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HSC 2008 MATHEMATICS EXTENSION 1 (3 unit) EXAM :
ANSWERS/SOLUTIONS.
Jan Hansen, jsh2014@Qgmail.com, www.hansendata.com.au

Questionl

Ql.a

The usual polynomial division gives
2> -3z +9

x + 3) 3
— 23 — 322
— 322
322 4 9x
9x
— 9x — 27
— 27

and so the remainder is —27.

Or using the horner scheme we have
1 00 0

-3 9 =27
1 -39 =27

-3

which gives the same result.

Q1.b
icos_lgx—_—lxg—_—g
dx V11— (37)? V1 — 922
Ql.c

L | 1 1 —1 —
/_1 m dflf = {Sinlg} ) = Sinili — Sin717 = 7T/6 — Fﬂ- = g
Q1.d
(2$+3y)12 — i 12 (Zx)r(gy)ﬁfr — i 12 2r31277’xry1277'

r r

r=0 r=0
Thus we require the coefficient when r = 8 which is

12 12
( )28312—8 = (8 ) 2834 — 10264320

8
l.e
/4 -3 /4 3
/ cos@sin’® 0 df = {sm 6] :l<i> —Ozizé
0 3 1y 3 \V2 6v2 12
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Q1.f

The domain of the function y = log, x is > 0.

.. the function f(z) = log,[(z—3)(5—z)] has domain where x satisfies, (r—3)(5—x) > 0.
Solving this yields, 3 < x < 5.

Question2

Q2.a
2

S|
I=| ——d
| e

Letting u = log,x = Inz, du = %dx Also then, when z = €2, u = Ine? = 2 and when

2du 2

r=e u=Ine=1. So,]:/ —2:/ uwidu=[-ulij =-1/2+1=0.5
1 u 1

Q2.b

We are given that v =0 at x = 0 when ¢t = 0.

d 2
2

% = 22/2 +4x + ¢

0 =1/2+4+c = c=—45
2

% = 22/2 + 4w — 4.5

v =22+ 8x—9

so when z = 2, speed . [v| = V22 + 82 —9=+v22+8x2 -9 = V11.

Q2.c

p(r) = ax® + 1622 + cx — 120, where a,c € C.

Sum Roots: —2+3+a=-16/a = 1+ a=—16/a..(1)

Product of pairs of roots: —2x3+—2xa+3xa=c/a = a—6=c/a...(2)
Product of the three roots: =2 x 3 x @ = 120/a = «aa = —20...(3)

Hence using (1), (2), (3) we have,

at+aa=-16 = a—20=-16 = a=4 = a=-20/4= -5,

Q2.d
: S (o)
Newt 1 = 19 — :
ewtons rule is z1 = xg (o)
We have f(z) =tanz —Inz, f'(x) = sec’z — 1/x. So,
f(4) tan4 — In4
=4 — =4 — =4.11.
. f'(4) sec?4 —0.25
Question3
Q3.a
Q3.a.i
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Find the intersection points of the two graphs first, |2z — 1| = |z — 3]

4o? — 4o +1=2?>—62+9

322 +22 —-8=0

Br—4)(x+2)=0 = = =14/3, 2.

By inspection of the graph we can now see that |2z — 1| < |z — 3| when —2 < x < %.
Q3.b

1)(2 7
Sn:1><3+2><4+3><5+...+n(n+2):n(”+ )(2n +7)

Step 1: For n =1, lhs=1 x 3 = 3.
1(1+D)2x1+7
a0 DE X1 T)

= 18/6 = 3 = [hs. So the statement is true for n = 1.

Step 2: Assume that the statement is true for n = k, so we assume

k(k +1)(2k +7)

Sp:1x3+2x443x5+---+k(k+2)= (1)

Step 3: We wish to prove that the statement is true for n = k + 1 assuming (1) is true.

RTP:

k+1)(k +62)(2k +9)

SkH:l><3+2><4+3><5+k(k+2)+(/<:+1)(k+3):(
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LHS =1x3+2x4+3x5+k(k+2)+(k+1)(k+3)
/Yc(/<:+1)(21c+7‘)’+

(k+ 1)(k+3)

_ D o 7k 6kt 18]

— [2k* + 13k + 18]

_ | (k + 2)(2k + 9)

= RHS of statement S,
So the statement is true for n = k + 1.

Step 4: We have shown the statement is true for n = 1 and its also true for n = k£ + 1
whenever it is true for n = k£ and hence it is true for n = 1,2, 3.... That is it is true for
all integers n > 1.

Q3.c
Q3.c.i tanf = /] and so § = tan"! (z/1)
Differentiating,

o 1 de:c
dt 22 T dt
1+l—2

12 1

BEEN A
v

i 1?2+ 22
Q3.c.ii

[
Clearly the maximum value of Y

2 2
least. This can be verified using lcaJlrcfﬂus and stationary points etc.
The maximum value is thus vl/(I* + 0) = v/.
Q3.c.iii
Solve for x in terms of [;

vl v

(2+22) 4

12+ 2% = 417

z? = 317

= +V3l1

ctand = V3Il/l = £V3
c.0=m/3,—7/3.

occurs when x = 0 , when the denominator is

Question4
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Q4.a

Q4.a.i Initial condition:
When ¢t = 0, T(0) = 190 — 185¢” = 190 — 185 = 5.
The differential equation:

T
LHsu:%ﬁ.::p485)x(—ky“
— 185ke
= k(185¢~)
dT .
- = k(190 —T) = RHS as required.

Q4.a.ii
When ¢t =1, T = 29 so 29 = 190 — 185¢~*

190 — 29 161
‘ 185 n(185)

185
— k=In{-2
Il<161)

So updating our equation and substituing 7' = 80 we have
190 — 185¢~* = 80

185~ F =110
e_kt —@
%210
—1 7 110
=% g
185 . 185
=In—/In—
1107 161

t = 3.7414 hours = 3 hours 44 mins

and hence as the turkey was placed in the oven at 9 am, it is cooked at 9am+3 hours 44
mins = 12:44 pm.

Q4.b
Q4.b.i

7!'= 5040 since john and barbara are as one, so there are 7 objects.

Q4.b.ii

Total number of ways of going through door is 8!, but as Barbara is in front of John in
exactly half of these, then the number of ways is 8!/2 = 20160.

Q4.c
Q4.c.i
2
. aq q
Gradient s =2
radient mago 2aq 5

Find the gradient of the tangent at P,
y,_2;z:_ x  2ap

4a 2a 2a
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We are given that QO is perpendicular to the tangent at P and hence gp = -1 =

pq = —2.
Q4.c.ii
2
Gradient, mpp = @ _ ]—). And mgr = ¢q.
2ap 2

S0, mpo X mqQr = g X q = %_72 = —1, and hence PO 1 QT and hence £ZPL() = 90°.
Q4.c.iii

Firstly, PQLK is a cyclic quadrilateral (as /ZPLQ = ZPKQ@ = 90°) and PQ is a
diameter. Since M is the midpoint of a diameter, then it is the center of the circle. Thus
ML = MK as they are both radii of the circle.

Question5 y ' /
Q5.a L | 7
. ly=1" |
Q5.a.i 0.75 ¥ <X,’I Sy =x
TRl
7 Vs
- 0-50— - — - - ok - - ==
,,’,’ y =f(x)
025+ 277
I
I
4 T T
0.25 0.50 0.75
4,
/;/ 4
7/,
77/
///
PR 4
e 7/
4 Ve
/// //
< 4 =+
/
7/
7
7/
7
Q5.a.ii

Interchange x and y to get the inverse relation: x = y — y?/2. Now make y the subject
to find the inverse function;

T =y—y/2

y? —2y+2x =0

2++vV4—4 X2z
y:
2
y=1+v1—-2x

Hence as we want the lower part of the curve,

y=1—+v1-—-2x

Q5.a.iii
B8 =1- T 2x 38 =
Q5.b

www.hansendata.com.au



HSC 2008 Mathematics Extension 1 Solutions - Jan Hansen

We may choose z = a cos(nt + «) as the displacement of a particle in SHM.

Then & = —ansin(nt + ), and & = —an®cos(nt + «). Hence an? = 6 and an = 2.
2 2

Solving these gives n = 3 and a = 3 Finally the period is g ?ﬁ
n

Q5.c

LM = ZKPQ (angle between the tangent and chord is equal to the angle opposite the
segment).

LPQM = ZTPM (angle between the tangent and chord is equal to the angle opposite
the segment).

/TPM = ZLPK (vertically opposite angles).

LL = ZPQM (angle in a cyclic quad is equal to the exterior opposite angle).

S ZL=/LPK. Hence APKL is an isosceles triangle, as required.

Question6

Q6.a
Q6.a.i

North

Q6.a.ii
Let the height of the tower be h. Then

h h
tan23° = — and tan 32° = —. so

}240 OB’
AO = B = )
O tan 23° ahd O tan 32°

Using the cosine rule we have
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2002 = AO? + BO? —2.0A.0B. cos 60°
2002 = AO? + BO? — OA.OB
h? h? h?

40000 = —
tan? 23° + tan? 32° 206an 230 tan 320

h:

1 1 1 /2
(tan2 23° i tan?32°  tan 23° tan 320>
S.h =95.99 = 96m to the nearest meter.
Q6.b
sin 30 4+ sin 26 = sin @
3sinf — 4sin®0 + 2sinfcosh = sinb
sinf(3 — 4sin?0 +2cosf — 1) =0
sin (2 — 4(1 — cos® ) + 2cos ) =0
sinf(4cos?0 +2cosf —2) =
sinf(2cos?0 + cos — 1) =
sinf(2cosf — 1)(cosf +1) =0
sinf =0, 2cosf—1=0, cosf+1=0
0 =nm, 2mn4cos 1(0.5), 2mn 4 cos™I(—1)
0 =nm, 2rn+3, 2mn+m7

where n is an integer.

5
Hence the final result in the required range, 0 < 0 < 2w, is 6 = 0, %, T, %, 2.
Q6.c
Q6.c.i

Expanding the binomial we have,

pt+q p+q ptq p+q
(1 + x)PT = g Z ( )xr = Z < )xrq. The term independent of z has

r r

r=0 r=0
: - B : . (Ptq
index r —q¢ =0 = r = q. Hence the term independent of z is :

q

Q6.c.ii

p q

(L)Lt ) =D )

=0 s=0 <
Terms independent of z occur when

=<z><z>+@<> 00

www.hansendata.com.au

(%)

s so we combine all those terms

<



HSC 2008 Mathematics Extension 1 Solutions - Jan Hansen

where the last term is as it is as p < ¢, so it stops there.
Hence equate this expression to that in part (i) and we have,

() @)+ ()

Question7

Q7.a

)+ ()G =C7)

We have Visinf — gt?/2 = h
gt?/2 — Vitsinf +h = 0.

Sum Roots: t; +ty = —B/A =

Vsinf B 2V sin 0

I
Product of roots: ¢ty = — = —
9/2 g
as required.
Q7.b
tan o + tan 3 g + d
n o ng =
Vticosl  Vitycost
_h 1 N 1
- Vecosh \t1  ty
_h t1 + to
~ VecosO \ tits
h 2Vsinf g
V cos @ g 2h
_ sinf
~ cosd
= tan6
Q7.c
tan o tan 3 h X h
no tanf =
Viticos  VigcosO
h2
~ V2cos? Otqts
_ Mg
e (30732 02h
. gn
2V 2 ¢cos? 0

as required.

Q7.d

From the graph we see that

tana = L

OP

op — cota==- = OP = hcota and

tanﬁ:% — cotﬁ:% —> PN = hcot (5.

r=0P+ PN
r = hcota + hcot 3
r = h(cot e + cot )
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w=r—0P—-QN

but OP = (N by symmetry as the projectile is fired on level ground.
Sow=1—20P

w = hcot o+ hcot  — 2h cot «

w = h(cot B — cot )

as required.

Q7.e
Firstly from the equations given in the question,
="V cosf
y=Vsinf — gt
Hence, .
tang = Q
B \tf sinf — gt
V cosf
= tanf —
an V cos 6
g Y Vsin@_\/V2sin2€—2hg
V cos 6 g g
25in 6 — 2h
tang — \/V sin g

V cos
V2tan® ¢ cos?f = V?2sin?6 — 4V? cos® ftana tan 3
tan?¢ = tan?0 —4tana tan 3
= tan’ o + tan? 3 + 2tana tan 3 — 4 tan o tan 3
= tan? o + tan? 3 — 2 tana tan 3
tan?¢ = (tana — tan3)?
S.tan¢g =tana —tan(
taking the positive square root since a > ( and ¢ < /2
as required.

Qr.f
Using part (d)and (e) we have

LHS = — 3

_ h(cot B — cot a)

tan ¢
_ h(cot B — cot a)

tan o — tan 8
L tana = tan (8
B tan o tan (8
 tana—tanp
= hcot.acot 3
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r

H p—
RIS tan @

_ h(cot a + cot 3)

tan 6
h (tanoz + tanﬁ)

tan o tan 3

tan a + tan (3
= hcotacot3=LHS

as required.
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