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2001 HicHeR ScHool CERTIFICATE
SOLUTIONS

MATHEMATICS EXTENSION 1

QUESTION 1

o .o L g
(b T(xsm" z) = 1.sin®x +x.2sinxeosx
dx . .
= sin®x + 2z sin xeosx.

7
@ F{2n+8) = (2x4+3)¢(2x5+3)
n=d -|-(2x6+.‘3)+(2x‘?l»3)
= 11+ 13+ 15+ 17
= BH6.

(d) A(-2,7) B(1,5)
-1:2
P has coordinates
[gx{_zn-(-nxl Qx'r.-(--nxs]
2-1 ' 2-1
= (-5, 9).

Alternatively, an external ratio of 1: 2 means
that PA = AR, and the result can be found
easily from a diagram,
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(e) Let I(x) = x"—6x412
P8 = (37 - B(-9)+12
= 0.

x +3 is a lacter of P{x)
by the Factor Theorem,

x4 -drid
onr x+ )2t -5x+12
*+ 3x2
-3x%-5x
-3x%-9x
dx+12
4x 1112
0

25212 = (x4 :])(x2 - 3x+ rl.)

ie, x+ 3 isa factor.

(£} uwe=ltx
du = dx.

r=-1 wu=0

x=10 u=1,

1]
15J rfl+ x dx
-1

= 15J](u - 1)«5 du

a1
lﬁj [u”— u") du
15 ug 2 —J'-l
Fu
1{ 2) “J
= 15 -=-
3
= -4,
Nuote that the inlegral is negative

sinee x \I'L +x £ Uon Lthe domuin
-1< <.
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QUESTION 2
(a) flx) = 3l b x

) = lim J82R lu)

-+ —

i h
[3a 4 1% ot h)l - [3a® v )
= lm
h=0 h
C Sut+Guh At rarh-dab-a
= IUH.
hesl) h
. Bah+3nP e
= lin —————
WD k

= ’}i-r:llb(ﬁﬂ. + e+ 1)

= 6a+1l.

) j—‘i- de = 1..(1 l—u‘]i .

L+e®

(i) J’ cos® 3x dx
4]

"
= %J {L+cus6ix) dx

L F
1 sin Gx

= Ly 2=
2 6 L

O

3 4 L3
Note %L(lw cosGx) dx = ;E-Ll dx,

n . - T
since cosGx has a period of o and the
integration is over 3 complete periods.
(¢} There ure 2As.
e other 7 letters are unique.

ol
(1) Thenumber of arrangements = E

= léll 440,

(i) The number of arrangements
4!
of vowels = —.
2
The number of arrangements
of consonants = 5l

41
Total number of arrangementls = ™ x 5l

= 1440,

9
(d) In the expansion of (.‘L’"" - l] ,
X

- 0T )
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o ke NH -
o[-t :
(k)( ¥x
Fur term independent ofx, 18 -3% = 0

k=0
Required term = (:‘:]( né

X

= Bl

QUESTION 3
{a) Slx) = sinx rcosx—-x
f(x) = osx-sinx-1
FLE2) = 0094 U89 ..
F(12) = -1-569 68 ...
Let x, be a second approximalion:
xy = 13- 102
fr(L2}
_i'J‘l"lfH 39 ...

~1-569 64 ...

by Newlon’s method

= ]2 -

1-26 (3 sip. figs).

(i) £AOH = 20 {Angle at the centre is twice
wiigle at the circumlerence
stunding on Lhe sume arc)

(i} ZTAB is the angle between the tangenl
to Cy and the chord AB.
ZAOR is the £ in the alternate segment,
ZTAB = £A08 = 20.

(iii) 2TAB = 2APE 2ABDP (Ext Zofaa
= suw ul ink
opp. £s5)

2 = 0 ZARE.
LLARP -0
LLARD = LAPE =

PA = BA (SBides opp. aqual &5
B A are egqual)
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te) Gi) sin(0+20)
= sin 0 cos 20 + cos U 5in 20
sin U(l - 9sin® H) +cos@.2sindcosd
= sinf-2sin” 0 1 cos® 0. 2sin 0
= sin - 2sin” 0 + 2sin 01 - sin? 0)
= 3sin@ - 4sin” 0.

(ii} sind0 = 2sind, <o < 2r
dsinf - d4sin® 0 = 2sing
sinl-4dsin’ 0 = 0
siuﬂ[i———dsiuzﬂ) =0

sin (1 2sin ) (1 +2sing) = 0.
~osinfd = ), %,—%

g =0 r o X St Tr 1lx
VAR T —

T 6 E
In ascending order, the solutions are
g % 6z iz llx

g=97%

r,

gt G".?-'.—‘:;'. g’

QUESTION 4

dx
(a) p 251

Note x # 2 since LIS is undefined.
METHOD 1
dx _
x-2
2x+2
=—-Z =0
x--2

%(x-2)% 2 0x(x-2°

<0

Ax+1)
z-2

20x+I0x-2) £ 0 {z=2)

Y

1< x<?

METHOD 2 Use the eritical point nwethod
dx

Consider — =1 (x2+7)
-2
Jr = x--2
x = -1,

20m

T @ e e (e
-1 2
Nuw consider 'II‘) <1.
Test x = -2; =6 £1 False
-4
=0 0<1 True
9
x =3 T <1 False
-1€x<2
METIIOD 3
dx
— < 1.
x-2
If x-2<0, de x<2
then 3x 2z x-2
x 2 =1,
ie, -1<x<2
I x-2>0 e x>2
then 3x € x-2
x 5 -1

. No further soluLions,
oo The solution is -1 £ x < 2.

()
¥
E___

METIIOD 1

=V y= -5
Eliminating the parameler ¢, ¢ = =,
5.2 v
ox
y=- ;T'
dy _ _10x
dx veo

Note: The angle Lbetween the direction
of Lhe bomb when it hits the gromnd
and the positive x axis is 135°,

When x = 4000, (—{l = tan135° = -1.

ax
SUES LGN
Ve
V= 40 000
V = 200.

(V >0, since it is the specd of the nin:mf't.)
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METIIOD 2
x =Vt y = -5t
=V y = -10¢

dy _ 3 _10¢
de oz v’
When x = 4000, ¢ =

-1 =
VZ
Vi = 40000
Vo= 200,
METHOD 3

4000

_ 10x 4000

and
x

dy _

An angle of 45° means that Lhe ground is
a focal chord, Therefore the plane is flying
at an altitude of 4000+ 2 = 2000 m.

Ience the bomb hits the ground at time ¢,

given by:
-2000 = -5¢* (.rom ¥y 7532)
12 = 400
t = 20.
Substituting ¢ = 20, x = 4000
4000 = 20V (l'rum x= Vt)
V= 200.
X = -4z
= —n’x
n=2
x = acos{nt +a)
x = —ansin(nt + @),
When ¢t = 0, x =3
4 =~ acoso —
When ¢t = 0, x = —5'\5
-6v3 = -Zasina
asing = V3. - @
tana = gﬁ = \E
3
a=Z,
3
Substitute in D: 3= ucns—f—r—
a=6 '
x = ﬁu()s(‘.ﬂzl -f;J
Also correct are x = 6 sin['l[ + :‘(—:L]
and x = Jcosdt -JJ} sin e,
2001

QUESTION 5
(a) () y= 2cus‘l§

x = 0, y = 2eos70

~ The y intercept = o,

x = deos™!
‘1 = o5
J 2

(ii) For the inverse,

. X
¥y = dcos-,
2

) = Seos =,
! 2

Since the range of y = f(x)i50 € y € 2,
the domnainof y = f7(x) is 0 € x £ 2x.
Giiy A = l- r dy
2

Y
= Jii{:()s‘—) dy
] -

y T
] ﬁ(siu‘—l
. 2 ]
= G[sin-g us'm{]]
= G

. The area is 6 squiare units,

) g+ p)" - (g

- [qni (ﬂqaulp . (S]q.pupz ' (;]qu—fap:l

Aot
S lgepY-lg-p)
= 2(”)(}" “Ina E(f‘]q“ '3[1 |
1 4
16 nis add, (D" p" is negative,

s last term is 2("][1" = 2p".
n

Wnriseven, (D" p" is positive,

- last lerm i."\‘i[ " ]r”:" b 2ngpt L
wel .
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U]

{c) () ((i + éJ is Lhe binamial probability
3

[unetion, since probabilily of a six = é

. Probability of exactly r sixes,
. B n ﬁ m-r l r
Pl) = (rIGJ (&)

(i1) Probability of an odd number of sixes
= B4 P PE) + -

JHOROREONORE
; %l(g - (2- (_g)"J, from (),
-3 @]

Nule that the expression in (b) doubles up
vn probabilities foe # udid and vmits
prebabilities tor r even.

Hence it was applicable to this question.

QUESTION 6
(a) Let 8(n) be the stalement that
e (rr P4 (e o+ 20 is divisible by 9.
Forn=1, a'rin+ 1+ (n+2)
= 17 aty gt
36, which is divisible by 9.

I

oo 8(1) is true.
Assume S(k) is true,
K e+ 1 4 Gha 2
= OM, where M is an integer,
Consider the case whenn = & +1;
v 1P+ (v 27+ (ke + 3)!
= (ke e (et 23 &%+ 0% + 274+ 27
= [t 1 e 204 7] 4 004 2705 27
= 9M + 9% + 2Tk + 27
= 9(M+ B2y e x 3], which is divisible by
4, since M + k* '+ 3k + 3 is an iuteger.
S 8k + 1) 1s true when S(k) is true,
But the result is true when i = 1, hence it is
lrue when n = 2, and so by mathematical
induction the result is true forn =1, 2, 3, ...

a

) 1 2% = day

y o2
A

dy =z
dr Yy

2001

+

Avp, B 2t
dx 2a
Gradient ol norinal = —l.

Equation of normal is
" 1
y—at® = ——lx -2t
Lz -2

.!y-at:! = —-x2at
4ty = at’ + 2at,

(i) At Q(‘.’.aq, uq"*], gradient of normal is £

Also at Q('Zuq, uq"’], gradient of normal

is —=
1
t= -+
q
= -1
7= "%
a
Qis -%%]
(iif) NormalatP: x+ty = atd+2at —@
al s 1, __a_2a _
Normalat @ x ;Y= 5 S @
®xt: tx+ 0y = etV 4 2att  —@
@ x5 Proy « —a-2m* —@

]

@ + @ (t+r"):

n(tl‘—l)

:(F v 1).1:

i)
R
—_—
~
I3
+
—
—
P
-~
15
1
=
—

x =

Substitute in @;
a (t - %) vty = atd+ 2at
ty = at’+at+ ‘T‘

y = a(t2+1+i}
12

cr=alt-L1) y = altere
--I-ﬂ[‘ t).y—a(: +1¢-:2).

(iv) Parametric equations of the lucus of B are

xza(t-%) —@&

y:iu(ﬁl-l-i-%) —&)
From &) 2t = .;'—'(:2 -2y —L—}
I
= u“[ﬁru-r- lJ gt
I

ot . .
Sox” = ay - da® s the Cartesian equation

of the locus,
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QUESTION 7

dy
. i £ - x-1
(a) (i) i
d (1 2)
e LA R e
dx[2
Integrating, %v'z = —xg; -xtec.
When x=0, v=1
%-c
L. x o1
gvi= Goxry
vi= x¥ - 2x4+
= (x-1)7

i) -~ v=x(x-1)
Butifx=0,v=1,

= -(x-1)

v=1-x

=
i

X

t = 1 dx
- X

= ~lopg (1 - x)+¢p.

When ¢ =0, x =0,

0= -lug,1+¢
¢ =10
t = ~log,(1-x)
et =1-x
r=1-¢"
Chedks: 95 = et =1-x
dt
dv etz x-1
dt

(b) () InaAOP,
APY = QA%+ OP®- 204 .opcusi_;-.

From AAOT, AQ = A

h
17, APOT, tan = -—=
rom 1 P
OoF = hcota.

LoAPY = M e R eot®a 20 et

(&1

L AP = B R eot? w- B eoL e,
(i) InAATP,
AP* = ATP 4 PTE-2AT . PT cosd,
InAAOT, AT = i h?
ATE = 20
Pt Bk colt o

a 4 u
P = L cosee” .

In APOT,

20601

LOAPY = S0 R R eol®
~ 2\{2 b licuseca . cosd,
s At = an? -|7h.2 col® o
— o2 h % cusee i - cos 0.
Eyualing expressions for AP,
R v heol* a-h*col
= 3%+ A col® w - 242 % cosecix - cos O,
Zﬁhacusuulx cost = 2R% ¢ Wleolu -
% :'—m—(i
K
2\1':.’_ cost) = Lsina ) cus

cosl = —!l-- si e ) hl---cmia.
Vo 24

1o 1 )
= KIN QX + —-=z GOs X

2 2v2
- (---1---- cosu — L sin u]
do o\ 22 :
El

o 1- —'1. sing L . cosx i
V2 22

Al slativnary poinls, ffji - 0.

(iii) 8 = r:us‘l[

[i1e4

E-}:'; sin - \—E castx = 0

sina —2eose = 0

Lana = 2
o= tan Tt

Statienary point at [L;m"l 2 oo ! .‘.‘r]lu ]
g 4l u\
dix for ) < iz « ]i

W= tan™' 2, —— =)

I < tan
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If o =10,

:I‘azf,
2

As x — 0,
As tx—)-’i,
2

4]

L eos 1

8 = cost £ 1-200),
232

& = cos™! 1 = £
2o

o - cos™! A -
V2

- E.

4

1
P
NS 5

[L:m"1 2, cos™! HJ;U]

— -

x o
2

ol

In an allernative approach Lo this question,
D 1 .
we can write —=sino + cosx in the
72 2:]2

form a cos(a — ¢, feading to

8 = cns“‘l:ﬂ—r];Q cos(tx - tan™! J)J

9 then has a minimum when
cos (rz —tan~! 2) has a maximum,

This ocours when
cos(a - tan™? 2)

o=

=1
tan~! 2

Iy
)

= cos™?

<

END OF MATIIEMATICS EXTENSION 1 SOLUTIONS
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