Chapter 1 worked solutions — Sequences and series

Solutions to Exercise 1A

1la

1b

2a

2b

2C

2d

2e

2f

2g

2h

Each term is 150 more than the previous term. The sequence is as follows:
850,1000,1150,1300, 1450, 1600,1750, 1900, 2050, 2200, 2350, 2500, 2650, 2800

Looking at the sequence from part (a), To = 2050.
Alex’s stamp collection first exceeded 2000 stamps after 9 months.

Each term is 10 more than the previous term. The sequence is as follows:
6,16,26,36,46,56,66

Each term is double the previous term. The sequence is as follows:
3,6,12,24,48,96,192

Each term is 4 less than the previous term. The sequence is as follows:
38,34, 30,26,22,18,14

Each term is half the previous term. The sequence is as follows:
24,12,6,3,1%3 2

2' I

Each term is the previous term multiplied by —1. The sequence is as follows:
-1,1,-1,1,-1,1,-1

Each term is squared. The sequence is as follows:
1,4,9,16, 25,36,49

Each term is of the form T,, = % The sequence is as follows:
1234567

AV A R R R

2°'3'4°'5°6 7°8

Each term is the previous term divided by —2. The sequence is as follows:
16,-8,4,-2,1,—=,~
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3a

3b

3c

3d

3e

3f

T,=5n—-2
T,=5-2=3
T,=10-2=38
T;=15-2=13
T,=20-2=18

T, = 5"
T,=5'=5
T, = 52 = 25
T, = 53 = 125
T, = 5% = 625
T, =6—2n
T,=6-2=4
T,=6—4=2
T, =6—6=0

T,=6—8=-2

T, =7 x 10"

T, =7 % 10 = 70

T, = 7 x 100 = 700

T, =7 x 1000 = 7000
T, =7 % 10 000 = 70 000

T, =n3
T,=13=1
T,=23=8
T, =33=27
T, = 4° = 64
T,=n(n+1)
T, =1(2) =2
T,=23)=6
T; =3(4) =12
T, = 4(5) =20
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3g

3h

43

4b

4c

4d

5a

5b

T ="

T, =(—Dt=-1
T,=(-1)%=1
T, =(-1)3=-1
T,=(—-D*=1
T =(=3)"

T, =(-3)!=-3
T, =(-3)2=9

T, = (=3)3 = =27
T, = (-=3)* = 81

Start with 11 as the first term, and add 50 to find the next term:
11,61,111,161

Start with 15 as the first term, then subtract 3 to find the next term:
15,12,9,6

Start with 5 as the first term, then double it to find the next term:
5,10,20,40

Start with —100 as the first term, then divide by 5 to find the next term:
—100,—20, —4, —g

Each term is 5 more than the previous term. The sequence is as follows:
7,12,17,22,27,32,37,42,47,52,57,62

Counting the number of terms:
7,12,17,22,27,32,37,42,47,52,57,62
5 terms are less than 30.

Counting the number of terms:
7,12,17,22,27,32,37,42,47,52,57,62
4 terms lie between 20 and 40.
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5c

5d

Se

5f

6a

6b

6¢C

7,12,17,22,27,32,37,42,47,52,57,62
The tenth term is 52.

37 is the 7th term.

This sequence is in the form: T, = 5n + 2

Put T, =87

Then 87 =5n+2
85 =b5n
n=17

Hence 87 is the 17th term.

This sequence is in the form: T, = 5n + 2
Put T, =201
Then 201 =5n+2

199 =5n

n =392
5

Hence 201 is not a term of this sequence.

Each term is double the previous term:
%, 1 § 3,6,12,24,48,96,192, 384,768, 1536

Counting the number of terms:

%, 1%, 3,6,12,24,48, 96,192,384, 768, 1536

10 terms are less than 400

Counting the number of terms:
%, 1 % 3,6,12,24,48,96,192,384,768,1536

3 terms are between 20 and 100.

384 is the 10th term.
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6d

6e

6f

7a

7b

7c

7d

192 is the 9th term.

Looking at the sequence:
YeS, Tg =96

Looking at the sequence:
No, 100 is not a term in the sequence.

T,=12+n

T,=12+1=13

T,=12+2 =14

T; =12+3 =15

T,=12+4=16

Ts =12+5=17

The first term is 12, and every term after that is 1 more than the previous one.

T,=4+5n

T,=4+5=9

T,=4+10=14

T3 =4+15=19

T, =4+20=24

Ts =4+25=29

The first term is 9, and every term after that is 5 more than the previous one.

T,=15—-5n

T, =15-5=10

T,=15-10=5

T3=15—-15=0

T,=15-20= -5

Ts =15-25=-10

The first term is 10, and every term after that is 5 less than the previous one.

T, =3 x 2"
T,=3x2=6
T,=3x4=12
T, =3x8=24
T, =3 X 16 = 48
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7e

7f

8a

8b

Ts =3%x32=96
The first term is 6, and every term after that is double the previous one.

T,=7%x(=D"

T, =7%x(-1Dt=-

T,=7x(-1)%?=7

T, =7%x(-1)3=-7

T,=7xX(-D*=7

Ts=7x%x(-1)%=—

The first term is —7, and every term after that is the previous one multiplied by
—1.

S

T, =80 x (5)
T1=80><(§)1=40
T2=80x(§)2=20
T3=80x(§)3=10
80><G)4=5
T, _80><(1)5=2§

The first term is 40, and every term after that is half the previous term.

T,=3n+1

Put T, =40

Then 40=3n+1
39 =3n
n=13

Hence 40 is the 13th term.

T,=3n+1
Put T, =30
Then 30=3n+1
29 = 3n
n = 9.666666 ....

Hence this is not a term in the sequence as 9.666666 .... is not an integer

© Cambridge University Press 2019 6



Chapter 1 worked solutions — Sequences and series

8c

9a

9b

T,=3n+1
Put T, =100
Then 100=3n+1
99 = 3n
n =33
Hence this is a term in the sequence as 33 is an integer.

T,=3n+1
Put T, =200
Then 200=3n+1
119 = 3n
n = 39.666666 ....
Hence this is not a term in the sequence as 39.666666 .... is not an integer.

T,=3n+1
Put T, =1000
Then 1000=3n+1
999 = 3n
n = 333
Hence this is a term in the sequence as 333 is an integer.

T,=10n—-6

Put T, =44

Then 44 =10n-—6
50 =10n
n=>5

Put T, =200
Then 200 =10n-6
206 = 10n
n=20—
10
Put T, =306
Then 306 =10n-—6
312 =10n
n=31=
Hence 200 and 306 are not terms in this sequence. 44 is the 5th term in the
sequence.

T, = 2n?

Put T, = 40

Then 40 =2n?
20 = n?
n=447214 ...
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9c

10a

10b

Put T,=72

Then 72 =2n?
36 = n?
n==6

Put T, =200

Then 200 = 2n?
100 = n?
n=10

Hence 40 is not a term in this sequence. 72 is the 6th term in this sequence, and

200 is the 10th term in this sequence.

T, =2"
Put T,=8
Then 8 =2"
n =log, 8
n=3
Put T, =96
Then 96 =2"
n = log, 96
n = 6.58496 ...

Put T, =128
Then 128 =2"
n = log, 128
n=7

Hence 96 is not a term in this sequence. 8 is the 3rd term in the sequence and

128 is the 7th term in the sequence.

T,=10n+4
Put T, <100
Then 10n+ 4 < 100
10n < 96
n<9.6
Hence there are 9 terms less than 100.

T, =10n+4

Put T, >56

Then 10n + 4 > 56
10n > 52
n>>52

Hence T, = 64 is the first term greater then 56.
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11a

11b

12a

12b

12c

12d

T, =2n-5
Put T, <100
Then 2n—5<100
2n < 105
n <52.5
Hence there are 52 terms less than 100.

T, =7n—44
Put T, > 100
Then 7n —44 > 100
n > 144
n > 20.57
Hence the first term greater than 100 is T,; = 103.

T, =5

T,=T,+12=5+12 =17
Ty =T, +12=17+12 =29
T,=Ts+12 =19 + 12 = 41

T, = 12
T,=T,—10=12—10 =2
T,=T,—10=2—-10 = —8
T,=T;—10=—-8—10 = —18

T, = 20

T. 1T L 20 = 10
= — = —X =
27217
T—lT 1><10—5
3_2 2_2 -
T—1T 1><5—2
472372 )
T, =1

T2=—T1=—1X1=—1
T3=_T2=_1X_1=1
T4=—T3=—1X1=_1
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13a

13b

13c

13d

14a

14b

14c

This is an AP as all terms have the same common difference, so
d=T,—-T; =21-16=5
TTl=Tn—1+d=TTl—1+5

This is a GP as all terms have the same common ratio, so
Tz 14 B

T, 7

Ty =1Th-1 = 2Ty

r =

This is an AP as all terms have the same common difference, so
d:Tz_T1:2_9:_7
Tn:Tn_1+d:Tn_1_7

This is a GP as all terms have the same common ratio, so

_T_ 4 _
TTT, T AT

Th=1Ty1=-Th

T; =sin90° =1

T, =sin180° =0
T3 =sin270° = -1
T, =sin360° =0

Terms are zero where n is even.

T; =cos90° =0

T, = cos180° = —1
cos270°=0
T, = cos360° =1

e
[

Terms are zero where n is odd.

T; = cos 180° = —1
T, = cos360° =1
T3 = cos540° = —1
T, =cos720°=1

No terms are zero.

© Cambridge University Press 2019

10



Chapter 1 worked solutions — Sequences and series

14d T, =sin180°=0

T, =sin360° =0
=sin540° =0
T, =sin720°=0

e
|

All terms are zero.

15a T, =n%?-3n
Put T, =28
Then n?—3n =28
n*>—3n-28=0
n-7)(n+4)=0
n=-—-4or7

Butn>1soT, =28

Put T, =70

Then n?—-3n=70
n?—-3n—-70=0
n—-10)(n+7)=0
n=10or -7

Butn>1so0T;o =70

15b T, =n%?-3n
Put T,<18
Then n?-3n< 18
n>—-3n-18<0
n—-6)(n+3)<0
—-3<n<6

Now n is an integer greater than or equal to 1.

1<n<5
So there are 5 terms less than 18.

16a T, =—x2"

Put T, =1

Then —x2" =121
32 2
2" =16
n==4

© Cambridge University Press 2019

11



Cambricloe

MATHEMATICS

Chapter 1 worked solutions — Sequences and series

16b

17a

17b

So T, =17

Put T, =96

Then % x 2" = 96
2" = 1024
n =10

SO TlO = 96

_ 3 _on
Tn—32><2

Put T,>10
Then 3—32><2">10

n > 106%

By trial and error the lowest integer solutionisn = 7.

So T, = 12 is the first term greater than 10

y=10x — 4
R
0 i 16\
y=2*1x3

(0,1.5)
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17¢ y =42 —4x

N

30

17d y=48x27*

30

20

17e Here T, = (—1)", but there is no curve and no real-valued function.
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17t y=x2

/

17g

17h  Here T, = (—2)°7", but there is no curve and no real-valued function.

18a T, +T,+Ts+T,

1 1 1 1 1 1 1 1

“17272737371717 5
1

=1_§

4
=3
T,+T,+--+T,

1 1 1 1 1 1
B R I

1

- _n+1
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_n+1—1
T on+1

18b T, =—-

n+1
_n+1—n
T nn+1)

_ 1
T n(n+1)

Put T, =

Then ! -1
nn+1) 30

30=n%+n
n?+n-30=0
n+6)(n—5)=0
n=-6orn=>5

1
ButhlsoT5=5

19a Tn = T

Put T,=09

Then ”Tl =09
n—1=09n
0.ln=1

n =10

SO T10 = 09

Put n = 0.99
Then — =0.99

n =100
SO T100 = 099
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19b T,p: T,
_n+1—1 n—1
T n+1  on

n _n—l
n+1 n

X
|3
|
IN)

X

|

19c szT3x...xTn=%x§x...

7
L

19d  Th41 — T
n+l1-1 n-1-1

n+1 B n—1
_n n—2
“n4+1 n—-1

_ nn-1) n-2)(n+1)
T+ Dm-1) m+Dmn-1)
_n(n—l)—(n—Z)(n+1)
- n+1)n-1)
nP-n—m*-n-2)
n+1)(n-1)
2

nz—1
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20a

20b

20c

20d

21

22a

F =1
F,=1
F=F+F=1+1=2
F,=F,+F,=2+1=3
Fe=F,+F,=3+2=5
F,=8

F, =13
Fy=21
Fy = 34
F,o = 55
F,, = 89
F,, = 144
L, =1
L,=3

Ly=L +L,=1+3=4
Ly=Li+L,=3+4=7
Le =L +L;=4+7=11
Ls = 18
L, =29
Lg = 47
Lo =76
Ly = 123
Ly, = 199
Ly, = 322

The sum of two odd integers is even, and the sum of an even and an odd integer

is odd.

The firstis 2,4, 6,10, 16, ...,

The second is 0, 2,2,4,6, ...,

Investigation question - answers will vary.

The 20th number is 10, and —20 is the 41st number on the list.
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which is 2F, ;.

which is 2F,,_;.

17



Chapter 1 worked solutions — Sequences and series

22b  Start by writing down the successive diagonals 1, 2, %, 3,%, %, 4,%, g, 14, ...

Then remove every fraction that can be cancelled because it has previously been
listed.

22c  The number x is not on the list because it differs from the nth number on the list
at the nth decimal place.

© Cambridge University Press 2019 18



Chapter 1 worked solutions — Sequences and series

Solutions to Exercise 1B

la Each term is 5 more than the previous term. The sequence is as follows:
3,8,13,18,23,28

1b Each term is 10 less than the previous term. The sequence is as follows:
35,25,15,5,-5,—-15

1c Each termis 1 % more than the previous term. The sequence is as follows:

41 67X 910 12
2 2 2

2a Start at 3 and add 2. The sequence is as follows:
3,5,7,9

2b Start at 7 and subtract 4. The sequence is as follows:
7,3,—1,—5

2c Start at 30 and subtract 11. The sequence is as follows:
30,19,8,-3

2d Start at —9 and add 4. The sequence is as follows:
-9,-5,-1,3

2e Startat 3 § and subtract 2. The sequence is as follows:

1 1 1 1
32,11,-2 21
2 2 2 2

2f Start at 0.9 and add 0.7. The sequence is as follows:
0.9,1.6,2.3,3.0

3a T,-T,=7-3=4
T3—-T,=11-7=4
Hence this sequence is an AP with a = 3 and d = 4.
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3b

3c

3d

3e

3f

3g

3h

3i

43

T,-T,=7—-11=-4
T3_T2=3_7=_4‘
Hence this sequence is an AP witha = 11 and d = —4.

T,—-T,=34—-23=11
Hence this sequence is an AP with a = 23 and d = 11.

T3=T,=(=7)—(=2)=5
Hence this sequence is an AP witha = —12and d = 5.

T,—T, =20 —(—40) =60
T; — T, = (—10) — 20 = —30
Hence this sequence is not an AP, as the differences are not all the same.

TZ_T1=11_1=10
T; — T, =111 -11 =100
Hence this sequence is not an AP, as the differences are not all the same.

T,—-T,=(-2)—-8=-10
Hence this sequence is an AP witha = 8 and d = —10.

T3 —T,=17-0=17
Hence this sequence is an AP witha = —17and d = 17.

T,—Ty=75-10 = -2
T;—T,=5-75=-2;

Hence this sequence is an AP witha = 10 and d = -2 %

a=7andd =6
T,=74+6(n-1)
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=74+6n—6
=14+ 6n

4b a=15andd = -7
T,=15-7(n—-1)
=15-7n+7
=22—-"7n

Ti1 =22—7x%x11=-55

4c a=10%andd=4
T, =10 +4(n—1)
=10;+4n—4

= 62+ 4n

Ty =65+4x11 =50~

5a a=1andd =4

T,=1+4(n—-1)

=1+4+4n—-4
=-3+4n

5b a=100andd = -7
T,=100—7(n—1)
=100—7n+7
=107 —7n

5c a=—-13andd =6
T,=-13+6(n—-1)
=—-13+6n—-6

=-19+6n

6a T,-T,=16—-6=10
T; =T, =26—-16 =10
Hence this sequence is an AP with a = 6 and d = 10.
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6b

6cC

7a

7b

7c

7d

Ty =6+ 10(9 — 1)

T, = 86

T,y = 6+ 10(21 — 1) = 206
Ty00 = 6 + 10(100 — 1) = 996

T,=6+10(n—1)
=6+10n—-10
=10n—4

T,-T,=11-8=3
T3—-T,=14—-11=3
Hence this sequence is an AP witha = 8 and d = 3.
T,=8+3(n—-1)
=8+3n-3
=5+3n

TZ_T1=15_21=_6
T3_T2=9_15=_6

Hence this sequence is an AP with a = 21 and d = —6.
T,=21-6(n—-1)

=21—-6n+6

=27 —-6n

TZ_T1:4‘_8:_4‘
T3_T2:2_4’:_2
Hence this sequence is not an AP, as the differences are not all the same.

Tz_T1=1—(—3)=4
T3_T2=5_1=4

Hence this sequence is an AP witha = —3 and d = 4.
T,=-3+4(n—-1)

=-3+4n-4

=4n—7
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7e

7f

78

7h

71

3 1
T,-Ti=3-12=1;

1 1
T3_T2=4Z_3=11

Hence this sequence is an AP with a = 1Zand d= 1%.
3 1
Tn = 1z+1z(n—1)
=13413p—-1-
4 4 4
=1in4:
4 2

=~ (2 + 5n)

T,—T, =-5-12=—17
T3_T2:_22_(_5):_

Hence this sequence is an AP witha = 12 and d = —17.
T,=12-17(n—-1)

=12—-17n+ 17

=29—-17n

T,—Ty=2V2—-V2=12

—T,=3V2-2V2=12
Hence this sequence is an AP with a = V2 and d = V2.
T, =V2 +V2(n—1)

=V2+m/2 -2

=nv2

T,-T,=4—-1=3

T3—-T,=9—-4=5

T,—T;=16—-9=7

Hence this sequence is not an AP, as the differences are not all the same.

T,—Ty=1—25=3
Ty—Ty=45-1=3

Hence this sequence is an AP with a = —Z%and d= 3%.
1,7
Tn = —25+E(n—1)
2 2 2
=ln—6
2
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8a

8b

8c

9a

9b

T, — T, = 160 — 165 = —5
Ty — T, = 160 — 165 = —5

Hence this sequence is an AP with a = 165 and d = —5.

T, =165—-5n—1)

=165—-5n+5
=170 —5n
Put T, = 40

Then: 40 =165—-5(n—1)
40 =165—-5n+5

40 =170 —-5n
130 =5n
n =26

There are 26 terms in the sequence.

PutT, <0

Then: 0> 165—-5(n—1)
0>165—-5n+5
0>170—-5n
5n > 170
n > 34

The first negative term is T35 = —5

TZ_T1=17_20=_3
Ty —Ty=14—17 = -3

Hence this sequence is an AP with a = 20 and d = —3.

PutT, <0

Then: 0>20-3(n—-1)
0>20-3n+3
0>23-3n
3n > 23
n>7.66..

Hence the first negative term is Tg = —1

T,—T, =79 —82=-3
Ty —T,=76—79 =—3

Hence this sequence is an AP with a = 82 and d = -3.

PutT, < 0
Then: 0> 82 —3(n—1)

© Cambridge University Press 2019

24



Chapter 1 worked solutions — Sequences and series

9c

10a

10b

0>82—-3n+3
0>85—-3n
3n > 85
n > 28.33..
Hence the first negative term is Tpg = —2

1 1
TZ_T1=24_24E=_E

1 1
Ty —T,=23-—24=—-

Hence this sequence is an AP with a = 24% andd = — %

PutT,, <0
Then: 0> 24%—%(71— 1)
0>24-—1p41
2 2 2
0>25--n
Zn>25
2
n > 50
Hence the first negative termis Ts; = —%

T,—T, =12 —10 =2
Ty—T,=14—12 =2

Hence this sequence is an AP witha = 10 and d = 2.

PutT, = 30
Then: 30=10+2(n—-1)
30=10+2n-2

30=8+2n
22 =2n
n=11

There are 11 terms in the sequence.

T2_T1=4‘_1=3
T3_T2=7_4‘=3

Hence this sequence is an AP witha = 1and d = 3.

PutT, = 100

Then: 100=1+3(n—-1)
100=1+3n-3
100=3n-—2
102 = 3n
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10c

10d

10e

n =34
There are 34 terms in the sequence.

T, —T; =100 — 105 = -5
T; —T, =95-100 = -5
Hence this sequence is an AP with a = 105 and d = —5.
PutT, = 30
Then: 30 =105—-5(n—-1)
30=105-5n+5
30 =110 —5n
—80 = -5
n =16
There are 16 terms in the sequence.

T,—T, =92-100 = -8
T;—T,=84—-92=-8
Hence this sequence is an AP with a = 100 and d = —8.
PutT, =4
Then: 4 =100—-8(n—1)
4=100—-8n+8

4 =108 —8n
—104 = —8n
n=13

There are 13 terms in the sequence.

1 1
T,—T, = (—105) —(-12) =11
1 1
Ty —T, = (=9) — (—105) =13
Hence this sequence is an AP witha = —12and d = 1%.
PutT, = 0
Then: 0=—-12+3(n—1)
0=-12+3n-2
2 2

3 27

0==n—=
2 2

3 27

2 2

n=9

There are 9 terms in the sequence.
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10f T,-T,=5-2=3
T3_T2=8_5=3

Hence this sequence is an AP witha = 2and d = 3.

Put T,, = 2000
Then: 2000 = 2 + 3(n — 1)
2000 =2+ 3n—3

2000=3n—-1
2001 = 3n
n =667

There are 667 terms in the sequence.

11la T,=7+4n
TL=7+4=11
T,=7+8=15
T; =7+12 =19
T,=7+16 =123

Hence this sequence is an AP witha = 11 and d = 4.

11b  Tys + Tso = (7 + 4 X 25) + (7 + 4 x 50)
=107 + 207
=314
Teo — Tos = (7 + 4 X 50) — (7 + 4 X 25)
=207 — 107
=100

11c 5T, +4T, =5(7+4x1)+4(7+4x2)
= 5(11) + 4(15)
=115
Ty, =7+ 4x%x27 =115
Hence, 5T; + 4T, = T,;.

11d PutT, = 815
Then 815 =7+ 4n
808 = 4n
n =202

Hence 815 is the 202nd term in this sequence.
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11e

11f

12ai

12aii

Put T,, = 1000
Then 1000 = 7 4+ 4n
993 =4n
n=248=
4

Hence the last term less than 1000 is T,45 = 999, and the first term greater than
1000 is Tp49 = 1003.

PutT,, > 200
Then 200 < 7 + 4n
193 < 4n

n > 48-
PutT,, < 300
Then 300 > 7 4+ 4n
293 > 4n
n< 73%

Hence, the terms T,q = 203, ..., T;3 = 299 are between 200 and 300. There are 25
terms between 200 and 300.

TZ_T1=16_8=8
T,—T—2=24—16=8

This is an AP withd = 8anda = 8

T,=a+ n-1)d
=8+8(n—-1)
=8+8n—8
= 8n

PutT,, > 500
Then: 8n > 500
n > 62.5
Hence the first term greater than 500 is Tg3 = 504

PutT, < 850
Then: 8n < 850
n < 106.25
Hence the last term less than 850 is T}, = 848

12aiii 106 — 63 + 1 = 44 gives 44 multiples of 8 between 500 and 850.
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12b

12c

13a

Considering the AP witha = 11,d = 11

T,=11+11(n—1)
T, = 11n

Put T, > 1000
11n > 1000
n > 90.9

Hence the first term above 1000 is Ty; = 1001

PutT, < 2000
11n < 2000
n < 181.81

Hence the first term below 2000 is T;g; = 1991

181 — 91 + 1 = 91 gives 91 multiples of 11 between 1000 and 2000

Considering the AP witha =7,d =7

T,=7+7(n—-1)
T,=7n

Put T, > 800
7n > 800
n > 114.28

Hence the first term above 800 is T;;5 = 805

Put T, < 2000
7n < 2000
n < 285.71

Hence the first term below 2000 is T,g5 = 1995

285 — 115+ 1 = 171 gives 171 multiples of 7 between 800 and 2000

T,=16anda =7
Putl6 =7+ (4 —1)d

16 =7+ 3d
9 =3d
d=73

The first four terms in the sequence are 7, 10, 13, 16.
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13b

13c

14a

14b

14c

14d

T;; =108 and a = 28
Put 108 = 28 + (11 — 1)d
108 = 28 + 10d

80 = 10d

d=8

Tyo = 28 + 8(20 — 1)
=180

T,o = —6anda = 32

Put—6 =32 + (20 — 1)d

—6 =32+ 19d

—38 =19d

d=-2

Ti00 =32 —2(100-1)
= —166

T, = 500

T, = T, + 300 = 500 + 300 = $800
T, = T, + 300 = 800 + 300 = $1100
T, = T; + 300 = 1100 + 300 = $1400

T,=a+n-1)d

=500+ (n —1)(300)
= 500 + 300n — 300
= 200 + 300n

Ty5 = 200 + 300(15) = $4700

T,=a+n-1)d

=500+ (n —1)(300)
= 500 + 300n — 300
= 200 + 300n

PutT, < 10000
200 + 300n < 10000

300n <9800
n < 32.666 ...
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15a

15b

15c¢

15d

16a

16b

So the maximum number of windows whose total cost is less than $10 000 is 32.

The track is 160 km before building resumes. It is 20 km longer one month later,
and each term is 20 km more than the previous term. The sequence is as follows:

180, 200, 220, ...

T, =180+ 20(n—1)
T, =180+ 20(12 - 1)
= 400
After 12 months, there is 400 km of track.

T, = 180 + 20(n — 1)

=180+ 20n — 20
=160+ 20n
Put T,, = 540
Then 540 = 160 + 20n
380 = 20n
n=19

[t took 19 months to complete the track.

A, = 2000 x 1.06 = $2120
A, = 2120 x 1.06 = $2240
As = 2240 X 1.06 = $2360
A, = 2360 x 1.06 = $2480

Put 4, = 2120
a+(1-1)d = 2120

a+0=2120
a=2120

Put A, = 2240

a+ (2 —1)d = 2240
2120 + d = 2240

d =120
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16¢

17a

17bi

Hence 4,, = 2120 + 120(n — 1) = 2000 + 120n
Thus 4;, = 2000 + 120(12) = 3340

PutT, > 6000

2000 + 120n > 6000
120m > 4000

n > 33.33

Hence, it will take 34 years before the total amount exceeds $6000.

f)=9f(2)=6f(3)=3
T,—T,=6—9=—3
I;—-T,=3-6=-3

This is an AP with a = 9, d = —3. Hence:
T,=a+n-1)d

=9-3(n—-1)
=9—-3n+3
=12-3n

Tz_le_l_(_3):2
T3—T,=1—(=1) =2

This is an AP with a = —3, d = 2. Hence:
T,=a+n-1)d

=-34+2(n—-1)

=-34+2n-2

=2n—>5

The linear function that generates this is f(x) = 2x — 5.
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17b ii

18a

18b

19a

This is an AP witha = 5x —9and d = (5x — 5) — (5x — 9) = 4. Hence:

T,=a+n-1)d
=5x—-9+(n—-1)x4
=5x—9+4n—-4

=5x+4n—13
Put T;; = 36
36 =5x+4(11) — 13
36 =5x + 31
5=5x
x=1

This is an AP witha = 16 and d = (16 + 6x) — 16 = 6x. Hence:
T,=a+n-1)d
=16+ (n—1) X 6x
Put Ty, = 36
36 =16+ (11 —-1) X 6x
36 =16 + 60x
20 = 60x
=3
This is an AP with a = log; 2 and
d =log;4 —log; 2
d =log;(2x2)—1log;2
d =logs 2 +log; 2 —logz 2
d =log; 2
Hence:
T,=a+n-1)d
=log;2 + (n—1)log; 2

=log; 2 +nlogz 2 —log; 2
=nlog; 2
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19b

19c¢

19d

19e

This is an AP with a = log, 54 and

d =log, 18 — log, 54

d =log, 18 —log,(3 x 18)

d =log, 18 —log, 3 —log, 18

d=—log,3

Hence:

T,=a+ n-1)d
=log, 54 + (n — 1)(—log, 3)
=log,(2 x 3%) + (n — 1)(—log, 3)

= log, 2 + 3log, 3 —nlog, 3 +log, 3

=log, 2+ (4 —n)log, 3

This is an AP with a = x — 3y and
d=2x+y)—(x—3y)
d=x+4y
Hence:
T,=a+n-1)d
=x—3y +(n—1D(x+4y)
=x—3y +nx+4ny —x — 4y
=nx+ (4n—7)y

This is an AP with a = 5 — 65 and
d=1+V5-(5-6V5)
d=—-4+7V5
Hence:
T,=a+ n-1)d
=5-6V5+ (n—1)(—4+ 7V5)
=5-6V5—4n+7V5n+4 —7V5
=9 —4n+ (7n — 13)V5

This is an AP with a = 1.36 and
d =-0.52-1.36
d =-1.88
Hence:
T,=a+n-1)d
=136+ (n—1)(—1.88)
= 3.24 —1.88n
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19f

20

21a

This is an AP with a = log, 3x? = log, 3 + 2log, x and
d = log, 3x — log, 3x?

d =log, 3 +log, x —log, 3 — 2log, x

d =—log, x

Hence:

T, =log, 3 + 2log, x + (n — 1)(—log, x)

T, =log,3+ (3—n)log, x

This is an AP witha = 100,d = —3.S0T,, = 100 + (n — 1)(—3) = 103 — 3n.
Put T2 < 400

(103 — 3n)2 < 400

10 609 — 618n + 9n? < 400

9n? —618n+ 10209 < 0

By the quadratic formula, the solutions to the equation 9n? — 618n + 10209 = 0
are:

618 + V6182 — 4 x 9 x 10209
n= 5% = 27.66,41

Thus, as we want the region of the parabola below the axis,
27.66 <n <41

So for integer solutions

28<n <40

Hence, the 13 terms T,g = 19, ..., Ty = —17 have squares less than 400.

f(x)=mx+>b

Whenx =1,f(1) =m+b;soT; =m+b
Whenx =2,f(2) =2m+b;soT, =2m+b
Firstterm:a =m+ b

Difference:d =2m+b—(m+b) =m
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21b

22a

22b

Ti=aandT, =a+d

For alinear function, f(x) = mx + b

Whenx =1,f(1)=m+b;soTy=a=m+borb=a—-—m
Whenx =2,f(2)=2m+b;soT,=a+d=2m+b

a+d =2m + b becomes:

m+b+d=2m+b>b

b+d—-b=2m—-m

m=d

So the gradient is d and the y-interceptisa —mora —d.

Take an arbitrary A and u. For T,, we have T,, = Aa; + (n — 1)Ad, and for U,, we
have U,, = ua, + (n — 1)ud;. Hence the sum of the sequences will be:

T, +U,
=la; + (n—1)Ad; + pa, + (n — Dud,
= (Aa; + pay) + (n — 1)(Ad; + udy)

This is the equation of an AP with a = Aa; + pa,, d = Ad; + ud,

A(1,0)hasT, =14+ (n—1)(0) =1andthusis1,1,1,...
A(0,1) hasT, =0+ (n—1)(1) =n—1andthusis0,1,2...
A(a,d) is:

T,=a+Mn—-1)d
a+0d+ (0+ (n—1)d)
=a(l+0d)+d(0+ (n—1)(1))
= aA(1,0) + dA(0,1)

Hence, T, is of the form A1A(1,0) + uA(0,1) where A = aand u = d.
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Solutions to Exercise 1C

1la

1b

1c

1d

le

1f

1g

1h

1i

2a

Each term is 2 times the previous term. The next three terms are:
8,16,32

Each term is é of the previous term. The next three terms are:

31,1
3

Each term is 2 times the previous term. The next three terms are:
—56,—-112,—-224

Each term is § of the previous term. The next three terms are:

—20,—4, —=
5

Each term is —2 times the previous term. The next three terms are:
—24,48,-96

Each term is —2 times the previous term. The next three terms are:
200,—400,800

Each term is —1 times the previous term. The next three terms are:
-5,5,-5

.1 .
Each term is — n of the previous term. The next three terms are:
101
10’ 100

J

Each term is 10 times the previous term. The next three terms are:
40,400,4000

Start with 12. Each term is 2 times the previous term. The sequence is:
12,24,48,96
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2b

2C

2d

2e

2f

3a

3b

3c

Start with 5. Each term is —2 times the previous term. The sequence is:
5,—10,20,—40

Start with 18. Each term is é of the previous term. The sequence is:

18,6,2,2
3

Start with 18. Each term is — % of the previous term. The sequence is:

18,—6,2,— 2
3

: : 1 : :

Start with 6. Each term is — > of the previous term. The sequence is:

61 _31 E )y E
2

4

Start with —7. Each term is —1 times the previous term. The sequence is:
-7,7,-7,7

T 1
2=2=2
Ty 8
R_8_,
T, 4

This is a GP witha = 4 and r = 2.

s 41
T, 8 2
T, 8 1
T, 16 2

Thisisa GP witha = 16 andr = %

s 6 3
T, 4 2
T, 4
Z2=-=2
T, 2

This is not a GP, as the ratios are not all the same.
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3d

3e

3f

3g

3h

3i

4a

T, -10 1
T, —100 10
T,  -100 _ 1
T, -1000 10

This is a GP with a = —1000 and r = %

T, -20 1
T, 40 2
T, 40 _ 1
T, -8 2

This isa GP witha = —80 and r = — %

T: 29
—3=—=1
T, 29
T; 29
—2=—=1
T: 29

This isa GP witha =29 andr = 1.

T, 4
L_%_4
T 1

This is not a GP, as the ratios are not all the same.

T; _ —14

= =1
T, 14
L_14 _ 4
T, -14

This isa GP witha = —14 and r = —1.

1
T3_g_1
T, 1 6
T, 1
T, 6

This isa GP witha = 6 and r = %.

T, =ar™?!
T,=5x23
=5x%x8
=40
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4b

4c

4d

4e

4f

5a

5b

T, = ar™ !

T, = 300 x (110)3

=300 X —
1000
10
T, =ar"?
T, = —7 x 23
=-7X%X8
= —56
T, =ar™?
3
T, = —64 X (5)
= —64 %=
8
= -8
T, = ar™ !
T, = 11 x (=2)?
=11x -8
= —88
T, = ar™ !
T, = —15 x (=2)3
T, = —15 x —8
T, = 120

T,=ar"1witha=1r=3
T, =1x 31 = 3n-1

T, =ar"twitha=571r=7
T,=5x7"1
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5c

6a

6b

6cC

7a

7b

7c

n-—1

T, = ar witha=8,r=§

T, =8x ()"

T:

E_2_,
T, 14
Y
T 7

Thisisa GP witha = 7 and r = 2.

T, = ar™ !
T, =7 x25
=7x32
= 224
Tgo = 7 X 2%
T, =ar™?
a=7andr =2
T, =7 x 271
T; _ 90
b

This isa GP witha = 10and r = —3.

T, =ar™?

T, = 10 x (=3)°
=10 x —243
= —2430

T, = 10 x (=3)2*
=10 x 324

T, =ar™?

a=10andr = -3
T, =10 x (=3)"!
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8a

8b

8c

8d

8e

T, 20
== 2
Thisisa GP witha = 10 and r = 2.
T, =ar™?
=10 x 2"1
Te =10 x 2°
=10 x 32
= 320
T3 20 1
T, 60 3

T, 60 1

T, 180 3
This is a GP with a = 180 and r = %

T, = ar™ !
= 180 x (g)n_1

T, = 180 X (g)5

1
=180 X —
243
_ 20
27
T; _ 100
T, 81
T, 81
T, 64

This is not a GP, as the ratios are not the same.

T3 _ 65 _ 13

T, 50 10
T, 50 10

T, 35 7

This is not a GP, as the ratios are not the same.

—:—:4-
T, 3
?:%:4
1 4

.. . 3
This is a GP with a =Zandr=4
T, =ar™?

=3 x4t

4
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3

T6 =-X 4’5
4
=%>< 1024
= 768
8f L_-12_1
T, -24 2
L_—24_1
T, —48 2
Thisisa GP witha = —48 and r = %
T, = ar™!
n-1
-0 ()
5
T, = —48 X (%)
= —48 x%
__3
-2
9a 1o -1
Ty 1
Thisisa GPwitha =1andr = —1
T, =ar™?
=1x (-1
=-1
9% Z==-2
T, -2
This isa GP witha = —2 andr = —2
T, =ar™?
=-2x(=2)"1
= (=2)"
Te = (—2)°
= 64
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9c

9d

9e

of

T, = ar™!

= —-8x (=3)"1
Te = —8 X (—3)°

= 1944
L_30__1
T, 60 2

Thisisa GP witha = 60 and r = —%

T, = ar™!
n-1
=60x(——)
2
N
T6=60><(—5)
_15
T8
T, _ 512 _ 1
T,  -1024 2

This isa GP witha = —1024 and r = —i

T, =ar™?
= ~1024 x (- %)n_l
T, = —1024 x (— %)5
=32

This is a GP with a = %andr = -6

T, =ar™?
— i _ayn—-1
=% (=6)
1
Te = rrRe (—6)°
= —486
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10a

10b

10c

10d

a=1landr =2

T, =ar™?
T, =2""1

64 =21

26 — zn—l

n—1=6

n=7

Hence there are 7 terms in this finite sequence.

a=—-landr =3

T, = ar™!
Tn — _3n—1
—-81 =-3""1
81 =31

34 — 3n-1
n—-1=4
n=>5

Hence there are 5 terms in this finite sequence.

a=8andr =5
T, =ar™?
T, =8x5"1
125000 = 8 x 51
15 625 = 51
56 — 5n—1
—1=6
n=7

Hence there are 7 terms in this finite sequence.

a=7andr =2
T, =ar™?
T,=7x2"1
224 =7 x 2n1
32 =2n1
25=2n—1
n—1=5
n==~6

Hence there are 6 terms in this finite sequence.
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10e

10f

11a

11bi

a=2andr =7

T, =ar™?
T,=2x7"1
4802 =2 x 771
2401 = 771

74- — 7n—1
n—-1=4

n =

Hence there are 5 terms in this finite sequence.

a= isandr =
T, =ar™?

_ 1 n—1
T, " X5
T,=5"2x5"1
T, =53
625 = 573
54 — 5n—3
n—3=4
n=7

Hence there are 7 terms in this finite sequence.

T, = 25r™"71

PutT, = 200

25741 =200

r3=28

r=2

T, =25

T, = 50
=100

T, = 200

T, = 400

T, = 96,a = 3

ar® =96

3r5 =96

r5 =32

r=2
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11bii T, = 0.001,a = 1000
r® =0.001
10007 = 0.001
r® =0.000 001
r==0.1

11biii Ty = 32,a = 32
ar® = —243
32r> = —243
.3
32

11bivT, =40,a=5

5r% = 40

ro=28

r=+V2

12a T, =50

T, = 100

T, = 200

T, = 400

T = 800

T, = 1600
a=50,r=ﬂ=&=2

T, 50

12b  PutT, = 6400

25 X 2™ = 6400
2" = 256
n=3~8

Hence Tg = 6400

12c  Tso X Tos = 25(2)5° x 25(2)?5 = 252 x 27% = 5% x 275
Tso + Tos = 25(2)%0 =+ 25(2)?5 = 22°
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12d

12e

12f

13

14a

14b

14c

15a

Ty X Ty = 25(2)% x 25(2) = 25 x 25 X (2)2° = 25 X Ty,

There are 6 terms, they are:

T, = 1600
T, = 3200
Ty = 6400
T = 12 800
T,o = 25 600
T,, = 51200

T;, = 25 x 212 = 102 400 whereas
T,; = 25 x 211 =51 200. Hence Ty, is the last term less than 100 000 and
Ti, = 102 400 is the first term greater than 100 000.

Start with 0.1. Each term is 2 times the previous term. The sequence is:
0.1,0.2,0.4, ...

Hence, thisisa GP witha = 0.1 andr = 2.

T101 is equivalent to the thickness from 100 successive folds.

T, = ar™ !

T101 = 01 X 2100
2100

Tip1 = ;- mm = 1.27 X 1023 km = 1.34 x 1010 light years

This is close to the present estimate of the distance to the Big Bang.
A, =P x1.07,4, =P x (1.07)%, A3 = P x (1.07)3

Thisisa GP witha = P X 1.07 and r = 1.07. Hence:
A, = (P x1.07) x (1.07)*1 =P x (1.07)"

By trial and error it will take 11 full years to double, 35 years to increase tenfold.

W1=20000><%=20000><0.8

W, = 20 000 X 80 X 80 =20 000 x (0.8)2
2= 100 ~ 100 '
80 80 80

= X X X
W5 =20 000 100 ~ 100 ~ 100

= 20000 x (0.8)3
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15b

16a

16b

16¢

17a

17b

Hence, by observation:

W, = 20000 x (0.8)"

The first term below $2000 is W;; = 1717.99, hence it takes 11 years for the
value to fall below $2000.

L o T _ 23 2 22 _ —
ThlslsaGPw1thr—T1—\/g—ﬁ— . =+/2and a = V6.

Hence Ty, = ar™* = V6(v2)" =2 (V2)" =v3(+2)"

.. . T, a?x3
This is a GP with r =T—2=? = ax?and a = ax.
1
Hence T, = ar™ ! = ax(ax?)" ! = axa™ 1x2"2 = g"x?n-1
.. . T 1 X
ThisisaGPwithr = 2= ——=2 anda = -
T]_ —; X y
n—-1 -1, \n-1 n-2
_on-1_ (_x\(Y _ (¥ y _ (Y . 2-nyn-2
HenceT, =ar = (=) () =-() () =-(G) =-"
v/) \x x x x

.. . T, 2x?
Thisisa GP withr == ==— = xand a = 2x.
T, 2x

Hence T, = ar™ ! = 2x(x)" 1 = 2x™
PutT, = 2

2x6 =2

x=1

x==1

This is a GP withr = :—i = i—z =x"2?anda = x*.
Hence T, = ar™ 1 = x*(x72)""1 = x*x272" = x6-2n
Put Tg = 3

4612 — 36

x—6 — 36

X6 — 3—6

= +=
X=33
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17c

18a

18b

27 2x -12+16 4 -16
m =2 =2 and a=2 X.

Hence T, = ar™™1 = 2716x(24)n~1 = 2716y 4n—4 = p4n-20y

This is a GP with r = % =
1

Put T6 =96
24620y = 96
2%x =96
16x = 96
x=6
L_Z_y3
T, 25 2

-1
E = 2_ =273
T, 22

-4
E = 2_ =273
T3 -1

Hence thisisa GP witha = T; = 25 andr = 273,

T, =ar™1

— 25 X (2—3)11—1
— 25 X 23—311

— 28—3n

T, — T,

= log, 24 — log, 96

= log, (3 x 23) —log,(3 x 2%)

log, 3 + 3log, 2 — (log, 3 + 5log, 2)
—2log, 2

=-=2

T, — T,

= log, 6 — log, 24

= log,(3 x 2) — log,(3 x 23)

= log, 3 + log, 2 — (log, 3 + 3log, 2)
—2log, 2

=-=2

Hence this is an AP with common ratior = —2 and a = T; = log, 96

T,=a+Mn—-1)d
=log, 96 + (n — 1)(-2)
=log,(3%x2%) + (n—1)(-2)
=log,3+5log,2—-2(n—-1)
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=log,3+5—-2n+2
=7—2n+log, 3

19a T, =f(1)=—x5' =2

T, = 2—i 52 =4
» = f(2) 25X

T, = 3—i 53 =20
3 =f(3) 25><

4
Ty =f(4) =5 x 5" = 100

4
T5=f(4)=—5><55=500

4
Tn=f(n)=g><5n

19bi Thisisa GPwitha =5,r = 15—0 = 2, hence:

T,=5x2"1
)
5
fl) =3 x2*

19bii

e
1 2 3 4 5%
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T, _ kb"
Tp_1  kbn—1

20a =b

Hence all terms have the same common ratio so this is a GP with a = kb® = kb
andr = b.

20b  Suppose that T, is a GP with first term a and ratio r. This means that T, = ar™
The exponential function f(x) = ar*~!is such that T,, = f(n).

20c

\(l.b)

@

_ f@) _ cb? _
2la a=f(1)=ch,r= T

First term is ¢b and common ratio is b.

21b  We know for a sequence with first term a and ratio r that
1 " a
T,=axXr"'"=axXx—=—-x1r"
ror

Hence a generating function for this sequence would be f(x) = % X ¥,
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22a

22b

Va
Vn—l
_ ThUn
" TueaUny

arn—lARn—l
= grn-1-1gpn-1-1

ar""lAR”_l
- ar"—2ARn-2

=1rR

Hence all term have the same common ratio of rR.

The first term is V; = T,U; = ar'"tAR'"! = qA.

Suppose that W, is a GP, then we have that:

WaWiiz = Wyr®

(ar™ 1+ AR ) (ar™?! + AR™1) = (ar™ + AR™)?

a’r?m™ + aAr™" IR 4+ gAr™tIRMT + A2R2?M = 292" 4 2aAr™R™ + A?R?"
aAr"T IR 4 gAr™tIR™L = 2qAr™R™

aAr™1R"1(R? + r?) = 2aAr™R"

. 5 2aAr™R"
N e L
R+ 71?2 =2rR

R>—2Rr+71%2=0

(R-7)2=0

r=R

Hence, if r = R then:

W, = ar™ ! + AR™1
=qr" !+ Ar"?

=(a+A)r™ ! wherea+A#0
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Solutions to Exercise 1D

la T,—T,=T;—T,
m—-5=17—-m
2m = 22
m=11

1b T,—-T,=T;—T,
m—32=14—m
2m = 46
m =23

1c T,—-T,=T;—T,
m—(—12) = (=50) —m
2m = —62
m=-31

1d T,-T,=T;—T,
m—(=23)=7-m
2m = —16
m=—8

le T,—-T,=T;—T,
22—m=32-22
22—-m =10
m=12

1f T,—-T,=T;—T,
—5—(-20) =m— (-5)
15=m+5
m =10

2a

SECENITN.
I o
w
(@)

I
o)
o
=

I
o)
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2b

2C

2d

2e

2f

3ai

1 Tz

g _ 3

8 g
g2=14-4-
g=12 or—12
T, _ T3

T_1_Tz

g _ —90
-0 g
g2=900

g =30 or—30
, T3

T,

g _ -2
-8 g
g2=196

g =14 or— 14
T, T3

T, T,
20 _ 80

g 20

20 _

i

4g = 20

g:

T, T3

T,

4 _ g

“1 4

g =-—16

I,-T,=T;:—-T,

x—4=16—x
2x = 20
x =10
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3aii

3bi

3bii

3ci

3cii

3di

T T3
T,
x_16
1 x
x* = 64
x=8or—8

x—1=49 —x
2x =50

x =25

T, T
LT,

x 49

1%

x? =49
x=7o0r—7

2x = 41
x=20-
2
L_Ts
X _ 25
16 x
x% =400
x =20 or—20

IL,-T,=T:—-T,
x—(-5)=-20—x
2x = —25
x=-122

2

© Cambridge University Press 2019

56



3dii

3ei

3eii

3fi

3fii

3gi

T T2

x __ —20
5 x

x? =100

x =10 or—10

TZ_T1=T3_T2
10 —x =50-10

10 —x =40
x = -30
L_T

T, T
10_ 50

x 10

o _

5x =10

X =

TZ_T1=T3_T2
12 —x=24-12

12 —x =12
x=0

T, _Ts
T1_T2
12 _ 2

x 12
i2_,

X

2x =12

X =
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3gii

3hi

3hii

3ii

3iii

3ji

Ty T,
it
x -1
R
X
x=1
T _T1=T3_T2

x =24
L_T
1 T
6 —12
PP
—2x =
x=-3

TZ_T1=T3_T2
30—20=x-30

10 =x—30
x =40
T, T3
T
30 x
20 30
900
~ 20
x =45

T,—T,=T;—T,
24 — (—36) =x— 24
60 = x — 24

x = 84
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. T, _ T
3jii e

3kl TZ_T1=T3_T2

3kii

3]1 TZ_T1=T3_T2

3lii ===

4a T,=7+(Mn—-1)d

Put T, = 42
7+ (6—1)d = 42
7 + 5d = 42

5d =42 —7
5d = 35

d=7
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4b

4c

T,=7+7(n—1)

T,=7n
T]_ = 7
T, = 14
T, = 21
T4 = 28
T5 == 35
T6 = 4’2
T, = 27rm1
PutT4 =8
8 =27r*1
8 =27r3
8
3 —
Y
_ 2
73
T, =27
T, = 18
T3 = 12
T4_ = 8

T, = 48 + (n — 1)d
PutTs = 3

3=48+ (5—1)d
—45 = 4d

d= 111
B 4

1
T,=48-117(n—1)

T, = 48
T, = 36>
4
T, = 252
2
T, = 142
4
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4d

5a

T5 - 3

T, = 48r™1
Put T5 = 3

3 = 48r>71
1

i1

16

1

=+—

2
When r =%
Tn = 3(2)71—1
T, =48
T, = 24
T3 = 12
T,=6
T5 = 3
Whenr = —%
T, = 3(=2)n 1t
T1 = 4‘8
T, = =24
T; =12
T4 = _6
T5 == 3

T,=a+ n-1)d
Tio = 18 gives 18 = a +9d (1)

T,o = 48 gives 48 = a + 19d (2)
Subtract (1) from (2):

30 =10d

d=3

Substitute d = 3 into (1):
18=a+9x3

a=-9
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5b

5c

6a

6b

T,=a+(n-1)d
Ts = 24 gives 24 = a + 4d

To = —12 gives —12 = a + 8d

Subtract (1) from (2):

—36 = 4d

d=-9

Substitute d = —9 into (1):
24=a+4x-9

a =60

T,=a+n-1)d
T, = 6gives6 = a + 3d
T, =34 gives34 =a + 11d

Subtract (1) from (2):
28 =8d
d=3-=

2
Substitute d = 3 % into (1):
6=a+3x3
a=—42

2

Te _ar®' _ar® 3

T3 ar3 1 ar?

Ts 128
T, 16
r3=28
r=2

T;=ar®l=ar?=a(2)? =4aandT; = 16

4a =16

a=4

To _ar® _ar® _ 4
T, ar2-1 ar
T, 27
—=—=281

T, 1

r* =81
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6c

7a

r=3o0or—3
Whenr = 3,
Ts = ar® ! =ar® =a(3)®> = 243aand Ty = 27
243a = 27
1
a=-
9

Whenr = -3,

Te =ar® ! =ar®=a(-3)° = —243aand T, = 27

—243a = 27
1
a=-—-
9
To _ar® ! ar® 4

Ts ar5~1  art

Ty 24 _

Ts 6
rt=4
r=+2or—2
When r = 2,

4
Ts=ar>t=ar*=a(v2) =4aandT; =6

Ts=arS' =ar* =a(—v2)' =4aandT; = 6
4a =6

3
a=-
2

T,=a+n-1)d

T; =7gives7 =a+ 2d (D
T, =31gives31=a+6d (2)
Subtract (1) from (2):
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24 =4d

d=6

Substitute d = 6 into (1):
7=a+2X6

a=-5
Tg=—-5+7%6=237

7b T,=a+n-1)d

d=-7

Tip =3gives3=a+9x-7
3=a-63

a=66

T, = 66 —7 = 59

7c T, =ar™?

r=2
T, = 6 gives6 = a x 2°
6 3
a=—=—
32 16
3 3
T2:—X21:—
16 8

8a 3" > 1000000

In3™ >1n1 000 000
nln3 >1n1000 000
In1000 000

In3
n > 12.575...

n>

The smallest integer solution is n = 13.

8b 5" < 1000000

In5™" <In1 000 000
nln5 <1In1000 000
In1 000 000

In5
n < 8.584 ...

n<

The largest integer solution isn = 8.
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8c 7™ > 1000000 000

In7" >1n1 000 000 000
nln7 >1n1000 000 000
In1 000 000 000

In7
n > 10.64 ...

n>

The smallest integer solutionisn = 11.

8d 12™ <1000 000 000

In12™ <In1 000 000 000
nln12 <In1000 000 000
In1 000 000 000

In12
n < 8.339 ...

n<

The largest integer solution isn = 8.

9a —2=2=2and 2=3=2
T, 2 T, 4
Hence the sequence is a GP withr = 2 and a = 2.
T, =ar™1
T,=2x2"1
=21 x 2n-1
=n

9b T, < 1000000
2™ < 1000000
log,, 2™ < log;, 1 000 000

nlogqo 2 < log;,1 000 000
1 < 108101000000

logio2
n < 19.93..

Hence there are 19 terms less than 1 000 000.

9¢c T, < 1000000000
2" < 1000 000 000
logo 2™ < logy, 1 000 000 000

nlogq 2 < log;,1 000 000 000
1 < 108101000 000000

log10 2
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9d

9e

of

10a

n < 29.8973 ...
Hence there are 29 terms less than 1 000 000 000.

T, < 1020
2" <1020
logo 2™ < log;, 102°

nlogo 2 < 20
20

logio2
n < 66.43 ...

Hence there are 66 terms less than 10%°.

Using the answers to parts b and c, there are 10 terms between 1 000 000 and
1000000 000.

Using the answers to parts c and d, there are 37 terms between 1 000 000 000
and 102°.

L_1_1
T, 98 7

1 1n—1
Thisisa GPwitha = 98,7 =2so T, = 98(3) .

T, > 107

n-1

1

98 (7) > 1076

(1)"‘1 . 1076
7 98

| (1)"‘1 | 1076
n 7 > |In 98

-6

1
(n— 1)ln7> In

98
plo—® )
n—-1< 1—918 (Note that ln; < 0, hence we must reverse the sign)
nt
7
n—1<946..
n < 10.46 ..
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Hence there are 10 terms greater than 10°.

10b Z2=-=-
5

1 -1
This isa GP with a = 25, r =§50Tn =25 (E) .

T, > 107

n-1

25 (1) > 1076
5

1\t 107
(E) T

1! 1076
In (E) > In—g
1 -6
(n— 1)ln§ > In R
| 107°
n—1< 25
ln1
5
n—1<10.58...
n < 11.58...

Hence there are 11 terms greater than 107°.

10c ==—=09

Thisisa GP witha = 1,7 = 09s0 T, = (0.9)" 1.

T, > 1076
(09" 1> 10"
(n-1)In0.9>1n10"°

L < In10~¢
n In0.9
n—1<131.13..
n<132.13..

Hence there are 132 terms greater than 107°.
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11a

11b

12a

12b

This is a GP with T,, = 0.97™, where T, is the intensity of the light, and n
represents the number of sheets of glass.

For 50 sheets of glass:
Tso = 0.97°° = 0.22 or 22%

Hence the light’s intensity is reduced by 1 — 22% = 78% after passing through

50 sheets of glass.

T, < 0.01
0.97" < 0.01
In(0.97™) < In(0.01)

nIn(0.97) <In(0.01)
In(0.01)

1n(0.97)
n > 151.19...

T152 - 0.97152 - 0975 %

Hence a minimum of 152 sheets of glass are required to reduce the light’s

intensity to below 1%.

T6+T8:44
a+(6—-—1)d+a+(8—-1)d =44
2a + 12d = 44 1)

T10+T13=35
a+(10—-1)d+a+(13—-1)d =35
a+9d+a+12d =35

2a +21d = 35 )
9d = -9 (2)—(1)
d=—1 (3)

2a +12(-1) =44 (3)in(1)
2a =56
a=28

Soa =28andd = —1.

T2+T3=4'

ar’ T+ar31=14
arl +ar®? =4

ar(1+r)=4 (D)
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12c

13a

13b

T4+T5 - 36
ard +ar* =36

ar3(1+71r) =36 (2)

r2=9 )+
r=43
Whenr = -3, 3)
a(=3)(1-3)=4 (3)in(1)
6a =4

B 2
=3
Whenr = 3 (4)
a(3)(1+3)=4 (4)in (1)
12a =4

B 1
=3
Soa==-andr =—-3,ora==-andr =3

T4_+T6+T8:_6

As thisisan AP, Tg = T + 2d and T, = T¢ — 2d, hence

3T, = —6
T6=_2

T,—T,=T;—T,

17— (x—1)=(x+15) - 17
18—x=x—-2

2x =20

x =10

The numbers are: 9,17, 25.

T,-T,=T;—-T,

(x—4)—-2x+2)=5x—(x—4)

—x—6=4x+4
5x = —-10
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x=-2
The numbers are: —2,—6, —10.

13c TZ_T1=T3_T2
5-x—-3)=(2x+7)-5

8—x=2x+2
3x=6
x=2

The numbers are: —1,5,11.

13d TZ_T1=T3_T2
x—Bx—-2)=(x+10) — x

—2x+2=10
—2x =8
x=-4

The numbers are: —14, —4, 6.

14a ===

11 1
The numbers are: — 21575

14p B-L

T; T

5—x 2

2 2—x
G-x2-x)=4
10 —7x +x?> =4
x2—7x+6=0
x—-1Dx-6)=0
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x=1lorx=6
When x = 1, the numbers are: 1, 2, 4.

When x = 6, the numbers are: —4, 2, —1.

15ai T, - T, =T;—T,
24 —x =96 — 24
24 —x =72
x = —48
The numbers are: —48, 24, 96.

.. T, T

15aii =2 =2
Ty T
24 9
x 24
24
_:4
X
4x = 24
XxX=6

The numbers are: 6, 24, 96.

15bi T, =T, =Ts — T,
— 0.2 = 0.00002 — x
2x = 0.200 02
x = 0.100 01

The numbers are: 0.2,0.100 01, 0.000 02.

15bii 2=2
T, T,
X _0.00002
02  x
2 =0.000 004

x = 0.002 or — 0.002

The numbers are: 0.2,0.002,0.000 02 or 0.2, —0.002, 0.000 02.

15ci T, —-T, =T;—-T,
0.2—x=0.002-0.2
—x = —0.398
x = 0.398
The numbers are: 0.398,0.2,0.002.
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15cii 2 =2
Ty T,
02 _ 0.002
x 02
%2 _0.01
X
0.01x = 0.2
x =20

15di

15dii =
T

15ei

15eii

The numbers are: 20, 0.2,0.002.

TZ—T1=T3—T2
x+D)-((x—-49)=k+11)—(x+1)
5=10 FALSE

Hence, these numbers cannot form an AP.

x+1 x+11

x4 xt1
x+Dx+1)=x+11)(x—4)
x> 4+2x+1=x%+7x—44
2x+1=7x—44

5x =45

x=9

The numbers are: 5, 10, 20.

T,-T,=T;—T,
x+2)—-(x—2)=0GBx—-2)—-(x+2)
4=4x -4

4x =8

x=2

The numbers are: 0, 4, 8.

n T
x+2 _ 5x-2

x-2 x+2
x+2)(x+2)=(0GBx—-2)(x—2)
x>’ +4x+4=5x>—-12x+ 4

0 = 4x? — 16x

0=x%—4x

0=x(x—4)
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x=0orx=4
The numbers are: —2,2,—2 or 2,6, 18.
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15fi T,-T,=T;—T,
x—(\/§+1)=(\/§—1)—x
2x =25
x=+5
The numbers are: V5 + 1,v5,v/5 — 1.

15fii 2=2
n T
x _ V5-1
V5+1 x
x2 = (V5 +1)(V5—1)
x>=5—-1=4
x=-—-2o0r2

The numbers are: V5 + 1,—2,vV5 — 1 orvV5 + 1,2,V/5 — 1.

15gi T, —T,=Ts—T,
x—VZ=+B-x
x—V2=2V2—-x
2x = 32
x=%\/§
The numbers are: \/Z%\/Z\@

T3
1 Iz
X _¥8
N
V2 X8
V16

4
—2o0r2

The numbers are: V2, —2,v8 or v2, 2, V8.

T
15gii e

NN

X
x?
x
X =

15hl TZ_T1=T3_T2
x—2%=26—x

2x = 2% 4+ 2°
2x =80
x =40

The numbers are: 24, 40, 2°.
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15hii

15ii

15iii

16a

16b

T, T3
T
x 26
2¢  x
X2=210

x =2%or—2°
The numbers are: 24,25, 26 or 24, —25, 2°,

T,—-T,=T;—T,
x—7=-7—x

x=0

The numbers are: 7,0, —7.

L_T
1 - T2
x _ —7
? T x
x% = —49 This is a false statement.

These numbers cannot form a GP.

For a GP:

Ts B T,

T, T

1 _ b

b a

a = b? (1)
For an AP:

I;-T,=T,—-T
100—a=a-b»

2a—b—-10=0 (2)
2b2—=b—10=0 (1)in(2)
(2b—5)(b+2) =0

2
Henceb=5=21anda=(5) =6-orb=—-2anda=(-2)2=4
2 2 2 4

For a GP:
Ts T
T, T
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17a

17b

a+b
1

a’+ab=1 (1D
For an AP:

1
T a

I;-T,=T,—-T;
1 1

a—b—§=§—b
a=1 (2)
1+b=1 (2)in (1)

b=0
Hencea=1,b=0

For an AP, the terms must be of the form

T,=x—d
T, =x
T,=x+d

as given.
For a GP:
L_TI

T, T

x x+d
x—d  x

Z=(x—-d)(x+d)

x2 = x2 — g2

0= —d?
d’>=0
d=0

Hence T; = T, = T3 = x so all terms are the same.

In an AP:
T1=a
T4_ = a+3d

© Cambridge University Press 2019

77



Chapter 1 worked solutions — Sequences and series

17c

18a

T7=a+6d

SoT, - T, =T, — Tyand thus T}, T, and T, form an AP as they have the same

common difference.

In an GP:

T1:a

T, =ard

T, = ar®

T, ar® r®
—=—=—=7
T, ar3® 7r3

T, ar® 13
—=—=—='r3
T a 1

T, T .
So T—7 = T—" and thus Ty, T, and T, form a GP as they have the same common ratio.
4

1

For an AP, the terms must be of the form:

T, =a
T2:a+d

To form a GP, terms must have the same common ratio so
a+ 3d _a+t d

a+d a

ala+3d) = (a+d)?

a’ + 3ad = a? + 2ad + d?
ad —d?>=0
dla—d)=0
Henced = 0 ora = d.

If d = 0, then the AP sequence is constant.
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18b

18c

Ifa=dthenT, =a+ (n—1)a = na = nT; and so the terms are positive integer
multiples of the first term.

For an AP, the terms must be of the form:

T1=a
T2=a+d
T5=a+4'd

To form a GP, terms must have the same common ratio so
a+4d _a+t d

a+d a

ala+4d) = (a+d)?

a’ + 4ad = a® + 2ad + d*

2ad —d* =0

d2a—d)=0

Henced = 0 ord = 2a.

If d = 0, then the AP sequence is constant.

Ifd =2athenT, =a+ (n—1) X2a = (2n— 1)a = (2n — 1)T, and so the terms
are odd positive integer multiples of the first term.

For an AP, the terms must be of the form:

T, =a
T, = ar
T, =ar?

To form an AP, terms must have the same common difference so
ar3—ar=ar—a

—r=r—-1

r3—-2r+1=0

r-1D@*-r—-1)=0

Hencer =lorr2—r—1=0

Using the quadratic formula:

© Cambridge University Press 2019 79



Chapter 1 worked solutions — Sequences and series

18d

19a

_ 1412 4D
- 2

_1+45
2

Sor =1, —+ \/— ———\/—

For the GP:

T,=a, T, =ar,T; = ar?

Si=a, S;=a+ar,S3=a+ar +ar?

However, each term is one more than the sum of all the previous terms.

T,=arandT, =1+S;=14+asoar=1+a

orr =% (D

a
T, =ar?andT; =1+S,=1+a+arso
re=14a+ar (2)
Substituting (1) into (2):

1+ a\? 1+a
ax( > =1l4+a+ax

a
(1+a)?
T=1+a+1+a

(1+a)?>=a(2+2a)
1+ 2a+a?=2a+2a?
1=a?
a==1
Substituting in (1):
1+a 1+1

Whena=1r=—=—7—=2

a 1

1+a

Whena = -1,r = — = 1_;11 = 0 (Not possible values for the GP.)

SotheGPis1,2,4,8, ..

The square of any real number cannot be negative so (a — b)? > 0.
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19b

19c

20a

20b

20c

(a—b)? =0
a?—2ab+b%*=0

a? — 2ab + b? + 4ab = 0 + 4ab
a’? + 2ab + b? = 4ab

(a + b)? = 4ab

a+b=2Vab

1
E(a+b) > 2ab

mz=g

Henceg <m

Set a = 1 for both sets of sequences som = %(1 +b)orb=2m-—1
Ifm=1theng=%(1+1)=1andb=2><1—1=1.

Hence we have that 1, 1, 1 is trivially an AP and a GP.
1fm=5theng=§(1+5)=3andb=2><5—1=9.

Hence we have that 1, 5, 9 is an AP whilst 1, 3, 9 is a GP.

Put T13 = %Tl
12 _

1
ar’® =-a

1
12 _ =
TE3

1
r= G) ? (taking r > 0 as pipes do not have negative lengths)

Ty = ar’ =T, ((%)%>7 =T, (%)% = 0.667T, = 2T,

4

Ty =ar* =T, (3) = 079371, = T,
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20d

20e

© Cambridge University Press 2019

1\12
z)
n 3
212 =12

By trial and error, the closest integer solution is n = 6 so the sixth pipe is about
three-quarters of the length of the first pipe.

PUtT, =T,

By trial and error, the closest integer solution is n = 4 so the fourth pipe is about
five-sixths of the length of the first pipe.

2 1\1z . -8
Ty =ar? =Ty (5)* = 0.89087T; =27,

) Nz 17
T,=arl =T, (E) =0.9439T, = —T,



Chapter 1 worked solutions — Sequences and series

21a-d

21le £0TM = 90° because it is an angle in a semi-circle, so OT is a tangent.

As OT is a tangent, it follows that ZOTA = £0BT as angle of a triangle inscribed
in a circle is equal to the angle formed by the opposing chord and tangent.
£BOT = £AOT as they are the same angle. Hence OAT and OTB are equiangular
and thus similar. As OAT and OTB are similar triangles, by the equal ratio of

sides in similar triangles % = %. Thus OT? = 0OA X OB.
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Solutions to Exercise 1E

1la

1b

1c

1d

2a

2b

S,=3+5+7+9=24

S,=2+6+18+54 =80
1 1 3

Si=2+1+-+5=3>

S,=32—-16+8—4=20

1—2+4+3—4+45 — 6: by alternating positive and negative numbers

The sums are:

n 4 5 6
T, —4 5 -6
Sn -2 3 -3
81+ 27+ 9+ 3+ 1,5:dividingby 3
The sums are:
n 4 5 6
T, 3 1 1
3
1
Sn 120 121 121§
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2C

2d

3a

3b

3c

30+ 20+ 10+ 0— 10 — 20 : subtract 10

The sums are:

n 4 5 6
T, 0 —10 —20
S, 60 50 30

0.1+ 0.01+ 0.001 + 0.0001 + 0.00001 + 0.0000001 : dividing by 3

The sums are:

n 4 5 6
T, 0.0001 0.00001 0.000001
Sn 0.1111 0.11111 0.111111
n 1 2 3 4 5 6 7
T, 2 5 8 11 14 17 20
Sn 2 7 15 26 40 57 77
n 1 2 3 4 5 6 7
T, 40 38 36 34 32 30 | 28
Sn 40 78 114 | 148 | 180 | 210 | 238
n 1 2 3 4 5 6 7
T, 2 —4 6 -8 10 | —-12 | 14
Sn 2 -2 4 —4 6 —6 8
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3d

4a

4b

4c

4d

4e

4f

4g

4h

4i

4]

4k

4]

Yo_12n=2(1)+2(2) +2(3) + 2(4) + 2(5) + 2(6) = 42

Yo _B3n+2)=5+8+11+14+17+20=75

Y7 _(18=3n) =9+ 64340+ (=3) = 15

Y8 _ n2=52+4+62+7%+82=174

ond=13+23+3%+43=100

Yo 02 =20421 422423 +2%+25=63

4 ,3"=3243%+3%=117

YLD =D+ D24+ (DR = (D 41+ (D 4+ (D) = -1

DT = EDCHED A+ CDFE =W D+ (D =0

Y054 =4+4..4=101x4 =404

ro(-D*(n+5)=5-6+7-8+9=7

t (D" (n+5)=-5+6—-7+8-9=-7
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5a By looking at the diagram, it forms the shape of a square. The area of a square,
with side length n, is n2. Consequently, applying this logic, as the formation of the
first n odd positive integers forms a square, the sum of them, which is equivalent
to the area of the square, is n®.

5b The way to calculate the sum is using the equation below:
Sum = total elements in main diagonal + half of remaining elements
By looking at the picture,
Total elements in matrix: n?

Total elements in main diagonal: n

n®>—n
Sum=n+
2
_2n+n2—n
B 2
_n2+n
2
—1 +1
=n(n+1)
5C T1:1
T2:T1+2:3

T,=T,+3=6
T,=Ts+4=10
Te=T,+5=15
To=Ts + 6 =21

T, =Ts+7 =28

Ts =T, + 8 = 36

To =Ty + 9 = 45
T,o =Ty + 10 = 55
Ty, = Ty + 11 = 66
Ty, =Ty +12 =78
Tys =Ty, + 13 =91
T,s = Tys + 14 = 105
Tys = Tya + 15 = 120
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6a

6b

6c

6d

7a

7b

T, 1 3 5 7 9 [ 11 [ 13
S, 1 4 | 9 |16 | 25 | 36 | 49
T, 2 4 [ 8 [ 16 | 32 | 64 [ 128
S, 2 6 | 14 | 30 | 62 | 126 | 254
T, | -3 -5 7] -9 [-11]-13]-15
S, | =3 | -8 [ -15] —24 | -35 ] —48 | —63
T, 8 | -8] 8 ] -8] 8 | -8] 8
S, 8 0 8 0 8 0 8
n 1 2 3 4 5 6 7 | 8
T, 1 1 1 2 3 5 8 | 13
S, 1 2 3 5 8 | 13 | 21 | 34
n 1 2 3 4 5 6 7 8
T, 3 1 3 4 7 | 11 | 18 | 29
S, 3 4 7 | 11 | 18 | 29 | 47 | 76
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8a

8b

8c

9a

S, =3-1=2
S,=32-1=8

S;=33-1=26
S,=3*-—1=280
Se =35—1=1242

T,=S, =2
T,=S,—-S,=8-2=6
Ty=S,—S,=26—8=18

T, =S, —S; = 80 — 26 = 54
Ts =Ss — S, = 242 — 80 = 162

Spg=3""1-1

Th =S — Sn—1
=@ -1 -G -1
— 3n _ 3n—1
=3""1(3-1)
=2x3n1

S, =10

S, = 30

Ss =70

S, = 150

Se =310

Tl == Sl == 10

T,=S,—S; =30—10 = 20
T, =S;—S, =70 — 30 = 40
T, =S, — S; = 150 — 70 = 80
Ty = Ss — S, = 310 — 150 = 160

S, =10(2"1 = 1)

T, =5,— 51
=10(2"—-1) — 10(271—1 -1
=10(2" -1 - 21 4 1)
=10(2™ — 2n—1)
=10 X 2"‘1(2 -1)

10
=—x2™"(1
- X 2"(1)

=5x2"
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9% S, =16
S, =96
S, = 496
S, = 2496
Se = 12496
T, =S, =16

T,=S,—S, =96—16 =80

Ty = S; — S, = 496 — 96 = 400

T, =S, — S; = 2496 — 496 = 2000
Ts = Sc — S, = 12496 — 2496 = 1000

Sp_q = 45"t = 1)

T, =S5, —Sh-1
= 4(511 -1) - 4(5n—1 -1
= 4(5” —1-5"14 1)

=4(5n_5n—1)
=4x5"1(5-1)
=4 x5"1(4)
=16 x 571
3

9¢c Sl—z

oI5

27 4

o 63

37 4

o 255

T g

o _ 1023

5T 4

T—S—3

1= 1_4

T, =S S 15 3—3
2 — Y2 1= 4_ 4_

e g 63 15_
3 — Y3 2_4_ 4

g g 255 63 _

o g 1023 255_192

Sn-1=7(4" =)
T, =5, —Sn-1
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1 n—1 1 n—1
A CAREY Rl C Al

_l 4" —1 _1 4n—1_1
=7 (4" =1~ ( )

1 n n—1
=5 @ —4")
1 n-1
=247 -D
= 4""2(3)
=3 X 472

10a T,=S,—S, .
=3n(n+1)-3(n—-1D(Mn-1+1)
=3n(n+1)—-3n(n-1)
=3n(n+1—(n—1))
= 3n(2)
=6n

T1=6,T2=12,T3=18

10b T,=5,—S,,
=5n—n* —(GBn-1)—(n-1)3

=5n—-n?-(5(n—1) — (n® —2n+ 1))

=5n—-n?—(Gn-5-n?2+2n-1)
=5n—n?—(-n?+7n-6)
=6—2n

T1:4',T2:2,T3:0

10c T,=S8,—S-1
=4n—-4(n-1)
=4
T,=4T,=4T;,=4

10d T,=S,—S,,
=n3-—(n-1)>3

=(n-(m-D)@+n(n-1)+(@n-1?)

=m?*+n?—-n+n*-2n+1)
=3n?2-3n+1
T1=1,T2=7,T3=19
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10e T, =S, — Sp_s
=1-37"—(1-3"Y)
=1-3"—(1-3t")
— 31—n _ 3—n
=3"(3-1)
=37"(2)
=2x3™"

11a 20 nd

11b ¥R, -

1lc  X22,(n+2)
11d 3%, 2"

11 Y. (-D™

(¢]
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11f Y0 (-D*nor Y12, (-1 n

1Za T1=Sl=1+4'+3=8

T,=58,—S8-1
=n’+4n+3-(n—-1?*+4(n—-1) +3)
=n’+4n+3-Mm? -2n+1+4n—4+3)
=2n+3 forn=>2

12b T,=S,=73'—4)=—

Th =Sn—Sn1
=7(3"—4) - 7(3n—1 —4)
— 7(31’1 _ 31’1—1)
=7X 311—1(3 -1
=7X 3n—1(2)
=14 x3"1 forn=>2

12c Ty=5 =1

Th =S — Sn1

_1 1

n n—-1
n—1 n

:n(n—l)_n(n—l)

-1
= D forn = 2

12d T;=85,=1+1+4+1=3
T, =S5, —Sh-1

=n+n+n—-(n—-13+(—-1%+n-1))
=3 +n?+n-m-D((n-1D*+n-1D+1)
=¥ +n?+n-m-1D"*-2n+14+n—-1+1)
=¥ +n?+n—-m-1DN*-n+1)
=nd+n?+n—-m3-n?+n—-n?+n-1)
=3n’-n+1 forn>1

The formula holds for n = 1 when §;, = 0.
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13a

13b

13c

14a

14b

14c

Tl = Sl = 21 = 2
T, =5, —Sh-1
— Zn _ Zn—l
=212 — 1)

=2""1 forn>2

T, 2 2 4 8 16 32 64

Sn 2 4 8 16 32 64 | 128

The derivative of e* is the original function e*. Remove the initial term 2 from
the sequence in part b, and the successive differences are the original sequence.

T, 214 8 |16 |32 | 64

Sn 48|16 |32 |64 | 128

S,—T,|2|4] 81632 64

n-m-12=n3-m3-3n2+3n+1)=3n>-3n+1

T1=Sl=13=1
Th =S — Sn—1
=n3-—(n-1)>3

=3n?-3n+1 forn>2

U, =T, =1,

Up=Th41 — Ty
=Bn+1?-3n+1)+1)—Bn?-3n+1)
=Bn?+6n+3-3n—-3+1)—Bn?2-3n+1)
= 6n forn>2
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14d

14e

15a

15b

S, |1/6(12]18|24 |30

The derivative of x2 is the quadratic 3x2, and its derivative is the linear function
6x. Taking successive differences once gives a quadratic, and taking them twice
gives a linear function.

le 1)_1 1+1 1+ 1 1 1 1 11 1 10
r r+1)" 1 2 2 3 Tl 111l 111
r=

1
VE+1+Vk

B 1x (Vk+1-+k)

- (VE+1+VE)(VE+1-k)
Vk+1-vk
T k+1D) -k
W vk

CEFT- R

1
g;@?T+JE

Z(W VE)

—J'xf+v_ V2 +V4-V3+V5-V4..+V16-V15
=V16-V1

=4-1

=3
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15c¢

= Z Z(rs + 2rs + 3rs + 4rs)>

1 \s=1

=Z 24:7"5(1+2+3+4)>

r=1 \s=1
4 4
= Z Z 10r5>

— Z(1or(1) +107(2) + 10r(3) + 10r(4))

ZlOr(1+2+3+4)

Z 100r

= 100(1) +100(2) + 100(3) + 100(4)
= 1000
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Solutions to Exercise 1F

1 S, =2+5+8+11+14+ 17 + 20
S, =20+17+14+114+8+5+2
28, =7 %22 =154

g _154_77
7_ 2 -
2a n =100

1
Sp==n(a+1)

2
a=1,1=100

1
S100 = 5 X 100(100 + 1) = 5050

2b n=>50
Sp==n(a+1)
a=11=99

1
Ss0 =5 X 50(99 + 1) = 2500

2C n =50

1
Sp==n(a+))

2
a=2,1=100

1
Sso =5 X 50(100 + 2) = 2550

2d n =100
1
Sp = En(a +1)

a=3,1=300
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1
Sig0 =5 X 100(300 +3) = 15 150

2e n=>50
1
Sp==n(a+1)
2
a=101,1 =199

1
Sso = X 50(101 + 199) = 7500

2f n = 9000
1
Sp==n(a+1)
2
a =1001,1= 10000

1
S100 =5 X 100(100 + 1) = 49 504 500
3a Sg=3x6(10+5 x 10) = 3(60) = 180

3b  Sg=5x6(16+5Xx2)=3(26) =78

3¢ Sy = % X 6(—6 + 5% —9) = 3(51) = —153

3d S = % X 6(—14 45 x —12) = 3(=74) = —222

4a a=2,d=3

1
Sz = > X 12(4+ 11 x 3) = 6(37) = 222
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4b

4c

4d

4e

4f

5a

5b

a=40,d =-7

1
S,1 == %21(80 + 20 x =7) = 10.5(—60) = —630

2

a=—-6d=4

1
Sa00 =5 X 200(=12 + 199 x 4) = 100(784) = 78 400

a=33,d=-3

1
Sa3 = X 23(66 + 22 x ~3) = 11.5(0) = 0

a=-10,d =2.5

1
S13 =5 X 13(~20 + 12 X 2.5) = 6.5(~10) = 65

a=10.5,d =-0.5

1
Sao =5 X 40(21 + 39 x ~0.5) = 20(1.5) = 30

150 = 50 + (n — 1)1

100=n-1

n =101

S101 = 50.5(50 + 150) = 50.5(200) = 10 100

92 =8+ (n—-1)7

84_ 1
7—n
n=13

S;5 = 6.5(8 + 92) = 6.5(100) = 650
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5c

5d

5e

5f

6a

60 =—10+ (n—1)7

S;1 = 5.5(=10 + 60) = 5.5(50) = 275

301=4+ (n—1)3

297 _
3 =n

n =100
S100 = 50(4 + 301) = 50(305) = 15 250

51.5 = 6.5 + (n — 1)4.5

s_
45 "
n=11

S;1 = 5.5(6.5 + 51.5) = 5.5(58) = 319

2 1 2
135— —1§+ (Tl— 1)15

> _ 1

5T

3

n=10

S —5( 11+132)—5(121)—612
10— 3 3) 3/ 3

1000 =2+ (n—1)2

n =500

Sc00 = 250(2 + 1000) = 250(1002) = 250 500
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6b

6cC

6d

7a

7b

7c

3000 = 1000 + (n — 1)1

2000=n-1

n = 2001

S,001 = 1000.5(1000 4+ 3000) = 1000.5(4000) = 4 002 000

S0 =5 X 40(2 + 39 x 4) = 20(158) = 3160
Sy, = % X 12(20 + 11 X 20) = 6(240) = 1440

This is an AP witha = 5and d = 10 — 5 = 5. Hence:
n
S, = E(Za + (n—1)d)

=2 (2(5) +5(n - 1)
- 2(10 +5n—5)

“l5+s
= n)

This is an AP witha = 10and d = 13 — 10 = 3. Hence:
n
Sy = E(Za + (n—1)d)

= 5(2(10) +3(n-1)

n
=§(20+3n—3)

n

This is an AP witha = 3and d = 7 — 3 = 4. Hence:
n
Sp = E(Za + (n—1)d)

= 2(2(3) +4(n—1))

n
=§(6+4n—4)

n
=§(2+4n)

=n(l+ 2n)

© Cambridge University Press 2019 102



Chapter 1 worked solutions — Sequences and series

7d

7e

7f

8a

This isan AP witha = —9and d = —4 — (—9) = 5. Hence:
S, = g(Za +(n—1)d)

=2 (2(=9) +5(n - 1))
= %(—18 +5n—5)

- g(Sn —23)

This is an AP witha = 5and d = 4%— 5= —%. Hence:
n
Sp = E(Za + (n—1)d)

=g<2(5)+ (—%) (n— 1))

_n(lo n+1)

2 2 2
n

=Z(21—n)

This is an AP witha = (1 —+v/2)andd = 1 — (1 — +/2) = V2. Hence:

S, = g(2a+ (n - 1)d)
=%(2(1 ~V2) +V2(n - 1))
=2(2- 22+ /7 -2)
:g(“nﬁ—s@

n positive integersare: 1 +2 +3 + 4 ....
a=1,d=1

n
Sp = E(Za + (n—1)d)

n
=E(2+(n—1))

1
== 1
2n(n+ )
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8b Odd positive integersare: 1 +3 +5+ 7 + -
a=1d=2

S, = %(2a +(n—1)d)

n
=E(Z+ (n—-1)2)

1
=En(2+2n—2)

1
= En(Zn)

:n2

8c Positive integers divisible by 3are:3+6 +9 4+ 12+ 15+ ---

a=3,d=3

S, = g(Za + (n—1)d)

=g(6+ (n—1)3)

1
= En(Bn + 3)

—En(n+ )

8d 0dd positive multiples of 100 are: 100 + 300 + 500 + 700 + ---

a =100,d = 200

n
Sp = E(Za + (n—1)d)
n
= 5(200 + (n—1)200)
1
= 5 (200 + 200n — 200)

1
= En(ZOOn)

= 100n?
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9a

9b

9c

10a

10b

15X0+15%x2+15%x4+15%x6+15%x 8+ 15 % 10 = 450

. 45 :
The mean number of legs is % = 5. No creature has this number of legs.

1200 x (22 + 100 x 30 + 60 = 16 860 years

His earnings are a GP with a = 28 000, r = 1600 and n = 10. Hence:

a(r™—1)
=TTy
~28000(1600*° — 1)
- 1600 — 1
= $352 000

When k = 1:a = 598
When k = 200: 1 = 200
200 =598+ (n —1)(-2)

398_
-2 =n

n =200
S»y00 = 100(598 + 200) = 100(798) = 79 800

Whenk =1:a =90

Whenk =61:1=-90
—90=90+ (n—1)(—3)

S, = 0.5(90 — 90) = 0.5(0) = 0
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10c

10d

11a

When k = 1: a = —47
Whenk =40:1=70
70 =47+ (n—1)3
117

—_—=n-—-

3
n =40

Seo = 20(—47 + 70) = 20(23) = 460

When k = 10:a = 53
When k = 30:1 = 153
153 =53+ (n—1)5

100
— =n-1

5
n=21

S,1 =10.5(53 + 153) = 10.5(206) = 2163

For the AP:
a =log, 2
d =log, 4 —log, 2
= log, 22 — log, 2
= 2log, 2 —log, 2
= log, 2
For the last term:
T, = log, 1024
a+ (n—1)d =log, 1024
log, 2+ (n—1)log, 2 = log, 1024
nlog, 2 = log, 1024
nlog, 2 = log, 21°
nlog, 2 = 10log, 2
n =10
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1
Sy = En(a +1)

1
S0 = 3 x 10 X (log, 2 + log, 1024)

= 5(log, 2 + 101log, 2)
=5x%x11log, 2

= 55log, 2

11b  For the AP:
a = logs 243
d = logs 81 — logs 243
= logs 3* — logs 3°
= 4logs 3 — 5logs 3
= —logs 3
For the last term:

~ 1085543

a+(n—1)d =log5m

logs 243 + (n — 1)(—logs 3) = logg 37°
logs 3% + (n — 1)(—logs 3) = logs 37°
5logs 3 + (n — 1)(—logs 3) = —51logs 3
(n—1)(—logs3) = —101logs 3
n—1=10

n=11

1
S, = En(a +1)

1
511 = 2 X 11 X <10g5 243 + IOgS 243)

11
== (logs 243 — logs 243)

=0
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11c

For the AP:
a = log, 36
d = log, 18 —log, 36

1 18
= 108y 36

_Ogbz

= —log, 2
For the last term:
9
T, = logy, 8

9
a+(n—1)d=logb§

9
log, 36 + (n — 1)(—logy, 2) = log,, 3

9
(n —1)(—logy, 2) = log, 5= log;, 36

9
(n —1)(—logy, 2) = log, (5 + 36)

1
(n — 1)(—log, 2) = log, 37

(n — 1)(~log, 2) = log, 27°
(n—1)(—logy, 2) = —5log, 2
n—1=5
n==~6

1
S, = En(a +1)

1 9
Se = > X 6 X (logb 36 + log,, §)

9
=31 (36 X —)
08» 3

81
= 3log, (7)

= 3 (log, 81 — log, 2)
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= 3 (log, 3* — log, 2)
= 3 (4logy, 3 — logy, 2)

11d For the AP:

27
a= logxg
9 27
d= logxz — logx?
9 27
d = logs (4 N ?)
9 8
d = logx (4 27)
2
d= logx§

1
Sp = En(Za + (n—1)d)
1 27 2
Si0= 3 X 10 X (2 logx§+ (10-1) logxg)
27 2
=5 (2 logxg + 9log, §)
27\° 2\°
=51(log, (?) + log, (5)

36 2°
=5 (logx %6 + log, §>

= 5 (log, 23 — log, 3%)
= 5 (3log, 2 — 3log, 3)
= 15 (log, 2 — log, 3)
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12a S, =>(a+D)

10
—5 == 7(—23 + l)

—1=-23+1
| =22

12b S, =§(a+l)

40 1
28 =—(a+8—>

2 2
28 _ .1
20 27°3

81
=207 °2

=-71

12¢ S, = §(2a + (n—1)d)

348 = 2(2(5) + (8 —1)d)
87 =10+ (8 — 1)d

87 =10+7d
7d =77
d=11

12d S, = §(2a + (n—1)d)
15 2
—-15 =7(2a+(n—1)7)
-2 = (Za + (15— 1)3)
7

2= (Za +(14) ;)

—2=2a+4
2a+4=-2
2a =—6
a=-3
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13a

13bi

13bii

13c

13d

a=60,d=-8n=n

S, = g(Za +(n—1)d)

=2 (120 + (n = D(-9))

n
= (120 -8n +8)

n
= —(128 — 8n)
2
= 4n(16 —n)
0 =4n(16 —n)

Either 4n = 0 and thereforen = 0
orl6—n=0andn =16

Therefore, 16 terms.

To make it negative, it would be more than 16 terms.

220 = 4n(16 — n)

220 = 64n — 4n?

0 = —4n? + 64n — 220
0 = —4(n? — 16n + 55)
0=—-4n—-11)(n—-5)

Therefore, either 5 terms or 11 terms.

—144 = 4n(16 — n)
—144 = 64n — 4n?

0 = —4n? + 64n + 144
0 =—4(n? —16n — 36)
0=—-4n—-18)(n+ 2)

Therefore,n = 18 or n = —2, but n must be a positive integer
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13e

13f

14a

156 < 4n(16 — n)

0 < —4n? + 64n — 156
0 < —4(n? — 16n + 39)
0<—-4(n—-13)(n—3)
0>mn—-13)(n—3)
3<n<13

Therefore,n = 4,5, 6, ..., 12.

4n(16 —n) > 256
—4n? + 64n — 256 > 0
—4(n? + 16n — 64) > 0
(n—8)2<0

S, > 256 gives (n — 8)% < 0, which has no solutions.

Therefore, the sum cannot exceed 256.

a=42,d =40 — 42 = —2. Hence:
1
Sy = En(Za + (n—1)d)

1
=>n(2x 42+ (n-1D(-2))

1
= En(84 —2n+2)

1
= En(86 —2n)

=n(43 —n)
PutS, =0
n(43—-n) =0

n=0or43

Hence 43 terms.
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14b

14c

a=60,d =57 — 60 = —3.Hence:

Sy = %n(Za + (n—1)d)
= %n(Z X 60 + (n—1)(=3))

1
=-n(120 — 3n + 3)

2
1
=§n(123 —3n)
3
=§n(41 —n)
PutS, =0
3
En(41 —n)=0
n(41—-n)=0
n=0or4l

Hence 41 terms.

a =45,d =51 — 45 = 6. Hence:

Sp = %n(Za + (n—1)d)

1
=§n(2x45+(n—1)><6)

1
= En(90 + 6n—6)

1
= En(84 + 6n)

=n(42 + 3n)
=3n(n+ 14)
PutS, = 153

3n(n + 14) = 153
3n? +42n = 153
3n?4+42n—-153 =0
n*+14n—-51=0
n+17)(n—-3)=0
n=-17or3

Hence 3 terms.
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14d a=2-d=3-22=21 Hence:
2 2 2

Sp = %n(Za + (n—1)d)

_1 (2><21+( 1)><1)
—" p T\ 2

_1 <5+1 1)
M\ Ty

1 /1 1

=5n(13+37)
1

= Zn(9 +n)

Put S, = 22~

%n(9 +n) = 221

2
n(9 +n) =90
n>+9m—-90=0
n+15)(n—6)=0
n=6or—15

Hence 6 terms.

15a  PutS, =0
n
E(a+l) =0
n
S(@+32)=0

a=-32

T,=a+(n—-1)d=-32+(Mn—-1)4) =4n—36

PutT, =1=32
4n — 36 = 32
4n = 68
n=17

15b  PutS, = 55
n
7(a+1) =55

g(a —10) =55 (1)
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T,=a+ n-1)(-3)
PutT, =1=-10
a+(n—-1)(-3)=-
a—3n+3=-10
a—3n=-13
a=3n—-13 (2)

Substituting this into (1) gives
n
E(Bn— 13-10) =55

3n? — 23n =110
3n? —26n—110=0

23 + /232 — 4(3)(—110)
2(3)

n =

23443
203

=11,——
3

Son = 11 as n must be a positive integer.

Substituting this into (2) gives a = 20.

16a The number of logs in a row is an AP witha = 10andd = 1

Sy = %n(Za + (n—1)d)

=%n(20+ n—-1)x1)

1
=-n(n+19)
2
Put S, =390
1
390 = En(n +19)

780 = n? 4+ 19n
n?+19m—-780=0
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n—20)n+39) =0

n = 20 is the only positive solution, hence there are 20 rows, the bottom row will
have T, = 10 + (20 — 1) X 1 = 29 logs.

16b  Distance per second is an AP with a = 5and d = 10.

Hence the total distance travelled after n seconds is:
Su =5n(2a+ (n— 1)d)
1
=§n(2><5+(n—1)><10)

= 5n?
For a total distance of 245 m, set S,, = 245, hence:

245 = 5n?
n? =49
n=+7

As time is positive, it will be 7 seconds until the stone hits the ground.

16c  The distance with each trip and back forms an AP with a = 20 X 2 = 40 and
[ =30x2=60.

Now, S,, = 550 and hence:

550 = -n(a + 1)

1100 = n(40 + 60)

n=11

So there are 11 trips.

Now considering one way trips:
Ti1 =30

30=20+(11—-1)d

10 = 10d

d=1

So the deposits are 1 km apart.
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17a

17b

T,+T, =16
a+3d+a=16
2a+3d =16 (D
T;+Tg =4
a+2d+a+7d=4%

2a +9d = 4 )

6d = —12 2)-()
d=-2 3)

2a — 6 =16 (3)in (1)
a=11

Sp = %n(Za + (n—1)d)

— 5(22 — 18)
=20

S10=10

1
5% 10 % (2a + (10 = 1)d) = 0

5(2a+9d) =0

2a+9d =0 (D

Tio = -9

a+ (10-1)d = -9
a+9d=-9 (2)
a=9 -
Substituting a = 9 into (2) gives:
9+9d =-9

9d = —18

d=-2

T, =a=9
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T,=a+(2-1)d=9-2=7

17C 516 = 96
1
5(16)(2a + (16 —1)d) =96

8(2a + 15d) = 96
2a +15d = 12 (1
TZ + T4_ = 4‘5

a+d+a+3d =45

2a + 4d = 45 )
11d = —33 1) - (2)
d=-3

Substituting d = —3 into (1) gives:
2a +15(-3) =12

2a =57
—281
4= 293

1 1
T, =a+3d=28-+3(-3) =195

Sy = %n(Za + (n—1)d)

1
S4=2(2><28§+3><—3)

=2(57 - 9)
=96

18a Thisisan APwitha = 1,1 = 24 and n = 24. Hence:

24
1424424 = S5 = —(1+24) =300
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18b

18c

19a

19b i

19b ii

19ci

n) n(1+n)_n+1
n T2

The sequence is G) + G + %) + G + % + S) + o

Now the number of terms in each set of bracketsis 1, 2, 3, ...

. 1 1 2 1 2 3 1 24
Hence, using part a, we see that (I) + (E + E) + (5 + 3 + 5) + -+ (Z + -+ Z)
will have 300 terms. Rearranging this sequence, and using part b we get:

1+1+2+1+3+1+ +24+1

2 2 2 2

1
=§(1+1+2+1+3+1+---+24+1)

1
=§((1+1+---+1)+(1+2+3+---+24))

1
= 5 (24 +300)
=162

This isan AP witha = 1,1 = n, n = n and hence:

Sn=>(a+D

n
=E(1+n)

1
== 1
2n(n+ )

Sp = %n(n + 1) is divisible by 5 if n is divisible by 5 (in which case n ends in 0 or
5) orn + 1 is divisible by 5 (in which case n ends in 4 or 9).

S, is even if n is divisible by 4 or n + 1 is divisible by 4 (in which case the
remainder is 3 when n + 1 is divided by 4).

29 is prime, so S, is divisible by 29 if n is divisible by 29 or n + 1 is divisible by
29.So the smallest value of nisn = 28. S,5 = % X 28X 29 =14 x29
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19c ii

19c iii

19civ

19cv

19c vi

We want prime factors of 7 and 5 in order to obtain the smallest value of n. So we
require consecutive integers n and n + 1 of which one is divisible by 7 and the
other by 5. By trial and error, the smallest value of n that fulfils this requirement
isn = 14.

1
514=§><14><15=7><15=7><5><3

We want prime factors of 2 and 13 in order to obtain the smallest value of n. So
we require consecutive integers n and n + 1 of which one is divisible by 2 and
the other by 13. By trial and error, the smallest value of n that fulfils this
requirementisn = 12.

1
512=§><12x13=6><13=3><2><13

We want prime factors of 2 and 19 in order to obtain the smallest value of n. So
we require consecutive integers n and n + 1 of which one is divisible by 2 and
the other by 19. By trial and error, the smallest value of n that fulfils this
requirementisn = 19.

1
519=§><19><20=19><10=19><2><10

We want two distinct prime numbers (eg 2, 3,5, 7, 11,...) in order to obtain the
smallest value of n. So we require consecutive integers n and n + 1 of which one
is divisible by a prime number and the other by a different prime number. By
trial and error, the smallest value of n that fulfils this requirement is n = 3 where
S, is divisible by the two distinct primes 2 and 3.

1
S3=5X3x4=3x2

We want three distinct prime numbers in order to obtain the smallest value of n.
So we require consecutive integers n and n + 1 of which one is divisible by one
or more distinct prime numbers and the other by one or more different prime
numbers. By trial and error, the smallest value of n that fulfils this requirement is
n = 11 where S, is divisible by the three distinct primes 2, 3 and 11.

1
Si=5x11x12=11x6=11x2x3
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19c vii We want four distinct prime numbers in order to obtain the smallest value of n.
So we require consecutive integers n and n + 1 of which one is divisible by one
or more distinct prime numbers and the other by one or more different prime
numbers. By trial and error, the smallest value of n that fulfils this requirement is
n = 20 where S, is divisible by the three distinct primes 2, 3,5 and 7.

1
Szo=§><20><21=10X21=2X5><3><7
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Solutions to Exercise 1G
1 3S,=02x3)+(6x3)+(18x3)+ (54x3) + (162 x 3) + (486 x 3)
= 6+ 18 + 54 + 162 + 486 + 1458
Se=2+46+18+54 + 162 + 486

3S¢ —S¢ =(6—2)+(18—6) + (54 — 18) + (162 — 54) + (486 — 163)
+ (1458 — 486)

25, = 1456
Se = 728

2 If one speaker was going to St Ives, the rest are going the other way:
Number going other way = 7° + 71 + 72 + 73 + 7*

Thisisa GP witha = 1landr =7

a(r*—=1)
"o —1
1x(7° -1
5. = ( )
7—1
= 2801

3a GPwitha=1andr =3

_a@’-1)
7T r—1
C1x (37— 1)
7T 3-1
= 1093

3b GPwitha=1andr = -3

_1x(A—-(=3))
7T 1-(-3)
= 547
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4a GPwitha=1andr =2

_a("-1)
"or—1
5,0 = 1x (21 - 1)
2—-1
= 1023
_12r-1)
mo2-1
=2"—1

4b GPwitha=2andr =3

a(r*—1)
LA |
2% (35-1)
Sg= "~
5 3-1
= 242
_ 23" -1)
nTo3-1
=3"—-1

4c GPwitha =—-1andr =10

a(r*—=1)

S =

" r—1

c _ —1x(10% 1)

5 10—1
=—-11111

¢ - —1(10" — 1)

nT10-1
—_loon _
=—-(10" - 1)
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4d GPwitha =—-1andr =5

n—-1
Sn = a(:—1)
= —781
5 - —1§5jz1)
=—;6"-1)

4e GPwitha=1andr = -2

_a(l-r")
nT -7
_1x(1-(=2)"%)
S10= 1 p
= —341
11 -(=2M)
"1 -(=-2)
=-(1-(2)"

4f GPwitha =2andr = -3

a(l—rm)
"o 1—r
o L 2XA-(=3Y)
> 1—(-3)
=122
_ 21— (=3")
"I
=;1- (3"
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4g GPwitha = —-1andr = -10

_a(l-r")
nT -7

_ —1x(1-(-10)*)
> 1—(-10)

= -9091

-1 - (=100™)
" 1-(-10)

= ——(1-(-10)")

4h GPwitha = —-1andr = -5

_a(l-r")
Sn = 1—7r
PR C (=5)°)

> 1—(=5)

= 521

=11 - (=5™)
Sn= 7z (—=5)

=—2(1- (5

5a GPwitha=8andr=%

a(r*—1)
nT T
8 x ((%)“’ - 1)
510 - %_ 1
_8x (10— 1)
1
2
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1023
=16 (m)
1023
= o1
n
8((3) - 1)
Sp = 1

5b GPwitha=9andr=§

a(r*—=1)

Ne]
— D
~
Wl =
N—

S

I

—_
~——
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27 . (1)"
2 3

5c GP with a = 45 andr=§

a(r*—=1)

5d GPwitha=§andr=§

_a(r"—-1)
nT -1
2 3\°
(3 -1)
55= 3 1
5
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5e GPwitha=8andr=—%

_a(l-r")

_ 16 (1023)
~ 3 \1024

341
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5f GPwitha =9andr = _§

a(l-r")
" 1-r

56 GPwitha=—45andr = _§

_a(l-r")

135 (242)
243
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(- ()

5h GPwitha=§andr= _3

_a@d-m
%)

" 1—-r
%x(l— %
Ss =
1-(-3)

(1128

_3
2

Nl o
N—
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6a GPwitha=1andr = 1.2
a(r*—=1)
n r—1
1(1.2" =-1)
1.2-1
1.2" -1
7
= 5(1.2" -1)

Sio = 5(1.21° — 1) = 25.96

6b GP witha = 1andr = 0.95
a(l—r")
n 1—r
1(1 —0.95™)
1—-0.95
1—-0.95"
0.05
= 20(1-0.95")

S;0 = 20(1—0.95") = 8.025

6¢C GPwitha =1andr = 1.01
a(r*—1)
r—1
1(1.01" - 1)
S 1.01-1
1.01" -1
001

= 100(1.01" — 1)
S;0 = 100(1.01%° — 1) = 10.46
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6d GPwitha =1 andr = 0.99

a(l—-r")
nT Ty r
_1(1-0.99™)
- 1-099
1—0.99"
-~ T o001

= 100(1 — 0.99™)
S;0 = 100(1 — 0.9910) = 9.562

7ai  Number of grains in last square = 263

7aii GPwitha=1andr =2

a(r"—-1
5n=%1)
C1x(2%-1)
64—?
Se, =264 —1

Number of grains in whole chessboard = 26% —

7b 1L =1"12km3 = 3 x 10* grains

Volume of wheat

64

litres

~ 3x10%
= 6.148 x 10 litres
=112 x6.148 x 10'* km3
= 615 km3
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8a GPwitha =1andr = V2

a(r™—=1)
=1
_1x(2r-1)
o 2-1
((\/_)”—1) V2+1
V-1 NZ+1
(V)" -1) 2+ 1)
N 2-1

= ((2)"-1)(2+1)
S=((V2)" -1)(VZ+1)

=32-1D(H2+1)
=31(vV2+1)

8b GP witha = 2 andr = —V5

_a(l-r")
nT -7
_2x(1-(=V5)")
 1-(=/5)
_ 2=
1++5 1—\/§
2(1-(=v5)") 1 -V5)
- 1-5

= —(1- (&) a5
= 5(1-(+¥)") (5= 1)

Sio = %(1 - (-V5)")(5-1)
= —1562(V5—1)
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9a

9b

9c

© Cambridge University Press 2019

T1=3X21=6
T, =3 x22 =12
Ty =3 x 23 = 24

GPwitha =6andr =2

_a(@"-1)
nor—1
6x(27 -1
ALY
2—1
=6Xx127
=762
T,=32=9
T, =33 =27
T, = 3% =81

GPwitha =9andr =3

B a(r™—-1)
"o —1
9x (3¢—-1
5, = ( )
3—-1
=2x728
2
= 3276

T, =3x22=12
T,=3x2'=6
T, =3x20=3

GP with a = 1Zandr=%

a(l—1r")

n 1—r
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10a T,=a=-
8

Ts = ar* = 162
—r* =162
8r
r* =1296
r=+6
When r = 6, first five terms are: % % 3 27,162
_a(@"-1)
"o —1
§(6 -1
Seg =—
6—1
= 1 7776 — 1
= 40( )
= 1943
When r = —6, first five terms are: —,— %,%,—27, 162
_a(@"-1)
"o —1
1
(=6 - 1)
°T (-6 -1
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10b

10c

1
= -5 (-7776 - 1)

— 1382
8
— = _3
T, =a= "
T,=ar3=6
3
_ZT3=6
r3=-8
r=-2
3
_-—z((—Z)"-l)
no —2—-1
3
¢ _—z«—Dé—D
6~ -2-1
3
B —z((—Z)G— 1)
- -2-1
63
T4
=15=

T, =ar =0.08, T; =ar? =04

0.08r = 0.4
r=25
ar = 0.08
5a = 0.08
a=0.016
g 0.016(5" - 1)
no 5—-1
B 0.016(5% — 1)
8~ 4
= 1562.496
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10d

10e

11ai

11aii

r=2
Sg = 1785
a(28-1)
1785 =
85 51

1785 = 255a
a=17

1
r=-=: Sg = 425

425 = 22
128 ¢
a = 640

19
Amount = 6 X (5) = (0.011 72 tonnes

GPwitha=6andr=%

_a@m-1)
"or—-1

6 x <(%)9 - 1)

1

=—12(m—1)
6132

T 512

= 11.98 tonnes
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1 12
11b  Amount = 20 x (5) =49 x 1073

11ci GPwitha=Pandr =1.1

a(r*—=1)
nor—1
P x (1110 — 1)
0= T
P x (1.1%° — 1)
- 0.1

= 10P(1.11° — 1)

11cii S;o = 10P(1.11° — 1)
900 = 10P(1.1%° — 1)
90 = P(1.11° — 1)
P = $56.47

12a  For the Abletown Show: GP with a = 5000, r = 1.05, hence:
B 5000((1.05)¢ — 1)
6™ 1.05—1
B 5000((1.05)® — 1)
B 0.05

=100 000((1.05)® — 1)
= 34010

For the Bush Creek Show: GP with a = 5000, » = 0.95, hence:

~5000((0.95)° — 1)
6~ 0.95—1
~5000((0.95)° — 1)
—0.05
= —100000((0.95)¢ — 1)

= 26491
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12b

12c

For the Abletown Show, T,, = 5000 x (1.05)""!
For the Bush Creek Show, T,, = 5000 x (0.95)""!
Put 5000 x (1.05)""! > 10 x 5000 x (0.95)""1

(1.05)"1 > 10 x (0.95)"!

(1.05)"1

951~ 10

1.05\" !
(0 95) > 10

1 n-—1

n(_0.95) >1In10

1.05
(n— 1)ln( ) > 1n10

0.95

In10

| 105
595

n—1>

In10 1
n>—o5 "
In

0.95
n > 24.0066 ...

The number attending the Abletown Show first exceeds ten times the number
attending the Bush Creek show in the 25th year.

For the Abletown Show: GP with a = 5000, r = 1.05, hence:
5000((1.05)%° — 1)

25 = 1.05—1
~ 5000((1.05)25 — 1)

0.05

=100 000((1.05)%5 —

= 238 635
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For the Bush Creek Show: GP with a = 5000, » = 0.95, hence:

~5000((0.95)%° — 1)
25~ 0.95 — 1

~5000((0.95)%° — 1)
B —0.05

= —100 000((0.95)%5 — 1)
= 72261

38635
2261

= 3.30.

Thus, the ratio 1s

13a ThisisaGPwitha =7,r = 12—4 = 2, hence:

72" -1)

= o gpr-1

13b  PutS, = 1785
7(2" — 1) = 1785

2" —1 =255
2" = 256
2n =28
n=38

13¢ T,=ar*1=7x2"1
PutT, < 70 000
7 x 21 <70 000
271 < 10000
(n—1)In2<1n10000

In10 000
In2

n < 14.28 ..

n—1<

Hence there are 14 terms less than 70 000.
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13d  PutS, > 70000
7(2" — 1) > 70 000
2" — 1> 10000
2" > 10001

By trial and error the lowest integer solution is 14, hence, the first S,, greater

than 70 000 is S;, = 114 681.
Alternatively:
nln2 >1In10 001

In10 001
In2

n > 13.28 ...

n>

13e Needtoprovethat: S, =T,y —7
S, =72"—-1)

Ty —7=7X2M11_7=7x2n_7=72"=1) =

as required

14a  For the GP of powersof 3,a = 3 and r = 3.

T, = 3 is the first term greater than 2.
For the last term less than 102°:

T, < 1020

3 x 31 <1020

3" < 1020
n < log; 10%°
n <4191 ..

Hence there are 41 powers of 3.
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14b

15a

15b

S, = “(:’:1)
3(3" — 1)
3—1
=-3"-1)

Hence the smallest value of n for which S,, > 102 is:

3
@ —1) > 102
2
3" —1>-x10%°
3
2
3n>§><1020+1

2
n > logs (— x 1020 + 1)

3
n>41.5..

Hence the smallest value for which S, > 102° is 42.

Thisisa GP witha = 5,r = 2.

52" -1)

noo2-1
52" - 1)

3155 =——~
2—1

2" —1 =63

2" = 64

2n =26

n==~6

Thisisa GP witha = 5,r = —2.

_5((=2)"-1)
R )
—425 = —5((_2_); e

(-=2)" — 1 = 255
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(=2)" =256
-2)" = (-2)°
n=2=8

15¢ Thisisa GP witha = 18,r = %

18 (1 - (1%)”)

1=3

n(-)

" (1)” 242
3/ 243

Sp =

26— =
9
) -5
3/ 243

-6

n=

15d Thisisa GPwitha = 48,r =
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16a

16b

The terms in the numerator form an AP with a = 2 and d = 2.

The sum of these terms is given by:

Sp = %n(Za + (n—1)d)
=%n(4+(n—1)x2)

1
= En(Zn + 2)

=n?+n
The terms in the denominator form an AP with a = 1 and d = 2.

The sum of these terms is given by:

Sp = %n(Za + (n—1)d)
=%n(2+(n—1)x2)

= %n(Zn)

= nz
Thus the nth term of the sequence is:

n? +n n+1
n n

T, =

The terms in the numerator form an GP witha = 1 and r = 2.
The sum of these terms is given by:

_a@"-1)

Tor—1

B 12" —-1)

o2-1

=2"-1

The terms in the denominator form an GP with a = 1 and d = 4.

The sum of these terms is given by:
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17a

Tn

a(r™—1)
L
1(4" — 1)
~T3-1
-1
3

Thus the nth term of the sequence is:

2" —1
a1

3
_ 32" -1)
S @H)n-1
32" - 1)
(2m)? -1
32"
S (r-1)@"+1)

3

S 2n+1

SZTI:STL
a(r*™ —1) a(™—1)

r—1 =~ r—1
" =1:0"-1)
-0+ 1):("—-1)
r"+1):1

S12:8¢ =65:1
r®+1):1=65:1
Hence:
r®+1=65

r® = 64
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17b  Yn:S,

17c

a((r’)"—=1) a@™ -1)

rz—1 = r-1
2n_1 Tn—l

21 r—1
G"=-DOE"+1) m-1

r-Dr+1) r-1
rm+1

r+1°
r+1):(r+1)

Ry =Th41 + Tpyo + -+ Top = Son — Sy
R,: S,
(SZn - Sn):Sn

a(r®—-1) a(@"-1) a(™—1)
( r—1  r—1 ) r—1

(@ =1 - "= D): ("~ 1)
(r2n —rm): (" = 1)

(™" —=1):(r"—1)

r*:1

Rg:Sg = 1:81

r81=1:81
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18

510 =T1+T2+"'+T10 =2
Hence:

a(rio-1)

— =2 (1)
S30 =T1+T2+"'+T10+T11+"‘+T30 =2+12=14
Hence:

a(r3o-1)
r—1

=14 )

301

T =7 @+
(7,.10)3 -1
rio —1

(r10 — 1)((7.10)2 + 110 + 1) 3
10 _1 -

)2+ +1=7

=7

@192 +r19-6=0
G0+3)@1°-2)=0
710 = 2 (note that 7'° > 0 and hence r'° = —3 is not a solution)

Substituting this into (1) gives:

a(2-1)
~ 7 =9
r—1
a =2
r—1

Thus we conclude that:
T31 + T3+ -+ Tep
= Se0 — S30

_a(@®-1)

- 14
r—1

a
= X (ro® —1) — 14
— X )

=2x((r1956-1) — 14 (as — = 2)
=22-1)-14 (asr1? =2)
=112
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19 Since l = T,, = ar™ ! we have that Ir = T,,r = ar™ hence:
_a(@™-1)
"or—1

ar®—a

r—1
lr—a
r—1

T .
= as required

19ai ThisisaGPwitha=1,r =2,1 =1 048 576. Hence:

s _lr—a_1048576><2—1_2097151
" r—1 2-1 -

1
——. Hence:
2187

19aii Thisisa GPwitha =1,r = i,l

1_Lxl
a—rl _ 2187 °3 _ 6560

1-r 4, _1 4374
3

Sp =

19b PutS, =85

Ir—a
—] =85
64r — 1
—] =85

64r —1 = 85r — 85
21r = 84
r=4

Put S, = 85
a(r™—=1)
r—1
14" -1)
4—-1

=85

=85
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14" -1
¥=85
4" —1 =255
" =256
n=4

19¢  PutS, = -910
Ir—a
r—1
I(=3)-5
(-3)-1
I(-3)-5=-910x —4

= -910

= -910

—31—-5=3640
—31 = 3645
[ =-1215

PutS, = —910

5((=3)" -1
—3-1

5(—3)" — 5 = 3640
5(—3)" = 3645
(-=3)" =729
(=3)" = (-3)°

n==~6

= -910

20a Forthe firstGP, T, =2x3"=(2x3)x3"lsoa=2%x3=6andr = 3.
For the second GP, T, =3 X 2" = (3 x2) X 2" lsoa=3%x2=6and r = 2.

Thus, the sum is given by:

_6(3"—1) N 6(2" — 1)
nTo3-1 2—-1
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20b

20c

_6(3”—1)+6(2”—1)
N 2 1
=3x3"-34+6%x2"—6
=3x3"+6x2"—-9

The term consists of an AP witha = 5,d = 2 and a GP with a = 2, r = 2. Hence

the sum is:

Sn=%n(2x5+(n—1)x2)+%
=%n(2n+8)+2(2”—1)
=n®+4n+2x2" -2
=2X2"+n?+4n—2

PutT; = 10

a+d+bx2=10

a+d+2b=10 (D

PutT, =19

a+2d+bx2%2=19

a+2d+4b =19 (2)

PutT; = 34

a+3d+bx23=34

a+3d+8b=234 3

Hence:

d+2b=9 @2)-M=®

d+4b =15 B3)-@)=0®

Subtracting (4) from (5) gives:

2b=6

b=3

Substituting b = 3 into (4) gives d = 3.

Substituting b = 3, d = 3 into (1) givesa = 1.

Hence,a =1,b =3 andd = 3.
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Hence T, is formed by the sum of the terms ofan AP witha=1+3=4,d =3
and a GP witha = 3 X 2 = 6, r = 2. Thus the total sum is:

6(2" — 1)
2—1

1
Sn=§n(2><4+(n—1)x3)+

1
= En(Sn +5)+6(2"-1)

i lnrex2n—6
A

3 erexam
—pt Tan
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Solutions to Exercise 1H

la
n |1]2]3] 4 5
T, (18|62 2 | 2| 2
3 9 | 27
S, | 18 [ 2426 8| _ 26
26= | 26— | 26—
6 63| %697
a 18 18 3
1b Sm_;_l—_l_@_g(w)_n
3 3
lc Sp—Ss=27-262=-
2a
n| 1] 2 [3][4] 5| 6
T, |24 | -12 |6 |-3] .1 3
1_ —_—
2
So | 24| 12 |18|15[ 1] .3
a 24 24
2b Soo—:—l_(_%)—?—‘(24)—16

2c  Seo-S.=16-153=1
4 4
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3a a=8,r=%,hence:
§ = a
®* " 1—7r
B 8
-1
1=3
_8
1
2
=16
3b a=—4r= %, hence:
6 = a
® " 1—r
B —4
-1
1=3
_—4
-1
2
= -8
3c a=1r1r = —- hence
¢ a
® " 1—r
1
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3d a=36,r= —%, hence:
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Seo =
1—r
B 1
- 1
-3
1
3
2
2
K
4b r= —g = —1.5, hence there is no limiting sum as |r| > 1.
4c r= % = § hence there is a limiting sum as |r| < 1.Nowa = 12 so
s a
® 1-r
12
1
-3
12
S 2
3
=12 X 3
B 2
=18

© Cambridge University Press 2019

155



Chapter 1 worked solutions — Sequences and series

4d r=_0_1

" 1000 10’
1000

1

0

hence there is a limiting sum as || < 1. Now a = 1000 so:

o)

1—

—_
o

i
_ 1000
-2

I

0
0

U=y

0

4f r= Tl = —1, hence there is no limiting sum as |r| > 1.

5a The ball must travel 8 metres downwards to the ground, then it bounces back up
to half the height which is 8 X % = 4 m. This means a total of 8 + 4 = 12 m is

travelled down-and-up.

Successive down-and-up distances are formed by taking the previous down-and-
up distance and then halving the distance to go down and halving the distance to
go back up. This means that each successive down and up sequence is half that of

. : . 1
the previous. Hence it forms a GP with r = >
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5b The distance travelled in each up-and-down sequence is given by a GP with
a=12andr = % Thus the total distance travelled is given by:

Ball ‘eventually’ travelled 24 metres.

6a
n|1|2|3|4|5]|6
T, |10 |10 |10 |10 | 10| 10
S, 1101]20|30|40 50|60
S, 2> oasn - ©
6b
n| 1 2 3 4 5 6
T,|110 | —=10 |10 | =10 [ 10 | =10
S.110] 0 |10 O |10] O
S, oscillates between 0 and 10 asn — oo
6¢C

n|1]2|3] 4 |5 ] 6

T, 1101|2040 | 80 | 160 | 320

S, 11030 |70|150 | 310|630

S, > oasn > o
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6d

7a

7b

7c

n|1 2 3 4 5 6

T, |10 | —20 | 40 | —80 | 160 | —320

Sp 10| =10 30| —=50|110 | —210

S, oscillates between larger and larger positive and negative numbers as n — oo

. 0
For the seriesa = 80 and r = 20— %

80
a(1-r™) _ 80( (1)4)
1-r 1_—

N |

=150

ThUSS4=
andS, =2+ =22-2 _ 160
T 13 2

So0S, — S, =160 —150 = 10

For the seriesa = 100 and r = LA i.
100 10
4

Thus S, = 4= _1o(6)) 1111
4T 1 1_% - 10

a 100 100 1000
andSw—E—E—(T)— P 111

10 10
S0S, —S, =111 — 111~ =—
9 10 90

For the seriesa = 100 and r = B2
100 5
4 4
_a-rv 100(1_("3) ) 164
Thus S, = = 1_(_9 ==
_a__ 100 _ 100 _ 500
and Soo = l—r - (__) @ = T
500 164
SOS —54_ —T—?— 22—
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8a

8b

8c

9a

9b

The numbers installing reflective house numbers in each subsequent month is
20% of that in the previous month. This is equivalent to multiplying the number
in the previous month by 20% = 0.2. Hence, this gives us a GP as all terms have a

common ratio of 0.2.

This is a GP with a = 10 000 x 0.2 = 2000 and r = 0.2
a
1—-r
2000
T1-02
= 2500

Seo =

a(r™-1)
r—1

Sp =

~2000(0.2* — 1)
4 03—-1
= 2496

Se — S, = 2500 — 2496 = 4

This is a GP with a = 1000 and r = 0.9.
a
1—-r
1000
~1-009
1000
01

= 10000

Seo =

Thus the advertisements will eventually bring in 10 000 sales.

—rhn _ 10
The first 10 advertisements S;, = a(i_: ) — 10001(i0(;'9 ) = 6513.2...

Thus So, — S10 = 10 000 — 6513.2 ... == 3487
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10a Thisisa GPwitha =1 andr = 1.01.

As |r| = 1.01 > 1, no limiting sum exists.

10b Thisisa GPwitha =1andr = 1.017L

As |r| = 1.0171 < 1, there is a limiting sum which is:

=101

i SR _45 1
10c Thisisa GP witha = 16V5 and r = R

_16V5
=71
1=z

_16V5

© Cambridge University Press 2019

160



Chapter 1 worked solutions — Sequences and series

10d Thisisa GPwitha = 7 andr = g

__ M9 T+VT
N A N
_49(7+7)
 49-7
_49(7+7)

B 42

_7(7+7)
B 6

242 V2

10e ThisisaGPwitha =4andr=——=——.

4 2

2++2
8 xz—\/i
242 2-42
8(2 —V2)
4—2
8(2 —V2)
2
= 4(2 —/2)
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10f ThisisaGPwitha =5andr = —i— —i.
5 V5

_5V5
V542
_ 55 ¥5-2
V542 V5-2

_ 5V5(v5-2)
~ 5-4

= 5V5(V5 - 2)
= 25—10V5

= 5(5 — 2V5)

10g ThisisaGPwitha =9andr = BTm = \/%_0. Butr = ‘/%_0 > 1 and hence there is no

limiting sum.

10h ThisisaGP witha =1andr =1 —+/3.
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11a
S 3ot
33233
n=1
This isaGPwitha=%andr=§, hence the sum is given by:
§ = a
© 1-r
1
__3
_1
3
1
_3
2
3
=2
11b
S rx() = Zelals
2 2 22 28
n=1
This is a GP with a = -and r = -, hence the sum is given by
¢ a
17
7
__2
1
1=3
7
—2
1
2
=7
11c

3

>0 (-3 =)+ 0(2) a0 (Z) 4
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This is a GP with a = —% =—24andr = —g, hence the sum is given by:
5 a

® T -7

24

o 3

1-(-3)
B —24
= ?
5
= —15

12a  The left-hand side forms a GP witha = 5and r = x.

1—x
5=10-10x
10x =5

=
Il
I

12b  The left-hand side forms a GP witha = 5andr = —
a
1—-r
5
T1-(-®)
5
- 1+x

Seo =

Hence solving the equation gives:

S =15
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5
1+ x

5=15+15x

=15

15x = —10

X=—=

3

12¢  The left-hand side forms a GP witha = x and r = é

S, =2
3 =2
2% =

4
X =3

12d  The left-hand side forms a GP witha = xandr = — %
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Hence solving the equation gives:

S.=2
3 =2
2* =
8
X =3

2
13a  The first sequence is a GP with common ratio % =_=T Seo = —.

1-r
2 -
The second sequence is a GP with common ratio f—zr = % = -7,
a a
Seo = 0 T Tar
4 2
The third sequence is a GP with common ratio a—rz = =12 85, =— >
ar a 1-r
5 3
The fourth sequence is a GP with common ratio ~—— = <~ = 12, §,, = ——
ar ar 1-r
Hence the ratio of limiting sums is given by:
a a a ar
1—-r'1+4+r 1—-7r2"1-1r2
1 1 1 r
1—-r'14+7r 1—-7r2"1-1r2
1-7r21-7r21-7r2 r(1-1%
1—7r 147 1—-7r2" 1—12
QA+nN1-r A+rnA-7r)
: Lir
1—r 1+r
1+r:1—r:1:r
. .. . 1 a 48
13bi Thisisa GP witha = 48, r =EsoS°o = =1a 96
2
13bii Thisisa GP witha = 48,7 = =250 S, = = =% =5 =32
2 2

2
13b iii Thisisa GP witha = 48,7 = = = (1) 508, =+ =28 _ 64
4 2 1-r
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1 1\2
13biv ThisisaGPwitha=24,r=—=(—) s0S, =+ =2 _3
4 2 1-r 1

14a

14b

14c

14d

15a

The ratio of the sequences is 96:32:64:32 = 3:1:2:1

2231412
2 227772
which is the same as directly calculating the ratio. So we have verified the
formula proven above.

If we apply the above formula we obtain 1 + %: 1- %: 1:

Thisisa GP witha = 7 and r = x.

For alimiting sum, |r| < 1so|x| <lor—-1<x<1

a 7
S0S5 =—=—.
® 1-r 1-x

2
Thisisa GP witha = 2x and r = 62% = 3x.

. 1 1
For a limiting sum, |r| < 1so |3x| < 1 or—-<x<:

2x
1-3x"

SoS, =— =
1-r

Thisisa GP witha =1landr = x — 1.

For alimitingsum, |r| < 1so|x —1|<lor-1<x—-1<lor0<x<?2

1 1
5050 =10 = 7ox

Thisisa GP witha =1andr =1 + x.

For alimiting sum, |[r| < 1so|1+x|<lor-1<1+4+x<lor—-2<x<0

a 1
5080 =177 = 1-(1+x)

_1
x
Thisisa GP witha = 1andr = x2 — 1
To have a limiting sum, |r| < 1, so:
x2—1] <1

—1<x?-1<1

0<x?<?2
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Hence:

—V2 < x <2 and x # 0 (since x? # 0)

a 1 1

Sooz = =
1-r 1-(x?-1) 2-—x2

1
1+x2

15b ThisisaGPwitha =1andr =

To have a limiting sum, |r| < 1, so:

<1

14 x?
1< |1+ x?]
x2+1>1orx?+1<-1
Hence:

x% > 0 or x? < —2 (not possible)
Thus there is a limiting sum for x # 0.

a 1 1+ x2 1+ x?

1—7r 1 T1+x2-1 x2
14 x?

16a  We know that a GP has a limiting sum if || < 1; that is:

-1<r<i1
-1<-r<1
1-1<1—-r<1+1

0 <1-r < 2asrequired.

16b  Suppose that we havea = 8, S, = 2

8 =2
1—-r

1 1
1—r=Z
1-r=4
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This does not lie in the bound 0 < 1 — r < 2 and thus we can conclude that there

is no limiting sum.

16c  Since0 <1—r < 2,then— >~

16d Notethatifa <0

— > becomes
1-r

a a

<
1—r 2

So S, <%a

16di Sincea > 0,5, > %a

_X
2

S >3

16dii Sincea < 0,S, < %a

1
o < =X (-8
S<2()

S < —4

16d iii Since a > 0,5, > %a
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1&HVSHwea<(L&D<§a

17a ThisisaGPwitha =vandr =v

—S _ a _ v
WE9e =957,
17b w=—
1-v
wW—WwWv =7

w=v(1+w)
w
T 1¥w
17c ThisisaGPwitha=wandr=—WVZ=—W
a
Seo = 1-r
w
T1-(—w)
w
T1+w

=v  (from partb)

W |~

Il
wNjwl-
Il
NI

17d  If v=§thenw= T

Hence the limiting sum is:
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1
2
3
2
1
3
4

18a S, =

|
U1
o

18b T,=ar=6

a—=6

a’? = 27a — 162

a’> —27a+162 =0
(@a=9)(a—-18)=0
a=9ora =18

6 2

Whena =9andr = 5= the first three terms are 9, 6 and 4.

Whena =18 andr = % = g the first three terms are 18, 6 and 2.
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18c

18d

18d i

S — 81 =5Ty
So — T, =5Ty
S = 6T}
a
1_r=6a
! =6
1—-r
1=1—r
6
1
Y76
5
"%

. . 5
Hence the ratio of the sum of the terms is r = -

The sum of all terms from the third term on is equal to the sum of all terms with

the sum of the first two terms subtracted from it. That is:

S=54,—5,
_a a(l—13?)
T 1—7 1—r
_a a—ar?
T 1—7 1—r
_a—a+ar2
B 1—r
_ar2
T 1—7
S=T1
ar? B
1—r ¢
r? B
1—7r
r’2=1-r
r’+r—1=0
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Using the quadratic formula:

—1+12-4()(=D

T =

2(1)
_—1+V1+4
B 2
_—1++5

2
Butr = — % —+/5 < —1,so0itisnota possible solution, hence the solution is
1 1
- 24245
r=T3%3
18dii $=T,
ar? 3
1=, ar
r? B
1—-7r r

r2=r—r?
2r2 —r=0
r2r—1)=0

r=00r% butr = 0

1
Hence, r = p

18diii S =T, + T,

2

ar N

=a+ar
1—r
2

=1+r
1—r

=>0+r)(1-7)
r2=1-r?

2r¢ =1
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which is the extension of the

Suppose we consider the sequence 4 + sts5

sequence to the left of the term.
Starting at the first term after 4, the sequence has a = g r = =and hence

19

4
3
_2
3
= -2
This is the same as the limiting sum found in the calculation in the question
Hence the ‘meaning’ of this sum can be given as the sum of all terms in the

sequence ‘prior’ to the first term.

174
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Solutions to Exercise 1|

1la

1b

1c

1d

2a

2b

0.3 =0.333..=0.3+0.03 4+ 0.003 + -
This is a GP with a = 0.3 and r = 0.1. Hence:

0ios - @ _ 03 03 3 1
T 1-r 1-01 09 9 3

0.1=0.111..= 0.1+ 0.01 + 0.001 + --
This is a GP with a = 0.1 and r = 0.1. Hence:

nics = % _ 01 01 1
T T 1—r 1-01 09 9

0.7=0.777...= 0.7 + 0.07 + 0.007 + ---
This is a GP with a = 0.7 and r = 0.1. Hence:

0o O _ 07 07 7
T T 1 —r 1-01 09 9

0.6 = 0.666 ... = 0.6 + 0.06 + 0.006 + ---
This is a GP with a = 0.6 and r = 0.1. Hence:

0ies - @ _ 06 06 6 2
T T 1-r 1-01 09 9 3

0.27 = 0.2727 ... = 0.27 + 0.0027 + 0.000027 + ---
This is a GP with a = 0.27 and r = 0.01. Hence:

0sv s - & _ 027 027 27 3
T T 1 —r T 1-0.01 099 99 11

0.81 = 0.8181 ... = 0.81 + 0.0081 + 0.000081 + ---

This is a GP with a = 0.81 and r = 0.01. Hence:

odics - ¢ _ 081 081 81 9
T T 1 —r  1-0.01 099 99 11
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2C

2d

2e

2f

2h

0.09 = 0.0909 ... = 0.09 + 0.0009 + 0.000009 + -

This is a GP with a = 0.09 and r = 0.01. Hence:

0io—s - & _ 009 009 9 1
T T 1 —r  1-0.01 099 99 11

0.12 =0.1212...= 0.12 + 0.0012 + 0.000012 + ---

This is a GP with a = 0.12 and r = 0.01. Hence:

nit—s - ¢ _ 012 012 12 4
TTTT® T 1 —r  1-0.01 099 99 33

0.78 = 0.7878 ... = 0.78 + 0.0078 + 0.000078 + ---
This is a GP with a = 0.78 and r = 0.01. Hence:

a 078 078 78 26
1—r 1-—0.01 099 99 33

0.78 =S, =

0.027 = 0.027027 ... = 0.027 + 0.000027 + 0.000000027 + -

This is a GP with a = 0.027 and r = 0.001. Hence:
a 0.027 B 0.027 B 27 1

0.027 =S =T = T"0001 0999 999 _ 37

0.135 =0.135135 ... = 0.135 + 0.000135 + 0.000000135 + ---

This is a GP with a = 0.135 and r = 0.001. Hence:
a 0.135 B 0.135 135 5

0.i135=5, =

1—7r 1-0001 0999 999 37

0.185 = 0.185185 ... = 0.185 + 0.000185 + 0.000000185 + ---

This is a GP with a = 0.185 and r = 0.001. Hence:
a 0.185 B 0.185 185 5

0.i85=5, =

1—r 1-0001 0999 999 27
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3a

3b

3c

3d

43

12.4 =12.444 .. =12 + 0.4 + 0.04 + 0.004 + ---

All terms after 12 form a GP with a = 0.4 and r = 0.1. Hence:

S P S P
1-01 9 79

. a
12'4:12+S°°=12+E=12+

7.81 = 7.8181 ... = 0.81 + 0.0081 + 0.000081 + --

All terms after 7 form a GP with a = 0.81 and r = 0.01. Hence

s 0.81 o 0.81 79
1—7r 1-0.01 0.99 11

7.81=7+S,=7+

8.46 = 8.466 ... = 8.4 + 0.06 + 0.006 + -

All terms after 8.4 form a GP with a = 0.06 and r = 0.1. Hence:

A B4 g4t =g
1-r " 71-01 " T09 T"T90 "15

8.46=84+S, =84+

0.236 = 0.23636... = 0.2 + 0.036 + 0.00036 + ---
All terms after 0.2 form a GP with a = 0.036 and r = 0.01. Hence:

0.236 =0.2+S,,

=02+ :
= -
0.036

1-0.01
0.036

0.99

=02+ 2
B 55
11 2

=55 55
13

55

=02+

=02+

0.9 = 0.99999 ... = 0.9 + 0.09 + 0.009 + 0.0009 + ---

This is a GP with @ = 0.9 and r = % — 0.1, so the sum will be:
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4b

5a

5b

5c

1-0.1
09
09
=1

Thus 0.9 =1

2.79 = 2.799999 ... = 2.7 + 0.09 + 0.009 + 0.0009 + ---

All terms after 2.7 form a GP witha = 0.09 and r = % = 0.1, so the sum will be

_a 009 009
" 1—7r 1-01 09

Hence 2.79 = 2.7+ S, = 2.7+ 0.1 = 2.8

0.1

Seo

0.957 = 0.957 957 957 ... = 0.957 + 0.000 957 + 0.000 000 957 + ---
This is a GP with a = 0.957 and r = 0.001. Hence:
a 0.957 B 0.957 B 957 29

0.957 = S =T =T0001 0999 ~ 999 ~ 303

0.2475 = 0.247 524 75 ... = 0.2475 + 0.000 0247 5 + -+
This is a GP with a = 0.2475 and r = 0.0001. Hence:

a 02475 02475 2475 25
1—7r 1-—0.0001 0.9999 9999 101

0.2475 =S, =

0.230 769 = 0.230 769 230 769 ... = 0.2307 69 + 0.000 002 307 69 + ---

This is a GP with a = 0.230 769 and r = 0.000 01. Hence:

0530760 — s — & _ 0230769  0.230769 230769 3
' ST T 1—r 1-0.00001 099999 99999 13
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5d 0.428 571 = 0.428 571 ... = 0.428 571 + 0.000 004 285 71 + ---

This is a GP with a = 0.230 769 and r = 0.000 01. Hence:

0izgsrics — % 0428571 0428571 428571 3
' ST T 1—r 1-0.00001 099999 999990 7

Se 0.2557 = 0.255 757 5757 ... = 0.25 + (0.0057 + 0.000 057 + --+)
The bracketed terms form a GP with a = 0.0057 and r = 0.01. Hence:

0.2557 = 0.25 + S,
=0.25+ —
1 0.0057

4 * 1-0.01
1 0.0057

=21 7099
1

57

4 * 9900
_ 211

825

5f 1.1037 = 1.1037037037..=1.1+ (0.0037 +0.000003 7 + --+)
The bracketed terms form a GP with a = 0.0037 and r = 0.001. Hence:
1.1037 = 1.1 + S,

=11+

-7
11 0.0037
T T 1-0.001
114 0.0037
o 0.999
10989 N 37
~ 9990 9990
_, 14
~ 7135

5g 0.000 271 = 0.000 271 002 710 027 1....
= 0.000 271 + 0.000 000 002 71 + 0.000 000 000 000 027 1 + ---

This is a GP with a = 0.000 271 and r = 0.0001. Hence:
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5h

7a

7b

8a

© Cambridge University Press 2019

0.000271 =S,
a

T 1-—r
0.000 271

~1-0.0001
~0.000271

0.9999
1

~ 3690

7.7714285 = 7.771 428 571 428 571 4285 ...
= 7.7+ (0.071428 5 + 0.000 007 142 85 + ---)

The bracketed terms form a GP with a = 0.071 428 5 and r = 0.000 01. Hence:

0.000271 =77+ S,
=77+

1—r
0.071 4285

1-0.000 01
0.071 4285

0.999 99

=77+

27

35

V2 = 1.414 213 562 ... which has no obvious repeating pattern.

If V2 were a recurring decimal, then we could use the methods of this section to
write it as a fraction.

Notice that— = 0. 1 — = 0.01, % = 0.001, and so on. If the denominator of a

fraction can be made a string of nines, then the fraction will be a multiple of one
of these recurring decimals.

Periods: 1,6,1,2,6,3,3,5,4,5=0.9,5.9,0.9,1.9,5.9,2.9,2.9,4.9,3.9,4.9

0.469 = 0.469 999 9999 ...
= 0.46 + (0.009 + 0.0009 + 0.000 09 + ---)

The bracketed terms form a GP with a = 0.009 and r = 0.1. Hence:
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0.469 = 0.46 + S,
= 0.46 +

1-—r
0.009

1-0.01
0.009

0.9

1
= 0.46 + —
046 + 7o

= 0.46 + 0.01
= 0.47

= 0.46 +

= 0.46 +

8b The infinite string of 9s can be removed and the last digit that is nota 9 is
increased by 1.

8c The last digit of any decimal can be reduced by 1 and then all following terms
replaced with an infinite string of 9s.

8d The fourth sentence should be changed to, ‘Imagine that each real number T}, in
the sequence is written as an infinite decimal string of digits 0. dddddd ..., where
each d represents a digit. Add an infinite string of zeroes to every terminating
decimal, and if there is an infinite string of 9s, rewrite the decimal as a
terminating decimal.’

9-10 Answers are contained in the question.
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Chapter 1 Review

1 The first 12 terms of the sequence are:
50,41,32,23,14,5,—4,—-13,-22,-31,—-40,—-49

la The positive terms are 50, 41, 32,23, 14,5

Counting, there are a total of 6.

1b The terms between 0 and 40 are 32,23,14,5

Counting, there are a total of 4.
1C T10 = _31
1d Tg = —13

le No, extending the sequence gives:

50,41,32,23,14,5,—4,—-13,-22,-31,—-40,—49,-58,—-67,—76,—85,—95,—104 ...

which does not contain —100.
1f T11 = _40
2a T, =58 —-6(1) =52

T,o =58 — 6(20) = —62

Ti00 = 58 — 6(100) = —542

T]_ 000 000 — 58 - 6(1 000 000) = _5 999 942

2b Solving T;, = 20

58 —6n =20
6n = 38
n=6.33..
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2C

2d

As nis not an integer, 20 is not a term in the sequence.

Solving T,, = 10

58 —6n =10
6n =48
n=2=8

Thus Tg = 10 is a term.

Solving T,, = —56

58 —6n = —56

6n = 114

n=19

Thus T;9 = —56 is a term.

Solving T,, = —100
58 —6n = —100
6n = 158
n=26.33..

As nis not an integer, —100 is not a term in the sequence.

T, < =200

58 — 6n < —200
6n > 258

n > 43

Hence the first term less than —200 is T, = —206.

T, > —600
58 — 6n > —600
6n < 658
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3a

3b

n < 109.666

Hence the last term greater than —600 is T} g9 = —596

Sl = T1 = 4‘
Sz = T]_ + Sl
Hence:

T,=85-8=11-4=7
Similarly:
T3=8;-5,=18—-11=7
T, =S8,—5=25-18=7
Ts=S8;—-5,=32-25=7
Te=S¢—S5=39-32=7
Hence giving the sequence:

4,7,7,7,7,7, ...

$:=T,=0

S, =T +5;

Hence:
T,=5,-§5=1-0=1
Similarly:
T3=85;—-5,=3-1=2
T, =8,—-5=6—-—3=3
Ts=8—-S5,=10—6=4
Te =S¢—S5=15—-10=5
T, =5S,—S¢=21-15=6
Hence giving the sequence:

0,123,4,5,6, ...
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3c

3d

43

4b

4c

4d

T,=5,=12+5=6

T,=58,—S8-1
=n’+5—-((n—1)%?+5)
=n?+5-(?-2n+1+5)
=2n—1 forn>1

T1=51=31=3

T, =5, —Sh-1
— 3n _ 3n—1
= 3n—1(3 -1
=2x3"! forn>1

Z(n2—1)=8+15+24+35=82

n=3

2

Z(5n—3)=—13+(—8)+(—3)+2+8=—15

n=-2

Z(—l)"z1+(—1)+1+(—1)+1+(—1)+1=1

n=0

6
z(l)”_1+1+1+1+1_63
2] 24 16 32 64 64

n=1
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5a

5b

5c

5d

6a

The first eight terms are:

T, =5x(-1)!=-5
T,=5%x(-1)?=5
T; =5x(-1)3=-5
T,=5x(-1)*=5
Ts =5%x(-1)°=-5
Te=5%x(-1)°%=5
T,=5x%x(-1)" = -5
Te=5x(-1)%=5

Thus the sequence is:

-5,5,-5,5,-5,5,-5,5

The sum of first seven terms is:

_a(l-r) -51-(-1)7) B 5(2)

57 1—r 1-(-10) 2 -5
_a(l-r) -5(1-(-1% _ 50 _,
8T 1—r  1-(-1) 2

For this particular sequence, one simply adds —5 if the previous term is 0 and
adds 5 if the previous term was —5. This means that T,, = =5 if n is odd and
T, = 0 of nis even.

Noting that T;, = =5 ifnisodd and T;, = 0 if nis even.

T20 = 0
T75 = =5
Ty, = -5

T,—T, =83—-76=7
T,—T,=90-83=7

Hence there is a common difference between the terms so it is an AP with
common difference of 7.
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6b

6cC

6d

6e

T, — T, = 100 — (—21) = =121
Ty, —T, = (=21) — (—142) = —121

Hence there is a common difference between the terms so it is an AP with
common difference of —121.

TZ_T1=9_4'=5
T3—T2=4—1=3

B—9—2%
T, 4
L_4_,
T, 1

There is no common ratio nor common difference. Hence it is neither an AP nor a
GP.

Ty 54
T, 18
T, 18 _
T, 6

Hence as there is a common ratio, this is a GP with r = 3.

T,—T,=10—6 = 4
T3_T2:15_10:5

T, 15 3
T, 10 2
T, 10 5
T, 6 3

There is no common ratio nor common difference. Hence it is neither an AP nor a
GP.
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6f

7a

7b

7c

7d

T3 12 B 1
T, —24 2
T, —-24 1
T, 48 2
Hence as there is a common ratio, this is a GP withr = — %

a=23,d=35-23=12

SinceT, =a+ (n—-1)d=23+12(n—-1)
T,o = 23 +20(20 — 1) = 251

T,=a+(n—-1Dd=23+12(n—1)=23+12n—12 =11+ 12n

If 143 is a term, then:

143 =11+ 12n

12n = 132

n=11

As n is a positive integer, 143 is a term.
If 173 is a term, then:

173 =11+ 12n

12n = 162

n =135

As n is not a positive integer, 173 is not a term.
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7e

7f

8a

8b

8c

In order for the term to be greater than 1000, we must have:
T,, > 1000

11 + 12n > 1000

12n > 989

n > 82.4

So the smallest integer that satisfies this inequality is n = 83.

Hence the first term greater than 1000 is Tg3 = 1007.

In order for the term to be less than 2000 we must have:
11+ 12n < 2000

12n < 1989

n < 165.75

The largest integer that satisfies this inequality is n = 165.

Hence the last term less than 2000 is T; 45 = 1991.

165 — 83 + 1 = 83 (count both Tg; and T 45)

The amount charged forms an AP with a = 20,d = 16

T,=a+(n—-1)d=20+16(n—1) =20+ 16n—16 =4 + 16n

Note that as at most $200 can be spent:
T, <200

4+ 16n < 200

16n < 196

n < 12.25

Hence the largest number of cases that can be bought is 12. Furthermore, as
T, = 196, the twelve cases will cost a total of $196, hence, there will be $4 left in
change.
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8d T, = 292
4+ 16n = 292
16n = 288
n =18

Hence the neighbour purchased 18 cases.

9a a=50,r=—=2

9b T, =ar™1=50x2""1(or25x 2"

9c  Tg =50(2)% 1 =6400,T;, = 50(2)*2"1 =102 400

9d If 1600 is a term, then:
1600 = 50(2)*1,

32 =271
n—1=5
n==6

As n is a positive integer, 1600 is a term.

If 4800 is a term, then:
4800 = 50(2)" !
96 = 2n1

As 96 is not a power of 2, n cannot be a positive integer. This means that 4800 is

not a term.

9e T, xTs=50x2%1x50x25"1=320000
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of ar™1 < 10000 000
50 x 2" < 10 000 000
21 < 200000
n—1 <log, 200 000
n < log, 200000 + 1
n < 18.6

Hence, rounding down, we can conclude that there are 18 terms.

10a The number of visitors on each subsequent day, is given by multiplying the
number on the previous day by i, hence, by definition we are describing a GP

with a = 486, r = %
10b 486,162, 54, 18, 6, 2 (we do not go further as fractions here are nonsensical)

10c 4 days (there are 4 terms greater than 10 in the above sequence)

10d

a(l1—-r")
1—r

486 <1 - (%)6>

56:

1—

486 (1 - (%)6)

2
3

=728

Total number of visitors was 728.
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10e

11a

11b

12a

=729

The ‘eventual’ number of visitors is 729.

Since terms 1 and 2 and terms 2 and 3 must have the same difference we have:

x—15=135—x
2x = 150
x =175

Since terms 1 and 2 and terms 2 and 3 must have the same ratio we have:

x 135

15 x
2=135x15

x? =2025

x = 145

For this AP,a = 51,d = 11 so:

1
Si = En(Za + (n—1)d)

1
=§><41><(2><51+(41—1)><11)

=11111
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12b  Forthis AP, a = 100,d = —25 so:

1
Si1 = En(Za + (n—1)d)

1
=5 X 41 % (2x 100 + (41 - 1) X —25)

=-16400

12¢  Forthis AP, a = —35,d = 3 so:

1
54_1 = En(za + (n - 1)d)

2
= 1025

13a a=23andd =27—-23 =4

Thus, we find the number of terms by solving the equation:

199 =234+ (n—-1) x4
176 =4(n—1)
n—1=144

n =45

Hence:

1 1
Sis =5n(a+1)=-x45%(23+4) =

13b a=200andd =197 — 200 =3

Thus, we find the number of terms by solving the equation:

—100 = 200 + (n — 1) x =3
—300 = —3(n—1)
n—1=100

n =101
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Hence:

1 1
Si01 = 5n(a+1) =5 x 101 x (200 — 100) = 5050

13c a=12andd=12%—12=%

Thus, we find the number of terms by solving the equation:

1
50 =12+ (n — 1) X5

1
825(7’1—1)
n—1=76
n=77

Hence:

1 1
S77 =5n(a+1) =5 %77 x (12 +50) = 2387

14a Forthis GP,a = 3 and r = 2, hence:

arm—1) 3(26-1)
= = = 1
Se r—1 2—-1 89

14b  For this GP,a = 6 and r = —2, hence:

ar™—1) _6((=2)°—-1)
S, = = = —1092
6 r—1 —2-1

14c  ForthisGP,a = —80and r = % hence:

6
_ a(r™—-1) B —80 ((%) B 1) 1

r—1 1 )
z-1
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15a

15b

15c¢

16a

16b

This is a GP with @ = 240 and r = — = 1,
240 5

9

3 . o
r=—_=-3 < —1, so there is no limiting sum.

-6

Thisisa GP witha = —405and r = %55

2
This is a GP with common ratio r = (2;:;)

In order to have a limiting sum we must have |r| < 1 and hence |2 + x| < 1. This
implies that —1 < 2 + x < 1 and so there will be a limiting sum if =3 < x < —1.

1
3

=2+ x.

a 2+ x _2+x_ 2+ x

S = = = =
1-r 1-2+x) —x-1
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17a

17b

17c

18a

0.39 = 0.393939 ... = 0.39 + 0.0039 + 0.000 039 + ---

This is a GP with a = 0.39 and r = 0.01. Hence:

a 039 039 39 13
1—r 1-0.01 099 99 33

0.39=5, =

0.468 = 0.468 468 ... = 0.468 + 0.000 468 + 0.000 000 468 + ---
This is a GP with a = 0.468 and r = 0.001. Hence:

a 0468 0468 468 52
1—r 1-—0.001 0999 999 111

0.027 =S, =

12.3045 = 12.304 545 4545 ...
=12.30 + 0.0045 + 0.000045 + 0.00000045 + ---
All terms after 12.30 form a GP with a = 0.0045 and r = 0.01. Hence:

12.3045 = 12.30 + S,
=12.30 +

1-—7r
- 12,30 + 2
T 1-0.01
= 1230 + 20
T 0.999
=12.30 + 445
o 999
.. 335
771100
_ 1 67
77220
T, =21
a+(2-1d=21
a+d=21 (1D
Tg = 56
a+(9—-1)d =56
a+8d =56 (2)
7d = 35 (2) - (D)
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Chapter 1 worked solutions — Sequences and series

d=5 3
a+5=21 (3)in (1)
a=16

Tioo=a+ (n—1)d =16 + (100 — 1) x 5 = 511

18b T, =10
a+(3-1)d=10
a+2d=10 €)
T,, = —89
a+(12—1)d = -89
a+11d = —89 )

9d = —-99 2)-1)
d=-11 3
a+2(-11)=10 (3)in(1)
a= 32

Hence:

Sy0 = n(2a +(n-1d) = 1>< 20 % (2% 324 (20— 1)(—11)) = —1450

18c Ty =3

ar’ =-96 (2)
r5=-32  (2)+ (1)
r=-2 3)
a(-2)2=3 (3)in(1)
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MATHEMATICS EXTENSION 1

Chapter 1 worked solutions — Sequences and series

18d

18e

Hence:

3
To=7(-2)°" = 24

We are given that T; = a = 1 and that S;; = —215
Hence:

510 = _215

1
7X10x @x 1+ (10~ 1) x d) = -215

5(2 + 9d) = —215

2+9d =-43
9d = —45
d=-5

The AP has a = 4%andd =—1.

If S,, = 8 where n is the number of terms:

1 1
En(2x4§+(n—1)x—1)=8

n9-n+1)=16
n(10 —n) = 16
10n —n? =16
n2—10n+16 =0
n-2)(n—8)=0

Thus there are either 2 or 8 terms.
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18f

18g

S0 = 682
a(r™—1)
r—1
a((=2)'°-1)
-2-1
a(1024 — 1)
-3

= 682

= 682

= 682

1023

n-1

a = 682 x

T, = ar

T,=—-2x(-2)*=16
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