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SEQUENCES AND SERIES

A sequence is a set of numbers that form a pattern. Many sequences occur in real life — the growth
of plants, savings in the bank, populations, clearing of forests and so on. In the Year 11 course you
looked at how things can grow or decay (decrease| exponentially. In this chapter you will look at
two other types of patterns that apply to reallife applications.

CHAPTER OUTLINE

1 Ceneral sequences and series

1.02  Avrithmetic sequences

1.03  Avrithmetic series

] Geometric sequences

] Geometric series

1 Limiting sum of an infinite geometric series
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IN THIS CHAPTER YOU WILL:

identify the difference between a sequence and a series

identify the difference between arithmetic and geometric sequences and series
find the nth term of arithmetic and geometric sequences

find the sum to n terms of arithmetic and geometric series

understand and apply the limiting sum formula for infinite geometric series




Sequences
and series

Classifying

sequences

TERMINOLOGY

arithmetic sequence: A list of numbers where
the difference between successive terms is a
constant (called the common difference)

arithmetic series: A sum of the terms forming an
arithmetic sequence

common difference: The constant difference
between successive terms of an arithmetic
sequence

common ratio: The constant multiplier of
successive terms in a geometric sequence

geometric sequence: A list of numbers where
the ratio of successive terms is a constant
(called the common ratio)

geometric series: A sum of the terms forming a
geometric sequence

limiting sum: The limit, where it exists, of a
geometric series as 7 — oo

recurrence relation: An equation that defines a
term of a sequence or series by referring to its
previous term(s)

sequence: A list of numbers where each term of
the sequence is related to the previous term by
a particular pattern

series: The sum of terms of a sequence of numbers

term: A value of a sequence

1.01 General sequences and series

Sequences

A sequence is an ordered list of numbers, called terms of the sequence, which follow a
pattern. Some patterns are easy to see and some are more difficult to find.

Find the next 3 terms in the sequence:

a 14,17,20,... b

Solution

5,10, 20, 40, ... (4

5,1,-3, ...

a For the sequence 14, 17, 20, ... we add 3 to each term for the next term.

14+3 =17 and 17 + 3 = 20.

Following this pattern, the next 3 terms are 23, 26 and 29.

b  For 5, 10,20, 40, ... we multiply each term by 2 for the next term.

5x2=10,10x2=20,20 x 2 =40.

So the next 3 terms are 80, 160 and 320.

¢ For the sequence 5, 1, -3, ... we subtract 4 (or add —4) to each term for the next term.

5—4=1and1-4=-3.

So the next 3 terms are —7, —11 and —15.
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Series

A series is a sum of terms that form a sequence.

EXAMPLE 2

Find the sum of the series with 5 terms:

S+ 15+22+ ... b 4

Solution

+8+16+ ...

a Weadd 7 to each term in the series 8 + 15 + 22 + ... to find the next term.

b

So the series with 5 terms is 8 + 15 + 22 + 29 + 36.

Sum=8+15+22+29+36
=110

We multiply each term in the series 4 + 8 + 16 +

So the series with 5 terms is 4 + 8 + 16 + 32 + 64.

Sum=4+8+16+32+64
=124

DID YOU KNOW?

Polygonal numbers

... by 2 to find the next term.

Around 500 BC the Pythagoreans explored different polygonal numbers:

Triangular numbers: 1 +2 +3 +4 + ...

L] e o
[ e o [ [ (]
1 1+2 1+2+3
Square numbers: 1 +3+5+7 + ...

[ ] e o e o o

e o e o (]

e o (]

1 1+3 1+3+5

1+3+5+7
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Exercise 1.01 General sequences and series

1 Find the next 3 terms in each sequence.

a 5,811,.. b
c 11,22,33,... d
e 7,53, .. f
1 1
g 5,1,13,... h
i 2,-4,8,-16, .. j
2 Find the sum of each series if it has 6 terms.
a 4+12+36+... b
€ 3+7+11+... d
e 14+4+9+16+... f
. 111
3 Find the next 3 terms of the sequence 323

P

8,13, 18, ...
100, 95, 90, ...
12,3, -6, ...

1.3,1.9,2.5, ...

39
’20° 80’

U | o=

1+2+4+ ...
—-6+12-24+ ...
1+8+27+64+..

4 Find the next 4 terms in the series 3 + 6+ 11 + 18 +27 + ...

5 What are the next 5 terms in the sequence 1, 1,2,3,5,8, 13, ...

6 Complete the next 3 rows in Pascal’s triangle:

1
1 1

1 2 1
1 3 3

1 4 6 4
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DID YOU KNOW?

Fibonacci numbers

The numbers 1, 1, 2, 3, 5, 8, ... are called Fibonacci numbers after Leonardo Fibonacci
(1170-1250). These numbers occur in many natural situations.

For example, when new leaves grow on a plant’s stem, they spiral around the stem.The
ratio of the number of turns to the number of spaces between successive leaves gives the

. 11235 8 13 21 34
sequence of fractions -, —, =, =, =, —, —, —, —, ...
1'2°3°5813 21 34°55

____________________

5th turn

4th turn

3rd turn

2nd turn

1 2 '
2 3 7 z
= ‘
3 5
5 8
1st turn

The Fibonacci ratio is the number of turns divided by the number of spaces.

Research Fibonacci numbers and find out where else they appear in nature.
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Arithmetic
sequences

Arithmetic
progressions

1.02 Arithmetic sequences

In an arithmetic sequence, each term is a constant amount more than the previous term.

The constant is called the common difference, 4.

Find the common difference of the arithmetic sequence:

a 5,913,17,... b 85,80,75, ...
Solution

a For this sequence,9—5=4,13 -9=4and 17 - 13 =4.
So common difference d =4.
b For this sequence, 80 — 85 =—5 and 75 — 80 = -5.

So common difference d = -5.

A recurrence relation is an equation that defines a term of a sequence by referring to its
previous term. In any arithmetic sequence, a term is & more than the previous term. We can

write this as a recurrence relation:
T,=T,_,+d where T, is the nth term of the sequence
orT,-T, =d

a If5 x 31, ... is an arithmetic sequence, find .
b i Evaluate kif k+2,3k+2,6k -1, ... is an arithmetic sequence.
il Write down the first 3 terms of the sequence.

iii Find the common difference 4.
Solution

a For an arithmetic sequence,
SOTZ—TI=T3_T2

x=5=31-x
20-5=31
2x =36
x=18

Note: x is called the arithmetic mean because x = 2 +23 1.
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b i For an arithmetic sequence,
Gy T = % = T
Gk+2)—(k+2)=(6k—1)— Gk +2)
3k+2-k-2=6k—-1-3k-2

2k=3k-3
2k+3=3k
3=k
ii Substituting # = 3 into the terms of the sequence:
T =k+2 Ty =3k +2 Ty =6k -1
=3+2 =33)+2 =6(3)-1
=5 =11 =17

iii The sequenceis 5, 11,17, ...
d=11-50r17-11
=6
So d=6.

The general term of an arithmetic sequence

Given an arithmetic sequence with 1st term 7} = # and common difference d:

=a+d =@+d)+d =@+2d)+d
=ﬂ+2d =ﬂ+3d

Notice that the multiple of 4 is one less than the number of the term. So the multiple of 4 for
the nth term 7, is n — 1.

nth term of an arithmetic sequence
T,=a+(@n—-1)d

ISBN 9780170413220 1. Sequences and series @



a Find the 20th term of the sequence 3, 10, 17, ...
b Find a formula for the nth term of the sequence 2, 8, 14, ...

¢ Find the first positive term of the sequence —50, —47, —44, ...

Solution
a 2=3,d=7,n=20 b 4=2,d=6
T,=a+m—1)d T,=a+m—1)d
T,=3+20-1)x7 =2+m—-1)%x6
=3+19%x7 =2+6n-06
=136 =6n—4

¢ a=-50,d=3

For the first positive term, 3n>53
T,>0 n>17.66...
a+m—1)d>0 So n =18 gives the first positive term.
—50+m-1)x3>0 Tig=-50+(18-1)x3
-50+3n-3>0 =1
3n—-53>0 So the first positive term is 1.

The 5th term of an arithmetic sequence is 37 and the 8th term is 55. Find the common
difference and the first term of the sequence.

Solution
T,=a+n-1)d Solve [1] and [2] simultaneously:
Given T5 =37: 3d=18 2] -[1]
a+(G-1)d=37 d=6
a+4d=37 [1] Substitute d = 6 into [1]:
Given Ty =55: a+46)=37
a+(@-1)d=55 a+24=37
a+7d=755 2] a=13

So the common difference is 6 and the
first term is 13.
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Exercise 1.02 Arithmetic sequences

1 Find the value of the pronumeral in each arithmetic sequence.

a 59y,... b 82«.. c 45,99, ...
d 16,006, ... e «,14,21,... f 32,x-1,50,...
g 3,5%+2,21,... h xx+3,2x+5,... i t=5353t+1, ...

J o 2=3,3r+1,5+2, ...

2 Find the 15th term of each sequence.

a 4,7,10,... b 813,18, ... ¢ 10,16,22,...
d 120,111,102,... e -3,2,7,..

3 Find the 100th term of each sequence.
a -4,2,8, .. b 41,32,23,.. ¢ 18,22,26, ...
d 125,140,155, ... e -1,-5-9,..

4 What s the 25th term of each sequence?
a -14,-18,-22,... b 04,09,14,.. ¢ 13,090.5,...
d 1,214, .. e 13,2,23, ..

2 5 5

5 Find the formula for the nth term of the sequence 3, 5,7, ...

6 Find the formula for the nth term of each sequence.

a 9,17,25,... b 100,102,104, ... c 6,912,...

d 380,86,92, ... e -21,-17,-13,... f 15,10,5,...

g %, 1, 1%, h -30,-32,-34, ... i 3.2,4.4,5.6, ...
. 1 1

J E, IZ,Z,

7 Find which term of 3,7, 11, ... is equal to 111.
8 Which term of the sequence 1, 5,9, ... is 213?
9 Which term of the sequence 15, 24, 33, ... is 276?
10 Which term of the sequence 25, 18, 11, ... is equal to —73?
11 Is 0 a term of the sequence 48, 45,42, ...?
12 Is 270 a term of the sequence 3, 11, 19, ...?
13 Is 405 a term of the sequence 0, 3, 6, ...?
14 Find the first value of # for which the terms of the sequence 100, 93, 86, ... is less than 20.

15 Find the values of # for which the terms of the sequence —86, —83, —80, ... are positive.
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16 Find the first negative term of the sequence 54, 50, 46, ...
17 Find the first term that is greater than 100 in the sequence 3,7, 11, ...

18 The first term of an arithmetic sequence is =7 and the common difference is 8.
Find the 100th term.

19 The first term of an arithmetic sequence is 15 and the 3rd term is 31.
a Find the common difference.
b Find the 10th term of the sequence.

20 The first term of an arithmetic sequence is 3 and the 5th term is 39.
Find the common difference.

21 The 2nd term of an arithmetic sequence is 19 and the 7th term is 54.
Find the first term and common difference.

22 Find the 20th term in an arithmetic sequence with 4th term 29 and 10th term 83.

23 The common difference of an arithmetic sequence is 6 and the 5th term is 29.
Find the first term of the sequence.

24 Tf the 3rd term of an arithmetic sequence is 45 and the 9th term is 75,
find the 50th term of the sequence.

25 The 7th term of an arithmetic sequence is 17 and the 10th term is 53.
Find the 100th term of the sequence.

26 a Show that log; x, logs &%, logs x°, ... is an arithmetic sequence.
b Find the 80th term.

¢ Ifx=4, evaluate the 10th term correct to 1 decimal place.

27 a Show that /3,412,427, ... is an arithmetic sequence.
b Find the 50th term in simplest form.

28 Find the 25th term of log, 4, log, 8, log, 16, ...
29 TFind the 40th term of 54, 85, 114, ...

30 Which term is 213y of the sequence 28y, 33y, 38y, ...2
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1.03 Arithmetic series

The sum of an arithmetic series with z terms is given by the formula:

Avrithmetic
Sum of an arithmetic series with n terms
S,= g(ﬂ + /) where 2 = Ist term and / = last (#th) term -
Proof
Amh@ f
Let the last or #th term be . e
S,=a+@+d)+@+2d)+...+1 1]
Writing this around the other way: At
S,=1+U=d)+(-2d)+ ...+ o]
(1] +[2]
2S,=@+D+@+D)+@+1)+....4+(a+1])ntimes Aribmsic
=n(a+1)
S =Z@+1)
n - 2

We can find a more general formula if we substitute 7, = 2 + (n — 1)d for /:

Sum of an arithmetic series with n terms

A%=%Daﬂn—Dﬂ

Proof
%=§@+n

n

[a+a+ n—1)d]

]

=§pa+@-1m]

We can also use these formulas to find the sum of the first # terms of an arithmetic sequence
(also called the nth partial sum).
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EXAMPLE 7

a Evaluate 9+ 14+ 19+ ... +224.

b For what value of 7 is the sum of the series 2 + 11 + 20 + ... equal to 618?

¢ The 6th term of an arithmetic sequence is 23 and the sum of the first 10 terms is 210.
Find the sum of the first 20 terms of the sequence.

Solution

a 4=94d=5T,=224
T,=a+m—1)d
224=9+(m—-1)x5
=9+5n-95
=5n+4
220="5n
4 =n

b 2=2,d=9,5,=618
Sn=%[2¢z+(n—l)d]
618="2
2
1236 = n(4 + 91 — 9)
=n9n - 5)

=92° — 5n

2x2+@—1)x9)]

c T,=a+n-1)d
Ty=a+(6—-1)d=23
a+5d=23
Sn=g[2ﬂ+(n—l)d]

Sio= ?[za +10 - 1)d] =210

5Qa+9d)=210
20+ 9d=42
[1] % 2:
B1-[2]:

2a+10d=46
d=4

%=§@+0

= ?(9 +224)

=5126

0=9n" - 5n—1236
=(n-12)9n+103)
(or use the quadratic formula)
n—12=0,92+103=0
n=12

(97 + 103 = 0 gives a negative value of 7)
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Substitute d =4 in [1]

a+54)=23
a+20=23
a=73

Substitute 2 =3, d = 2, n = 20 into the formula for S,,.
20
2
=10(6 + 19 x 4)

=820

Sy0=—[2(3) + (20 — 1)4]

Exercise 1.03 Arithmetic series

1 Find the sum of 15 terms of each series.
a 4+7+10+... b 2+7+12+... ¢ 60+56+52+...

2 Find the sum of 30 terms of each series.
a 1+7+13+... b 15+24+33+... ¢ 95+89+83+...

3 Find the sum of 25 terms of each series.
a -2+4+5+12+... b 5-4-13-..

4 Tind the sum of 50 terms of each series.
a 50+44+38+... b 11+14+17+...

5 Evaluate each arithmetic series.
a 15+20+25+...+535 b 9+17+25+...+225
¢ S5+2-1-..-91 d 81+92+103+...+378
e 22942254221+ ...+25 f -2+6+14+...+9%
g 0-9-18-...-216 h 79+81+83+...+229
J

i 14+11+8+...—43 12e1242+ 425t

2 4 n
How many terms of the series 45 + 47 + 49 + ... are needed to give a sum of 1365?
For what value of  is the sum of the arithmetic series 5 + 9 + 13 + ... equal to 152?

How many terms of the series 80 + 73 + 66 + ... are needed to give a sum of 495?

How many terms of the series 20 + 18 + 16 + ... are needed to give a sum of 104?

© Vv ® N o

The sum of the first 5 terms of an arithmetic sequence is 110 and the sum of the first
10 terms is 320. Find the first term and the common difference.

11 The sum of the first 5 terms of an arithmetic sequence is 35 and the sum of the next
5 terms is 160. Find the first term and the common difference.
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Geometric
sequences

Geometric
progressions
1

12
13

14

15

16

17

18
19

Find S5, given an arithmetic series with 8th term 16 and 13th term 81.

The sum of 12 terms of an arithmetic series is 186 and the 20th term is 83. Find the sum
of 40 terms of the series.

The sum of the first 4 terms of an arithmetic series is 42 and the sum of the 3rd and 7th
term is 46. Find the sum of the first 20 terms.

a Show thatx+1,2x+4,3x+7, ... are the first 3 terms in an arithmetic sequence.

b  Find the sum of the first 50 terms of the sequence.

The 20th term of an arithmetic series is 131 and the sum of the 6th to 10th terms
inclusive is 235. Find the sum of the first 20 terms.

The sum of 50 terms of an arithmetic series is 249 and the sum of 49 terms of the series
is 233. Find the 50th term of the series.

Prove that 7, = S, — S, _, for any arithmetic sequence.

a Find the sum of all integers from 1 to 100 that are multiples of 6.
b  Find the sum of all integers from 1 to 100 that are not multiples of 6.

1.04 Geometric sequences

In a geometric sequence, each term is formed by multiplying the previous term by a
constant. The constant is called the common ratio 7.

EXAMPLE 8
Find the common ratio of the geometric sequence:
a 3,6,12,... b -2,10,-50, ... c l,l,i,
2°5°25
Solution
a For this sequence, 6 +3=2,12 +6=2
So common ratio 7= 2.
b For this sequence, 10 + -2 =-5,-50 + 10 =-5
So common ratio 7 = -5.
1 1 2 2 1 2
c - L

57275257575

: 2
So common ratio » = o
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In any geometric sequence, a term is 7 times more than the previous term. We can write this
as a recurrence relation:

’Tn:TTn—l

=

a i Findxif5,x,45,...1isa geometric sequence.

ii  Find the sequence.

b Is

11 .
18 a geometric sequence?
Solution

a i Forageometric sequence:

£=r and £=r
1 2
So £=£
L T,
x_45
5 «x
xf =225
x =225
=215

Note: x is called the geometric mean because x =,/5 x 45 .
il Ifx=15 the sequence is 5, 15,45, ... (r=3)
If x =15 the sequence is 5, 15,45, ... (r=-3)

b L_1.1 & L1
T, 6 4 T, 18
_Z 1
3 3
L # L so the series is not geometric.

L T,
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General term of a geometric sequence

Given a geometric sequence with 1st term 7 = # and common ratio 7

Ti=a T;=T, xr T,=T;xr
T,=T, xr =(ar)xr =) xr
=ar = ar’ =

Notice that the power of 7 is one less than the number of the term. So the power of 7 for 7, is# — 1.

nth term of a geometric sequence
T,=ar!

a i Find the 10th term of the sequence 3, 6, 12, ...
il Find the formula for the nth term of the sequence.
b Find the 10th term of the sequence -5, 10, -20, ...
¢ Which term of the sequence 4, 12, 36, ... is equal to 78 732?

d  The 3rd term of a geometric sequence is 18 and the 7th term is 1458.
Find the first term and the common ratio.

Solution
a i Thisisa geometric sequence with b 4=-5r=-2,2=10
a=3,r=2and n=10. T =g
_ on-1
Ty =ar o1 Typ=-5(-2)""""
T,,=32)" "
10 3( ) =_5x% (_2)9
=3x2’
=2560
=1536
i T,=a""!
=3Q)y !
¢ This is a geometric sequence with log19683 1
a=4,r=3and T, =78 732. log3
_ n-1
Tn_ﬂr 10g19683+1:n
78732 =43y o
19683 =3""" 10=n
lOg 19 683 = log 3"—1 So the 10th term is 78 732.
=m-1)log3
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Given 75 =18 Substitute 7 = 3 into [1]
a’1=18 a3 =18
ar* =18 [1] 92 =18
Given 75 = 1458 =7
ar’ ~'=1458 Substitute 7= -3 into [1]
w5 = 1458 2] a(-3)" =18
(2] +[1]: 92=18
ot _iss v
ar? 18 .
4_g1 The first term is 2 and the common
"= ratio is *3.
r= ii/g
=13

Here is an example of a geometric sequence involving fractions.

EXAMPLE 11
4 8

a Find the 8th term ofz, —,—, ... in index form.
3'15°75 1
b  Find the first value of » for which the terms of the sequence 7 1,5, ... exceed 3000.

Solution
a 1, _4 2 b a—l r=>5
T, 15 3 5
5 T, > 3000
5 @~ 1'>3000
L_8 4 Lesy=153000
T, 75 15 Ch
5 5"~1>15 000
G log 5”1 > log 15 000
Sop=2 (n—1)log 5 >log 15 000
> 1 log15000
Tn:ﬂrn o lOgS
_2(2 log15000
G n>—2—+1
log5
2 ( 2 )7 > 6.974...
305 Son=7
_ 2 The 7th term is the first term to
3(57) exceed 3000.
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Exercise 1.04 Geometric sequences

1 Is each sequence geometric? If so, find the common ratio.

a 5,20,60,... b 43,2 ..
¢ 232 d 7,523 ..
414" 49 § 83
1
e -14,42,-168, ... f 1;,5,2—7,
1 7 81
g 5.7,171,0513, ... s
i 63,917 ... j 1L 15,-120, ...
8 8
2 Find the pronumeral in each geometric sequence.
a 4,28,x, ... b -3,12,y,..
¢ 2,4,72,.. d y2,6,..
e x8,32,.. f 5,p20,..
g 7,503, .. h -3,m-12,..
i 3,x-4,15, ... J 3 k=121,
k l,t,l,... | l,t,i,...
49 33
3 Find the formula for the nth term of each sequence.
a 1,525,.. b 1,1.02,1.0404, ...
¢ 1,981,.. d 2,10,50,...
e 6,18,54, ... f 8,16,32,...
g %, 1,4, ... h 1000, -100, 10, ...
i 3,927, .. j oLz
3715775
4 Find the 6th term of each sequence.
a 8,24,72,.. b 936,144, ...
¢ 8,-32,128, ... d -1,5-25,...
24 8
e =, — —,..
3°9°27
5 Whatis the 9th term of each sequence?
a 1,2,4, .. b 412,36,...
¢ 1,1.04,1.0816, ... d -3,6,-12,...
333
e -, —--,—, ..
4" 816
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6 Find the 8th term of each sequence.

a 3,15,75,... b 21,42,84,..
¢ 5,-20,80,... —1,i,—i,...
2100 50
1721055
81" 27 9

7 Find the 20th term of each sequence, leaving the answer in index form.

a 3,612, .. b 1,7,49, ..
c 1.04,1.04%,1.04, ... d l,l,i,
4’8’16
3.9 27
e -, —,—,..
4716’ 64

8 Find the 50th term of 1, 11,121, ... in index form.

9 Which term of the sequence 4, 20, 100, ... is equal to 12 500?
10 Which term of 6, 36, 216, ... is equal to 77762
11 Is 1200 a term of the sequence 2, 16, 128, ...?

12 Which term of 3, 21, 147, ... is equal to 352 947?
13 Which term of the sequence 8,4, 2, ... is IL?

14 Which term of 54, 18, 6, ... is i?
243

15 Find the value of 7 if the nth term of the sequence -2, 1%, - 1%, ... is— %

16 The first term of a geometric sequence is 7 and the 6th term is 1701.
Find the common ratio.

17 The 4th term of a geometric sequence is -648 and the 5th term is 3888.
a Find the common ratio.
b Find the 2nd term.

. .2 .
18 The 3rd term of a geometric sequence is = and the 5th term is 1%.
Find the first term and common ratio.

19 Find the value of # for the first term of the sequence 5000, 1000, 200, ... that is less than 1.

20 Find the first term of the sequence ;, g, 2%, ... that is greater than 100.
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1.05 Geometric series

. The sum of a geometric series with 7 terms is given by the formulas:
eometric
series

Sum of a geometric series with n terms

n
a(r" =1
Geometric S = g
. n
ceries =il
This formula can also be written as:
a(l—7")
Geometric Sn S————
series 1— Va

assignment

to be used if 7 is a fraction, thatis, —1 <7< 1, also written as | < 1.

ceomeric  Proof

series
problems

The sum of a geometric series can be written
S =a+ar+a’+ .. +ar" ! (1]
Multiplying both sides by #:
rS,=ra+ar+a’ + ... +ar" )

=ar+art +ar + ... +ar” (2]
(2] - [1]:
rS,—S,=ar" —a
S,r=1)=a@"-1)
S, = ar’ =1
) r—1
[1] - [2] gives the formula
S - a(l-r")
1-r

We can also use these formulas to find the sum of the first # terms of a geometric sequence
(also called the nth partial sum).
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a Find the sum of the first 10 terms of the series 3 + 12 +48 + ...

b Ehduue60+20+6§4—“

20

=

81"

¢ Thesumofntermsof 1 +4+16+...1s21 845. Find the value of #.

Solution

a This is a geometric series with 2 = 3,7 =4, n = 10.

Snza(r -1)
r—1
3410 -1)
Sy =
0T 4
34" -1
3
=419_1
=1048 575
n—1
b =60, =1, n=£ sofL) =20
3 81 3 81
T,=ar"! (1)"—1 1
ar”‘1=2 3 243
81 11
n—1_ a2
So3"~1=243 & A
=35 6
et
-1=5
’ So=——1
n=06 1-=
3
Since |r‘ < 1, we use the second 1
60 1———
formula. _ 729
" B 2
a(l-7") d
=6OXE 3
72 2
89 /L
81
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¢ a=1,7r=4,5,=21845 65535=4"-1

> n

o _alr"=1) 65536 =4"
c ol log 65 536 =log 4"
21845 = 14" =D =nlog
4-1 log 65536 .
4" —1 log4
- 3 8=n

So 8 terms give a sum of 21 845.

Exercise 1.05 Geometric series

1 Find the sum of 10 terms of each geometric series.

a 6+24+96+... b 3+15+75+...
2 Find the sum of 8 terms of each series.
a -1+7-49+ .. b 8+24+72+...
3 Find the sum of 15 terms of each series.
a 4+8+16+... b i—E+i—...(toldecimalplace)
4 8 16
4 Fvaluate:
a 2+10+50+...+6250 b 18+9+4%+...+%
3 1 3 1
€ 3+21+147+...+7203 d Z+ZZ+6Z+...+182Z

e -3+46-12+...+384

5 For the series 7+ 14 + 28 + ... find:
a the 9th term

b the sum of the first 9 terms.

6 Tind the sum of 30 terms of the series 1.09 + 1.09% + 1.09° + ... correct to 2 decimal
places.

7 Find the sum of 25 terms of the series 1 + 1.12 + 1.12*+ ... correct to 2 decimal places.
8 Find the value of  if the sum of 7 terms of the series 11 + 33 + 99 + ... is equal to 108 251.

9 How many terms of the series 1 + L + 1 +... give a sum of 1023 ?
2 4 8 1024

10 The common ratio of a geometric series is 4 and the sum of the first 5 terms is 3069.
Find the first term.
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11 Find the number of terms needed to be added for the sum to exceed 1 000 000 in the
series 4+ 16+ 64 + ...

12 a Find the sum of 10 terms of the series2 + 4 +8 + ...
b Find the sum of 10 terms of the series 1 +3 + 5 + ...
¢ Find the sum of the first 10 terms of the series 3 + 7 + 13 + ...

PUZZLES

1 A poor girl saved a rich king from drowning one day. The king offered the girl a
reward of a sum of money in 30 daily payments. He gave her a choice of payments:

Choice 1: $1 the first day, $2 the second day, $3 the third day and so on.

Choice 2: 1 cent the first day, 2 cents the second day, 4 cents the third day and so on,
the payment doubling each day.

How much money would the girl receive for each choice? Which plan would give the
girl more money?

2 Can you solve Fibonacci’s problem?

A man entered an orchard through 7 guarded gates and gathered a certain number of
apples. As he left the orchard he gave the guard at the first gate half the apples he had
and 1 apple more. He repeated this process for each of the remaining 6 guards and
eventually left the orchard with 1 apple. How many apples did he gather? (He did not
give away any half-apples.)

Shutterstock.com,/Tommy Lee Walker
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Limiting sum
of an infinite
geometric
series

Geometric
series
crossword

1.06 Limiting sum of an infinite geometric series

In some geometric sequences the sum becomes very large as » increases, for example, the
series 2 +4 + 8 + 16 + 32 + ... We say these series diverge (their sum is infinite).

In other geometric sequences, however, such as 8 + 4+ 2 + 1 + ..., the sum does not increase
greatly after a few terms, but approaches some constant value. We say these series converge
(they have a limiting sum that is a specific value, sometimes called the sum to infinity).

a Find the sum of 15 terms of 2 +6 + 18 + ...

b By evaluating the sum of 10 terms and 20 terms correct to 4 decimal places for the
series 2 + 1 + % 4 % 1 % + ..., estimate its limiting sum.

Solution

a ¢=2,r=3,n=15

Snzﬂ(r -1)
r—1
23V -1)
S .=
15 3.1
235 -1)
2
_315_1
=14 348 906
b 2=2 poL. S _al=r")
’ 27" 1-7
Sum to 10 terms: Sum to 20 terms:
r 10 20
2| 1- 1 2|1- 1
2 2
Sig=——- Szo=71
l_l l==
2 2
1 1
kL 210} z[l_zﬂ
1 1
2 2
=3.9961

=4.0000

The limiting sum is 4.
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Can you see why the series 2 + 6 + 18 + ... does not have a limiting sum and the series
1 1 1 .

2+1+—+—+—=+... hasalimiting sum?
2 4 8

It’s because of the common ratio. Only geometric series with common ratios that are
fractions, |7 < 1, will have a limiting sum.

a(l=7r")

-7

For S, =

Asn— oo, 7" - 0when-1<7r<1

We write lim " =0
n—soo

Limiting sum of a geometric series
a

SE when |r]| < 1.
1-7
Proof
S - a(l—7")
1-r

For|r|<1, lim " =0
n—>oo

5 _a=0)
1-7
_a
-y

EXAMPLE 14
1 1 1

a Find the limiting sum of the series 2 + 1 + 5 + a + = + ...

b Find the sum to infinity of the series 6 + 2 + % +..
3,15 11

S 315 11 . .
¢ Does the serles4+16+164+...haveahmltlngsum.
Solution
a a=2,7f=l
: 2
Since 7| < 1, the series has a limiting sum. =7
s=_1 2
1-r
3 2 =2X—
-1 _
2

So the limiting sum is 4.
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3015 11
= ¢ For—+—+1—+ ...
o o=t 36" o4
12 1 1

2+6=-and =+2 == =-
303 30773 R E I B S B
Since |r] < 1, the series has a limiting S CHERE

sum. -1L
4
s=_% . ) .
1=/ Since || > 1, this series does not have
6 a limiting sum.
-1
3
_6
"3
3
=6 x 3
2
=9

So the limiting sum is 9.

DID YOU KNOW?

A series involving tand e

Here is an interesting series involving T

Gottfried Wilhelm Leibniz (1646-1716) discovered this result. It is interesting that

while 7 is an irrational number, it can be written as the sum of rational numbers.
Here is another interesting series involving e:
N P R R
e=l+a+—+—+—+...
20 31 4!
Remember: 2!=2x1,3!=3x2x1,4'=4x3x2x1 and so on.

Research these and other series.
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Exercise 1.06 Limiting sum of an infinite geometric series

1 Which series has a limiting sum? Find the limiting sum where it exists.

a 9+3+1+.. b i+%+1+... c 16-4+1-—..
2 7 49 2 4 51 1
d “+-+—+.. e 1+=+—+.. f —+-+—+..
39 54 309 8 8 40
g —6+36-216+... h 2leZ a2y L.l
48 48 9 6 4
. 4 8
2——+—=-..
J 5725
2 Find the limiting sum of each series.
a 40+20+10+... b 320+80+20+... ¢ 100-50+25—-...
d 6+3+11+ .. e 2,086,188, f 72-24+8-..
2 5 35 245
g —12+2—1+... h z—l+1—... i 1249462+
3 4 2 3 4
. 2 5 25
J St -=+..
3 12 96

3 Find the difference between the limiting sum and the sum of 6 terms of each series,
correct to 2 significant figures.

a 56-28+14-... b 72+24+8+... c 1+%+2—15+...
1 1 1 1 15 45

d —+—+-+.. e l-+—=+—+
2 4 8 4 16 64

L o !
4 A geometric series has limiting sum 6 and common ratio T Evaluate the first term of the
series.

5 A geometric series has a limiting sum of 5 and first term 3. Find the common ratio.

6 The limiting sum of a geometric series is 9; and the common ratio is 5
Find the first term of the series.

7 A geometric series has limiting sum 40 and its first term is 5. Find the common ratio of
the series.

8 A geometric series has limiting sum —6; and first term —8. Find its common ratio.

o .3 . 1
9 The limiting sum of a geometric series is 10 and its first term is -5
Find the common ratio of the series.

10 The second term of a geometric series is 2 and its limiting sum is 9.
Find the values of first term 2z and common ratio 7.

11 A geometric series has 3rd term 12 and 4th term -3. Find #, 7 and the limiting sum.
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12 A geometric series has 2nd term 3 and 4th term ﬁ Find 4, 7 and its limiting sum.

13 The 3rd term of a geometric series is 54 and the 6th term is 11%.
Evaluate 4, 7 and the limiting sum.

14 The 2nd term of a geometric series is % and the 5th term is :—2

Find the values of # and 7 and its limiting sum.

15 The limiting sum of a geometric series is 5 and the 2nd term is 1%.
Find the first term and the common ratio.

16 The series x + % + % + ... has a limiting sum of % Evaluate x.

17 a For what values of # does the limiting sum exist for the series k + &% + & +...?

b  Find the limiting sum of the series when k = —%.

¢ Evaluate £ if the limiting sum of the series is 3.

18 Show that in any geometric series the difference between the limiting sum and the sum
n

. ar
of n terms is .
1-7
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For Questions 1 to 3, select the correct answer A, B, C or D.

1

The sum of 7 terms of a geometric sequence is:

Formula sheet:
Measurement,

A S = %[24 +(n—1)d] T
B S, =1
1-7
1 n Practice quiz
¢ s5,=207)
-7

D s, =§(a+z)

The limiting sum of an infinite geometric series exists when:
A r>1 B |/]>1 C <1 D r<l1

The nth term of the statement that can be proved 12,9, 6, ... is:

A 9+3n B 15-3n C 9-3n D 12n-15
Find a formula for the nth term of each sequence.

a 9,13,17,... b 7,0,-7,.. ¢ 2,618, ...

d  200,50,125, ... e -2,4,-8, ...

For the series 156 + 145 + 134 + ...

a Find the 15th term.

b Find the sum of 15 terms.

¢ Find the sum of 14 terms.

d  Write a relationship between Tys, S5 and Sy
e

Find the value of 7 for the first negative term of the series.

Find whether each sequence is:

i arithmetic ii  geometric ili neither.
a 97,93,89, .. b 213
3°2°8
c  /5,420,45,... d -1.6,-04,06, ...
e 34,75, 11.6,... f  48,24,12, ...
g —%, 1,-5, ... h 105,100,095, ...
1 1 . 2 3
15, 12,1,... J logux,loga,loga, ...

ISBN 9780170413220 1. Sequences and series @



7 The nth term of the sequence 8, 13, 18, ... is 543. Evaluate ».

8 The 11th term of an arithmetic sequence is 97 and the 6th term is 32.
Find the first term and common difference.

9 A sequence has nth term given by T, = #° — 5. Find:
a the 4th term b the sum of 4 terms ¢ which term is 5827.

10 A sequence has terms 5, x, 45, ... Evaluate x if the sequence is:

a arithmetic b geometric.
11 Ifx, 2x + 3 and S are the first 3 terms of an arithmetic series, calculate the value of x.

12 Find the 20th term of:
a 3,10,17,... b 101,98,95, ... c 0.3,0.6,0.09,...

13 Find the limiting sum of the series 81 +27 +9 + ...

14 For each series, find the formula for the sum of # terms.
a 5+9+13+.. b 1+1.07+1.07%+...

15 a For what values of x does the geometric series 1 +x +x” + ... have a limiting sum?
b Find the limiting sum when x = =
¢ Evaluate x when the limiting sum is 1%.

16 The first term of an arithmetic series is 4 and the sum of 10 terms is 265.
Find the common difference.

17 Ifx+2,7x—2 and 15x + 6 are consecutive terms in a geometric sequence, evaluate x.
18 Evaluate 8 + 14 +20+ ... +122.

19 a Calculate the sum of all the multiples of 7 from 1 to 100.

b Calculate the sum of all numbers from 1 to 100 that are not multiples of 7.
20 The sum of z terms of the series 214 + 206 + 198 + ... is 2760. Evaluate 7.

21 Evaluate # if the nth term of the sequence 4, 12, 36, ... is 236 196.
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2

n

1 The nth term of a sequence is given by 7, = T
7+

a What s the 9th term of the sequence?

b  Which term is equal to 18%?

St

2 TFor the series %, T, FREE find the exact value of:

a the common difference
b the 7th term

¢ the sum of 6 terms.

3 Evaluate the sum of the first 20 terms of the series:
a 3+5+9+17+33+65+...
b 5-2+10-8+15-32+...

4 Which term of the sequence Z, ﬁ, ﬁ, ... s equal to
9°45° 225

5 Find the sum of all integers between 1 and 200 that are not multiples of 9.
6 Find the values of 7 for which S, > 24.99 for the series 20 + 4 + ? + ...

7 ‘The sum of the first 5 terms of a geometric series is 77 and the sum of the next 5 terms
is —2464.

a Find the first term and common ratio of the series.
b Find the 4th term of the series.

8 a Find the limiting sum of the series 1 + cos® x + cost x + ... where cos? x 0, 1.

b  Why does this series have a limiting sum?
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