In this chapter you will expand the work you have done on discrefe probability distributions in
Year 11. You will study continuous probability distributions, including the normal distribution.
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Applications of the normal distribution




recognise continuous random variables
understand the properties of a probability density function (PDF)

find cumulative distribution functions (CDF)

find probabilities of continuous data

calculate measures of central fendency and spread for continuous probability distributions
recognise the normal distribution and identify its properties

calculate probabilities and quantiles for normal distributions

understand the standard normal distribution and zscores

apply the normal distribution to solving practical problems
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TERMINOLOGY

continuous random variable: A random variable
that can have any value along a continuum, for

example, the height of a basketball player.

cumulative distribution function: A function

F(x) for the probability P(X < x).

empirical rule: The percentage probabilities (68%,

95%, 99.7%) that normally-distributed scores
will lie within 1, 2, and 3 standard deviations,

probability density function: A function of a
continuous random variable whose integral gives
the probability P(X < x).

random variable: A variable whose values are
based on a chance experiment; for example, the
number of road accidents in an hour

uniform probability distribution: A probability
distribution in which every outcome has the
same probability

respectively, from the mean.

normal distribution: A continuous probability
distribution in which the mean, mode and median

are at the centre of a symmetrical bell-shaped graph.

z-score: Measures how many standard deviations
above or below the mean a score is.

10.01 Probability density functions

"This table gives the results of a survey of different Time (min) Frequency
times that runners take to complete a race.
0—<4 6
a Add a column of relative frequencies. 4—<8 8
b  Sketch a frequency histogram for the 8—<12 11
relative frequencies. 12-<16 4
¢ Estimate each probability: 16-<20 2
20-<24 1
i PX<12) ii P(X>16) iii P4<X<8)
Solution
a Time (min) Frequency Relative frequency
0-—<4 6 L
32 16
4-<8 8 8. 1
32 4
8-<12 11 1
32
12-<16 4 4.1
32 8
16-<20 2 2 L
32 16
20-<24 1 i
32
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Relative frequency
Q0|— ©0|t9 00w O]+ o|wn
1

1]

2 6 10 14 18 22

Score
(4 i P(X<12)=£+§+£ ii P(X216)=i+i
32 32 32 32 32
32 32

i P(4SX<8)=%

The times in the above example are values of a continuous random variable, but sorted into
groups. While we can estimate probabilities using relative frequency, we use other methods
when dealing with continuous data.

Continuous probability distributions

With continuous data we can’t really draw a histogram as we did in Example 1 or there would
be an ‘infinite’ number of columns with ‘zero’ widths. Instead, the probability distribution is a
continuous curve.

y=p)

X

A continuous probability distribution is represented by a function P(X = x) or p(x) called
a probability density function (PDF) where X is the random variable. As with discrete
probability distributions, the sum of all probabilities must be 1.

With a continuous probability distribution, we cannot calculate the probability for a single
outcome, so P(X =) = 0. Instead, we can only calculate the probability for a range of values
such as P(4 < X < 8).
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Area under a probability density function

The area under a probability density function is 1. Y

where f(x) 2 0 (since 0 < p(x) < 1)

| f@de=1

¥ =fl) = p(x)

Area=1

a A function is given by f(x)=

w
26
0  for all other x

for 1 < x <3

Show that it is a continuous probability distribution.

b A function is given by f(x) = ax’ defined for the domain [0, 5].
Find the value of # for which this is a probability density function.

Solution

a For a continuous probability distribution, the area under the curve must be 1.

Drawing the graph, notice that the area will be 0 for all x values outside 1 <x < 3.

7 _
9%

i Aren = |72
1.0 ea %
0.8 .

=i 3u’dy
0.6 2 26 1
3
0.4 f® =5 :i[xST
26 1
0.2
— - =i[33 1]
05 1.0 15 2.0 25 30 * 26
1
=—[26
26[ ]
=1l

So f(x) is a continuous probability distribution.
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b Drawing the graph gives a parabola in the domain [0, 5].

y A PDF has area 1.

5
So J.o ax’ dy =1

I;ﬂxz dx = ﬂJ'Osz dx

r 5
x3}

:ﬂ?
L 0

) = ax®

Exercise 10.01 Probability density functions

1 State whether each random variable is discrete or continuous.
a The size of T-shirts worn by people
b The speed of cars as they pass a certain point
¢ The volume of water in a dam
d The number of seats on an aeroplane
e

The weight of babies born in August

2 Which of the following functions describe continuous probability distributions?

a f(x)=0.2 in the domain [1, 6] b flx)= 1% in the domain [0, 6]
3
x < 2
¢ f)=9 324 for 0= & <3 d f(x)zx—in the interval 1 <x <4
0 for all other x 21

for 1 < x <8

for all other &
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3 Which of the following graphs are of probability density functions?

a  fwi b rw
1] 1
6 10
1 7 x . r
€ fW) d rw
1] 1]
8 10
é x 2'0 x
€ fwi
1]
9
(') x

x4

3355

4 A probability density function has the equation f{x) = over the domain [2, b].

Evaluate b.

for 0 < x <5

3
5 Given the continuous probability distribution f(x) = kx
0 for all other x

find the value of %.

6 A probability density function is given by f(x) = a¢” over a certain domain.
Find the exact value of # if the domain is:

a [L3] b [1,7] c [0,4]

x2

7 A function is given by f(x) = h

Over what domain starting at x = 0 is this a probability density function?

5

8 APDF is given by f(x) = 2 over the interval 1 <x <. Find the value of &.

87381
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10.02 Calculating probabilities

Since P(X = x) = 0 for continuous probability distributions, we can only find the probability
of a range of values P(a < X < b).

Also, since P(X=4) =0 and P(X =b) = 0, it makes no difference whether we use < or <,
2 or >.

Pla<X<b)=Pa<X<bh)

For the probability density function, find: f@) &
a PX<2) %
b P1<X<4
5 X
Solution

a P(X<2)is the shaded area between x = 0 and x = 2.

e PX<2)=2x1L
1 5
: 2

5
2 5 ;

b P <X<4)is the shaded area between x = 1 and x = 4.
Notice that P(1 < X <4) = P(1 < X < 4) since PX = 1) = P(X = 4) = 0

&) P(1<X<4)=3><%

1
5 —_

£
5

functions

Uniform and
triangular
probability

density

functions
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Probabilities in probability density functions

PX<x)= J.xf(x) dx where y = f(x) is a PDF y
defined in the domain [z, b]. P

a 7 b x
Pla<X<b)=| f(x)de wherey=f(x)isa PDF o

and 2 and 4 are in the defined domain.

2
A function is given by f(x) = % defined in the domain [2, 5]. Find:
a PX<49 b P3G<X<4)

Solution

4352

a PX<4= L mdx (since domain is [2, 5])
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b PGSXSQ:LﬁFM

3
117

Uniform distributions

In Year 11, Chapter 10, Discrete probability distributions, you learned that with a uniform
probability distribution, every outcome has the same probability.

A continuous probability function y = f(x) is uniform in the domain [5, 15].

a Sketch the probability density function.

b Find:
i PX=8) il P(7<X<10)
Solution

i PB8<X<11)

a A uniform distribution has all equal probabilities so will have the same height.

This gives a rectangle.

YA

5

15

X

PDF has area 1:

A=bh
=(15-5)xh
= 10A

So 10/ =1

b=
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=

=

1
b i = —_— —
i PX28)=(15-8) x

— L
10

i P7<X< 10)=(1o-7)><%

i pB<X<11)=(11 —8)><E

=
10

_ 2
10

1

15~
Y
1]
10
T T T T T T T T
15 “
y
1]
10
T T T T T T T -
5 10 15~
y
1]
10
T T T T T T T -
5 11 15~

Notice in the example that intervals with the same width have the same probability.
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Uniform continuous probability distributions

1
b—a
0

fora<x<b

flw)=

for all other x values

Sl
S

y

Equal intervals along the x-axis will have the same probability.

Exercise 10.02 Calculating probabilities

1 For the continuous probability distribution graphe
a PX<3)
b P1<X<2)
¢ P1l<X<4
d PX<9
e PX=z4

2 A probability density function is shown.

a Find the equation of the linear function
y = ax.
b Find:
i PX<9)

ii P(X<3)
iii P4<X<7)
iv P2 <X<6)

v PX>5)
3 The continuous probability distribution is defined
a Evaluate 4.
b Find:
i P(X<3) i P(1<X<4)
iv P(X<1) v PB<X<4

a b %
d, find:
F@)A
1
6
6 X
fl)h
1]
5
_)/ =dax
10 v

by f(x) = ax” in the domain [0, 5].

i PX>2)

ISBN 9780170413220
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4 'The continuous random variable X has the PDF shown. f@)

a Evaluate a.

b Find:
i P(1<X<3) ii PX<2) y=ax
iii P1<X<2) iv PX<1)

3

=Y

5 A continuous probability function is given by f(x) = ke*, defined on the domain [1, 6].
a Find the exact value of 4.

b  Find each exact probability:
i P2<X<5) ii PX<4) i P(X>3)

6 a Show thaty =sin x is a probability density function in the domain [0, g}
b  Find each exact probability:

i p[ng)

i P[O<X<£j
4
T
iii P| X>—
m [ 6)

1
7 a Show that the uniform distribution f(x) =1 b—4

0 for all other x values

fora<x<b

is a probability density function.
b Ifz=3andb=7,find:

i PX<6) i PX=9) iii P5<X<06)

10.03 Cumulative distribution function

: In the previous section you integrated the PDF each time to find P(X < x), a cumulative
dfsmb'_uvi‘c:s probability. The cumulative distribution function is a general formula for finding P(X < x)
uuuuuuu directly.

Cumulative distribution function (CDF)

The cumulative distribution function is given by F(x) = jx f(x) dx where y = f(x) is a
PDF defined in the domain [a, &].
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3
A continuous probability function is given by f(x) = % defined in the domain [1, 4].
a Find the cumulative distribution function.
b Use the CDF to find:

i P(X<3) i P(X<L1.6)

Solution
. 3
a Fx)= I f(x)dx where f(x) = 42}_3565 is a PDF defined in the domain [1, 4].

e
1 255

I 4
- (o1
255 % 7D

_xt-1
255

4
-1

b Using Flx) ==
sing F(x) TT,

to find P(X < x):
i For P(X<3): ii For P(X< 1.6):

3t -1 1.6% -1
F3)= F(1.6) =
®) 255 (1.6) 255

81-1 =0.0218
T 255

80 So P(X < 1.6) = 0.0218
T 255

16

TS0

So P(Y<3)=18
51
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We can use the cumulative distribution function to find probabilities such as P(X > )
or Pla < X <D).

EXAMPLE 7

A continuous probability function is given by f(x) = %Z defined in the domain [2, 7].
a Find the cumulative distribution function.
b  Use the CDF to find:

i PX=4 i P3.5<X<6.2)

Solution

. 2
a A= " f(x)dv where fx) = ;’3‘—5 is a PDF defined in the domain [2, 7].

2 335

I 3
—— (-8
350 7Y

_ -8
335

-8
335

b We use Fx) = to find P(X < x).

i To find P(X > 4), first find P(X < 4):
The shaded part of the PDF is P(X < 4).

4’ -8

335
56
7335

PX<4)=
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y Area under the curve is 1:
PX>4)=1-PX<4)

_1_26

335
_
335

: -
iy P(X <3.5) is the area to the left of x = 3.5

P(X <£6.2) is the area to the left of x = 6.2
So PG3.5<X<62)=P(X<62) - PX<3.5)
_62-8 35-8

335 335
=0.688 - 0.104

> =0.583

Mode of a continuous probability distribution

We sometimes want to know what the highest probability is. This is the mode.

Mode

The mode is the maximum point of the probability density function.

ISBN 9780170413220 10. Continuous probability distributions



EXAMPLE 8

a Find the mode of the continuous probability distribution shown below.

y

1 2 3 4 5 6 7 8 9 10%

b A continuous probability distribution is defined on the interval 1 <x <5 and has

equation f(x) = W Find the mode.
Solution
a "The highest point of the PDF is atx =7.7

So the mode is 7.7.

1 2 3 4 5 6 7 8 9 107"

b fw=202
= 9—32(6x — &%)

The function is a parabola with # < 0 so will have a maximum turning point.
We use calculus to see if this point lies within the defined domain [1, 5].

(We could also use x = _Zi for the axis of symmetry of a parabola).
a

x =3 lies in the domain [1, 5].

3
f/@= 26~ 22)
%2 £ =22

For stationary points:

3
f@=0 s
3 <0
— (6-2x)=0 . . .
92 Concave down so a maximum turning point.
6=2x=0 So the mode is 3.
6=2x
3=
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Exercise 10.03 Cumulative distribution function
1 Find the cumulative distribution function for each continuous probability distribution.
2
a fx)= % defined in the domain [0, 3]

3

b flix)= 1423;6 defined in the domain [0, 6]
¢ flo)= f " in the interval 0 <x < 4
et =
3
d fu= HE=2)" 41 the domain [2, 7]
625
e f)= % in the domain [2, 5]
5l <w <6
2 a Find the cumulative distribution function for f(x)={ 7774 % =~ % =
0  for all other values

b Find:

i P(X<3) i PX<2) i P(X<59)

iv P(X>4) v PQ<X<4)

3

4x0 in the domain [3, 7].

3 A continuous probability distribution is given by f(x) = 32

a Find the cumulative distribution function.

b Find:
i PX<4 ii P(X<6) iii P(X=>5)
iv P(X>4) v P@E<X<6)

2x
4 A continuous probability distribution is defined by f(x) = 1206—1 in the domain [0, 5].
o0 _

a Find the cumulative distribution function.

b Calculate each probability correct to 2 significant figures.
i PX<2) i PX<4) iii  P(X>3)
iv P(X>2.8) v PR<X<4)

5 a Evaluate # if f(x) = ax’ is a continuous probability distribution defined in the
domain [0, 9].

b Find the cumulative distribution function.

¢ Find:
i PX<9) i PX<4) iii P(X>8)
iv P(X=>3) v PR<X<6)
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6 a Find the exact value of # if f(x) = 2 is a continuous probability distribution defined
in the domain [1, 6]. ¥
b Find the cumulative distribution function.

¢ Find to 2 decimal places:
i PX<3) i POX<2) i POC>5)
iv P(X>4) v P2<X<5)
7 @ Show thaty = cos x is a probability density function in the domain {37“ Zn}.

b Find the cumulative distribution function.

¢ Find each probability in exact form:

i p(XSS—") i P(X27—n) i p[ <y <t
3 4 3 6
8 Find the mode of each continuous probability distribution.
a y b )
3
1 :
1]
4
T T T T T T byl l_
2 4 6 8 1012 ° 8
T3 3 4 °

H
[3)
\US)
=
wn
o
-
[e'e]
)
—
(3]
VS
_';_
wn
(=)
~J
.
K

(T3 33675 "

2
f flv= 3 —8x-9) defined in the domain [0, 7]
434
4x

g fl= % defined in the interval 2 <x <6
e“(e’ —
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2
h flx)=- 3 _11(6):; + 13) defined in the domain [1, 11]

3222
i flw= 22" = 33 +168x + 3) defined in the interval 0 <x <5
2105

2
j f= % defined in the interval 1 <x <7

9 a Find the mode of the function f(x) = —2—32(x2 —6x +5) defined on the domain [2, 4].

b Find the cumulative distribution function.
¢ Find P(X <) where # is the mode.

10 The times that athletes took to finish a race varied between 3 and 7 minutes and are
represented by the continuous probability function f{x) = e (x® = 9a” + 24w + 1)
defined in the domain [3, 7]. 116
a Find the cumulative distribution function.

b  Find the probability that an athlete will finish this race:
i in less than 5 minutes
ii in 4 minutes or more
iii in between 4 and 5 minutes

¢ Whatis the most likely time in which an athlete would finish the race?

10.04 Quantiles

Median Quantiles

For a continuous probability distribution, the median is the value of x that splits the
distribution into halves. Because the PDF has an area of 1, the area on each side of the
median is +.

Median
The meiiian lies at the point x y i)
where j Ff(x)de =05

given y = f(x) is a PDF defined in
the domain [z, 5].

a & b x

Median

ISBN 9780170413220 10. Continuous probability distributions



The median

2

conzfnzolus Find the median of the continuous probability distribution defined as f(x) = 326—1 in the
Sarbution domain [1, 4].
Solution

2
For f(x) = % defined in the domain [1, 4], first find the cumulative distribution function

(CDF):

X 2 X

jim=i x2dx

121 T 21
21) 3 |
_ (e P
2113 3
_1[#-1
210 3
_x3—1
63

Quartiles, deciles and percentiles

For the median:

ﬁﬂ@@:m

o g This means
So the median is 3.2. PIX<3.2) = 0.5,

You learned about quartiles, deciles and percentiles in Chapter 7, Statistics. They are values
that separate a proportion of a set of data. For example, Q; > bottom 25% of scores,
Q; > bottom 75% of scores, 2nd decile > bottom 20% of scores and 67th percentile >

bottom 67% of scores.

A continuous probability distribution is defined as f(x) =

Find, correct to 2 decimal places:

a the Ist quartile
b the 38th percentile

¢ the 7th decile

in the domain [4, 9].
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Solution

First, find the CDE.

X x4 1 x 4
[
4 11605 11605 J4
__ L [T
11605| 5

__ 1 (& &
11605\ 5 5

1 (2°-1024
11605 5

x’ —1024
58025

a Istquartile: 25%

jx Fx)de =025

2 —1024
58025
2 —1024 =14 506.25

2 =15530.25
a~6.89

=0.25

So the 1st quartile is 6.89.

This means P(X < 6.89) = 0.25.

¢ 7th decile: 70%
j Fx)dx =0.7
@ —1024 _
58025
@ —1024=40617.5
@ =41641.5
a~839
So the 7th decile is 8.39.

This means P(X < 8.39) = 0.7.

0.7

b 38th percentile: 38%

[ f@yde =038

2 —1024
58025
2 —1024=22049.5

@’ =23073.5
a=7.46
So the 38th percentile is 7.46.

This means P(X < 7.46) = 0.38.

=0.38
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Exercise 10.04 Quantiles

1 Find the median of each continuous random variable correct to 2 decimal places.

2
a fx)= % defined on the interval 1 <x <8

b flx= deﬁned in the domain [0, 7]
4
= i <x<
¢ flv= 16 507 in the interval 0 <x <7
2
d flw= % in the domain [1, 5]
e flv= (3x+1) in the interval 0 <x <4
ff)= (1, 9]
2
g fl= deﬁned in the domain [3, 11]
5
h flx )_15625 in the interval 0 Sx <5
i flw= (212 ;01; in the domain [1, 6]
j fl)= % defined in the domain [2, 4]

2 For each continuous probability distribution, find:

i the Ist quartile ii  the 2nd decile
2

a flx= % defined in the domain [3, 10]
3
b flx= ;;—4 defined in the interval 0 <x < 6

4
o 4 defined in the interval 1 <x < 5§

¢ fw=

iii the 77th percentile

2
3 For the continuous probability distribution f(x) = % defined in the domain [0, 8], find:

a the median
b the 35th percentile

4 For the continuous probability distribution f(x) = % defined on the interval 2 <x <8,

find:

a the median b the Ist quartile
d the 67th percentile e the 14th percentile

¢ the 3rd quartile
f  the 8th decile
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2
5 For the continuous probability distribution defined as f(x) = ' on the interval
576
0<x<12,find:

a the 20th percentile
b the median

¢ the 3rd quartile

3
6 For the continuous probability distribution f(x) = 1(3)62 0

find:

a the cumulative probability function b PX<5)

¢ PX>4) d PG<X<7)

e the median f the 3rd quartile

g the 9th decile h  the 23rd percentile

10.05 Normal distribution

The normal distribution is a special continuous probability distribution. Its probability
density function is often called a bell curve because of its shape.

Normal distribution
The normal distribution is a symmetrical bell-shaped function.

The mean, mode and median are equal, at the centre of the probability density function.

y

Mean
Mode
Median

There are many examples of data that are normally distributed, such as IQ, birth weights,
ages, reaction times and exam results in a school.

We use the population mean p and standard deviation 6 for the normal distribution.

defined in the interval 2 <x <8,

The normal
distribution

ISBN 9780170413220 10. Continuous probability distributions



‘TECHNOLOGY
The normal distribution

y

A good estimate for the shape of the normal distribution is f(x) = e~

T
-1.5 -1.0 -0.5 0.5 1.0

G =2, use technology to sketch the graph of

(x-p)

e 20

fla P

This is the actual equation of the normal distribution.

Research the normal distribution and its features.

xZ

Use your graphing techniques and technology to sketch this function.

Given a population that is normally distributed with mean p = 10 and standard deviation

What do you notice about this graph? Use technology and the trapezoidal rule with
many subintervals to approximate the area under the graph. What do you find?

Graphing a normal distribution

In a normal distribution, most of the data lies within 3 standard deviations of the mean, with

the mean in the centre.
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a Asetof data is normally distributed with mean 8.3 and standard deviation 1.2.
Sketch the probability distribution function.

b A normal distribution has the probability density function below. Find its mean and

standard deviation.

Solution

a Lw+o=83+1.2

=95

W+26=83+2(1.2)

=10.7

w+30=2_8.3+3(1.2)

=11.9

p—oc=83-1.2

=7.1

L-206=83-2(1.2)

=59

L-36=8.3-3(1.2)

=147
b p=15.6
p+o=19
15.6+0=19
6=19-15.6
=34

T T
122 15.6

T
19 224 258

(centre of the distribution)

(check that all the differences between all values on the

graph are 3.4)

ISBN 9780170413220
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The normal distribution can have different shapes depending on the size of the standard
deviation. In the diagram, the green curve shows the normal distribution with the highest
standard deviation.

Standard normal distribution

It is difficult to find probabilities in the normal distribution by integration because the
equation of the cumulative distribution function is complicated. To get around this, tables of
probabilities have been developed from the standard normal distribution. This is a normal
curve that has been transformed so that the mean is 0 and the standard deviation is 1.

The values of a standard normal distribution are called z rather than x, also known as
z-scores or standardised scores.

Standard normal distribution
u=0

o=1

Area under the curve is 1.

© diccococoooocoooo=o
oy

([ Y Lpp——
w
3

Probability tables for the standard normal distribution

Probability tables for the standard normal distribution begin next page. A copy can also be
downloaded from NelsonNet. Values represent the area to the left of (or less than) the z-score.
Row labels show the z-score to one decimal place. Column labels show the second decimal place.
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z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
-3.4 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0002
-3.3  0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003
-3.2 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0006 0.0005 0.0005 0.0005
-3.1 0.0010 0.0009 0.0009 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007
-3.0 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011 0.0010 0.0010
-2.9 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014
-2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019
—2.7 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026
-2.6 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036
—2.5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048
-2.4 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
-2.3 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
-2.2 0.0139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 0.0116 0.0113 0.0110
-2.1 0.0179 0.0174 0.0170 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143
-2.0 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183
-1.9 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233
-1.8 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294
—1.7 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367
-1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
—1.5 0.0668 0.0655 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559
-1.4 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681
-1.3 0.0968 0.0951 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823
-1.2 0.1151 0.1131 0.1112 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003 0.0985
-1.1 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.1230 0.1210 0.1190 0.1170
-1.0 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379
—0.9 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.1611
-0.8 0.2119 0.2090 0.2061 0.2033 0.2005 0.1977 0.1949 0.1922 0.1894 0.1867
—0.7 0.2420 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148
-0.6 0.2743 0.2709 0.2676 0.2643 0.2611 0.2578 0.2546 0.2514 0.2483 0.2451
—0.5 0.3085 0.3050 0.3015 0.2981 0.2946 0.2912 0.2877 0.2843 0.2810 0.2776
-0.4 03446 0.3409 0.3372 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 0.3121
-0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.3483
—0.2 04207 04168 0.4129 0.4090 0.4052 0.4013 0.3974 0.3936 0.3897 0.3859
—0.1 04602 04562 04522 04483 0.4443 0.4404 04364 04325 0.4286 0.4247
—0.0 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 0.4761 0.4721 0.4681 0.4641
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0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
o2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2o’
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
34

0.00

0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159
0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713
0.9772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981
0.9987
0.9990
0.9993
0.9995
0.9997

0.01

0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186
0.8438
0.8665
0.8869
0.9049
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719
0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982
0.9987
0.9991
0.9993
0.9995
0.9997

0.02

0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982
0.9987
0.9991
0.9994
0.9995
0.9997

0.03

0.5120
0.5517
0.5910
0.6293
0.6664
0.7019
0.7357
0.7673
0.7967
0.8238
0.8485
0.8708
0.8907
0.9082
0.9236
0.9370
0.9484
0.9582
0.9664
0.9732
0.9788
0.9834
0.9871
0.9901
0.9925
0.9943
0.9957
0.9968
0.9977
0.9983
0.9988
0.9991
0.9994
0.9996
0.9997

0.04

0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7704
0.7995
0.8264
0.8508
0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.9671
0.9738
0.9793
0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984
0.9988
0.9992
0.9994
0.9996
0.9997

0.05

0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289
0.8531
0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984
0.9989
0.9992
0.9994
0.9996
0.9997

0.06

0.5239
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315
0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750
0.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985
0.9989
0.9992
0.9994
0.9996
0.9997

0.07

0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8790
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756
0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985
0.9989
0.9992
0.9995
0.9996
0.9997

0.08

0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986
0.9990
0.9993
0.9995
0.9996
0.9997

0.09

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549
0.7852
0.8133
0.8389
0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767
0.9817
0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986
0.9990
0.9993
0.9995
0.9997
0.9998
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For a standard normal distribution, use the table to find:

a PE<0.6) b P:<-183) ¢ P<234)
d Pz=>-2.7) e P-03<z<14)
Solution

a The table gives the area under the PDF for the standard normal distribution.

0.6

Find 0.6 in the left column of the table.
P(z<0.6)=0.7257

-1.83

For —1.83, find —1.8 in the left column of the table and the entry under 0.03 in this
row.

P(z<-1.83)=0.0336
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For 2.34, find 2.3 in the left column of the table and the entry under 0.04 in this row.
P(z <2.34) =0.9904

Find -2.7 in the left column of the table.
P(z<-2.7)=0.0035
P(z>-2.7)=1-0.0035

=0.9965

P(-03<2<14)=Pz<14) - Pz<-0.3)
=0.9192 - 0.3821
=0.5371
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Quartiles, deciles and percentiles

For a standard normal distribution, use the table on pages 441-442 to find:

a the median b the lower quartle ¢ the upper quartile
d the 84th percentile e the 6th decile
Solution

a The median separates the bottom half of the scores.
We want to find the score with the cumulative probability of 0.5 in the table.
Median =0 (this is the same value as the mean)
b  The lower quartile separates the bottom 0.25 of the data.
In the table there are 2 values close to 0.25:
P(z<-0.67)=0.2514 and P(z < —-0.68) = 0.2483
0.2514 is closer to 0.25 so the lower quartile is approximately —0.67.
(Note: 0.2514 - 0.25 = 0.0014, and 0.25 — 0.2483 = 0.0017.)
¢ The upper quartile separates the bottom 0.75 of the data.
In the table there are 2 values close to 0.75:
P(z<0.67)=0.7486 and P(z < 0.68) = 0.7517
0.7486 is closer to 0.75 so the upper quartile is approximately 0.67.

Notice that the values for the lower and upper quartiles are £0.67 because the normal
distribution is symmetrical.

d  The 84th percentile separates the bottom 0.84 of the data.

In the table there are 2 values close to 0.84:

P(z<0.99) = 0.8389 and P(z < 1) = 0.8413

0.8389 is closer to 0.84 so the 84th percentile is approximately 0.99.
e The 6th decile separates the bottom 0.6 of the data.

In the table there are 2 values close to 0.6:

P(z<0.25)=0.5987 and P(z < 0.26) = 0.6026

0.5897 is closer to 0.6 so the 6th decile is approximately 0.25.
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Shade the area of the normal distribution where the values are:

a above the top 20% of data b above the top 10% of data
Solution
a P(>a)=20%,s0 P(z<a)=80% (0.8 or the 8th decile)

From the table:

P(z £0.84) = 0.7995 and P(z < 0.85) = 0.8023

0.7995 is closer to 0.8 so the 8th decile is approximately 0.84
This means all values to the left of 0.84 lie below 80%.

So the top 20% lies to the right of 0.84.

0.84
b Pi>a)=10%,s0P(z<a)=90% (0.9 or the 9th decile)
From the table:
P(z <1.28)=0.8997 and P(z < 1.29) = 0.9015
0.8997 is closer to 0.9 so the 9th decile is approximately 1.28.
This means all values to the left of 1.28 lie below 90%.
So the top 10% lies to the right of 1.28.
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Exercise 10.05 Normal distribution

1 Draw a probability density function for the normal distribution with:
a mean 9 and standard deviation 2
b mean 8.6 and standard deviation 0.3
¢ mean 11.5 and standard deviation 1.4
d mean 27 and standard deviation 2.5
e

mean 115.2 and standard deviation 3.2

2 What is the mean and standard deviation of each normal distribution?

a b

T T T T T T T T T T T T T T
11.1 153 19.5 23.7 27.9 32.1 36.3 27 36 45 54 63 72 81

4.5 489 543 397 65.1 705 759 177.2 187.8 198.4 209 219.6 230.2 240.8

417 619 911 Ill.3 13I.5 15I.7 17I.9
3 Draw the probability density function for a standard normal distribution.

4 Use the probability table for a standard normal distribution on pages 441-442 to find:

a P:<0) b Pz<l)

¢ P:<2) d P:<3)

e Pe<-1) f Pz<-2)
g Pz<-3) h Pe<15)
i Plz<-2.67) j P@&<3.09

5 Use the probability table to find:

a Piz>-0.46) b Pz>2.11)

¢ Pi=-2.01) d P(-24<z2<-1.76)
e P(-22<z<22) f P1.21<2<1.89)
g P-145<z<3.1) h P-1<z<1)

i P(-2<z2<2) j P(3<z<3)
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6 Use the probability table to find:

a the 8th decile b the 3rd quartile

¢ the 29th percentile d the 2nd decile

e the 89th percentile f the 12th percentile
g the 3rd decile h  the Ist quartile

i the 63rd percentile

7 Sketch a normal curve and draw on it the area where values lie in the:

a bottom 30% b bottom 15%
c top67% d top24%
e topl2%

Shutterstock.com/Sarah?2
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10.06 Empirical rule

In Question 5 of the previous exercise you calculated P(-1 <2< 1), P(-2 <2 <2) and . |
P(=3 <z <3), the probability that values in a normal distribution will fall within 1, 2 or 3 e
standard deviations of the mean respectively. These probabilities are part of the empirical rule.

Empirical rule

Approximately 68% of scores lie within I
1 standard deviation of the mean,
with z-scores between —1 and 1.

Approximately 95% of scores lie within
2 standard deviations of the mean,
with z-scores between —2 and 2.

Approximately 99.7% of scores lie within
3 standard deviations of the mean,
with z-scores between —3 and 3.

[N

a A data set is normally distributed with mean 20 and standard deviation 3.

What percentage of scores lie between:

i 17and23? ii  14and 26?7 iii 11and29?

b A normal distribution has L = 65.2 and ¢ = 1.3. What percentage of scores lie
between:
i 61.3and65.2? il 65.2 and 66.5? ili  62.6.and 69.1?
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Solution

a We can draw the PDF for the normal curve.

lll 1I4 1I7 20 2I3 2I6 2I9
u-36 u-26 u-0 u L+GC H+20 p+30
i Scores between 17 and 23 are within 1 standard deviation of the mean.
So about 68% of scores lie between 17 and 23.
ii Scores between 14 and 26 are within 2 standard deviations of the mean.
So about 95% of scores lie between 14 and 26.

Scores between 11 and 29 are within 3 standard deviations of the mean.

-
=
=

So about 99.7% of scores lie between 11 and 29.

b  We can draw the PDF for the normal curve.

T T T T T T
613 626 639 652 665 678 69.1
W-36 u-26 pU-o 0 L+G WU+20 U+30

Scores between 61.3 and 69.1 are within 3 standard deviations of the mean
(99.7% of data).

Scores between 61.3 and 65.2 are half this area.
99.7% + 2 =49.85%
S0 49.85% of scores lie between 61.3 and 65.2.
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613 626 639 652 665 678 69.1
w-36 u-26 u-o u L+G U+20 W+30

Scores between 63.9 and 66.5 are within 1 standard deviation of the mean
(68% of data).

Scores between 65.2 and 66.5 are half this area.

68% +2=34%

So 34% of scores lie between 65.2 and 66.5.

-
-
=

T T T T T T
613 626 639 652 66.5 67.8 69.1
w-36 u-26 u-o u L+G U+20 W+30

Scores between 62.6 and 65.2 are half the area within 2 standard deviations of the
mean [% X 95%).
Scores between 65.2 and 69.1 are half the area within 3 standard deviations of the
mean [% X 99.7%)_

1 1
Total area = 3 X 95% + > % 99.7%

=47.5% +49.85%
=97.35%
So 97.35% of scores lie between 62.6 and 69.1.
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The standard

normal curve

z-scores

Areas under
the normal
curve

Zz-scores

Exercise 10.06 Empirical rule

What is the approximate percentage of data in a normal distribution that lies within:
a 1 standard deviation of the mean?
b 2 standard deviations of the mean?

¢ 3 standard deviations of the mean?

A set of data has a mean of 15 and a standard deviation of 1.5. If the data set is normally
distributed, find the percentage of data that lies between:

a 13.5and 16.5 b 12and18 ¢ 10.5and 19.5

A set of data is normally distributed with a mean of 8.4 and a standard deviation of 0.9.
Find the percentage of data that lies between:

a 7.5and9.3 b 6.6and 10.2 ¢ 5.7and 11.1

A set of data is normally distributed with mean 18 and standard deviation 2.
Find the percentage of data that lies between:

a 16and?20 b 14and22 ¢ 12and24
d 16and 18 e 18and24 f 12and22

A normal distribution has a mean of 65 and standard deviation 4.

a Sketch the graph of its PDE.

b  Find the percentage of data that lies between:
i 57and 73 ii 61and65 iii  65and 77
iv 57 and 69 v 61and73

A normal distribution has a mean of 9.7 and standard deviation 2.1. Find the percentage
of data that lies between:

a 7.6and11.8 b 97and11.8 ¢ 9.7and 13.9
d 5.5and9.7 e 34and11.8

10.07 z-scores

We can transform any normal distribution into a standard normal distribution by using
2-scores.

zZ-scores

To convert a raw score, x, into a z-score, use the formula:

x_
L= XTH
c

where 1 is the mean and ¢ is the standard deviation of the distribution.
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A data set is normally distributed with mean 15 and standard deviation 2.
a Draw the probability density function for this distribution.
b  Use z-scores to convert each x value to standardised scores:
i x=19 i x=15 iii x=9

Solution

a Drawing the PDF gives the curve below.

9 11 13 15 17 19 21
b upu=15andoc=2
i Forx=19:

This is because 19 is

2 standard deviations
above the mean.

— This is because
15 is the mean.
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EXAMPLE 17

A data set is normally distributed with mean 23.8 and standard deviation 1.2.

a Find the z-score for each raw score and describe where it is on the standard normal
distribution.

i 257 i 20.6 iii 283
b  Which of the scores from part a are very unlikely?

¢ Find the value of a raw score whose z-score is —1.82, correct to 2 decimal places.

Solution
a i Forx=25.7: ii Forx=20.6:
s XTH s XTH
o o
_25.7-23.8 _20.6-23.8
12 12
~1.58 =~—2.67
A score of 25.7 lies 1.58 standard A score of 20.6 lies 2.67 standard
deviations above (to the right of) the deviations below (to the left of) the
mean. mean.
iii Forx=28.3:
28.3-23.8
g=—
1.2
=3.75

A score of 28.3 lies 3.75 standard deviations above (to the right of) the mean.

b  We can draw each score on the standard normal distribution.

-3T 2 a0 1 Tz 3 T
267 1.58 3.75

99.7% of scores lie within 3 standard deviations of the mean.
So a z-score of 3.75 is very unlikely.

"This means that a score of 28.3 is very unlikely.
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z=
(&)
182 x—23.8
1.2
—2.184=x-23.8
21.616 =x

So the raw score is 21.62.

Exercise 10.07 z-scores

1 A data set is normally distributed with mean 18 and standard deviation 1.3.

a Find the z-score for each raw score.

i 18 ii 193 il 20.6
iv 219 v 16.7 vi 154
vii  14.1

b  Which raw score has a z-score of:
i 1.5? i -2.1?
2 The length of fish caught in a fishing competition had a mean of 53.1 cm and standard

deviation 8.7.

a If the lengths of fish almost certainly lie within 3 standard deviations of the mean,
between which lengths would the fish almost certainly lie?

b  Find the z-score for each length.

i 53.1cm ii 61.8cm iii 444cm
iv 70.5 cm v 357 cm vi 79.2 cm
vii 27 cm viii 65 cm

3 A sample of overnight temperatures at Thredbo in June showed a mean temperature of
6.8°C and a standard deviation of 1.1.

a Almost all temperatures lie within 3 standard deviations of the mean. Within what
range do almost all temperatures lie?

b  Find the z-score for each temperature.

i 6.8°C ii 7.9°C iii 9°C
iv 10.1°C v 5.7°C vi 4.6°C
vii 3.5°C viii  6°C
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4 A survey showed that the mean volume of juice in an orange is 66.4 mL with a standard
deviation of 5.8.

a The volume of juice very probably lies within 2 standard deviations of the mean.
Between which 2 volumes do they lie?

b Find the z-scores for each volume.

i 664mL i 722 mL iii 78 mL
iv 83.8mL v 60.6 mL vi 54.8mL
vii 49 mL viii 90 mL
¢ Find the volume that has a z-score of:
i 1.2 i 29 iii 0.6 iv 23

5 a Find the z-score for each raw score below if the mean is 68 and the standard
deviation is 4.5.

i 80 i 53.2 iii 78.6
iv 62.1 v 90 vi 597
vii 82.7 viii 56.4

b  From your answers to part @, which scores are most unlikely?
¢ Which scores in part @ lie within 2 standard deviations of the mean?

d  Which scores in part @ lie within 3 standard deviations of the mean?

6 The mean diameter of a batch of circular discs is 14.2 mm with standard deviation 1.4.

a Whatis the z-score for a disc with a diameter of :

i 16 mm? i 12 mm?

b Find the diameter of a disc with z-score:
i 2.1 i 1.3 i 3.2
iv —0.76 v 1.95

7 A setof data that is normally distributed has a mean of 23 and standard deviation 2.
Which raw score has a z-score of 2.5?

8 A data set that is normally distributed has a standard deviation of 4.5. A score of 39 has a
z-score of 2.7. What is the mean?

9 Find the standard deviation of a normally distributed data set if the mean is 89 and a raw
score of 59 has z-score of —0.6.

10 A set of data that is normally distributed has a mean of 53.4 and standard deviation of
5.6. Find the raw score that has a z-score of:

a o0 b -2 ¢ 1
d 28 e -1.7
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11 The standard deviation of a normal distribution is 3.3 and the z-score of 45 is —1.
Calculate the mean.

12 The mean of a normally distributed data set is 16 and standard deviation is 1.9.
a Find the scores between which:

i 95% of data lies il 68% of data lies ili  99.7% of data lies

b Calculate the z-score of:

i 20 i 13.5

¢ Find the raw score that has a z-score of:
i -3 i 1.1

13 A normal distribution has a mean of 104.7 and standard deviation 5.1.
a Find the scores that lie within 1 standard deviation of the mean.

b Calculate the z-score of:

i 80 ii 103

¢ Which score has a z-score of:

i 2?2 i —1.3?

10.08 Applications of the normal distribution

The normal distribution is often used in quality control and predicting outcomes.

EXAMPLE 18

a A company produces 1 kg packets of sugar. A quality control check found that the
weight of the packets was normally distributed with a mean weight of 0.995 kg and
standard deviation 0.03 kg. The company policy is to reject any packet with a weight
outside 2 standard deviations from the mean.

i What is the smallest weight allowed by the company?
ii What is the largest weight allowed?
iii What percentage of packets will be rejected?
iv. What percentage of large packets will be rejected?
b  The mean shelf life of a spice is 13.4 weeks and the standard deviation is 1.8 weeks.
i Would a shelf life of 20 weeks be unusual? Why?
ii  Find the z-score for a shelf life of 15.5 weeks.

iii  What percentage of shelf lives would be expected to be between 13.4 and 15.5
weeks?

Applying the
normal
distribution

Normal
distribution
worded
problems 1

Normal
distribution
worded
problems 2

Continuous
random
variables
assignment
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Solution

a u=0.995
i Smallest weight allowed: ii Largest weight allowed:
u—20=0.995-2x0.03 U+ 20=0.995+2x0.03

=0.935 =1.055

iii About 95% of weights lie within 2 standard deviations of the mean, so 5% will lie
outside this area.

The company rejects 5% of the packets of sugar.

iv Since the normal distribution is symmetrical, the 5% is made up of 2.5% of larger
and 2.5% of smaller packets.

So the company rejects 2.5% of larger packets.

b iu=134 . x—U
n z=——o0u
pu—3c=13.4-3x1.8 o
:15.5—13.4
=t 1.8
u+3c=134+3x1.8 =1.17
=18.8

So the shelf life of spices almost certainly lies between 8 and 18.8 weeks.

A shelf life of 20 weeks is outside this range, so it would be unusual.

iii \

w=13.4so its z-score = 0

P(13.4<X<15.5)=P0<z<1.17)
=PX<1.17)- PX<0)
=0.8790 — 0.5000 (using the table on pages 441-442)
=0.379

S0 37.9% of shelf lives would be expected to be between 13.4 and 15.5 weeks.
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Using z-scores also allows us to compare 2 data sets.

EXAMPLE 19

In Year 7 at a school the mean weight of students was 59.4 kg and the standard deviation
was 3.8 kg. In Year 8, the mean was 63.5 kg and the standard deviation was 1.7 kg.

John in Year 7, and Deng in Year 8, both weighed 68 kg. Which student was heavier in
relation to his Year?

Solution
For John: For Deng:
z= u zZ = u
(&) (&)
_ 68-594 _ 68-63.5
© 38 I W
~2.263 =~ 2.647

A z-score of 2.647 is higher than a z-score of 2.263.

So Deng weighed more in relation to his Year group than John.

Exercise 10.08 Applications of the normal distribution

1 A machine at the mint produces coins with a mean diameter of 24 mm and a standard
deviation of 0.2 mm.

a  What percentage of coins will have a diameter between:
i 23.4mm and 24.6 mm?
il 24 mm and 24.4 mm?
iii 23.8 mm and 24.2 mm?
iv 234 mm and 24 mm?
v 234 mm and 24.2 mm?
b A coin selected at random has a diameter of 24.8 mm.
i  What s its z-score?
ii Is this diameter unusual? What could you say about this?
c i Convert a diameter of 23.7 mm to a z-score.
ii Find the probability of producing a coin with a diameter of less than 23.7 mm.

iii  Find the probability of producing a coin with a diameter between 23.7 mm
and 23.9 mm.
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2 The maximum temperature in April is normally distributed with a mean of 25.3°C and a
standard deviation of 3.4°C.

a  What percentage of the time in April would you expect the temperature to be

between:
i 21.9°and 28.7°? ii 18.5°and 32.1°? iii 15.1°and 35.5°?
iv 25.3°and 28.7°? v 21.9°and 32.1°?

b The temperature drops to 14°.

i What s its z-score?

ii Is this temperature unusual? Why?
¢ The temperature rises to 38°.

i What is its z-score?
ii Is this temperature unusual? Why?

3 A company surveyed the amount of time it took to assemble its product. The times were
normally distributed with mean 8 minutes and standard deviation 1.7 minutes.

a What s the z-score for a time of 15 minutes? Would this be an acceptable amount
of time to assemble the product? Why?

b Between what times would 95% of times lie?
¢ What percentage of times would lie between 4.6 and 13.1 minutes?
d i Find the z-score for a time of 7 minutes 30 seconds.
il What percentage of times would lie between 7 minutes 30 seconds and 8 minutes?
e Find the probability of times lying between:
i 6and 8 minutes il 6and 9.7 minutes iii 5 and 10 minutes
f  What percentage of times would lie between:

i 3 and 12 minutes? il 7 and 11 minutes? iii 3.5 and 11.9 minutes?

4 A certain brand of perfume is sold in 20 mL bottles. The volume of perfume in the
bottles was tested in a quality control check. The mean was found to be 19.9 mL with a
standard deviation of 0.4 mL.

a  What percentage of bottles have a volume between:
i 19.1 mL and 20.7 mL?
ii 19.9mL and 21.1 mL?
iii 20 mL and 21 mL.?
b Between which two volumes do 99.7% of bottles lie?

Comment on a bottle that has a volume of 23 mL.

(o]

d  Find the probability that a bottle of perfume will have a volume between
18.9 and 19.3 mL.
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5 A farmer is only allowed to deliver standard size apples to the markets. The mean
diameter must be 7.5 cm with a standard deviation of 0.3 cm. Only apples within
2 standard deviations of the mean are allowed.

a  What percentage of apples are allowed?
b  What s the largest diameter allowed?
¢ What s the smallest diameter allowed?

6 A certain brand of car battery has a mean life of 3.1 years with a standard deviation of
0.3 years.

a Whatis the minimum life you could reasonably expect from a battery of this type?
b  What percentage of batteries would have a life between:
i 2.8and 3.4 years?
ii 2.5 and 3.5 years?
¢ Would a life of over 4 years be unusual? Why?

7 A Jack Russell terrier has a mean height of 28 cm and a standard deviation of 0.833 cm.
a  What range of heights (to 1 decimal place) would you expect for this breed of dog?
b  What s the z-score of a height of 27.2 cm?
¢ What percentage of dogs would be between 27.2 cm and 30 cm tall?
d Would a dog 24 cm tall be typical of this breed? Why?

8 A factory produces 5 kg bags of bread mix. In a quality check, the mean weight of a bag
of bread mix was found to be 4.95 kg, with a standard deviation of 0.15 kg. The factory
rejects bags that weigh less than 4.65 kg or more than 5.25 kg.

a What percentage of bags does the factory reject?
b  What percentage of bags does the factory reject because their weight is too small?

¢ The manager of the factory decided that too many bags are being rejected and that
in future only those outside the normal range of 3 standard deviations would be
rejected.

i What percentage will be rejected?
ii  What weights will be rejected?

9 A company manufactures steel rods with a mean diameter of 10.6 cm and a standard
deviation of 0.5 cm. The manufacturer rejects rods that are outside acceptable limits.

a If the company rejects 0.3% of rods, find:
i the percentage of rods it accepts
i the largest diameter it will accept
iii the smallest diameter it will accept

b In one batch of rods, the diameters are 10.9 cm, 9.6 cm, 8.3 cm, 11.4 cm and
12.6 cm. Which ones will be rejected?
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10 A manufacturer of canned fruit guarantees that the minimum weight in each can is
250 g. A random check showed that the mean weight was 252.5 g with a standard
deviation of 0.4 g. Comment on this guarantee. Is it realistic? Why?

11 A butcher shop advertises that it will give a free leg of lamb to any customer who
can prove that a packet of mince with a mean weight of 1 kg weighs less than 980 g.
If the mean weight is 1 kg with a standard deviation of 10 g, what percentage of
customers should expect to receive a free leg of lamb?

12 The width of a type of door almost certainly lies within the range 814 mm to 826 mm
(3 standard deviations of the mean).

a Whatis the standard deviation?
b  What is the mean width of the door?
¢ Within what widths do 95% of these doors lie?

13 The mean time for a ferry to travel from one port to another is 3.1 hours.
About 47.5% of the time the ferry takes between 3.1 hours and 3.5 hours.

a Whatis the standard deviation?
b  What is the minimum time you would expect the ferry to take?

14 Xavier takes 78 minutes to drive to Epping and 65 minutes to drive to the city.
The mean time to Epping is 75.3 minutes with a standard deviation of 2.6,
while the mean time to the city is 62.7 minutes with a standard deviation of 1.7.

a Calculate the z-scores for Xavier’s trips to Epping and the city.

b  Which was the longer trip in comparison with the mean?

15 Kieran scored 78 in an exam where the mean was 69.5 and the standard deviation was 8.5.
Cameron scored 71 in an exam where the mean was 61.2 and the standard deviation was 4.8.

a Find Kieran’s z-score.
b Calculate Cameron’s z-score.

¢ Which student scored higher in comparison with the other students in each exam?
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For Questions 1 to 3, choose the correct answer A, B, € or D.

1 Which function does not describe a continuous probability distribution?

Formula

A flv= ;—i for the interval 1 <x <4 B flx)= e;i 1 in the domain [0, 3] Sfiigz%ﬁ',‘;d
C fw= i in the domain [1, 5] D fv)= 4_x3 in the interval 0 <x < 5
625 625
2 The percentage of z-scores between —2 and 2 is: e
A 95% B 68% C 475% D 49.85%

3 Which random variable is not continuous?

The temperature of different freezers

A
B The mass of rocks found at the site of a volcano
C The length of the arms of people

D

Shoe sizes of people

4 For the uniform continuous probability distribution shown, find: fx)

a PX<15) b PX<9) 0.05
¢ PU<X<18) d Pé4<X<13) 0041
e PX=6) f the median 22; :
g the 18th percentile h  the 89th percentile 001 ]
i the 6th decile j  the3rd quartile

5 10 15 20 *

5 State whether each graph represents a probability density function.

9 fw b i ¢ W
0.5 1 0.5 1 0.6 -
0.4 0.4 1 0.5
0.3 0.3 0.4 1
0.2 1 0.2 1 0.3 -
0.1 1 0.1 1 0.2
1 2 3 4% 1 23 4 5 ¢ 1
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2
6 Find the median of the continuous random variable f(x) = % defined on the interval

1 <x <5.Answer correct to 2 decimal places.

2
7 a Find the cumulative distribution function for f(x) = % forl=x<8
0  forall other x
b Find:
i PX<3) ii PX<5) iii P(X>6)
iv PX2>4) v PQ2<X<7)

8 For each continuous probability distribution, find:

i the mode il the median

a flv= i—;c defined in the domain [1, 4]

2
b flx= %43 defined in the interval 0 <x <9

9 The birth weights of babies born at St John’s Hospital were measured and found to be
normally distributed with mean 3.2 kg and standard deviation 0.31.

a Find the range of weights in which 99.7% of the weights of these babies would lie.
b  Find the z-score (to 2 decimal places) for a weight of:

i 39kg ii 3.5kg
¢ Use the standard normal probability table on pages 441-442 to find the probability
that a baby born at the hospital would have a birth weight between 3.5 kg and 3.9 kg.
3%’

10 A function is given b =
nction is given by f(x) I

. Over what domain starting atx = 0 is this a
probability density function?

11 Draw a probability density function for the normal distribution with:
a mean 15 and standard deviation 0.5
b mean 3.4 and standard deviation 0.2
12 A factory produces 2 kg bags of nails. In a quality check, the mean weight of a bag of

nails was found to be 1.95 kg, with a standard deviation of 0.08 kg. The factory rejects
bags that weigh less than 1.71 kg or more than 2.19 kg.

a What percentage of bags does the factory reject?

b  After a complaint, the manager decided to reject bags that weigh less than 1.87 kg
or more than 2.11 kg. What percentage will be rejected?

2
13 For the PDF f(x) = 3% defined on the interval 3 <x <7, find:

a the median b the 3rd quartile ¢ the 4th decile
d the 63rd percentile e the 28th percentile
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14 Find the mean and standard deviation of this normal distribution.

0.8 1.5 2.2 2.9 3.6 4.3 5

15 Find the cumulative distribution function for each continuous probability distribution.

4
a fx)= ;75 defined on the interval 0 <x < 5

C

f)=

fe==

x()

defined on [0, 7]
117 649

ex

. in the interval 0 < x < 6

d fw =% for [1, 9]

16 Use the probability table for a standard normal distribution on pages 441-442 to find:

a
d

9

P(z<0.54) b Pz<132) ¢ Pz<-3)
P(z<-0.71) e Pz>-1) f Pz>25)
P(z >-1.08) h P(-23<2<-1.09) i P(1.1<z2<3.11)

17 A set of data is normally distributed with mean 12.5 and standard deviation 1.5.
Find the percentage of data that lies between:

d

9.5 and 15.5 b 125and 14
10 and 15 e 12and13

¢ lland17

18 A probability density function is given by f(x) = z¢" over a certain domain.

Find the exact value of # if the domain is:

[0, 5] b [L4]

19 Shade on the standard normal distribution the area where values lie:

a in the bottom 20%
b in the bottom 32%
¢ inthetop 15%
d in the top 30%
e between the bottom 10% and the top 40%
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20 Find the mode of each continuous probability distribution.
a fx)= % defined in the domain [2, 8]

b 1w
0.5 1

0.4 4
0.3 4
0.2
0.1 4

1 2 3 4%

¢ flo= %(x3 — 9x? + 24w) defined in the domain [0, 3]

21 Klare took 9.3 s to finish a race where the mean was 8.3 s and the standard deviation
was 1.2. Simon took 8.9 s to run in the next heat where the mean was 8.1 s and the
standard deviation was 0.8.

a Find Klare’s z-score.
b Calculate Simon’s z-score.

¢ Which person had the better time in comparison with the other runners in
their heat?
3
22 Show that f(x) = % defined on the interval 1 <x <7 is a probability density function.

23 Circular tables are made with a mean radius of 1.1 m with standard deviation 0.02 m.

a Find the z-score for a table with a radius of:

i 1.15m ii 1.07m
b Find the radius of a table with z-score:
i1 i 2 i 3.1 iv -0.63 v 127

24 A normal distribution has a standard deviation of 1.6. A score of 87.9 has a z-score
of —1.3. What is the mean?

25 The standard deviation of a normal distribution is 1.9 and the z-score of 52.4 is 1.7.
Calculate the mean.
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4

over the interval 2 <x < b.

1 A probability density function is given by f(x) = 351362 4

Find the value of # and 4 if the median of the PDF is 4.353 031.

2 A normal distribution has mean p and standard deviation ©.
Evaluate u and 6 given that 95% of scores lie between 12.4 and 14.

3 Find the mode of the continuous probability distribution f(x) = 4 (x+2)(x—4)°
defined in the domain [0, 3]. 2

4 Find the cumulative distribution function for the continuous probability distribution

2N
flw) = Gkl defined on the domain [3, 7].
62 000

5 For a normal distribution, P(X £23.8) =91.92% and P(X £ 17.15) = 30.85%.

Find the mean and standard deviation.
(x—p)”
26°

1 =
e

ov2ln

Use technology to show that this is a probability density function given p =6 and 6 = 1.

6 A good model for a normal distribution is the function f(x) =
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