[Terry Lee]

HSC Ext 1 2013 Solution

Multiple choice questions
Q1 (C),P(2)=8-16-12+k =0,..k =20
Q2 (D)

1 37 Tz
Q3 (O), —7r—5><?_E
Q4 (D)
Q5 (A)
Q6 (B)
Q7 (A)

5 12 120

Q8 (D), sin20 =2sinfcosf =2x—x——=———

13 13 169
Q9 (B)
Q10 (C), The solutionis —2<x<3

Question 11
7
(@) afly =——

(b) 4dX— —sin” %+C

V49 — 4x2

0 1 7 3 3
© C{ﬂ (ﬂ

A-xH)+2x>  4+X°
(d O F'x)= G-x)Y  (d-x)

=>0 since

4+x*>0
(if) Coa
2! :2 "
X
Sin— Sin — 1 1
() lim—2 = lim—2 x~ =—
x—>0 3x x—0 i 6 6
2
tan le3x:|3
0

(tan e—tan” 1)=l(tan’le—£)
3 3 4

2
(8) i(x2 sin™ 5x) — 2xsin! x4+ X
dx

J1-25%2

Question 12
(a) (1) ﬁcosx—sinx=2cos(x+%)

(i1) V3cosx—sinx =1

2005(X+£)=1
6

4 1

Cos| X+— |=—

( 6j 2

x+£=i£+k27z,kez
6 3

x="4 k27r,—%+ k2xz

3
bV=r|"’ 9sin2£dX=—j ’ (1—cosx)dx
2 2 Jo

3z
=9—ﬂ-[x—sinx}2 T3
2 0 22

(c) T = A+ Be™ where A=22°
Whent =0,T =80°,..80°=22°+B,.. B=58°
When t =10,T =60°,.. 60° = 22° + 58°%'%
ook 38 _ 19
58 29
1,19
100 29

T —2245800")

(32}
When T =40,40=22+58¢""" ¥

1,19

e[ﬁl Bh_18_ 9

58 29
Lln2 t—lni
10 29 29

~.1=27.67 = 28 minutes.
(d) (i) The equation of (¢) is 2X—-y—1=0
2t - +3)-1) \—t +2t— 4\ 2 _2t+4

D)=
V22412 J5 J5
sincet> =2t +4=(t—1)> +3>0.
D 1
i) —=—(2t-2
(11) dt \/g( )
dItD—Owhent—l
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(¢) (i) The particle fired from A has equations
2
X=Utcosa,y =Utsinx —%, if the origin

[Terry Lee]
2
d—? = 2 >0,.. minimum when t=1.
dt> s

dy

(ii1) The gradient of the tangent at P is m = ﬂ = % is chosen at A

dx O Sy =usina — gt

dt

= 2 When t =1, m =2, which is the same gradient

of (¢)... The tangent is parallel to (7).
(e) v’ =k —9x?

>'<‘=i 1y =li(k—9x2)=—9x.
dx\ 2 2 dx
..SHM, withn=3

Period = 2—7[ = 2—”
n 3

Question 13

@0V :i7rr3,.'.d—vz47zr2 =A
3 dr
ﬂzﬂd_vzlx_lo-“p\:_lo-“
dt dv dt A

(i) r=-10"*t+C

Whent =0,V =10°,r = 3210 - ¢ - [3x10
4 4r
-6
r=—107t 200
4z

[3x10°°
Whenr=0,t= 4_2[ =62s.
10
(b) (i) x =220 _pap,
2-1
_ 2
:2><0 (2a+ap )=—2a—ap2
2-1
(i) x = 2ap,.". pzi.
2a
X’ X
=-2a-a =-2a——
y 4a’ 4a
—day -8a’* =x’

—da(y+2a)=x’
Focal length = a, Vertex y =—2a, Directrix y =-a

.. The same directrix and focal length as 4ay = x°.

Maximum height is reached when y =0,

usina

S.whent =

(ii) The particle fired from B has equations
2

X =Wtcos B,y = Wtsin,B—%, if the origin

is chosen at B.

. . wsin
.. It reaches maximum height when t = p .

.. When they both reach maximum height,
usina _ Wwsin f3
g g

s.usina =Wwsin S

(iii) d is the distance travelled by both particles,
d =utcosa +wtcos 5
B u’sinacosa N W’ sin S cos

g g

ucosar . wcos
= wsin £ + p
g g

usino

uw . .
=—(cosasin 8 +sinacos )
g

= Wina + B
g

(d) Draw the common tangent XY to the circles at T
ZTAP = ZXTP and ZQBT = ZYTQ (angle between
a chord and a tangent is equal to the angle subtending
the alternate segment)
But ZTAP = ZQBT (alternate angles on parallel lines)
S IXTP =24YTQ
.. Q,T, P are collinear (vertically opposite angles)

Y
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Question 14
(@) () Fork >0,(k +1)> > (k(k +1)

S S B

(k+1)* kkk+1) k k+1

'-‘;2_1+L<0

(k+1)~ k k+1

(i) Letn=2,LHS =~ + & => RHS=2-L=2
¥ 2 4 2 2

. 5 3
c.true, since — < —.

Assume i2JrL24r...Jri2<2—l for some integer n
1 2 n n
RTP i2+i2+...+i2+;2<2 L
- 2 n°~ (n+1) n+1
LHS<2—1+ 12
n (n+1)
<2—l+l—L,frompart(i)
n n n+l
=2 —L =RHS, .". true.
n+1
.. By the principle of Induction, it's true for all n > 2
o[
i
2n

no&n (2
(ii) (1+0¢ +2%) =Z[ knjlk(x2 +2x)
k=0
(20 2n-k 2n-k 2
= X (X+2)7, as XT +2X = X(X+2).
2 «

(iii) 1+ X2 +2x = (1+ )2, (143 +2x) " = (1 +0)"

4n : : 2n 4n
) is the coefficient of X" in (1+ x)™".
n

2n-k
Given x> (x +2)™" =( 0 j22”k X" 4

2n—Kk 22n—k—1 in—k+1 T 2n—Kk 20 X4n—2k ,
1 2n -k

2n

2n 2n-k 2n-k (2N
Z( ) Jx (X+2) =Z( ) jx

k=0 k=0
{(2n0_ I(Jzzn—k X2k +[2n1_ kJzzn—k—l X2k
+ 2n-k 20 X4n—2k

2n—k

In LGo_ I(Jzzn-k x2nK 4 [2n1_ szzn—k—l x 2K+

2n—-k
ot [Zn k]ZO X" the coefficient of X*" is

2n
[ 0 j22”, when k =0,

2n-1
+[ . j22”2,whenk=1,

2n—-n
+...+( jZO,whenkzn.
n

.. The coefficient of X*" is
(20 o0 (20)(201) s
0 0 1 1
(Zn][zn—n] 0
+ 2%
n n

(4n :i 2n\(2n-k Han-2k
“l2n) &\ k k '

(©) (i) Let f (t) = €' —%

, 1
f (t)=et +t_2
0.5
t=05- 10D o5 € =2_4567~0.56
£(0.5) e 14

(i) When two curves g(X) and h(X) have a
common tangent at their point of intersection,

g(x)—h(x) yields a double root at the point of

contact.
Letf(x)=€"—In(x)+C
f'(x)=¢" —l.

X

From (i), when x = 0.56, f '(X) = 0

. We want f (0.56) 0, too, €*° —In0.56+C =0
~.C=In0.56—e"" ~-2.33

S f(x)=e"-Inx-2.33

Let 2.33=InC,..C=¢’" »10.3,

s f(x)=e" —1n(10.3x)

.. The curves € and In(10.3X) have a common

tangent at their point of intersection X = 0.56.
X

. The curves €'°* and In x have a common tangent

. . . . 1
at their point of intersection X = 5.77,i.e. r = 03

=0.097
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