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QIbi Sx=alx+2)+b(x-3). Let x=-2,then b=2.Let

x=23,then a =3.
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Qlc

'[x7 log, xdx = '[(loge x)x7dx = {(Ioge x{
1

1
I A A N Ak
8 641 8 64 64 64

glN

Qld j :—log (2x+ (2x)2—1)+C
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Qai 2z+iw=203+i)+i(l-i)=7+3i.
Q2aii zw=(B-i)l-i)=2—-4i.

Qaaiti 8= 6W _6+i) 5y
W oww 2

Qbi f=1-i3, r=y1>+[-43f =2
9=tanl[¥J ~p= 26‘1?( % N

Q2bii B —2‘as5(—§j 32czs( 53” j 32cis(%j.

Q2biii B = 32(Cos§+ isingj 16+ (16v3):.

Q2c Let z =x+1iy,
Z=x-iy, z-7=02y, [z-7 =44y* =2 <2, ~ |y <1,
i.e. all the complex numbers with imaginary part —-1< y <1.

|Z - 1| 21 consists of all the complex numbers on or outside the

circle with radius 1 unit and centred at 1+0i.

Q2di Let €= arg(zl). Then the angle between ¢ and OP is
(@—6). ~arg(z,)=a+(@-0)=20-6.
oarg(z, )+ arg(z2 )=0+2a-60=2a.

Q2dii Since |zz| = |zl| and arg(z1 )+ arg(z2 ) =2,

o 2,2, = |z |z, fcis(arg(z, )+ arg(z, ) =z, cis(2a) .

Q2diii When a:%, 22, =|Zl|zcis(%j= iz

Since |Z1| > 0, .. the complex number z,z, is a point R on the
positive imaginary axis. As |zl| increases, R moves in the

positive direction. The argument of z; has no effects on the
locus of R.
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Q3a Given the graphof y= f (x)

i 8x 8x

. 3b y=x+ =x+ .
D ) ()

Asymptotes are y=x, x =3, x=-3.

2

0 x x° -

nx=0or 1+ 28 =0, x*—1=0, x=#1.
. x° -9
Al

x-intercepts: x + o =0, X(H 28 j:O,
9 X -9

Q3ai

2
y=f (x+3)
o (1, 0) i3
-8 -6 -4 -2 (M0 2 4 5 ] 1
x

Q3aii

Q3¢ ' —dxy+y’ =132’ —4y—4x%+3y2ﬂ=0

dx

)

3x’ —4y=(4)c—3y2)ﬂ : ﬂ:?axz——ély
dx’  dx 4x-3y*

32 —4(1) 8 5 .
At 12,1), m, =————>=—_, m,, =—— . Equation of the
1), my a2 30 5T

5 5
normalis y—1=——(x-2),1.e. y=——x+—.
y 8( ).ie.y R

3aiii
Q3aiii : Q3d

y=IE (014 (1/2)

o 5 10

2

Q3aiv Nsine=%, Ncosé = mg,

(N sin 0)2 + (N cos 6’)2 = (mv

veetin 4 ’
2 _ 2| 2,V . _ 2,V
: N N —m(g +—2J,..N—m g +—2.
-10 -5 0 5 10 r r
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Q4ai Volume of a general layer

=lx+ &) y-m?y= ﬂ(Zxcic +() )y = zr(Zxé'x + () )e"‘2 .

N
Volume of solid = lim > zloxdi+ (8) " = ! m2xe™ dx

, du N du N u
Let u=x", —=2x. Volume:J'ﬂe —dx = J-ire du
dx 0 x o

=[—7re’”]:)vz S A =7r(1—e’”z).
Q4aii As N — oo, volume — 7 .

Q4bi x*+px+gx’ +rx+s=(x—a)x-B)x-y)x-9)
=x*'—(a+B+y+0)’ +(af+ By+ y5+da+ ay + BS)x*

—(aBy + afps + oy + ByS)x + oy .
La+B+y+0=—p, offy+ofo+ayd + Byd =-r.

Q4bii Since o+ f+y+0=—p, ~.(a+Bf+y+5) =p>,
&+ B+ 82+ 20 + By + ¥5 + da+ ay + BS) = p,
L+ Ay +8 +2q=pP,

nal By +8t =pt -2

Q4biii  For x*=3x* +5x*+7x-8=0,
p’—2g=9-10=-1<0,ie. ~a’ +B° +y*+5°<0. This is

impossible because the sum of squares > 0. Hence the quartic
function cannot have four real roots.

Q4biv Let f(x)=x*-3x> +5x +7x-38.

f(O) =-3, f(l) =2, f(x) has at least one real root. According
to the fundamental theorem of algebra, f (x) has four
real/complex roots. Since f (x) has real coefficients, the roots

are pairs of conjugates if they are complex. From part iii and the
fact that f (x) has at least one real root, it has exactly two

complex roots (conjugates) and two real roots.

Q4ci The normal at P(x1 , yl) passes through point B (O,—b) ,
a2yl(0)—b2xl (-b)= (a2 _b2)"1y1 A (a2 _bz)xl)’r
s bx, —(a2 —bZ)xlyl =0, )cl(b3 —(a2 —b2)y1)=0.

b3
a*-b*’

or x;, =0,1.e. y, =xb because P(xl,yl) is on the ellipse.

Hence b’ —(a2 —192)y1 =0,ie. y, =

3

Qdcii If y, = zb—bz (this includes the possibility that
a’ -

3

a=+2b, ie. y, =b), then 0<y, <b, .. <b,

a’ —b?
b <bla®-p?) .-.és%. Since b* =a*(1-¢?),
a

b? 1 1

s =l—e’<—, fe>—.
a’ 2 \/5
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Q5ai Area of AABC = %bc = %da, ~.bc=da.

Since a =+/b> +¢?, wbe =d b +¢* or b2t =d*(b? +c?).

h b= h d= h .
tan o tan S tan ¥

QSaii ¢ = b2 =d*(p* +c?),

n n’ h’ n’
= —+ ,
tan’ ftan’ @ tan’ ¥\ tan’ B tan’

' 1 Lo
“tan? ftan’a  tan’y\tan® B tan’a )’

1
tan’ y = tan’ ftan’ @ ——+——|,
tan” f tan‘ &

tan” & + tan” 3

tan” y=tan” Stan’ > >
tan® Stan”

j , hence the result.

Q5bi  Mary is the winner, she is the first to win 5 goals.
Ferdinand scores only one goal. There are a total of 6 goals.
Mary wins the last goal otherwise Ferdinand would not win any
goal at all. Hence Ferdinand scores his only goal in any one of
the first five trials.

Q5bii  Suppose Mary is the winner, the following table lists a
possible outcome of each type and the corresponding number of
outcomes.

Type Number
MMMMM 1
FMMMMM 5
!
FFMMMMM o =15
214
7!
FFFMMMMM —=35
314
8!
FFFFMMMMM —=170
44!

Ferdinand could win in the same manner, ... total number of
possible outcomes = 2(1+ 5 +15+35+70) = 252

Q5ci The following graphs show y = f(x) and y=f""' (x)

A
bA

L f

v

»
»

0 a 0 b

The shaded areas are equal. From the graph of y = (x),

b
the shaded area + J- 7' (x)dx = ab,
0
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j dx+jf x)dx = ab, '.j'f(x)dx=ab—jif’l

0

Q5cii f(x)=sin‘l(£j, .~.f(2)=%, 7 (x)=d4sinx.

, f .
J-sin_l(ﬁjdx = 2X£—J4Sin xdx 21—[—400336](?
4 6 3

0

/4 /4 /4
=—+4cos——4=—+243-4.
3 6 3 [

Q5di  Base length AD=2y/9 - x?,
height AB= x tan 60° = 4/3x . Area of ABCD

- (2 9— 1’ j(\/gx)z 254300 - x*) = 2:/27 -3

Q5dii  Volume of a general vertical slice of thickness dx

= 2xy/27 = 3x7 &. Volume of wedge = lim 3 2xv27 - 32" &

Q6ai Forn=0, I, (x) = jie”dt = [— e’ ]3 =]l-¢7",

0
I,(x)= 01— e (1)) =1— e, it is true.

Assume it is true for n =k, i.e.

X 2 3 k
x)=[t*edr = k!{l—e"’(1+ x+x—+x—+...+x—ﬂ .
) T k!

Consider n=k+1, I,,,(x)= J. e dt

0

=[eten |+ () et =~ e + (k4 1)1, (x)
0

2 3 k
= —x"le™ (k+1)k'{1 e’(1+x+x7+x—+...+x—ﬂ
2 3 k k+1
=(k+1){1—e‘)‘(1+x+%+x—+...+x—+x—ﬂ, oL it s

3! k! (k+1)

also true for n =k +1. Hence it is true for all n>0.

Q6aii Consider t"e™ in the interval 0<¢<1.
Since t" 20 and O<e™ <1, -.0<t"e” <t".Hence

1 I 1 (el !
osjt"e-’dtsjt"dz, osjt"e-’drs ,
0 0 0 n+l o
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1
. 0< J't"e”dt < .
0 n+1

Q6aiii  From partii, 0< 1, (1) <

1
n+1

0<l-e 1+l+l+i LN P ,
123 n) " (n+1n!
o<i—ef14ieiily s 1)1
o2 3 n)” (n+1)
. 1
Q6aiv As n —> o0, —— — 0,
(n+1)
1—e'(1+l+l+l+...+ij—>0,
o2 3 n!

4 I 1 1 1
e | 1l+=—+—+—+.+—| >,
o2 3 n!

I 1 1 1
I+—+—+—+..+——>e
o2 3 n!

Q6bi  After expanding,

LHS=—(1+W+W2 +w’ +...+w"_')+nw".

Since w" =1, 1—-w" =0,

(1—w)(1+w+ w?+w’ +...+w"")= 0,and given w # 1,

Alrww? vt o+
Hence LHS =nw" =n.

Q6bii Let z=cos@+isinb, 722 =cos20+isin 26,

=0.

77 =cos(-0)+ isin(— )= cos@—isiné.

Since 21 = ,
1

cos@—isin @

" cos20+isin20—1 2isin @

Q6biii Let w=cos26+isin28 , where 6 = z

Then 1 _ cos@—isin @

w—1 2isin @

Re ! =—l.
w—1 2

Q6biv From part i, 1+2w+3w” + 4w’ + ...+ nw"

11)

Re(l +2w+3w 4w’ + .+ ) = Re(nx

When n=35,

1+ 2cos%+3cos4—+4cos 67

n
1

:——+licot0.
2 2

w—

+5c058—” = 3
5

-1

5

=nX
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Q6bv 1+ ZCOSZ—”+3cos4—7[+4cos6—7[+5c058—7Z

5 5 5 5
:1+2c052—7z—3cos£—4cos£+5c052—7z
5 5 5 5

=1+7cosz—7[—7cos£=1+7 2c0s? L —1|-7cosZ
5 5 5 5

:14c0521—7cos£—6:—§.
5 2

- 28¢c0s> E —14cosE—7=00r 4cos> E—2cosZ—-1=0.
5 5 5 5

. . T T
Solve the quadratic equation for cosg, where cosg >0, to

ﬂ_2+@_1+\/§

obtain cos—
5 8 4

Q7ai  Sum of opposite angles = 180°, .. BNPM is cyclic.

Q7aii ZBNM = ZBPM , because BNPM is cyclic and both
angles are subtended by the same arc BM.

ZBPM = ZBAP , because PT is a tangent and the alternate
segment theorem follows.

Hence ZBNM = ZBAP , i.e. the corresponding angles are equal,
and this is a sufficient condition for MN // PA.

Q7aiii A

T T M 3 P

Dotted lines are added to the given diagram.

ATBM and ANAQ are similar, .. sta :L,
u 4
s r
S <.
u p

Q7aiv  Since p is the longest side of ATBM , .-. L <1,
p

s
s—<lors<u.
u
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2
Q7bi V= Z%R. The satellite is in free fall, .~.|3| = V? -k

R2
2 p3
.'.k=V2R:47;2R :
e k 1d , k .

7bii X=—-—, ..——v° =——. Moving from R to x,
Q x* 2 dx 2 g
A(v2)=j—¥dx=[2—k} =2k[i—ij

® X X | x R

_87’R*(R—x\ 87°R*(R-x
T? xR T* x )

2p2 _
Since v=0at x=R, -v> =0+A(?)= R (R x].

T? X
2\/57ZR R—x . dx 2\/57ZR R—x
Q7biii v=—"7"7-— , lLe. —=— ,
T X dt T X

ﬂ =— T ‘{ a . Note: x is from the centre whilst v is
dx zﬁyzR R—x

towards the centre, hence the negative sign. Moving from R to O,

0
T X
the time required Af = — J"{ dx
227 2 VR—x
T N
=- Rsin™ [= —Jx(R—x
2@7:1?{ VR ( )}

T

R

0
R
=T Rsin" (1)=

WoR

Q8ai Given a,b,x>0,.. f(x)>0.

Deine ()= (7 (5~

occur at the same x value.

g'(x) _ (a +b+ x)32— 3x(a +b+ )c)2
Tabx

cla+b+x) =3x(a+b+x) =0,

(a+b+x)2[(a+b+x)—3x]:0, since a+b+x#0,

. Their stationary points

:0’

(a+b+x)—3x:0 or x:a—;b.Thepointat X = ath is the
only stationary point, it must be the required minimum.
Q8aii g(x) is minimum at x = a_—;—b , g(c) = g(a ;bj ,
3
a+b
a+b+c ’ atb+ 2
3
)=l =[] 2
ave 3% %}ab a
2
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(a+b) s
2 (a+b)2 a+b . a+b
= = = . Since Z@,
\ ab(a+b) 4ab 2@
2
2 3
. a+b >1, a+b+c >1, - a+b+c >1.
2Jab 3x3/abe 3x3/abe

a+b+c
>3/abc .

Hence
Q8aiii  Let a, b and ¢ be the positive real roots.
x* = px? + gx—r =(x—a)(x—b)x —¢). Expand and compare

coefficients, a+b+c=p and abc=r.

From part ii, %IHC >3abc , §Z vr, - pl=27r.

Q8iv For cubic equation X =2x2+x-1=0, p =2 and
r=1... p’> <27r. . the equation does not have 3 positive real

roots.

Now consider the impossibility of 1 positive and 2 negative real
roots by expressing x* —2x* +x—1=0 as x’ —2x*+x=1,
x(x—l)2 =1. Since (x— 1)2 20 for real x, .". X cannot be a

negative real number.
According to the fundamental theorem of algebra, and the

conjugate roots theorem for real coefficients, the equation has
exactly one real root and a pair of conjugate roots.

Q8bi AP =bsecf@—btan@, PB=btan@+bsecl ,

. APXPB= (bsecH—btan 6’)(bsec6’+btan 0):b2(se02 6 —tan” 6’):b2

Q8bii c

N

ZACP=qa-f, ZPAC=90+ 8, ZPBD =90- f3,
ZPDB=a+f.
Apply the sine rule to AACP and APDB.
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CP AP _ APsin(90+ 8)  APcos
sin ZPAC  sin ZACP’ sin(a— ) sin(a— )
PD PB _PB sin(90 - ) _ PBcos f8

sin ZPBD - sin ZPDB’ sin(ar + ) B sin(ar + )
Q8biii

2 2 2
CPxPD = APXPBcos” 8 b*cos”

sin(a — B)sin(a + B) ~ sin(a— B)sin(a + B)
. CPxPD is dependent on & but independent of P (does not
appear in the expression), b and £ are constant values that

define the hyperbola.

Q8biv The result of part iii suggests that the same is also true
for another point, Q, on the line and the hyperbola, i.e.

b*cos® B
sin(a — B)sin(a + B)
nplr+q)=(p+r)g, .pr=rq, . p=gq.

CPXPD=CQOxQD =

Q8bv As CD moves closer to UV, PQ - 0,and P, Qand T

become the same point when the two lines coincide.
Since CP =QD, ...CT =1D , i.e. T is the midpoint of CD.
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