
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The coordinates of P and Q satisfy equation (3),

so 30sinf = 30c050—%x900c0529

and — 60sin6 = 60 cos 6 — % x 3600 cos? 6

30g cos? 8

so sin@ = cosf — 72

60g cos? 6

and —sin @ = cosf — 72

Dividing through by cos 9,

30g cos 6 60g cos 0

tanf =1 vz and -tanf = 1_T
30g cos @

SotanHzl—T (4)

60g cos 6
and tanf = vz

30g cos@ 60g cosb
Hence, 1 — 72 = 72 -

V2 —30gcosf = 60gcosf —V?
2V2 =90g cos @
= 45g cos 6

Substituting for V2 into (4):

30g cos 6
tanf =1 ————
45g cos 0
3
1
-3
1
6 =tan™'~
an”" 3
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12a x=Vtcosa (D
y = Vtsinoc—%gt2 2)
Rearranging (1):

X
~Vecosa

Substituting for t in (2):

2

1
y= V(Vc:sa)Sina_E‘g(Vc:sa)

2

(s -
cosa 2V2 cos? a
2
gx
= xtana ToV? cosZa 3)

y = 0 when particle lands, so

2

0=xt hd
=xtanqg - ————
2V2cos? a

: 2

xsina gx

cos@ 2VZ%cos?a

_ xsina (2V? cos @) gx?
2V2 cos? a 2V2 cos? a
0 2V2xsinacosa B gx?
2V2 cos? a 2V2 cos? a
gx? —2V2xsinacosa =0 (for non-zero range, cos 8 # 0 and V # 0)

x(gx —2V?sinacosa) =
x=0orgx = 2V%sinacosa
x = 0 is not a feasible solution so

2V?sina cos a

X =

g
V2 sin 2a _ _
x = T (as sin 2a = 2sin a cos @)
_ ~ VZ?sin2a _
So the horizontal range is T as required.
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12b  From (3) above,

2

X
y = xtana—%
2V?% cos® a
y = xtana — gx* xxtana
2V2 cos?a  xtana

gx? 1

— X
2V2 cos?a xtan a)

2V2 cos?a xsina

gx )
2V2 cosasina

gx
1 -
V2 sin Za)

1— x) ince R =
) sinceR =

(
y = xtana(1- gk )
(1~
(
(

V? sin 2a

g

12c  a = 45°, so the path of the equation is:

y=x(1-3)
X2
ory =x-——o

12ci Lety = 4, hence:
xZ

4= x——
TR

x> —Rx+4R =0

Since y = 4 corresponds to x = x; and x = x,,

x; and x, must be the roots of the equation x> — Rx + 4R = 0.
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12cii (xp —x1)% = (% + x1)? — 4xyx4
Hence,
6% = (xp + x1)% — 4(xx1)
36 = R? — 4(4R)
R?—16R—-36=0
(R—18)(R+2) =0
R =18,since R> 0

So the horizontal range, R, is 18 metres.
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Solutions to Chapter review

1la

1b

1ci

lcii

Initially, x=y=0, and, x=60cos40° y = 60sin 40°
To begin, Xx=0 (1)  To begin, y=-10 3)
Integrating, x=1C(; Integrating, y = —10t + C,
Whent =0, x = 60cos40° Whent =0, y = 60sin40°

60 cos40° = C; 60sin40° = C,
o) x =60cos40° (2) so y = —10t + 60 sin 40° 4)
To begin, x = 60 cos 40° To begin, y = —10t + 60 sin 40°

Integrating, x = 60t cos40°+ C; Integrating, y = —5t? + 60t sin40° + C,

Whent=0, x=0 Whent=0, y=0
0= C3 0= C4-
So x = 60t cos40° (5) so y = —5t2 + 60t sin 40° (6)

The particle returns to the ground when y = 0,
Substituting into (6):

0 = —5t? + 60t sin 40°

0 = —5t(t — 12sin40°)

t=0 or t = 12sin40° = 7.7 seconds

Particle returns to the ground at t > 0 seconds, so att = 7.7 seconds.

When t = 12sin40°, (5) becomes:
x = 720 sin 40° cos 40°
= 354.5m

The horizontal distance travelled by the particle is about 354.5 m.
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1ciii

Particle reaches greatest height when y = 0.

Substituting into (4):
0 = —10t + 60 sin 40°
10t = 60 sin 40°

t = 6sin40°

Substituting for t in (6):

y = —5(65in 40°)? + 60(6 sin 40°)(sin 40°)

= —180sin? 40 + 360 sin? 40°
= 180 in? 40°
=744 m

The greatest height reached by the particle above the ground is about 74.4 m.

2a Initially, x=y=0, and, x = 30cos60° y = 30sin 60°
x =15 y =153
To begin, =0 (1) To begin, y=-10 (4)
Integrating, x = C; Integrating, y = —10t + (5
Whent =0, x =15 Whent =0, y=15V3
15=06 15V3 = (5
s0 x =15 @) 5o y = —10t + 15V3 (5)
Integrating, x =15t + (; Integrating, y = —5t? + 15tV3 + C,
Whent =0, x=0 Whent =0, y =0
0=20_, 0=C,
50 x =15t 3 SO y = —5t% + 15t/3 (6)
Particle reaches greatest height when y = 0.
Substituting into (5):
0=-10t + 15V3
10t = 15V3
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2b

_3V3
)

Substituting for t in (6):

y=—5<3\/—> +15xi§><\/§

2 2
27 9
y=-5x T + 15 x 5
= —33.75+ 67.5
=33.75m

The greatest height reached by the rock above the point of projection is 33.75 m.

The rock will hit the ground when y = —40.
Substituting into (6):

—40 = —5t2 + 15tV3

5¢t2 — 15V3t —40 = 0

Using the quadratic formula:

15V3 + \/(15\/§)2 — 4 x 5% (—40)

t =

2x5
_ 15V3 £ V1475

B 10

_ 15V3+5V59

B 10

3V3—-V59 _ 3V3+59
=—ort=—7—"

2 2

t=-—1240r t=6.44
Since t > 0, the stone hits the ground when t = 6.44 seconds.

3v3 + /59

Whent =
en >

x = 15t becomes
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L 15(3v3 +V/59)

2
=96.58 m

The rock lands about 96.58 m from the base of the cliff.

2c The particle’s speed can be calculated by applying Pythagoras’ theorem to the
particle’s velocity vector.

Thatis v=xi+yj
v:=x%+y2

v=JETY?

From (2) and (5):

v = J152 + (=10t + 15v3)’

3v3 + /59

Whent =
en >

v = \/152 + (—10 (@) + 15\/§>

= J152 + (~15v3 — 5V59 + 15V3)°

=225 + 1475

=+/1700
=41.23m/s

The rock hits the ground at a speed of about 41.23 m/s.

3a Initially, x=y=0
. 14 i : 14
And x = 25cos (tan 1 5) y = 25sin (tan 1 5)
x =15 y =20
To begin, Xx=0 (1D To begin, y =-10 (3)
Integrating, x=20(; Integrating, y = —10t + C,

© Cambridge University Press 2019 55



Chapter 10 worked solutions — Projectile motion

3b

3c

3d

Whent =0, x =15 Whent =0, y=20

15=¢, 20 = G,
SO x =15 (2) SO y = —10t + 20 4
To begin, x =15 To begin, y =—10t + 20
Integrating, x = 15t + C, Integrating, y = —5t2 + 20t + C,
Whent=0, x=0 Whent=0, y=0

0=2Cs 0=20C,
So x = 15t (5) SO y = —5t? + 20t (6)

The particle’s distance can be calculated by applying Pythagoras’ theorem.

r? =x%+y?

r=,x%+y?
From (5) and (6):

r =/(15t)% + (-5t + 20¢t)2
When t =1,

r =152 + (=5 + 20)2
=225 + 225
450
= 15V2

The distance of the particle from point of projection after one second is 15v2 m.

=i+ ]
From (2) and (4):
v = 15i + (=10t + 20)j
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v? = 15% 4 102
v = /152 + 102
325
= 5V13 m/s
e 102
MY=1573

2
6 =tan™'—
an 3

3e Particle reaches greatest height when y = 0.

Substituting into (4):

0=-10t+ 20
10t = 20
t=2

Substituting t = 2 into (6):
y=-=20+40
=20m

So the greatest height, H, is 20 m.

Particle reaches the ground when y = 0.

Substituting into (6):

0 = —5t2 + 20t
5t2—20t =0
5t(t—4)=0
t=0ort=4

The particle reaches its horizontal range, R, at t = 4.

From (5):
x = 15 X 4 = 60,and hence R = 60
R 60

H 20
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SoR = 3H.

4a Initially, x=y=0, and,
To begin, X=0 (D
Integrating, x=1C(;
Whent =0, x=5V2
5\/§ - C]_
) x=5V2 (2)
Integrating, x = 5tV2+ C,
Whent =0, x=0
0 = CZ
) x = 5t\V2 3)
From (3):
X
5v2
Substituting for t in (6):
B 5( x )2 N 5x/2
Y 52 5v2
3 —5x? N
Y="50 7%
— 1 2 7
y=x-15% 7
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x = 10 cos 45°

x =5vV2
To begin,
Integrating,
Whent =0,
S0
Integrating,
Whent =0,
S0

y = 10sin 45°
y =52
y=-10 (4)
y =—10t + C,
y =52
5vV2 =G,
y=-10t+5v2 (5)

y=-5t2+5tv2+C,

y =—5t2+5tv2  (6)
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4b

4ci

4cii

Particle reaches the ground when y = 0.

Substituting into (7):

0 x
X770
x> =10x =0
x(x—10)=0

x=0o0rx =10

For horizontal range, x > 0,so x = 10 m.

By symmetry, the greatest height is reached at half the horizontal range

So, X =
From (7)
25
y=5-19
=25m

Hence the horizontal range is 10 m and the greatest height is 2.5 m.

From (7):
Y=X"10
When x = 8,
8 64
Y=°"10
=1.6m

The stone hits the wall at a height of 1.6 m.

From (7):
dy X
—Z =1-Z=
dx 5
When x = 8,
dy 3

dx 5
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3
5

4d i

4d ii

tanfg = —

3
— -1(_ —
@ = tan ( 5)

-1

The direction of the object when it hits the wall is tan % below the horizontal.

From (7):

ad +21=0
10~ =

x> =10x+21=0
(x=3)(x-7)=0
Sox=3o0orx=7

[t must be the case that x = 3 m since the object collided with the ceiling when
travelling up.

From (7):
dy x
dx 5
When x = 3,
dy 2
dx 5
tanf ==
2

= 1 _—

6 = tan z

1

The angle at which the stone hits the ceiling is tan™ é above the horizontal.
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5a Initially, x=y=0, and, x=24 y =18
To begin, Xx=0 @Y To begin, y=-10 3)
Integrating, x=1C(; Integrating, y = —10t + C,
Whent =0, x =24 Whent =0, y=18
24 =(; 18 = (;
) x =24 (2) SO y=-10t + 18 (4)
To begin, v=xi+yj

From (2) and (5): v =24i+ (—-10t+ 18)]_' = 24i+ (18 — 10t)]_'

5b  To begin, x =24 To begin, y=-—10t + 18
Integrating, x = 24t + (3 Integrating, y = —5t%+ 18t + C,
Whent=0, x=0 Whent=0, y=0

0=2Cs 0=0C,
so x = 24t (5) SO y = —5t? + 18t (6)
To begin, r=xi+yj
From (5) and (6): = (24t)i + (-5t* + 18t)j

= (24¢t)i + (18t — tz)]

5ci  Whent =0,
v =240+ 18j
2 =242 + 182
v = VI T 182
900
=30m/s

The initial speed of the particle is 30 m/s.
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5cii

S5ciii

6a

Whent = 4,

r = 96i + (72 — 80)j

r =96i — 8

Particle reaches greatest height when y = 0.

From (4):

0=-10t+ 18

10t = 18
t=1.8

Whent = 1.8,

r=43.2i + (324 - 16.2)]

r = 43.2i + 16.2]

Initially,
To begin,
Integrating,

Whent =0,

SO
Integrating,

Whent =0,

so
Whent = 2,
S0

From (2a):

From (3a):

x=y=0, and,
x=0

x =0

x =Vcosa

Vcosa =C;

x =Vcosa

x =Vtcosa + C,
x=0

0=20C,

x =Vtcosa

24+/5 = 2V cos a

Vcosa = 12V5
% =12v5
x = 12tV5
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x=Vcosa

(1)

(2a)

(3a)

(2b)
(3b)

To begin,
Integrating,
Whent =0,

S0
Integrating,
Whent =0,

S0
Whent = 2,
S0

From (5a):
From (6a):

y=Vsina
y=-10
y =-10t + C3
y=Vsina

Vsina = C3

y=—-10t +Vsina

y = =5t* + Vtsina + C,

y=0
0=C4

y = =5t? + Vtsina

28 =—-20+ 2Vsina

Vsina = 24
y = —10t + 24
y = —=5t% + 24t
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6b

6cC

7a

To begin, v = xi + yj
From (2b) and (5b):

= 12V5i + (—10t + 24)j

To begin, r = xi+yj
From (3b) and (6b):

= 12tV/5i + (=5t + 24t)]

The ball will be rising if y > 0 or falling if y < 0.

From (5b):

y=-10t + 24

Whent = 3,

y=-30+24

y=-6

Since y = —6 < 0, the ball must be falling.

Initially, x=y=0, and, x=Vcosf y=Vsina
To begin, Xx=0 (D To begin, y=-10 (€))
Integrating, x=1C(; Integrating, y = —10t + C3
Whent =0, x=Vcos@ Whent =0, y="Vsiné
VcosO =C; Vsinf = (s
SO x=Vcosf (2a) so y=—-10t+Vsinf (5a)
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Integrating, x =Vtcosf + C,

Whent=0, x=0

0=20_,
SO x = Vtcos@
Whent =3, 108 =3V cos®
SO V cosO = 36
From (2a): x =36
From (3a): x = 36t

To begin, v = xi + yj
From (2b) and (5b):
v =360+ (—10t + 15)j

V2 =362 + 152

V =362+ 152

1521
=39m/s
tan 6 15
N =36 T 12
0=t ‘15— t :
= {an 12 aran12

Integrating,

Whent = 0,

SO

Whent = 3,

o
From (5a):
From (6a):

7b Particle reaches greatest height when y = 0.

Substituting into (5b):

0=-10t+ 15
10t = 15
t=1.5

Substituting for t in (6b):

© Cambridge University Press 2019

y = =5t + Vtsin + C,
y=0

0=20C,

y = —5t? + Vtsin @ (6a)
0=-45+3Vsin6
Vsinf = 15

y =-10t + 15 (5b)
y = —5t? + 15t (6b)
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y =—11.25+ 22.5

=11.25m

The greatest height reached by the particle is 11.25 m.

8a V=5m/sandtana = 2ora = tan"12

For a right-angled triangle with angle a, opposite side is 2 units, adjacent side is
1 unit and hypotenuse is V22 + 12 = /5. Hence cos & = is and sina = =

X =5cosa

=2V5m/s

So g=\/§§+2\/§]_'m/s

V5 V5

Hence, the initial values are x = v/5 and y = 2+/5.

8b [nitially,

To begin,
Integrating,
Whent =0,
SO
Integrating,
Whent =0,
SO

x=y=0, and,
=0 (D)
X =C,

x =45
V5=¢
x=+/5 (2)
x =5t +C,
x=0

0=0C,

x =tV5 (3)
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x =45

To begin,
Integrating,
Whent =0,
SO
Integrating,
Whent =0,
SO

y =2v5

j=-10

y = —10t + C;

y =2v5

2V5 = C,

y = —10t + 2+/5

y = =5t2 + 2tV5 + C,
y=0

0=C,

y = —5t? + 2t\/5

(4)

(5)

(6)
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8c

8d

8e

From (6):

y = —5t% + 2t\/5

Whent =1,
y=-5+2V5
= —0.53

At one second, the apple would be below the height at which it was thrown.
However, since the apple is caught at the same height that it was thrown, it must
have been caught before one second. Therefore, it spent less than one second in
the air.

The apple reaches greatest height when y = 0.

Substituting into (5):

0= -10t + 2V5
10t = 2V5
L
5
Substituting for t in (6):
2

y= —5(?) +2\/§x§

= —1+2

=1

The greatest height of the apple above the point of release is 1 metre.

The apple lands when y = 0.
Substituting into (6):
0= —5t%+2tV5
t2 —2vV5t =0
t(5t —2vV5) =0

t=0ort =—
or c S
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For the flight of the apple,

A CHP
5 5
Substituting for t in (3):
x =V5X 2—\/5
5
xX=2m

Hence the horizontal distance travelled by the apple is 2 m.

8f Adam catches the apple at t = Zsﬁ seconds.

From (2): x=+/5

Substituting for t in (5): g
25
y=-10x—=+42V5
5 245 "
y = —4V5 +2V5
y =—-2V5 8
2 2 1.@
v? = (V) + (~2v5)
=v5+4+ 20
v=5m/s

So, the final speed is equal to the initial speed.

g —24/5
anf = ——
V5
—24/5
@ =tan | ——
%)
0 = tan"1(-2)
6 = —tan"12

The final and initial angles of inclination are equal in magnitude, though it is an
angle of inclination initially, and an angle of depression finally.
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8g

From (3):
.
V5

Substituting for t in (6):

= S(x)2+2><xxx/§
Y N N
= —x% 4 2x

= 2x — x?

Let  V be the initial speed of the projectile

Initially, x=y=0, and, x=Vcos26° y = Vsin 26°
To begin, X=0 (1) To begin, y=-10 (4)
Integrating, x =10(; Integrating, y = —10t + C3
Whent =0, x =V cos26° Whent =0, y=Vsin26°
V cos26° = C; V'sin 26° = (5
) x =V cos 26° (2) so y = —10t + V sin 26° (5)
To begin, x =V cos 26° To begin, y = —10t + V sin 26°
Integrating, x = Vtcos26°+ C, Integrating, y = —5t% 4+ Vtsin26° + C,
Whent =0, x=0 Whent=0, y=0
0=0C, 0=2C,
so x = Vtcos26° (3) so y = —5t? + Vtsin 26° (6)
From (3):

x
"= Veosze®

Substituting for t in (6):

e Sl + (g
Y= V cos 26° Vcos26°) >
—5x?

=— tan 26°
V2 cos? 26° +xtan

If the ball just clears the tree, it will reach a point where x = 30 and y = 12.
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12 = 5607 + 30 tan 26°
V2 cos? 26°
00 s 30tan 26
V2 cos? 26°
4500

= c0s? 26° x (12 — 30 tan 26°)

4500

2 — _
c0s226° x (12 — 30tan 26°)

- 4500
| c0s?26°x (12 —30tan 26°)
V=46 m/s

The initial speed of the ball is about 46 m/s.

10a Initially, x=y=0, and, x=Vcosf

Assuming x =Vtcos@
y= —%gt2 + Vtsin@

From (1):
R
" Vcos6

Substituting for t in (2):

1 ( X )2 Vxsin®

y=—§g V cos@ + V cos @

gx*
= T VZcosZd + xtan@

gx?sec? 6
= —T+xtan9

x?sec? 6
=xtanf — gT (3)
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(2)

y=Vsinf
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10b Ifinitially V = 25, then the particle passes through the point x = 30 and y = 6.
Substituting x = 30,y = 6 and g = 10 in (3):
10 x 30 sec? 6

6 =30tanf — > X 252

6 = 30 tan 8 — 9000 sec? 8
1250

6 = 30tan —w

30 = 150tan 6 — 36sec? 8
36sec?d —150tanf + 30 =0
6sec’ —25tanf +5 =10
Butsec?8 =1 + tan? 6
6(1+tan’6) —25tanf +5 =0
6+ 6tan’d —25tanf +5=0
6tan’f — 25tanf + 11 =0
(2tanf —1)(3tanf —11) =0

1
tan @ =§ or tan@ =?

1
Sof =tan"'= orf =tan 1 —

2
1 11
orf = arctani or 6 = arctan?
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11a Initially, x=y=0, and, x=15cos60° y = 15sin 60°
.15 15v3
X =—
2 2
To begin, X = (1D To begin, y=-10 (4)
Integrating, x =1C(; Integrating, y = —10t + C3
Whent =0, %== Whent =0, y =23
2 ’ 2
15
(=2 ) 3
50 X =3 SO y =—10t + % (5)
15
Integrating, x=—=t+C
& 8 2 2 Integrating, y = —5t% + %ﬁt +C,
Whent =0, x=0
Whent=0, y=0
0 = C2
0=0C,
15
SO ==t (3)
z SO y = =5t? + %ﬁt (6)
11b  From (3):
. 2x
15
Substituting for t in (6):
_ 5(2x 2+15\/_ 2x
Y==\1s 2 15
20x?
=~ 958 +V3x
S AN 7
= 45x 3x (7
11ci The ball will land when the equation of its path intersects with the equation of
the slope.
0 = 30°
tang = &
and = —
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V3

So the gradientis m = 3

3
Hence y = — x is the equation of the slope.

3
Equating with (7):

V3 4
?x——Ex 2 ++/3x

4 V3
42— -
45x V3x 3 X

\/_

—x = - assuming x # 0

45
4 3«5-v§

35X T T 3

45 23

X=—X—"
4" 3

15v3

X = 2

15V3
When x = —

_15V3 3
Y=o "3
15

y=7

Using Pythagoras’ theorem to calculate the distance up the slope:

=5 +(3)

_ |675 225
T2 T
225

=15m

The ball landed 15 m up the hill.
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11cii From (3):

. 2x
15
153
When x = ——,
2
2 15\/—
15 2
= /3 seconds

The time of the flight is v/3 seconds.
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