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Multiple Choice

1. C 6. A
2. B 7. A
3. D 8. B
4. C 9. C
5. B 10. B

Brief Explanations

Question 1 It has 8 roots so it is either (C) or (D). Must be (C) because 1 is a root.

Question2 PS=ePM but e= % so it must be an ellipse.

Question 3 Trial and error.

Question 4  All single roots became double roots and the curve is non-negative, hence (C).

Question 5 Note that P(ar) =’ —2a+2=0, then do a similar thing for 4 and y, then

add the three equations.
Question 6  Use the conjugate root theorem.

Question 7 Split it as two integrals, then use standard properties of even/odd functions.

Question 8  Find f (—x) for each option.

Question 9 dy :ﬂxd—x, then use implicit differentiation to find d_y Substitute that in to
dt dx dt dx

find that 3—¥ =—X, so it’s either (C) or (D). Test a random point on the first quadrant and find

that dy <0 but & >0, hence (C).
dt dt

Question 10 Draw a concave up and increasing function like y =e* to use as an example

and recognise that the formulas in (A) and (B) represent the area of the upper bound
trapezium. Hence, being an upper bound, the answer is (B).
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Written Response

Question 11 (a) (i)
argz = _r
3

Question 11 (a) (ii)

arg (%j =arg(z)—arg(w)

Question 11 (b)

tana=m

asymptote

T
Hence, a = E .
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Question 11 (c)

The circle becomes |z —(1-i)[<1.

-—---

Question 11 (d)

2z

2z 2z
JS 1 ><1—cos:9dezjs 1—_cos€d€
0

1+cosd 1-cosé o sin?é

2z

=J ; csc?@—cschcotddo
0
2z

=[-cotd+csc 9]0?
1 2

NN
]
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Question 11 (e)

First, construct a horizontal strip of thickness sy and rotate that about the x axis. The
cylindrical shell will be oriented such that the axis of symmetry is horizontal.

The height of the cylinder is the difference of the x coordinates, which is

A

The radius is just the y coordinate of any point on the strip, which is just y.

Hence, the volume can be given by

Question 11 (f)

Compute the differential term dx = 2sin&cos0do.

i« [sinfo
:J MxZSiﬂHCOS@dH
o V1-sin“ 6

oy
zzj sin? 9do

:J —c0s260d6
[9—15m29}
2
_r_ 1
4 2
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Question 12 (a) (i)

Note that

Hence, we may differentiate without having to use the quotient rule.

d 2
f'(x)=—|1-
(X) dx( ex+1j

2e”
(eX +l)2

Hence, the function is increasing.

Question 12 (a) (ii)

Question 12 (a) (iii)

Recall that f(x)=1— . From here, it’s easy to see that as X —> oo, f (X) — 1 since the

X

e’ +1
right term vanishes whilst still remaining positive.
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Question 12 (a) (iv)

Putting everything together, we obtain the following diagram.

y
A
1
> X
|
Question 12 (a) (v)
We draw the reciprocal of the curve in (iv)
y
A
1
> X
-1
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Question 12 (b)

Use the quadratic formula

—(2+3i)+,)(2+3i) —4(1+3)

=

2
_—2-3i+J-9
2
_ —2-3i+3i
2

=-lor -1-3i
Question 12 (c)
Use integration by parts.

u=tan"x dv = xdx
du = o S v=ly
1+x 2

Hence, we have

2
I:lxztanlx—lj X ;
2 2)1+x

_1y tan‘lx—lfl— 1 - dx
2 2 1+ X
. tan‘lx—l(x—tan‘1 x)+C
2 2
:l(x2 tan‘l(x)—x+tan‘1(x))+C
2
Question 12 (d) (i)

We know that we can express the polynomial in the form P (x) = (x—a)2 Q(x), where Q(x)

is some polynomial, since we are given that (x—a)2 is a factor. Clearly P(a) =0.

Differentiate P(x)=(x—a)’Q(x) using the product rule.

P'(x)

2(x—a)Q(x)+(x—a)2 Q'(x)
=(x-a)(2Q(x)+(x-a)Q'(x))

And again from here, we see clearly that P'(a)=0.
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Question 12 (d) (ii)
Differentiating and factorising, we have
P'(x)=4x>-9x* +2x
= x(4x* —9x+2)
=x(4x-1)(x-2)

Solving this, and using (i) this means that the possible multiple roots are x =0, % 2.

So we substitute each of these into the polynomial to see which one is actually the multiple
root. We have P(O) =4+0, so this cannot be the multiple root. But P(2) =0, so this must

be the multiple root, and therefore o =2.
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Question 13 (a)
Standard proof.

(J_ —Js )2 >0

r+s-— 2\/5 >0

TS s
2
Question 13 (b) (i)
Consider the sum of roots in triplets.
1 1)1 1 1)1
o=at( e 2] 5)rer( )42 5)

:a+,8+£+l

a p
But this is precisely the sum of roots, which is —a.

Hence, —a=—C and thus a=c.

Question 13 (b) (ii)

Consider the sum of roots in pairs.

a B p B
:2+[aﬂ+i]+(g+£j (using part (a) twice)
af) \p «a
>2+2+2 _
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Question 13 (c)

H 0 Vv 1
J dx :—j 2dv ...| whereu== 9
0 . 9+kv 2\/k

:f Vg
o g+kv

H :i[ln(ngkvz)]:

2
=iln g-+ku
2k g
1.9
g+kx=x=
:iln —_ 4k subinu=1 9
2k g 2\ k
1 5)
=—In| —
k \ 4

Question 13 (d)

Let Q have coordinates Q(x, y). The thickness of the arbitrary slice is 5x. If we let (x,h)
be the ‘coordinate’ that maps the height against X, then we have the two points (0,1) and

(4,2), which make the equation

Hence, the volume of the arbitrary slice is
1 .
oV :Ex PQ x Height x 6x

:1x2y><(5+1j><5x

2 4
X

=yl —+1|5X

y(4 j

We now need to find an expression for y in terms of x. This is simply the equation of the line
BC if you look at the solid from a bird’s-eye view.
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w

We are given that the y intercept of BC is 1 and we can find that m,. = L % :

SN
o

Hence, BC has equation y = §+1, and now we can find the volume.

[

38

"3
Question 13 (e)

Note that AC is longer than AD by a factor of J2 since it is the hypotenuse of a right-
angled isosceles triangle. Hence, by rotating vectors, we have

ﬁxﬁcis(%jz

(d-a)(l+i)=c-a
c=(d-a)(1+i)+a
=d(1+i)- (1+|)+a
=d(1+i)-i
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Question 14 (a) (i)
Cross multiply and equate numerators.

16 = (A+2x)(X* —2x+2)+(B-2x)(x* +2x+2)

Equate the constant term.

2A+2B =16
A+B=8
By symmetry, A and B must both be 4.
Question 14 (a) (ii)
Jm dx (" 442X 4-2x
4 = 2 T3
0o X +16 Jo X" +2X+2 X" -2x+2
(" 2+2x N J 2x—4
Jo X2 +2x+2 X° +2x+2 0 2x+2
(" 2+2x N J 2x—2 2
Jo X2 42x+2 1+( x+1 o XP—2x+2 1+(x 1)

2
=In (W}Ztanl(m +1)+2tan~(m-1)+ In2=1A2

m? —2m+2

(m2+2m+2

o 2]+2tanl(m+1)+2tan1(m—1)
—2m+

Question 14 (a) (iii)

[In(x2+2x+2)+2tan‘ (x+1)}0 —[In(x —2x+2)—2tan‘l(x—l)};n

Each inverse tan term goes to 2x%= 7z and the inside of the log function approaches 1.

Hence, the entire log function approaches zero. Therefore, the limitis 27z .

Question 14 (b) (i)

They are both angles subtended from the same arc ED in circle C,.
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Question 14 (b) (ii)

We know that Z/EDA = ZEBA for the same reason as (i), but with arc EA. But now, looking
at circle C,, we notice that arc AC subtends both Z/ABC and ZAFC.

Hence, ZEDA=/EBA=/ZCBA=ZAFC.

Question 14 (b) (iii)
First, let ZEAD =4, so we already know that Z/EBD =¢ too, from part (i).

From (ii), we can deduce that AFDG is a cyclic quadrilateral (angles subtended by the same
arc are equal). Hence, ZFAD = ZFGD (angles subtended by the same arc are equal).

But ZFAD = —6 (angles on the straight line EF) so therefore Z/FGD =z —6&. Therefore,
we have ZCGD+ ZCBD =7 —6+6 =z, which shows that BCGD is a cyclic quadrilateral
(opposite angles are supplementary).

Question 14 (c) (i)

Resolving Horizontally: Rcosé = mrw®
Resolving Vertically: Rsin& =mg
Divide them to get tané = % . But from the diagram, tan @ = % S0 equate them.
W
r_9
h  rw?
we = 9n
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Question 14 (c) (ii)

Resolving Horizontally: T sin@—N cos 6 = mrw? (1)

Resolving Vertically: Tcos@+Nsingd=mg -(2)
Using elimination method (2)xsin 8+ (1)xcosé:

N =mgsin 8 —mrw’ cos &

2
=mg [sin e—ﬂcose]
g

=mg (sin 6’—20050] ...(from part (i))

Question 14 (c) (iii)

We want N >0 for the system to be physically feasible.

mg (sin H—Ecosejzo
r

tané?zD

r

> ! ...(since tanezij
tan @ h

tan’0>1
tanf>1
T

0>—
4
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Question 15 (a) (i)

|1=£x\/1—7dx
_%[(HZ)?T

0
_1

Question 15 (a) (ii)
We make the following choice for u and dv
u=x"" dv = xv/1— x* dx

du=(n-1)x"? v:—%(l—xz)2

Now, use integration by parts

e

= 1 1x\/1xdx

Td
n 1 rl
:T_ (x”‘z—x”)\/l—xzdx
JO
rl
=nT_1 X" 21— X% — x"/1— x%dx
n-1
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Question 15 (a) (iii)

From part (i), we know |, = % Use the recurrence to get

and once more to get

Question 15 (b) (i)

Using implicit differentiation, we have

1 y'
—+—2_=0
2Jdx 2y

Hence, the gradient of the tangentat P is m=— d .

c

Use the point-gradient formula to find the equation of the tangent.

y-a=-f% (x-9

yVe —de = —x/d +cd
x\/a+y\/6=d\/6+c\/a
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Question 15 (b) (ii)

The x intercept of the tangent is

_dyc+eld
-
—Jcd +c

Similarly, the y intercept is OB = Jed +d . Now we can add them.

OA

OA+OB =2cd +c+d
S0
(\/5)2 ...(sinceP lies on &+ﬁ:¢5)

a

Question 15 (c) (i)

P lies on both the ellipse and hyperbola. Hence, we have two equations.

?+b—2 1

a® b> ¢ d?
1 1 1 1
(w5 )
b* +d?
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Question 15 (c) (ii)

The tangent has the following gradient at P

bZ
y D%
ay

2

Similarly, the hyperbola has gradient y’' = dz—xl

Cy

2d2 X12
Multiply their gradient to get mm, = ———x—-.

a’c’

If the two conics have the same foci, then ae. = ce,, and hence a*—b* =c® +d?, since

a’e® =a”®—b” inan ellipse and c’¢”* =c* +d? in the hyperbola.

Substitute into (i)

_bzdz a2c? (b2+d2)

mm, = X X
1772 a2C2 (aZ_CZ) b2d2
b*+d? :
=——— ..(sincea’-b*=c*+d?)
a’—c
—1
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Question 16 (a) (i)
Standard result.

a* +a ™ =cis(kg)+cis(—k0)
= 2Re(cis(k0))
=2cos(k0)

Question 16 (a) (ii)

The series is a sum of a GP. Note that 1_ cis(-0)=a.
a

a" (1—a2”+1)
l-a
_ a" (1—0{2”*1)(1—05*1)
(l—a)(l—&)
(a*“ —a”*l)(l—a*l)
(1-a)(1-a)

a—n _a—n—l_an+1+an

(1-a)(1-a)

a"+a " _(an+l+a—(n+1))

(1-a)(1-a)

C=
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Question 16 (a) (iii)
Substitute in (i) repeatedly to the series definition of C.

C :1+(oz+of1)+(oz2 +a’2)+...+(a" +a’”)
=1+2c0sf+2c0s20+...+2cosnd

Now substitute into the closed form for C in (ii).
(a” +a*“)—(a”*l +0f(”+1))
(1-a)(1-a)
_ 2cosnd—-2cos(n+1)0
1-(a+d)+aa
_2cosnd—2cos(n+1)6
1-(2Rea)+1
_2cosnd—2cos(n+1)6
2-2cosé
_ cosnd—cos(n+1)0
1-cosé

C=

Equate the two expressions and we acquire the result.
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Question 16 (a) (iv)
Re-arrange the result in (iii) to get

- 1
1+2c0S0+2c0S20+...+2cosnf = cosng —cos(n+1)6

1-cosé
- 1
cosH+c0520+...+cosn6’=1 cosng cos(n+ )‘9_1
2 1-cosé
Let 0=".
n

nrz n+1
cos| — |—cos| ——
T 2 Nz 1 n n
COS| — |+C0S| — [+...+COS| — |== -1
n 2 T
1-cos| —
n

T
-1-cos| 7 +—
1 ( nj_l

1-cos (7[)
n

T
-1+ cos(}
1 _\n) 4

2 1—cos(”j
n

And this is independent of n.

Question 16 (b)

We are given that e=2 and |a|e+|a| =1, so solving for a yields
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Question 16 (c) (i)

Case #1: Tile C is the same colour as B.

Tile D can be anything except the colour of B, so therefore there are (x—l) possibilities.

Case #2: Tile C is a different colour to B.

Al ?

B | ?

Tile C can be anything except A or Bs colour, so it has (X—2) possibilities. Similarly, tile D

can be anything except B or C’s colour, so it also has (X—2) possibilities.

Hence, the total is (x—2)” +(x—1) = x* —3x +3 possibilities.
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Question 16 (c) (ii)
Base Case: n=1

We have a 2x1 grid, which has x(x—l) possibilities (given), which matches the formula for

n=1.

Inductive Hypothesis: n=k

A 2xk grid will have x(x—1)(x’ —3x+3)k_1 possible colourings.

Inductive Step: n=k=>n=k+1

Consider a 2><(k +l) grid, which is basically a slight extension of the grid in the inductive

hypothesis. Use the result from (i) here.

Before the extension, we had x(x—l)(x2 —3x+3)k7l possible colourings. By throwing on the

extra two tiles, we multiply in the result by the number of possibilities in (i), which is
(x*—3x+3). Hence, we have

x(x—l)(x2 —3x+3)k71><(x2 —3x+3) = x(x—l)(x2 —3x+3)k

and the induction is complete.

Question 16 (c) (iii)

Substitute x =3 into (ii) to get 486. But this will include a number of ‘bad’ cases because the
equation in (ii) was constructed under the assumption that not all colours have to be used.

However, in for this question, we must use all colours at least once. So we will manually
subtract the ‘bad’ case where we use only two colours (note that we can’t use one colour

only).

. (3 .
Choose 3 out of 2 colours to be used in 5 ways. But once we pick the two colours, we

have only two possible colourings that zig-zag across the grid in an alternating manner.

3
Hence, there are 2{2) =6 bad cases.

Therefore, the total number of colourings is 486—6 =480 possible colourings.
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