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Section I 
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Q1  ∫ xtan ∫=
x

x
dx

cos

sin ( ) cxcu
u

du
dx +−=+−=

−
= ∫ coslnln  

B 

 

Q2  100254 22 =− yx , 1
425

22

=−
yx

, 252 =a , 42 =b  

29425
22 =+=+= bac , 

a

c
e =  

Directrices are 
e

a
x ±= , .: 

29

252

±=±=
c

a
x    

                A 

 

Q3  Let θrcisz = , .: θ2
22
cisrz = . 

From the given Argand diagram, 10 << r  and 
4

0
π

θ << . 

.: 10
2 <<< rr  and 

2
20

π
θ <<      

D 

 

Q4  ( )xP  has roots α , β  and γ . If ( )xP  is translated 1 unit to 

the right, the roots become 1+α , 1+β  and 1+γ . 

The transformed polynomial is 

( ) ( ) ( ) ( ) 571145131141 2323
++−=+−−−+−=− xxxxxxxP  

A 

 

Q5  
4

1
π

=−z  and 
3

1
π

=−z  are concentric circles centred at 

( )0,1 . Their radii are 
4

π
 and 

3

π
 respectively. 

.: 
3

1
4

ππ
≤−≤ z  consists of the two circles and the region 

enclosed by them.     B 

 

Q6  
( )∫∫

−−
=

+−
dx

x
dx

xx 43

1

56

1

22
 

( ) cxx +




 −−+−= 433ln

2
    D 

 

Q7  10=ω revolutions per minute π210×= per minute 

ππω 1002105 =××== rv cm per minute   C 

 

Q8  The length of the square at x is 2
1622 xy −= , 

.: area of the square ( ) ( )22
1642 xy −==  

.: volume of the solid ( )∫
−

−=

4

4

2164 dxx  

C 

 

Q9  As −→ 0x , 1→y ; as +→ 0x , 1→y    B 

 

Q10  6 people in 4 rooms with no restrictions: 64 ways 

6 people in 4 rooms with a room of 6: 1

4C  ways 

6 people in 4 rooms with a room of 5: 1

6

1

3

1

4
CCC ××  ways 

.: 6 people in 4 rooms with a maximum of 4 in a room: 

40204 1

6

1

3

1

4

1

46 =××−− CCCC     A 

 

 

Section II 

Q11ai  ( ) ( ) 32.33132 iiiwz −=−+−=+  

 

Q11aii  ( ) 231
2

2 =+=w   














= −

1

3
tan 1θ  and 

2
0

π
θ <<   

.: 
3

2
π

cisw =  

 

Q11aiii  
24242424

282
3

242 ==







×= π

π
ciscisw  

 

Q11b  ( ) ( )( )32118 22 −+++=++ xCBxxAxx  

.: 1=+ BA , 83 =− BC  and 1132 =− CA  

.: 4=A , 3−=B  and 1−=C  

 

Q11c  ( )( )iziziizzizz −+=−+=++ 55454 222  

 

Q11d  ∫ −

1

0

23 1 dxxx ∫ −=

1

0

22 1 xdxxx  

( )∫ −−=

0

1

1
2

1
duuu ( )∫ −=

1

0

2
1

1
2

1
duuu  

∫ 




 −=

1

0

2
3

2
1

2

1
duuu

1

0

53

2
5

2
3














−=

uu

15

2
=  

 

Q11e  8
22 ≤+ zz , ( ) 82

2
≤−+ zzzz , ( ) ( ) 822 222

≤+− yxx  

.: 422 ≤− yx , 1
44

22

≤−
yx

 

 

 

Let 21 xu −=  

0=x , 1=u  

1=x , 0=u  

x
dx

du
2−=  

duxdx
2

1
−=  
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Q12a  Let 
2

tan
x

t =  

( )dxtdx
x

dx
x

dt
222

1
2

1

2
tan1

2

1

2
sec

2

1
+=








+==  

2

2

2
2

2

1

1
1

1

2
1

2
sec

2
1

2
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t

t

tx

x
x

+

−
=−

+
=−=−=  

.: 
2

2

1

9
cos54

t

t
x

+

−
=+ , 

( )( )tt

t

x +−

+
=

+ 33

1

cos54

1
2

 

0=x , 0=t ; 
2

π
=x , 1=t  

.: ∫ +

2

0
cos54

1
π

dx
x
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( )( ) ( )( )

dt
tttt
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=
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+
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1
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+
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+
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t
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Q12b  ( )yy
x

eee −−=− 1000loglog3log
50

 

( )( )yy
dy

dx

dy

d
eee −−=








− 1000loglog3log

50
 

( )





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
−

=
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=
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1
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






−=

1000
1

50
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Q12c  Translate 4 units left and reflect in the y-axis,  
xey = → xey −= 4 , [ ]3,1∈x . Rotate the region about the y-axis 

to form the same solid. 

The shell at x has volume dxxedV
x−= 4

2π . 

Volume of the solid ∫ −=

3

1

42 dxxeV xπ  

Integration by parts:  

[ ] ( )[ ] ( )eeexdxexeV xxx 241222 33

1

4

3

1

43

1

4 −=+−=+−= −−− ∫ ππππ  

 

Q12di  2cxy = , 
x

c
y

2

= , 
2

2

x

c

dx

dy
−=  

At 








p

c
cpP , , 

2

1

pdx

dy
−=  

Equation of the tangent at P: ( )cpx
pp

c
y −−=−

2

1
 

.: cpxcpyp +−=−2 , .: cpypx 22 =+  

 

Q12dii  cpypx 2
2 =+   

.:  x-intercept ( )0,2cpA  and y-intercept 








p

c
B

2
,0  

.: midpoint of AB  is 








p

c
cp,  which is point P 

Since °=∠ 90AOB , .: A, O and B are on the circle with AB  as a 

diameter and P the centre of the circle.  

 

Q12diii  By symmetry, ( )0,2cqC  

Gradient of 
pqcpcq

p

c

q

c

PQ
1

−=
−

−

=  

Gradient of 
pqcq

p

c

BC
1

2

2

−=
−

=        .: BC  is parallel to PQ . 

 

 Q13ai  ( )∫ −=

1

0

2 21 dxxI
n

n , 0≥n  is an integer 

.: ( )∫
−

−=−

1

0

2

2
2

2

1 dxxI
n

n  for 2≥n  

Integration by parts:  

( ) ( )∫
−

−+



 −=

1

0

22
1

0

2 2
2

2 11 dxxxnxxI
nn

n ( )∫
−

−+=

1

0

22 2
2

10 dxxxn
n

 

( ) ( )( )∫ 





 −−−−=

−−
1

0

222 2
2

2
2

111 dxxxxn
nn

 

( ) ( )( )∫∫
−−

−−−−=

1

0

22

1

0

2 2
2

2
2

111 dxxxndxxn
nn

 

( ) ( )∫∫ −−−=
−

1

0

2

1

0

2 22
2

11 dxxndxxn
nn

 

.: nnn nInII −= −2  

.: 2
1

−
+

= nn I
n

n
I  for 2≥n  

 

Q13aii  ( )∫ −=

1

0

2

1
2
1

1 dxxI , ( )2
1

2
1 xy −=  and 10 ≤≤ x  is a 

quarter of the unit circle centred at O.  

.: 
4

1
4

1 2

1

π
π =×=I      .: 1135

8

5

4

3

6

5

6

5
IIII =×==

32

5π
=  

 

Q13bi  ( )xfy =2 , ( )xfy ±=  is defined for ( ) 0≥xf , i.e.  

20 ≤≤ x  or 3≥x . Also, ( )xf
dx

dy
y ′=2 , ( )xf

ydx

dy
′=

2

1
 

.: as →x x-intercepts, 0→y , ∞→
dx

dy
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Q13bii  ( ) 01 =− xf  at 10 << x , 21 << x  and 3>x    

.: 
( )xf

y
−

=
1

1
 has vertical asymptotes at 10 << x , 21 << x  

and 3>x  

Also, at 0=x , 
( )

1
01

1
=

−
=

f
y  

 

 
 

Q13ci  ABCD is a cyclic quadrilateral,  

.: βαπ +=∠−=∠ ADCABC  

Consider ABC∆ . Since AB  is a diameter , .: °=∠ 90ACB  

.: ( )βα +=∠= sin2sin2 rABCrAC  

 

Q13cii  Consider ABD∆ , °=∠ 90ADB , .: β=∠=∠ ACDABD  

.: βsin2sin2 rABDrAD =∠=  

Consider AED∆ , αβα cossin2cos rADAE ==  

 

Q13ciii  αβα sinsin2sin rADED ==  

Consider CDE∆ , 
β

β
β

cos

sin
tan ==

EC

ED
 

.: βα
β

β
cossin2

sin

cos
r

ED
EC ==  

ECAEAC += , .: ( ) αββαβα cossincossinsin +=+  

 

Q14a   

 
 

Area of the trapezium >  area of the shaded region on the left of 

xy ln=  

.: ( ) ∫>+

t

xdytt

ln

0

ln1
2

1
, ( ) ∫>+

t

ydyett

ln

0

ln1
2

1
, ( ) [ ] ty

ett
ln

0ln1
2

1
>+  

.: ( ) 1ln1
2

1
−>+ ttt  

.: 








+

−
>

1

1
2ln

t

t
t  for 1>t  

 

Q14b  iz += 12  and 













+=

−

−

1

1 1
n

nn
z

i
zz  for 2>n  

22 =z , .: nzn =  is true for 2=n  

Assume that it is true for kn = , i.e. kzk =  














+=+

k

kk
z

i
zz 11 , .: 








+=+

k

i
zz kk 11  

.: 1
1

111 +=+=+=+ k
k

k
k

i
zz kk  

.: nzn =  is also true for 1+= kn  

.: nzn =  is true for all 2≥n  by mathematical induction. 
 

Q14ci  ( ) ( )nnn θθθ 222 tan1secsec +==  

( ) ( ) ( ) ( ) ( ) ( )nnn

n

nnn
θθθ 2012102 tan1...tan1

1
tan1

0 







++








+








=

−
 

θθθ n

n

nnn
220

tan...tan
1

tan
0 








++








+








=  

θk

n

k
k

n
2

0

tan∑
=









=  

 

Q14cii  ∫∫ = θθθθθ dd
268

secsecsec  

∫ 

















+








+








+







= θθθθθ d2642 sectan

3

3
tan

2

3
tan

1

3

0

3
 

( )∫ +++= θθθθθ d
2642

sectantan3tan31  

( )∫ +++= duuuu 642 331  

c
uu

uu ++++=
75

3 75
3

 

c++++=
7

tan

5

tan3
tantan

75
3 θθ
θθ  

 

Q14di 

 
The two triangles have 2 pairs of corresponding sides with the 

same ratio 2:1 and a common angle A.  

.: ABC∆  and AED∆  are similar. 

 

Q14dii Corresponding angles are equal in similar triangles. 

.: AEDABC ∠=∠  

.: π=∠+∠=∠+∠ DECAEDDECABC  

.: BCED is a cyclic quadrilateral. 
 

Q14diii   6=BC (similar s∆ ), 
3

2

862

686
cos

222

=
××

−+
=∠ABC  

21
3

2
65265

22 =×××−+=CD  

Let θtan=u  

θθddu
2

sec=  
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Q14div  Let ABCDBC ∠=∠=β , .: 
3

2
cos =β  

 
 

Since BCED  is a cyclic quadrilateral, the angle at the centre O 

of the circle is double the angle on the circumference, i.e. β2 . 

.: 
9

1
1cos22cos 2 −=−= ββ  

Consider COD∆ , β2cos2 2222

rrrCD −+=  

.: 







−−+=

9

1
221 222 rrr , .: 

10

1053
=r  

 

 

Q15a  ( )φθ −= sin
2

1
wzA  where θφ <  

θciszz = , ( )θ−= ciszz ; φcisww = , ( )φ−= cisww  

.: ( ) ( )θφφθ −−−=− ciswzciswzzwwz  

( ) ( )( )( ) ( )φθφθφθ −=−−−−= sin2. wzicisciswz  

( ) iAwzi 4sin
2

1
4 =−= φθ  

 

Q15bi  ( ) ecxbxaxxP +++= 234 , ( ) cxbxaxxP 234 23 ++=′  

( ) 31 −=+++= ecbaP   …… (1) 

( ) 01 =++−=− ecbaP  …… (2) 

( ) 02341 =−+−=−′ cbaP  … (3) 

(1) – (2): 
2

3
−=b  

Substitute in (3): 
2

9
24 −=+ ca  

 

Q15bii  When 1=x , ( ) 9
2

3
3

2

9
3241 −=








−+−=++=′ bcaP  

 

Q15ci  ( ) 2401.07.04Pr
4 ==days  

 

Q15cii  Binomial: 8=n , 24.0≈p , 76.0≈q  

( )3Pr ≥X ( ) ( ) ( )2Pr1Pr0Pr1 −−−=  

( )( ) ( )( ) ( )( )627180 76.024.0
2

8
76.024.0

1

8
76.024.0

0

8
1 








−








−








−=  

 

Q15di  Falling: Taking the direction of motion as the positive 

direction, 2
kvmgvm −=& , 

Tv  is reached when 0=v&  

.: 0
2

=− Tkvmg , .: terminal velocity 
k

mg
vT =  

 

Q15dii  Going up: Taking the direction of motion as the positive 

direction, the equation of motion is ( )2kvmgvm +−=& . 

.: 







+−= 2v

k

mg
v

k

m
& , 

( ) ( )22
22

2
vv

dx

vd

g

v
T

T +−=  

.: ( )∫∫ +
−=

0

2

22

2

0 2

1

2
u T

T

H

vd
vvg

v
dx     .: [ ] ( )[ ]022

2

0 2ln
2

uT
TH

vv
g

v
x +−=  

.: 








 +
=

2

222

ln
2

T

TT

v

uv

g

v
H     .: 










+=

2

22

1ln
2

T

T

v

u

g

v
H  

 

Q15diii  Falling: Taking the direction of motion as the positive 

direction, 2kvmgvm −=&  

.: 
( ) 22

22

2
vv

dx

vd

g

v
T

T −= , ( )∫∫ −
=

2

0

2

22

2

0

1

2

w

T

T

H

vd
vvg

v
dx  

.: [ ] ( )[ ]
2

0

22
2

0 ln
2

w

T
TH

vv
g

v
x −−=    .: 











−
=

22

22

ln
2 wv

v

g

v
H

T

TT  

.: 
22

2

wv

v

T

T

−
2

22

T

T

v

uv +
=  

Expand and simplify to 
222

111

Tvuw
+=  

 
Q16ai  ( ) 1624152 23 ++−= xxxxP  

( ) ( )( )41624306
2 −−=+−=′ xxxxxP  

.: Stationary points at 1=x , 4 

For 0≥x , the minimum occurs at 4=x  

.: minimum value of ( ) ( ) 04 == PxP  
 

 
 

Q16aii  Since the minimum value of ( ) 0=xP  for 0≥x , 

.: ( ) 0≥xP  for 0≥x  

.: 01624152 23 ≥++− xxx , 223 251624102 xxxx ≥+++  

1624102 23 +++ xxx  is the expansion of ( ) ( )( )22 41 +++ xxx . 

.: ( ) ( )( ) 222 2541 xxxx ≥+++  
 

Q16aiii  ( )
1

25
4

2
22

+
≥++

x

x
xx  

Let nmx += , where 0≥m  and 0≥n . 

.: ( ) ( ) ( ) ( )
1

225

1

25
4

222
22

++

++
=

++

+
≥++++

nm

nmnm

nm

nm
nmnm  

Since ( ) 0
2

≥− nm , .: 02 22 ≥+− nmnm , .: mnnm 222 ≥+  

.: ( ) ( ) ( ) ( )
1

2225

1

225
4

22
22

++

+
≥

++

++
≥++++

nm

mnmn

nm

nmnm
nmnm  

i.e. ( ) ( )
1

100
4

22

++
≥++++

nm

mn
nmnm  
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Q16bi  aSPSP 2=′+  is a constant, .: locus of P is an ellipse 

with foci S and S ′ .   

 

Q16bii  e
PM

SP
= , where M is a point on the directrix 

.: PMeSP = ( )θθ cos1cos eaa
e

a
e −=








−=  

 

Q16biii  ( ) ( )θθ cos1cos122 eaeaaSPaSP +=−−=−=′  

( )θθ coscos +=+=+′==′ eaaaeOQSOSQ  

.: 
θ

θ
β

cos1

cos
sin

e

e

SP

SQ

+

+
=

′

′
=  

 

Q16biv  Let α  be QPS∠ . 

Similarly, 
( )
( ) θ

θ

θ

θ
α

cos1

cos

cos1

cos
sin

e

e

ea

ea

SP

SQ

−

−
=

−

−
==  

Vertically: βα sinsin TmgT =+  

.: ( ) 








−

−
−

+

+
=−=

θ

θ

θ

θ
αβ

cos1

cos

cos1

cos
sinsin

e

e

e

e
TTmg , which can 

be simplified to 
( )

θ

θ
22

2

cos1

cos12

e

eT
mg

−

−
=  …… (A) 

 

Q16bv  Horizontally: ( )βαω coscos2 += Tmr  

.: 










′
+=

SP

QP

SP

QP
Tmr

2ω   

and  θsin1 222

eaSQSPQP −=−=  

.: 










′×

+′
×=

SPSP

SPSP
QPTmr 2ω  

.: ( )









−
−×=

θ
θω

22

22

cos1

2
sin1

ea
eaTmr  

.: 
θ

θ
ω

22

2
2

cos1

sin12

e

eT
mr

−

−
=  …… (B) 

 

Q16bvi  
)(

)(

A

B
: ( ) mg

mr

eT

eT 2

2

2

cos12

sin12 ω

θ

θ
=

−

−
 

.: 
g

r

e

2

21

tan ωθ
=

−
 or 2

2

1tan e
g

r
−=

ω
θ  
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