HSC Ext 2 2014 Solutions

[Terry Lee]
Multiple Choice Question 11
5x7 —x+1 . , , ( =z
1 D)a=1lim OTzl,b=4, by equating the @@ z+w=1-i =2cis 7
X—> X

coefficients of x*,c = —1, by equating the coefficients
of x (this is the first time in HSC, they only give 1
mark for finding a,b,c. They clearly want you to
learn my short cut method)
2A)S=4,P=5:.x"—4x+5
25
b’ ﬁ - 9

B) b2 = 42(1 — & - =1= -
3B)b’ =da’(1-¢€),..¢ e 25 T

9
1.,
167 4
4 C) l: ! =l[cos£+isin£J
3 3

z [ T ﬂj 2
2| cos——isin—
3 3
5C)y=+vx" —2x

4
6 D)Radius=2—x,..V = 27Z'J. (2—x)2dy

7B)J' d J’1+smxdx
1-sinx cos” x

= J.(seczx+secxtanx)dx =tanx +secx+C

8 B) w+u = z (parallelogram method), and
arg(w) + arg(z) = arg(u)
d(1 d, . 2
9A)a=—| —v* |=2—(sin(x —1)+1
) dx(2v ) g (G =D 1)
=2x2(sin(x—1)+1)cos(x—1),.. whenx =1,a =4
B is notbecauseazi[lv2J=(2+4lnx)xi
dx\ 2 X
s.a=8 (not4) whenx =1

C is not because x #1, D is not because x =1,v # 2

10 D) rf(x)dx - rf(a —x)dx, using u=a—x
and J.O f(x)dx = J.af(—x)dx, using u = —x

='[ f(x—a)dx, usingu —a=—-x
0

iy Zo202 (222000 8-4i

w  3+i 10 10
42
5
(b) Let u= 3)( — 1’ du = 3dx’ dv — Cos(ﬂ_x)dx’v — Sll’l(ﬂx)
> . !
jz (3x —l)cos(zx)dx = {MT
0 T 0
! 1
3 (2. 1 3 > 3
- d =t — 2 -
. .[0 sin(7rx)dx 5ot [cos(;rx)}0 e
(c)
A
z
4
—<
7
4
(d)

(e) OV =2xrhdy = 27y* (6~ )3y = 27(6y" = y*)oy

6 476
V= 27Z'J‘ (6y” =y )dy = 27{2)}3 —yj}
0

0

=27(432-324)=2167 v’
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Question 12

(a) A
__________ 2 — e - = = -
1
1 1 .
2 2
A .
1
:
1
Ly
1
1
AL T
21
0 >
1 2

(b) (1) Sub. x =2cos8,
8cos’ @ —6cosd =3
2cos30=«/§

cos30=—3
2

(i1) Solving cos30 = ?

gives 30 = i% +k2m,keZ

SoX= 2cos£,2cosM,2cosB—ﬂ.
1 18 18

(c)Forx* —y* =5,2x-2yy' = 0,.‘.y'=§.

X,
SAL(xg, ) my =2
Yo
_ Y
Forxy=6,y+xy'=0,.. y' =—=.
X
. Y
AL (X, ,),m, = =2
Xo

m,m, =—1,.". the tangents are perpendicular

1

| V4
d) (1) / =J. de=|tan' x| ==
001 il ] -
1 .2n 2n-2 1

(i)l +1,, = f—gi—ﬂi=jx”*w
o x°+1 0

B 21 1_ 1
2n—1 0 2n—1

1 )C4
mnj =1,
0

x*+1

L+1 =

1
3
Ty
1

I +1,=

) =l—1+£=£—g
4 4 3

)
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Question 13

2dt
1+¢

(a)Lett—tan dt—Esec de Ldx =

Whenxzz,tzl; Whenxzz,t:L
2 37 3

I ' 1 2dt
JLoer 4-48 147
g RN

1+£ 147
B 2dt
1 _ 2 2
ﬁ6t 4+41° +5+5¢

~ .[1 2t .[1 2dt _[ -2 T
=, = =1, - =
$9t +6t+1 7(3t+1) 33t +1) %

_g( 1 _lJ 2( 3-43 ) 1{3-3)3-D
T3+l 4) 34 ) 6 2
:36—3—3“5:4\5—6:2\5—3.

12 12 6
(b) The trapezium has parallel sides y and 2y, and

fy

height ——
The area of the trapezium = %(y +2y)= %yz.
oV = 33 y*ox = 33 x*ox
4 4
33 I f T_uf
V= =—-u
5 o 5

(c) (i) Sub to the hyperbola
@+ @-1 420 +1-1 4207 -1

LHS =
ar’ 4’ 4r*
4>
v 1=RHS, .. M belongs to the hyperbola
b
bt +—
PO - - P
at — g a(t - 1)

t
dy b4’ =2(t* 1))

i _ e _ b2 +2) b+
Moodx o a(4 282 +1)  aRP-2) a(’ -1)
dt 4’

=my,,.. PQ is the tangent, since M e the hyperbola.

Alternatively, you may prove that the coordinates
of M satisfy the equation of the tangent, but it

will take longer.

2 2
(iii) OPx 00 = (at)” + (bt)’ ‘t‘—2+lt’—2 —d’+ b
=a’+a’(e -1)=a’e’ =08’

(iv) Ifx, =x,,..at =ae,.t=e

b(e* -1)
b -
Mys =—— Ze = ble 21) = —éz gradient of
a(e +1)—ae a(l—e”) a
2e

one asymptote, .. MS is parallel to one asymptote
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Question 14

(@) (i) P(x)=x" —10x* +15x -6
P'(x)=5x"—20x+15
P"(x)=20x"-20
P(1)=P'(1)=P"(1)=0,..1 s the triple root
(i) Xa=3+a+p=0,..a+f=—
[la=ap=6
.o and B satisfy x> +3x+6 =0.

3++/-15  3+4/15i
2

.. The other 2 roots are

2
(b) (i) m,, = m, = bsin® _bino
acosf a

_dx

Gradient of the normal m, =——= _do _ asin0 =£t né
dy  bcos® b
do

a b
——— |tan@
. ‘(b aj . a —b2|tan0|
stang = 5
‘ l1+tan" @ ‘ ab |sec 0|
2 g2
_4 b |sin00050|
ab
a’ —b>
= > sinfdcosd, if @ is in the first quadrant.
a
(i1) tan¢— |sm 20|
kY4

.. ¢ is maximum when sin26 ==x1,.. 6 = i%,iT.

The question only wants 1 value, .. take 6 = %
(c) () mk = F — Kv*
The terminal velocity occurs when X = 0,

F
300°

L F—Kx300°=0,.. K =

ok = FLI—[LJ ]
300
(i1) m% =F[1—(3—;0j J

dv E
m

200
[ o I dt
o 300" —v 300 m

LHS = .[ (300 — v)(300+v)

1
= + dv
600 Jo (300—1} 300+vj

200
_ 1 [1n300+v} _ 1 Ins
0

600 300-v 600

FT 1
i =——1n5
300°m 600

_150mIn5

hours
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Question 15

(@) 1=(a+b+c) =a’ +b* +c* +2ab+2ac+2bc
But (a—b)* >0,..a’ +b* > 2ab >2a’, since a <b
Similarly, a® + ¢* > 2ac > 2a” and b* + ¢* > 2bc > 2b°,
sincea<b<c.
s1=a’ +b* +c* +2ab+2ac +2bc
>a’ +b’ +c’ +2a° +2a° +2b°
=5a’ +3b* +¢°.
(b) (i) 1+i=x/§cis%,
o "o nrw n nwo .. N7
S(1+0) =(x/§) msT:(x/E) (cosTﬂsmT)

l—izﬁcis(—%j,

n nT .. N7 ) .
= (\/2) cos— —isin— |, since cosx is even,
4 4
sin x 1s odd.

L) +(-iy =2(2) cos%
(i) (1+4)" = (g]+1(?]—(2]—1(§]+(2]+
o[ L)

If n is a multiple of 4, the last term in each of the

. . n
above expressions is +( J
n

A+ +(1=0)"

)
(OJ@@U(@ cos "

If n is a multiple of 4, let n = 4k,cos% =coskr

=1ifk iseven, or —1 if k is odd.

. ﬂ:_k:_g
..cos4 D" =(-D*.

(oo )()-[2) ey

(c) (1) Resolving the forces

vertically, kv’ = mg + T'sin ¢ Q)
2 2
horizontally, 7 cos¢ = mo_ 2)
r  Lcos¢
2 —
(1) gives sing = % 3)
2
2) gives cos’ ¢ = v 4
g ¢ 7 (4)
(3) _sing (kv —img (k (g
(4) cos’¢ my’ m Vv
(ii) sin¢<ﬁcos2 ¢ =ﬁ(1 —sin’ ).
m m
sin? ¢+ ——sing—1< 0
¢ m ¢
— ﬁ + LZ +4
sing < tk NPE " _Nm' 40k —m
- 2 20k '
(iii) Let /(§) = Csszf; = sec tan g.

f'(#) =secptan’ g+ sec’ ¢ = secd(tan’ ¢ + sec’ #)
For —% <$< %,sec¢ >0, f'(#) >0, £() is

increasing.

. . sin
(iv) When ¢ increases, —2¢
cos” ¢

‘g
V2

increases, .".

. lk . 5 .
decreases (since — 1is a constant), .. v increases
m
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Question 16

(a) (1) LAPX = ZADP (angles in alternate segments)
ZADP = ZDPQ (alternate angles on parallel lines)
- LAPX = ZDPQ.

(i1) Similarly, ZRPC = LYPB

ZQPR = ZXPY (vertically opposite)

ZAPD = ZBPC =90° (semi-circle angles)

~.Let ZAPX = /DPQ = a,/RPC = /YPB = 3,

and LZQPR=/ZXPY =y

LAPD + Z/DPQ + ZQPR + ZRPC + LCPB + Z/BPY
+ LYPX + Z/XPA=360° (angle at a point)
S2a+20+ 2y +180°=360°

La+ f+y=90°

S LAPC =90°+90° =180°, 1.e. 4, P,C are collinear.

(iii) Since 4, P,C are collinear, ZRPC = ZAPX
(vertically opposite), .. a = f.
.. ABCD is a cyclic quadrilateral (angles subtending
the same arc are equal)

®) @) 1-x"+x* —..+(=1)""'x"" isa GP,

1-(=x})"  1-(=x%)"

L Its sum =

1—(—x%) 1+
1
S —(1=x*+x* =+ (=D)""x™?
1+ x° ( D )
1 _1_(_x2)n _(_x2)n
1+x2 1+x7 1+x*
: 2n (_xZ)n 2n
Since —x™ <—-<x"", we conclude that
1+ x
1
X (1= X X = (D)) < X
1+x° ( =D )

(i1) Integrating wrt x between 0 and 1,
2n+1 L
—X
{ 2n+1 l
3 5 n-1_2n-1 !
<|tan™' x— x_x_+x__m+(1)—x
3 5 2n-1 .
2 1
<
2n+1 |,

1z 1—l+l—...+(—1)”'1; <
2n+1 4 35 2n—-1) 2n+1

(iii) Let 7 — 00,——— — 0,
2n+1

AT R O ) N

4 o o

11

4 3°5

(C)J‘ Inx zdx:_[ xInx .
(1+Inx) x(1+ Inx)

By IBP, let u =xInx,du=lnx+1

1 -1
V:—2 ,VZ
x(1+1nx) l+Inx
—xInx Inx+1
= dx
1+Inx 1+Inx
= —xlnx +x+C
1+Inx
X
= +
1+Inx
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