2010 Extension 2 Solution

Question 1
@ (_xdx \/1+3X +C
I V1+3x°

(b) [ tan x dx = [ln(secx)] —Iny2.

I x(x* +1) X x*+1

(d) Lett=tan 5, dt = lsec2 idx, sdx=
2 2 2 sec

T

When x=0,t =0; Whenx—2 t=1.

I_r 1 2dt o 2dt _[—2
014 2'[21+t2 o(L+1)°
1+t
(e) Letu® =x,2udu = dx

_f2udu  (2(u+1-1)
I_J‘l+u _I 1+u au —2}[1——)d

—2(u-In(L+u))+C= 2(&— In(L+ &))+c

1+t ],

Question 2
@) (i) z* =(5-i)* =25-1-10i = 24 - 10i
(ii)z+27: —i+2(B+i)=15+i
(|||) i _i(5+i) _-1+5i
—i 26 26

; . Sz .. -bx
(b) (i) —ﬁ—lzZ(cosTHsmTj
(if) (—/3- i)6 = 2°(cos(-57) +isin(-57)) =

€ z+Z=(x+1y)+(x—-1y)=2%,..0£24+7<3 &

OSXSE.
2

»

A

v

T

(c) .;dx=.|.(l+ 2_ jdx:lnx—%ln(x2+1)+c

2dt  2dt
2 X 1+t

1
} =-1+2=1

—64

(d) (i) OA=0B =1, .. A parallelogram with adjacent
sides equal is a rhombus.
(ii) arg(z®) =2argz = 26,.. ZAOB = 6. In a rhombus

the diagonals bisect, ... LCOAzg

carg(z+2°)= 0+§:%

(iii) Let M be the midpoint of OC, ZAMO = 90°
(the diagonals are perpendicular)

OC =20M = ZCOS%.:‘Z + 22‘ = Zcosg.

(iv) z+ 2% =cos@ +isin @ +(cos@ +isin 9)2 =Cc0sé +
isin@+cos268 +isin 26 (de Moivre's theorem)

. Re(z +2%) = cos @ + cos 26.

From (ii) and (iii), z + 2> = Zcosz[cos%e+ isin 376’}

. C0S 6 +€0s260 = 2cos§cos%€, by equating the real

parts

Question 3

(@)

() R (i) R
(-2,-4) (-2-3)

(b) Let’s shift the curve to the left 1 unit, its new equation
is y=1—x*, and the axis of rotation is x = 3.

The ring at the height y has radii 3—x and 3+ x, so its
area= 7(3+ x)2 -7(3- x)2 =127X.
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oV =127x0y =127\(1— yay.
V= 12;;]./ ydy = 12{ (13 )}=87r.

(c) Let p = Pr(H).

Given Pr(H)Pr(T) + Pr(T)Pr(H) = 0.48,
2p(l-p)=0.48

p’—p+0.24=0
(p—-0.6)(p-0.4)=0.

S p=0.60r04.

Since p>0.5, p=0.6.

. Pr(H)Pr(H) =0.6% = 0.36.

ey
(d) (i) The gradient of QA= —t ==
c+ct t
Eqn of ¢, |sy——= t(x—ct)
y=%—tx+ct2
=—tX+ c(t2 +%) )

(i) y =tx+c(t2 _%j
(i) —tx+c(t2+%j=tx+c[tz_%j

2tx=c(t2 Lp +1j=£
t t t

., C
..X—t—z.

Sub.to (1),y=—= +c(t —%)zctz.

C
P(t—z,ctzj.

e C :
(iv) Since ie ct? =c?, the locus of P is also the

hyperbola xy = ¢*.

Question 4
1 dy

(a)")zf I
Sdy Wy

.. dX —_ ﬁ.
(ii) (iii)

A

1

(b) (i) Resolving the forces
vertically, N cosa + Fsina =mg @

(2)

() xsina = Ncosasina +Fsin®a=mgsina  (3)
2

mv cosa (4)

.

. . mv
horizontally, Nsina — F cosa =

(2)xcosa = Nsinacosa — F cos’ a =

2

(3)—(4) gives F =mgsina — m;/ cosa

2

(it) When F =0,mgsina = mv

COS .

sVvi=grtana.
(c) Foralla>0,b>0,
(a—b)?>0,..a° +b* > 2ab.
(a+b)? =a’+b® + 2ab > 2ab + 2ab = 4ab.
a+b2 4
ab a+b
4
a+b
1+£=L where k > 4.
a b a+b’
(d) (i) *C
12 8
(i) —=—=, as there are 3! ways to arrange these 3

1 1
4+ >
a b

groups.
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Question 5
(a) (i) B(bcosé,bsino)

(i) P is given by (acosé,bsin®)
y?

Sub. to—+—_1 ives
a? b’ g

LHS =cos® @ +sin* 6 =1=RHS.

dy

dg _ bcosd

dx  —asin@

do

y ~bsing = 2600
—asiné

—aysin @+ absin® @ = bxcos € — abcos® 6.

(iiii) m =

(x—acosd)

bxcos @ + aysin @ = ab(cos” & +sin’ ).
bxcosé +aysiné = ab. @
(iv) The equation of the tangent to the circle at A
is axcos@ +aysing =a’. (2)
(D) xa—(2)xb gives (a®> —ab)ysind =a’b —a’b.
~y=0
.. The tangents meet on the x-axis.

t 1,1
yd-y) y 1-y

(— —de Iny—-Inl-y)+C
y 1-

(b)

'Iy(l y)

-n—Y_4c.

Iy
© () L=aya-y=a(y-y’)

d’y 1
d—2=a(1—2y)=0Wheny=E.

y =-2a<0,. dy has its maximum when y :l
x? " dx 2

. dy _ad
(i) a-y) a dx

InliJr Ink = ax, using (b) and letting C =Ink

Inﬂzax
1-y
Ky _ oo

1-y

ky + ye* =

ke™®y+y=1.

y(ke‘ax +1) =1
1

Y= ke ™ +1

(iii) If X > 0,6 > 0,..y > 1.
If x=0, i:ixl
k+1 10

~k=09.

(iv) It's the point of inflexion at y :%

(v) 14
1
2
1
E/
Question 6
(@) (i) 0

SZANNE
o\

Using similar triangles,
h-x_s-b
"h  a-b

(1—Fj(a—b)=s—b

.'.s=b+(1—%j(a—b)

=b+a—b—%(a—b)

_(a-b)x
e

(ii)A:(a—@T.

(. @-bxY

V_Io(a - )dx
{ —h (a_(a—b)XHh
3(a-h) h i

h 3 3
:3(a—b)(b -a’)

=%(a2 +ab+b2).
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(b) When n=0,a, = (1++2) +(1-v2) =2,
Whenn=1a =(1++2)+(1-+2)=2

. Trueforn=0and 1.

Assume a, , =(1++2) +(1-+2) anda, , =
(L+2) "+ (1-v2)

RTPa, =(1++2) +(1-+2)

a =2a, +a,,

=2(1+42) " +2(1-V2) " 4 (142) T +(1-42)"
(Lev2) " (2422 +1) +(1-+2) " (2-2v2 +1)
(1++2) " (3+2v2) + (1-+2) " (3-212)
(Lev2) " (1442) + (1-v2) T (1-42)
(1+42) +(1-V2) .

- It's true for all n> 0.
(c) (i) (cos@ +isin@)® =c® +5¢* (is) +10¢>(is)* +
10c?(is)® +5c¢(is)* + (is)®, where ¢ =cos@,s =siné,
=(c® -10c’s” +5cs* ) +i(5¢'s —10¢°s° +5°)

(ii) By de Moivre's theorem,

(cos@ +isin @)’ = cos56 +isin56.

-.sin50 =5cos” Psin @ —10cos’ Gsin® @ +sin® 6

=5(1-sin’ 6?)zsin67—10(1—sin2 d)sin® @ +sin® o
=5(1-2sin’ 0 +sin* 9)sin @ —10(L-sin® #)sin® 6 +sin® 0
=5sin@—10sin® @ + 5sin® @ —10sin® & +10sin° # +sin® &

=16sin® @ - 20sin® @ +5sin 6.

(iiii) Solving sin56 =1 gives 50 :%Jr Kz, 0 :% is

one solution of sin50 =1,.". sin% is one solution of

16x° — 20x* +5x =1, or 16x> —20x® +5x —1=0.
(iv)16x° —20x° +5x —1= (X —1)(16x* +16X°> —4x* —4x +1)
by inspection method.
p(x) = (16x* +16Xx° —4x* —4x +1).
(v) a =2, by equating the coefficients of x*,8a =16.

2420 -1+.5
8

4

(vi) Solving 4x* +2x —1=0 gives x =

T —1+\/g

s.sin—=———"— since Z lies in the 1st guadrant.
4 10

Question 7
(@) (i) ZABD = ZKCD (angles subtending same arc)
/ADB = ZKDC (£ADB = ZKDB + ZADK, ZKDC =
Z/KDB + #BDC and ZADK = #ZBDC)
.. AABD ||| AKCD (equiangular)
AABD  AB

. BD . .
i) ——— = —— =—— (corresponding sides in
(i AKCD KC CD ( P g

similar triangles)

.. ABxCD =KC x BD. @
- AAKD AK AD
Similarly, ——
ABCD BC BD'
-.BCx AD = AK x BD. (2)

@ +(2) gives
ABxCD + BC x AD = (KC + AK)x BD
= AC x BD.
(iii) Let AC = BD = AB = x, AD =CD = BC =1,
X+1=x%
x> —x—-1=0.
1445
==
_1+\/§
2

, since x > 0.

(b)

3,8)

v

© () P'(X)=n(n-Dx"*—n(n-1)x"?
=n(n-1)x"*(x-1)
=0whenx=0or 1.
.. It has two stationary points.
(i)PM=n-1-n+1=0and P'()) =0.
. x=11s a double zero.
(iii) As X — +00, X" — +o0 but as x — —o0, X" — —0
.. it has one real zero other than the double zero 1.

Further, as it has only 2 turning points, P(x) has
exactly one real zero other than 1.
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A Question 8
() Let u =cos®™ ™" x,du = (2n —1) cos*"? x(—sin x)dx
and dv =cos x dx,v =Ssin X.
1 bd z
/\ A = [cosz"‘1 Xsin x}z +(2n —1).[2 c0s®"2 xsin? xdx
0 0
> =(2n-1 JAzcosz"‘2 x(1-cos® x Jdx
1 (2n-1))’ ( M
=(2n —1)J‘E cos”" % xdx — (2n —1)I5c032” xdx
0 0
_ _ n =(2n-DA,, - (2n-1)A,
(iv) For n> 3, it can be proven that P(x) = (nl—l)x S 20A, =(2n-1)A .
—nx"? _ _= 2n-1
nx"~ +1 has a zero between —1and > A NA = ; A

Substitute x by —1, noting that n is odd,
P(-D)=n-1)(-1)-n+1=-2n+2<0, since n>3.

(b) Let u =cos®" x,du = 2ncos™*

and dv=dx,v=x.

X(—sin x)dx

Substitute x by —1, noting that n is odd, - z 3 ]
2 A =|xcos™ x}z +2nj xCc0os*"™* xsin xdx
1 -1 1 1 - ° 0
P(——jz(n—l)—n—nn—1+1=—n(—n+l—2n)+l <
2 2" 2 2 =2n| ? xsin xcos®"* xdx.
— J0
- 3;*1 1. ) .
) (c) For | ?xsin xcos?™ ™ xdx, let u =sin xcos2"* x,
From (b), 2" >3n-1forn>3, Jo
_ n ., _ 2n-2 T2
.8n : L tforns3- 3;1n+12_1 du = (cos™ x - (2n —1)cos”™* xsin® x) dx
=(cos” x— (2n—1)cos”"* x(1— cos’ x) ) dx
.. (1) becomes > 0.
P(x) is a continuous function, so when it changes = (choszn X—(2n-1)cos™"* x)dx,
i it t cut the x-axis. 2
signs, it must cut the x-axis and dv = xdx v =X
1 2
Ll<a<—=.
2 X2 2
The equality occurs when n =3, because from (1), A = 2n{7sin xcos?" ™ x}
0
P(—1j=—8+1=0. =2
2) 8 - ZnI 2 ?(Zn cos™" X — (2n —1)cos”™* x Jdx
0
SL-l<a< —1.
2

5 o4 _ = —2n2JAE x% cos®" xdx + (2n —1)n_[E x2 0s%"2 xdx
(v) Let the zeros of 4x* —5x" +1be 1,1,a,atib. 0 0

=-2n*B_ +(2n-1)nB_ ..
Productofroots:(a2+b2)a=_%_ . +(2n-DnB,,

. JAoandp o Q
nal+bi=——, n n
As —l<a<-=,=<a’+b*<=,. . The modulus A n

2 4 2 A 2A
of all zeros is less than or equal to 1, noting that === B,..—2B,.

-1

8.8
n Al A

|a| <1, too.
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. 1 1 1
=ttt —

1_

k? 12 2° n
(ﬁ—i}ﬁ(i—&]a.ﬁZ(B“ B”J
A A A A A A
B, B

- [E‘E”J'

= 372
bUtBOZJZXZdX: X_ :”_’A():IZdXZE_
0 3 0 24 0 2

3

(e

)
k=1
=2
2

VA
. 3 1 a Bn 72-2 Bn
.. 221122;12 2 -;;— _— ::-}g—'— 2'———.
= T A A,
2

. ) 2X . . 4x? T
(F) Since sinx>—i.e. sm2x2—2, forO<x<—,
T T 2

B < JZ X’ (1—sin2 x)n dx

F (1— 4%) dx.
0 T

() Letu=x,du=dx,
2\N 2 2 n+1
dv = X 1—4% dx,v=—0o 1—4% .
n 8(n+1) s
2 2 n+1 ‘%
=7 |x[1-%
8(n+1) T .
2 n+l
dx
8(n+1) ( ]

[ Zj + dx.
8(n +1) Jo

(h) Letx = %sint, dx = %cost dt.

T

When x=0,t =0; Whenx—2 t=

NN

B, < J. 1 smt " cost dt
16(n+1)

2n+3
dt

16(n +1) Jo

< 7T
16(n+1) Jo
the higher the power, the smaller is the value.

A.

3
VA

T 16(n+1)

EcosZ”tdt, as for0<t S%,cost <1,

o1 _7 2B
k2 6 A
7Z2
—_<—
6
3 n 2
_ 7 < :E:.;%_ < 7

T .
-0 —
Bn+l) | nomiak
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