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Section I
1 2 3 4 5 6 7 8 9 10
B A D A B D C C B A

Q10 6 people in 4 rooms with no restrictions: 4°ways

6 people in 4 rooms with a room of 6: *C, ways

6 people in 4 rooms with a room of 5: ‘Cx’C,x°C, ways
sin x .2 6 people in 4 rooms with a maximum of 4 in a room:

45-4C—*CPC X C, = 4020

Q1 J-tanx dx:j

dx:jﬂ:_lnu +c=—In(cosx)+¢
cos x u

B

2 2

Q2 4x2—25y2=100,%—y721, a>=25, b =4 Section IT

Qlai z+w=(-i3)+[-iW3)=3-i23
c=va’+b* =425+4 =429, =<

2 ‘ Qitaii =12 +(3f =2

. . a 25
Directrices are x=*—, .. x=*t—=%+—
¢ ¢ V29 6 =tan™ ﬁ and 0<6<Z
A 1 2
T
Q3 Let z=rcis, .. 72 =r’cis26. . w:2czs§
From the given Argand diagram, 0<r <1 and 0<8< % .
. . Qllaiii w* = 2%¢is| 24x % | = 2% cisgr = 2%
2 0<r <r<1and0<29<3 3
D
Ql1b x> +8x+11= A(x? +2)+ (Bx+C)x-3)
Q4 P(x) hasroots ¢, S and y.If P(x) is translated 1 unit to 2 A+B=1,C-3B=8 and 2A-3C =11
the right, the roots become @ +1, S+1 and y+1. 2 A=4,B=-3and C=-1

The transformed polynomial is

2 . _ 2 g2 _ . o
Plr—1)=4(x 1) +(x=1 =3(x=1)+5=4x" ~11x> + Tx +5 Qllc 2 +4iz+5=2" +4iz=5i" = (z+5i)z~i)

A
1 1
. . Ql1d .[x3 l—xzdxzszxﬂ—xzxdx Let u=1-x2
Q5 |Z_1|=Z and |z—1|=§ are concentric circles centred at 0 0 x=0, u=1
0 p 1 1 x=1,u=0
(1,0). Their radii are % and % respectively. =—J.5(1—u)\/;du =J.5(1—“)“2d” du )
I 0 —=-2x
7 Y . . . , Ll dx
. —S|z—1|s— consists of the two circles and the region L 1/ 1 3 Woou? 2 1
4 3 :j_(u —u2jdu= Z 2| == xdx=——du
enclosed by them. B g 3 5 , 15 2
Qéj ! dx—J' L 2y 7 -2z < P oo(x2+y?)
T —ores \/(x_3)2_4 Qlle z+7°<8, (z+z) -222<8, (2x) —2lx* +y*)<38
2 2
s xt—yr<4, RS
:ln(x—3+ (x—3)2—4)+c D 4 4

Q7 @ =10revolutions per minute = 10X 27 per minute
v=ra&=5%x10x27 =100x cm per minute C

Q8 The length of the square at xis 2y =2v16—x* ,
.. area of the square = (Zy)2 = 4(16 - xz)

4
. volume of the solid = .[4(16 -x° )dx
)
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Ql2a Let ¢t = tan%

dt=lsec2£clx=l 1+tan’ = dx=l(l+t2)dx
2 2 2 2 2

2
cosx=2c0s’ X ol1=—2 |- 22—1:1 [2
2 2 X 141 1+1¢
seC —
2
2 2
. 4+5cosx=9 tz, ! = 1+
14727 4+5cosx  (3-1)3+1)
x=0,1=0; x=2,1=1
2

dt

j L _I((1+z Jix

2
J 43 Scosx x‘})a_g@+¢)‘£(3_g@+t)
1 1
=1I( ! tzl[lnﬂ} ~Lima
3J 3-1 341 3] 3-r], 3

QI12b 5—’“0 ~log, 3=1log, y—log, (1000 - y)

d( x d
—| =—-1log, 3 |=—I1 —log, (1000 -
25 7108.3)| = log, =108, 1000 )

dx 1 1 1000 1

50dy y 1000—y y(1000-y) (1_ y]

1000
LAy _ (>
dx 50 1000

Q12c¢ Translate 4 units left and reflect in the y-axis,

y=e' = y=¢"", xe [1,3] . Rotate the region about the y-axis

to form the same solid.
The shell at x has volume dV = 2zxe* ™ dx .

3
Volume of the solid V = 27{[ xe* ™ dx

Integration by parts:

V= 27[[—xe E+27z’j dx = 271'[ (x+1)e ]3 47[6 —26)
2 2
. dy c
12di =c’, y=—, —=——
Q xy y o
At P(cp,—J, ﬂ—— 12
p) dx p
Equation of the tangent at P: y—£:——2(x—cp)
p p
Cply—cp=—x+cp, . x+piy=2cp

Ql2dii x+ p’y=2cp

.- x-intercept A(2¢p,0) and y-intercept B(O, EJ
p
. midpoint of AB is (cp,ij which is point P
p

2013 NSW BOS Mathematics Extension 2 Solutions

Since ZAOB =90°, .: A, O and B are on the circle with AB asa
diameter and P the centre of the circle.

QIl2diii By symmetry, C(2¢g,0)

c_c
Gradient of PQ = q p__ 1
cq—cp pPq
2c
Gradient of BC=—2— = N 2 BC is parallel to PQ.
—2cq  pq

1
Ql3ai I, =J.(1—xzﬁdx, n =0 is an integer

0
1

I, = J.(l—xz)%dx for n>2
0
Integration by parts:

=[] o] ol xm_mnj (-2 s

0

j.((l x)x_j (1 x)(l x)x_zjdx
nj.(l—xz)%zcl)c—il.i.(l—)czx1—)c2 ngzdx
i

n

0
1

(l—xz)%dx n‘[(l x)ndx

=n
0 0
I,=nl_,—nl,
oI :LIW2 for n>2
n+l1

1
L L
Q13aii 11=I(1—x2)2dx, y=(1-x’)f and 0<x<lisa
0
quarter of the unit circle centred at O.
P ALV LS A S U IV QU Y R (2
4 6 6 4 8 32

, y=%f(x) is defined for £(x)>0, i.e.
—f() —=—f()

QI3bi y* = f(x)

0<x<2 or x>3. Also, 2y

. dy
.1 as x — x-intercepts, y — 0, o —> 0
X
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QI3bii 1-f(x)=0 at 0<x<1, l<x<2 and x>3

Ly= ! has vertical asymptotes at 0<x <1, 1<x<2
1= f(x)
and x>3
Also,at x=0, y= 1 =1
1-£(0)

Q13ci ABCD is a cyclic quadrilateral,

L LABC=7m—-ZADC=a+ [

Consider AABC . Since AB is a diameter , .. ZACB =90°
 AC =2rsin ZABC = 2rsin(a + B)

Q13cii Consider AABD , ZADB=90°,.: ZABD=/ACD = f
. AD =2rsin ZABD =2r sin
Consider AAED , AE = ADcosa = 2rsin Beosa

QI3ciii ED = ADsina =2rsin Bsina

Consider ACDE , 2 =tanfB = M
EC cosfB

ED ,
EDcos f =2rsinacos ff

sin S
AC = AE + EC , .: sin(a+ 8)=sinacos 8 +sin Scosa

: EC=

Ql4a

Area of the trapezium > area of the shaded region on the left of
y=Inx

Int Int
in?

(1+¢)Ins > dey, %(1+t)lnt > J.e"'dy, %(1+t)lnt > [e-”']o

0 0

(1+f)lnt>r-1

D= =

. 1nt>2(t—_1j for t>1
t+1
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Ql4b z,=1+i and z, = zn1[1+|l—|J for n>2
anl

|Z2|:‘/E":

Assume that it is true for n =k , i.e. |zk| = \/;

L =2 1+L 1z —Z(I+L
k+1 k |Zk| 20t Akt k \/Z
i 1
14— =k 1+ =k +1
Jk k

. |z”|=\/; is also true for n =k +1

z :\/Z is true for n =2

n

- |Zk+l|:|zk|

. |z”| =/n is true forall n>2 by mathematical induction.

Ql4ci sec™ 0= (se02 0)” = (l +tan’ 9)”

= [gj(l)” (tan26) + Uj(l)”'l (tan26) +...+ (:J(l)() (tan @)

| 0 n 2 n 2n
= tan” @+ tan”" @ +...+ tan”" @
0 1 n
= [nJ tan* @
k=0 k

Ql4cii Isecg ado = Isecﬁ fsec’ 646

- I(Gj + Gj tan> 6+ @J tan* 6+ @ tan® eJ sec’ 416

= J.(l +3tan’ @+3tan* 6+ tan® 9)5602 6do

— 2 4 6
_J-(l+3u +3u” +u )du Let u =tané

L 7 du =sec’ &0
=utu +—+—_—+c

5 7
tan’ @ tan’

=tan9+tan39+m+%9+c
Ql4di

7 g 4 F 7 A

]: :.3’
Q3 )7)
C

The two triangles have 2 pairs of corresponding sides with the
same ratio 2:1 and a common angle A.
.. AABC and AAED are similar.

Q14dii Corresponding angles are equal in similar triangles.
.. LABC = ZAED

.. ZABC + LDEC = LZAED+ ZDEC =&

.. BCED s a cyclic quadrilateral.

N 2 2 g2
Ql4diii BC =6 (similar As), cos sapc=8 186" _2
2X6%8 3
C_D:\/52+62—2><5><6><§ =21
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Ql4div Let f=«£DBC = £ABC, . cosﬂ=%

Since BCED is a cyclic quadrilateral, the angle at the centre O
of the circle is double the angle on the circumference, i.e. 23 .

. cos2f= 20052,6’—1:_%
Consider ACOD, CD” =r” + 1 = 2r” cos 2B
2 2l=r2 4717 —2}’2(—1), or =3_V105

9 10

Ql5a A= %|z||W| sin(6 —¢) where ¢ < 6

z=|dcis®, 7 =|dcis(-0); w=|wlcisg, w =|wlcis(- )
LW —WZ = |Z||w|cis(9 -9)- |z||w|cis(¢) -6)

= [o|wl(cis(6 — @) cis(— (6 — 9)) = i.2]z|w{sin(6 - ¢)

= 4i%|z||w| sin(6 - ¢) = 4iA

QI15bi P(x)=ax4+bx3+cx2+e, P'(x)=4ax3+3bx2+2cx
P()=a+b+c+e==3 ...... (1)
P(-l)=a—b+c+e=0 ...... )
P(-1)=-4a+3b-2c=0 ... (3)

3
D-2):b=—=
(H-®2) 5

Substitute in (3): 4a+2c = —%

Q15bii When x=1, P'(l)=4a+2c‘+3b=—%+3(—%j=—9

Ql5¢i Pr(4days)=0.7* =0.2401

Q15cii Binomial: n=8, p=0.24, ¢=0.76
Pr(X >3) =1-Pr(0)-Pr(1)- Pr(2)

=1- (zj(o.w Jo.76*)- @(0.24l Yo.767)- @(0.242 Jo.76°)

Q15di Falling: Taking the direction of motion as the positive
direction, my =mg —kv*, v, is reached when v =0

.Lomg —vaz =0, .: terminal velocity v, = %
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Q15dii Going up: Taking the direction of motion as the positive
direction, the equation of motion is my = —(mg +kv? )

. ﬂ1'z=—(m—g+v2j, £M=_(VT2 +v2)

k k 2¢ dx
H 20 2
. -([dx=_;Lg;[szi-v2 d(vz) . [x]g =—‘;Lg[ln(vT2+v2)]:2

2 2 o 2 2
s H=Y |z +2M s H="T1n 1+u_2
2g vy 2g vy

QI15diii Falling: Taking the direction of motion as the positive
direction, mv =mg — k?
2 H’Z

VLJ'—
2
2g Ve =V

2 2 H

d

s _(v )_VTZ—VZ, J.dxz
2g dx °

. [x]([f :%[—ln(\/f—vz)kz - H=‘;T—21n( sz2 ZJ

g v, —w
vT2 _ vT2 +u’
’ 2 2 2
v —w vy
Lo 1 1 1
Expand and simplify to —=—+—
wooout v,

Ql6ai P(x)=2x*—15x* +24x+16
P'(x)=6x* —30x+24=6(x—1)(x—4)
.. Stationary points at x=1,4

For x>0, the minimum occurs at x =4
. minimum value of P(x)= P(4)=0

Ql6aii Since the minimum value of P(x)=0 for x>0,

2 P(x)=0 for x>0

220 —15x7 +24x+1620, 2x° +10x” +24x +16 2 25x

2x° +10x* + 24x+16 is the expansion of (x + 1)(x2 +(x+ 4)2).

o+ 1)(x2 +(x+ 4)2)2 25x°

25x7
x+1
Let x=m+n,where m>0 and n>0.

F > 25(m+n)2 _ 25(m2+2mn+n2)
T m+n+l m+n+1
Since (m—n)’ 20, .: m*=2mn+n>>0,.: m*+n>>2mn

25(m2 +2mn+ nz) S 25(2mn + 2mn)

Ql6aiii x>+ (x+4) >

. (m+n)2+(m+n+4

2 (mn) +(m+n+a) >

m+n+1 m+n+l1
. 100mn
1e. (m—i—n)2 +(m+n+4)2 2
m+n+1
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Q16bi SP+PS =2a isa constant, .: locus of P is an ellipse
with foci Sand S’.

Q16bii % = e, where M is a point on the directrix

: SP=ePM =e(£—acos9j=a(l—ecos€)
e
QI6biii PS’ =2a—SP =2a—a(l—ecos8)=a(l+ecosb)
Q_S'=O_S'+O_Q=ae+acos¢9=a(e+cos¢9)

g sinﬁ':QS _ e+cosd
PSS’ 1+ecos@

Ql6biv Let ¢ be ZQPS .

Similarly, sina=£= a(e—cos@) _ e—cosfd
SP a(l—ecos@) 1—-ecosd

Vertically: T sina@+mg =T sin 8

e+cosd e—cosl

. mg =T(sin f—sina) = T(

2T(1 —e’ )cos 0
1—e’cos’ @

- , which can
1+ecos@ 1—ecosf

be simplified to mg =

Q16bv Horizontally: mra* =T (cos &+ cos )

2mre’ =T £+ QP,
SP PS

and Q_P=\/§2 —@2 =avl-e’siné@

SPxPS’

2 mr@* =T xavl—e® sin 6 22 >
ail—e cos 6’;

, 2T\1-¢€*sin®
mr@ =——————
1—e“cos” @

(B) . 2T\1—¢? sin @ B mr*

16bvi ~—: =
Q (A" 2T(l-¢*)cos®  mg
2 2
tan 6 I or tan¢9:ﬂ\/1—e2
1-e? 8 8

Please inform mathline @itute.com re conceptual,
mathematical and/or typing errors.
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