Solution to Maths Extension 2 HSC 2003 (written by

Terry Lee)
QUESTION 1
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b) Letu=1Inx,du :ldx
X
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Let dv = x%dx,v = XT
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Ix3 In xdx = —In x—lj.x3dx
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X4 4
=—Inx-—+C
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0 dx _ dx
I —2x+5 ) J(x-1)2 +4
=In(x-1++vx*-2x+5)+C
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d) i) Putx =1givesa= 3

Equating the coefficients of x* gives
5=3+b,.b=2

i) [—3 +22X_1)dx
Xx-1 x“+4

=3In(x-1) +In(x* + 4) —%tan
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e) Let x=3sinf,dx =3cosd do.

When x=0,6 =0; when x = ,9:%
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QUESTION 2
a)i) zw=(2+i)1+i) =1+3i

i 44 _4e-h
z

2+i 5

b)i)a:—1+i:«/§ci537”

i) o = (V2)* cis3r =4

iii) —1 + i and —1 — i are the roots (since the coefficients
are real), .. The sum of these roots = -2, and their
product = 2, .. The factor is z° +2z+2

c)

d) (cos @ +isin @)’ = cos56 +isin50
=c® +5¢*(is) +10c® (is)? +10c? (is)*
+5¢(is)* + (is)®
=(c® —10c’"* +5cs* )
+i(5¢*s ~10¢%s° +5°)
where ¢ = cos6 and s = sin6
. 08560 = cos® @ —10cos® 4(sin’ 6)
+5c0s4(sin® 9)*
=cos’ @—10cos® O(1—cos’ )
+5c0s (1 - cos® 8)°
=cos® @-10cos’® O(1—cos’ 0)
+5c0s6(1—2cos? @+ cos” 6)
=16c0s° @ —20cos’ & +5cos @
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Directrices: x = i%

c) i) On the annulus let (x, y), x < 2, be a point of the curve,
s0, the outer radius of the annulus is 3 — x. As half of
the line segment £ is 2 — x, the inner radius is
3-(x+2(2-x))=x-1.

. Area of the annulus = 7(3—Xx)* — z(x—1)*
=7(9-6%x+X*)—z(X* —2x+1)
=7(8—-4x)
— 47(2—X) 1
y=(x-1)(B-x)=-3+4x-x*
=1-(x-2)?
S (x=2)P%=1-y
(x-2) :—\/1—_y, sincex<2,..x-2<0
- From (1), Area A=4z,/1-y

Alternatively,
Let x, and x, be the two solutions of (x-1)(3-x) =y,

X <X, .

—X*+4x-3=y

X* —4x+3=-y

(x-2)?=1-y

x—Z:J_r\/l—_y

.'.x:Zi\/l——y

SoX =2—\/1——y and x, =2+\/1——y

Area of annulus = 7((3-x,)* - (3-x,)°)

- ((3-@-T)) -(3-@+ TV
{17y (1)
:47z\/1—7y

Alternatively,
Let x, and x, be the two solutions of (x-1)(3—Xx) =y,

X <X,.

X —4x+3+y=0

SX X, =4,

X, =% = (X1+X2)2_4X1X2
=.16-4(3+Y)
=21l-y

- Area= 7((3-x)" -(3-x,)°)

=7(806 = %)+ (%’ —x,))

(60X, = %) = (% = %) (% +X,))

= r(6x2{1-y 21~y x4)
= r(121-y -8,1-y)
=4r\1-y

ii) The volume of the solid:

1
V= 47[[«/1— ydy, notingx=1,y=0
0

andx=2,y=1
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QUESTION 4

a) i) Noting w:d—e and d—“’zo ,
dt dt
X =rcosd, % =—rsinf.o,X =—rcosf.o°
y=rsing,y=rcosf.o,§=—rsinb.o°
.. The two components of the force are
F, =-mrcosf.o® and F, = —mrsin 0.0

.. Its magnitude = \/W
— mra?cos? 0+sin’ 6

=mro’



and its inclination angle = tan‘lLﬂ&a)z2
—mr cos 6.0

= tan'(tan @) = @

Since both components head in the negative direction,

this is an inward force.

ii)%zmra)z
A
rP=—
C!)Z
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b) ydy _dy/do _ bsec’0  bsecd
dx dx/d@ asecftand atand
The equation of the tangent is
y—btanezbsece(x—asece)
atané

atan @y —abtan® @ =bsecdx —absec? @
bsecOx—atan dy = ab(sec’ 0 —tan’ )
bsecOx—atandy=ab (5)

c) i)Puty= bx in (5) gives
a

bsecex—atana(%j:ab
a
bx(secd—tan @) = ab
a
X=——mM—
secd—tané@
B a
1 sing
cosd coséd
_acosd
1-sin@
acosé . bx . bcosé@
Put x= - iny=— givesy = -
1-sin@ a 1-sin@

A acosd bcosd
1-sin®'1-sind

Similarly, put y = _bx in (5) gives
a

_acosd  bcosd

T1+sing’’ 1+sing

B( acosd —bcosej
1+sin@ ' 1+sing

c)

iii) The area of OAB =
= %OAX OB xsin ZAOB, where

OA = [acosﬁjZ( bcosé’]2
1-sing 1-sing
_ a2+b2( cos @ j
1-siné

2 2
OB = aco_se +[ bco_s6’
1+siné 1+sin@
_ a2+b2[ cos & )
1+sind

sin ZAOB = 2sin ZAOx cos ZAOx
b

a

+b? 003_9 x~/a? +b? cosﬁ
1-sin@ 1+sind

b

a
Ja?Z+b? va® +b?

=2

,hoting tan ZAOXx = E
a

N
2

x 2

=ab

i)n"

ii) P(at least 1 door not chosen)
=1 — P(each door is chosen once)
_q n!

n

QUESTION5

a)

i)51=a+,b’+;/=—§=0

S,=a’+p°+y" =(a+pB+y) - 2af+ay+py)
=-2p
s, =a’+ f+y  =—pla+f+y)-3q,
using x°* =—px—q, hence «® = pa—q
2.8, ==3(



b)

i) From x* = —px—q
X" =—px"? —qx"*, on multiplying by x"*

. an :_pan—z _qan—S

B =-pp"t-qp"?

yh=—pyt gyt

Adding the above three lines,

S, =—PS,, —US, 5

i) &+ f°+y° =—p(a’ + B2+ ") —a(a’ + f* +77)
a2+ﬂ2+72 _a3+ﬂ3+73

From part (i),— p = 5 ,—q 3

n-2

2 2 2
.'.a5+ﬂ5+;/5:—a +ﬁ2 s @+ p+7%)

3 3 3
LR TY +ﬁ3 7 (@ +p°+7%)

. (a3+ﬂ3+73)(§(a2 e +y2)j

LA+ (BB + B+

5 6
. dx
NX=—=-
) dt
a_ 1
dx kx
t=—£|n>’<+C

Whent=0,%x=ucosa,
0= —%In(u cosa)+C,..C :%In(u cosa)

1, ucosa
St==In—
k X
ucos o
:ekt

=ue ™M cosa
ii) Differentiating y = %((ku sina+g)e™ - g) with
respect to time gives
% =§y=—(kusina+g)e™
=—(ky+9)
Noting y = %((ku sina+g)e™ —g), so0

(kusina+g)e™ =ky+g

Further, when t =0,y = %((ku sina+9)-9)
= u sina., which is true.
Ly = %((ku sina+g)e™ - g) satisfies the equation

of the vertical motion and initial condition.
iii) Maximum height is reached wheny =0,

e -9
kusina +g

it=—tp 9
k kusina+g

:%In(u kusmaj

g
iv) Whent — oo, X =ucosa.e™ — 0
L
dx
Sy
dx
Sx=—-kx+C

When x=0,Xx=ucosa,..C =ucosa
o Xx=-kx+ucosa

. ucosa
S Whent 500, x> 0,x =

QUESTION 6

i) LHS = cosax cosbx —sin axsinbx+ cos ax cosbx
+sinaxsinbx
=2cosaxcoshx = RHS

i) J'cos3x cos2xdx = %j(cosSx + cos x)dx

_sin5x sinx

= —+C
10 2

i)s,=5,+28,=2+2=4
S, =S,+3s,=4+6=10

2
ii)(x+\/;) =x2+2x/X + X2 X2+ X if x>0
X+l =X +x
iii)s, =1>1land s, =2>/2!
Assume s, >~J/k!ands, , >./(k-1)!
Required to prove s, , > +/(k +1)!



Si. =S¢ +Ks,_;, by definition
> k! + k\/m, by asumption
> Kk =D+ kyf(k=1)!
> \/W(\/E + k)
> Wm from part (ii)
> /(k+1)!
s, 2/nlforalin>1
c)
i) (ﬁ—ﬁ)z >0
X+Yy— ZM >0
ii) a* +b* > 2a’b?
a’ +c¢* > 2a’c?
b* +¢* > 2b%c?
Adding the three lines above,
2(a* +b* +¢*) > 2(a’b? +a’c? +b’c?)
sat+b'+ct >a’h® +a’c® +b’c’
iii) a’b? +a’c® > 2ab.ac = 2a’bc
a’b® +b%c? > 2ab.bc = 2ab’c
a’c® +b’c® > 2achc = 2abc®
Adding the three lines above,
2(a’b® +a’c® +b%c?) > 2(a’bc + ab’c + abc?)
a’b® +a’c® +b’c® > a’bc + ab’c + abc?
iv) a* +b* +c* > a’h® +a’c’ +b’c?

> a’bc + ab’c + abc?
>abc(a+b+c)
> abcd

QUESTION 7

a) Consider a strip of thickness 8x, height y, that cuts the
curve at the point (x,y). As this strip is rotated about the

y-axis, it becomes a hollow cylinder of volume
OV =z ((x+5%)*=x*)y

= 27XydX, noting (5x)? < (6X)
.. The volume of the solid

NE
V= 27rj Xydx
0

N
= Zﬂj x*(3—x%)dx
0

b)

i) ZP is common
/PSB = ZSAP (angle in alternate segment)
.AASP ||| ASBP (equal angles)

ii)2 _AP (corresponding angles)
BP SP

SP? = AP.BP
Similarly, TP? = AP.BP
ST =TP

iii) In ADSP and ADTP,
ST = TP (proven)
DP is common
Z/SPD = /TPD (DP is bisector of ZP)
..ADSP = ADTP (SAS)
. ZDSP = #DTP =90° (corresponding angles)|
.. TD passes through the centre (the radius is
perpendicular to the tangent at the point of contact)

. o [24 (24
)P, = cosEcosZ...cos T

[21

.o a a a a .
P, sin— = €0S—C0S—...C0S—— COS —sin—
2 2 4 2 2 2

= Pnfllsin 2[3)
2 2"

1 . «a
:EPHsmF
.. a1 . a
i) P sin—=— sin—-
) n 2n 2 n-1 2n—1

1 a . o
= ?COS—SIH—
2 2 2

1 a . a
=—1| 2c0s—sin—
2”[ 2 2)



1 .
=—sina
2n
P - sina
2" singn
2
.o (04
iii) sin—<—
2" 2"
sinZ <o
2n
But 2" sin-%- = siha
2" P,
sina
) <a
o
cos—cos—2 .COS
2 2 2
QUESTION 8
i) ®® =1, Ifk is a multiple of 3, 1+ 0" + ®®™ =3

If k is not a multiple of 3,
o -1=(0-)(1+w+0°)=0
(a)k )3 -1= (a)k —1)(1+ o* + o™ ) =0

Since @ -1# 0,1+ &* + 0™ =0

i) (1+ )" :(8

n
1+ 0*)" = [0

. (n
iii) (L+2) _(0
S+ o) +(+ )+ (1+D" = 3[8j+[:j(1+w+ o?)
+(;j(1+a)z+a)4)+[2](1+a)3+a)6)+...

[nj n 2n
+ l+o"+0™)
n

- 3(nj+3[nj+...+3( " ),from 0]
0) "3 31

. n n n _1 2n 1 n 1 2\n
..(Oj+(3J+...+[3£J—§( +(1+ )"+ 1+ o) )

iv) Ifn=6M,M is an integer

LHS = (2" + 1+ o)™ + (1+ 0*)® )

Wik Wl Wik Wl wl

on +(_w2)6M + (_w)GM )

2I‘| +(a)6)2M +(a)6)M )

™
+
[EEN
+
[y
~—

—_—~ —~~  —~

N
E
+
N
S—

b)

n

2n z 2
)1, =2 jz(”——xzj cos xdx
ntJ-={ 4
2
7[2 n 72'2 n-1
u=[——x2j ,du:n[——xzj (=2x)dx
4 4

dv = cos xdx, Vv = sin X

2n 2 n %
I, = 9117 x| sinx
n! 4 .
2
n-1
+2nq

V3
2n - 2
2\ .
Z_—x*| xsinxdx
nt J-z{ 4
2

n-1

2n z 2
- quljz(%—xzj Xsin xdx
(n=1! -
2 n-1
u:[”——xzj X,
4

3“ =(n —1){—2—x j (-2x%) + ”—z—xzj

dv = sin xdx, v = —cos X

L ”_2_
" (n-D)!
4q2n
(n 2)' -zﬂ

2q 2
(n 1)I -z

N

n-1
X2 J (—xcos x)

J x? cos xdx

J cos xdx



n-1

2n z 2
- (2q 1)"[2 (%—xz) cos xdx
n-1)!

i
2

n-2

2n z 2
—4q—2|J'2(%—x2J x? cos xdx
(n=2)! =

i1, =29"1,,

m eI 2 2 2
_(4q 2)'I2 [ET_XZJ (”T_(”T_XZBCOSXO'X
n-2)1J-~
2

2
- 2q2|n_1—4q4”7ln_2+4q2(n—1>ln_1

:(4n_2)qz|n—l_”2q4ln—2

n-2

=(4n-2)q’l —p—zq“l
n-1 qz

=(4n-2)q’1,, - p°d’l,_,
iii) Since 1, and I, are integers (given) and all
“coefficients” of 1., and I _, are integers it follows
that I, is an integer.

2 2
iv)For - Z<x<Z % _x2<” and0<cosx<1,
2 2 4 4
so, clearly I, >0

AISO I <q2n J-Z ﬂ_Zn X:an 7Z_Zn+1
B VI E e nt 4"
2
q2n p2n+1
= n! q2n+14n
p2n+1 1 i
q 2°"n!

()83

2n
v) In part (iv) we have proven that [EJEEJ il is a
q n!

decimal between 0 and 1, in part (iii) we have proven
that it is an integer. That’s impossible, .. 7 = L
q

*Note: The question gave |, = 4qand told us not to prove
it. In fact,

2 z 2
|1:q_ | Z-—x? |cos xdx
1)+ 4



